
Appendix D

Coordinate systems

Rectangular coordinate system

Coordinate variables

u = x, −∞ < x < ∞ (D.1)
v = y, −∞ < y < ∞ (D.2)
w = z, −∞ < z < ∞ (D.3)

Vector algebra

A = x̂Ax + ŷAy + ẑAz (D.4)

A · B = Ax Bx + Ay By + Az Bz (D.5)

A × B =
∣∣∣∣∣∣

x̂ ŷ ẑ
Ax Ay Az

Bx By Bz

∣∣∣∣∣∣ (D.6)

Dyadic representation

ā = x̂axx x̂ + x̂axy ŷ + x̂axz ẑ +
+ ŷayx x̂ + ŷayy ŷ + ŷayz ẑ +
+ ẑazx x̂ + ẑazy ŷ + ẑazz ẑ (D.7)

ā = x̂a′
x + ŷa′

y + ẑa′
z = ax x̂ + ay ŷ + az ẑ (D.8)

a′
x = axx x̂ + axy ŷ + axz ẑ (D.9)

a′
y = ayx x̂ + ayy ŷ + ayz ẑ (D.10)

a′
z = azx x̂ + azy ŷ + azz ẑ (D.11)

ax = axx x̂ + ayx ŷ + azx ẑ (D.12)
ay = axy x̂ + ayy ŷ + azy ẑ (D.13)
az = axz x̂ + ayz ŷ + azz ẑ (D.14)



Differential operations

dl = x̂ dx + ŷ dy + ẑ dz (D.15)

dV = dx dy dz (D.16)

d Sx = dy dz (D.17)
d Sy = dx dz (D.18)
d Sz = dx dy (D.19)

∇ f = x̂
∂ f

∂x
+ ŷ

∂ f

∂y
+ ẑ

∂ f

∂z
(D.20)

∇ · F = ∂ Fx

∂x
+ ∂ Fy

∂y
+ ∂ Fz

∂z
(D.21)

∇ × F =
∣∣∣∣∣∣

x̂ ŷ ẑ
∂
∂x

∂
∂y

∂
∂z

Fx Fy Fz

∣∣∣∣∣∣ (D.22)

∇2 f = ∂2 f

∂x2
+ ∂2 f

∂y2
+ ∂2 f

∂z2
(D.23)

∇2F = x̂∇2 Fx + ŷ∇2 Fy + ẑ∇2 Fz (D.24)

Separation of the Helmholtz equation

∂2ψ(x, y, z)

∂x2
+ ∂2ψ(x, y, z)

∂y2
+ ∂2ψ(x, y, z)

∂z2
+ k2ψ(x, y, z) = 0 (D.25)

ψ(x, y, z) = X (x)Y (y)Z(z) (D.26)

k2
x + k2

y + k2
z = k2 (D.27)

d2 X (x)

dx2
+ k2

x X (x) = 0 (D.28)

d2Y (y)

dy2
+ k2

yY (y) = 0 (D.29)

d2 Z(z)

dz2
+ k2

z Z(z) = 0 (D.30)

X (x) =
{

Ax F1(kx x) + Bx F2(kx x), kx 
= 0,

ax x + bx , kx = 0.
(D.31)

Y (y) =
{

Ay F1(ky y) + By F2(ky y), ky 
= 0,

ay y + by, ky = 0.
(D.32)



Z(z) =
{

Az F1(kzz) + Bz F2(kzz), kz 
= 0,

azz + bz, kz = 0.
(D.33)

F1(ξ), F2(ξ) =




e jξ

e− jξ

sin(ξ)

cos(ξ)

(D.34)

Cylindrical coordinate system

Coordinate variables

u = ρ, 0 ≤ ρ < ∞ (D.35)
v = φ, −π ≤ φ ≤ π (D.36)
w = z, −∞ < z < ∞ (D.37)

x = ρ cos φ (D.38)
y = ρ sin φ (D.39)
z = z (D.40)

ρ =
√

x2 + y2 (D.41)

φ = tan−1 y

x
(D.42)

z = z (D.43)

Vector algebra

ρ̂ = x̂ cos φ + ŷ sin φ (D.44)
φ̂ = −x̂ sin φ + ŷ cos φ (D.45)
ẑ = ẑ (D.46)

A = ρ̂Aρ + φ̂Aφ + ẑAz (D.47)

A · B = Aρ Bρ + Aφ Bφ + Az Bz (D.48)

A × B =
∣∣∣∣∣∣
ρ̂ φ̂ ẑ
Aρ Aφ Az

Bρ Bφ Bz

∣∣∣∣∣∣ (D.49)



Dyadic representation

ā = ρ̂aρρ ρ̂ + ρ̂aρφφ̂ + ρ̂aρz ẑ +
+ φ̂aφρ ρ̂ + φ̂aφφφ̂ + φ̂aφz ẑ +
+ ẑazρ ρ̂ + ẑazφφ̂ + ẑazz ẑ (D.50)

ā = ρ̂a′
ρ + φ̂a′

φ + ẑa′
z = aρ ρ̂ + aφφ̂ + az ẑ (D.51)

a′
ρ = aρρ ρ̂ + aρφφ̂ + aρz ẑ (D.52)

a′
φ = aφρ ρ̂ + aφφφ̂ + aφz ẑ (D.53)

a′
z = azρ ρ̂ + azφφ̂ + azz ẑ (D.54)

aρ = aρρ ρ̂ + aφρφ̂ + azρ ẑ (D.55)
aφ = aρφρ̂ + aφφφ̂ + azφ ẑ (D.56)
az = aρzρ̂ + aφzφ̂ + azz ẑ (D.57)

Differential operations

dl = ρ̂ dρ + φ̂ρ dφ + ẑ dz (D.58)

dV = ρ dρ dφ dz (D.59)

d Sρ = ρ dφ dz, (D.60)
d Sφ = dρ dz, (D.61)
d Sz = ρ dρ dφ (D.62)

∇ f = ρ̂
∂ f

∂ρ
+ φ̂

1

ρ

∂ f

∂φ
+ ẑ

∂ f

∂z
(D.63)

∇ · F = 1

ρ

∂

∂ρ

(
ρFρ

) + 1

ρ

∂ Fφ

∂φ
+ ∂ Fz

∂z
(D.64)

∇ × F = 1

ρ

∣∣∣∣∣∣
ρ̂ ρφ̂ ẑ
∂
∂ρ

∂
∂φ

∂
∂z

Fρ ρFφ Fz

∣∣∣∣∣∣ (D.65)

∇2 f = 1

ρ

∂

∂ρ

(
ρ

∂ f

∂ρ

)
+ 1

ρ2

∂2 f

∂φ2
+ ∂2 f

∂z2
(D.66)

∇2F = ρ̂

(
∇2 Fρ − 2

ρ2

∂ Fφ

∂φ
− Fρ

ρ2

)
+ φ̂

(
∇2 Fφ + 2

ρ2

∂ Fρ

∂φ
− Fφ

ρ2

)
+ ẑ∇2 Fz (D.67)



Separation of the Helmholtz equation

1

ρ

∂

∂ρ

(
ρ

∂ψ(ρ, φ, z)

∂ρ

)
+ 1

ρ2

∂2ψ(ρ, φ, z)

∂φ2
+ ∂2ψ(ρ, φ, z)

∂z2
+ k2ψ(ρ, φ, z) = 0 (D.68)

ψ(ρ, φ, z) = P(ρ)�(φ)Z(z) (D.69)

k2
c = k2 − k2

z (D.70)

d2 P(ρ)

dρ2
+ 1

ρ

d P(ρ)

dρ
+

(
k2

c − k2
φ

ρ2

)
P(ρ) = 0 (D.71)

∂2�(φ)

∂φ2
+ k2

φ�(φ) = 0 (D.72)

d2 Z(z)

dz2
+ k2

z Z(z) = 0 (D.73)

Z(z) =
{

Az F1(kzz) + Bz F2(kzz), kz 
= 0,

azz + bz, kz = 0.
(D.74)

�(φ) =
{

Aφ F1(kφφ) + Bφ F2(kφφ), kφ 
= 0,

aφφ + bφ, kφ = 0.
(D.75)

P(ρ) =




aρ ln ρ + bρ, kc = kφ = 0,

aρρ
−kφ + bρρ

kφ , kc = 0 and kφ 
= 0,

AρG1(kcρ) + BρG2(kcρ), otherwise.
(D.76)

F1(ξ), F2(ξ) =




e jξ

e− jξ

sin(ξ)

cos(ξ)

(D.77)

G1(ξ), G2(ξ) =




Jkφ
(ξ)

Nkφ
(ξ)

H (1)
kφ

(ξ)

H (2)
kφ

(ξ)

(D.78)

Spherical coordinate system

Coordinate variables

u = r, 0 ≤ r < ∞ (D.79)
v = θ, 0 ≤ θ ≤ π (D.80)
w = φ, −π ≤ φ ≤ π (D.81)



x = r sin θ cos φ (D.82)
y = r sin θ sin φ (D.83)
z = r cos θ (D.84)

r =
√

x2 + y2 + z2 (D.85)

θ = tan−1

√
x2 + y2

z
(D.86)

φ = tan−1 y

x
(D.87)

Vector algebra

r̂ = x̂ sin θ cos φ + ŷ sin θ sin φ + ẑ cos θ (D.88)
θ̂ = x̂ cos θ cos φ + ŷ cos θ sin φ − ẑ sin θ (D.89)
φ̂ = −x̂ sin φ + ŷ cos φ (D.90)

A = r̂Ar + θ̂Aθ + φ̂Aφ (D.91)

A · B = Ar Br + Aθ Bθ + Aφ Bφ (D.92)

A × B =
∣∣∣∣∣∣

r̂ θ̂ φ̂
Ar Aθ Aφ

Br Bθ Bφ

∣∣∣∣∣∣ (D.93)

Dyadic representation

ā = r̂arr r̂ + r̂arθ θ̂ + r̂arφφ̂ +
+ θ̂aθr r̂ + θ̂aθθ θ̂ + θ̂aθφφ̂ +
+ φ̂aφr r̂ + φ̂aφθ θ̂ + φ̂aφφφ̂ (D.94)

ā = r̂a′
r + θ̂a′

θ + φ̂a′
φ = ar r̂ + aθ θ̂ + aφφ̂ (D.95)

a′
r = arr r̂ + arθ θ̂ + arφφ̂ (D.96)

a′
θ = aθr r̂ + aθθ θ̂ + aθφφ̂ (D.97)

a′
φ = aφr r̂ + aφθ θ̂ + aφφφ̂ (D.98)

ar = arr r̂ + aθr θ̂ + aφr φ̂ (D.99)
aθ = arθ r̂ + aθθ θ̂ + aφθ φ̂ (D.100)
aφ = arφ r̂ + aθφ θ̂ + aφφφ̂ (D.101)



Differential operations

dl = r̂ dr + θ̂r dθ + φ̂r sin θ dφ (D.102)

dV = r2 sin θ dr dθ dφ (D.103)

d Sr = r2 sin θ dθ dφ (D.104)
d Sθ = r sin θ dr dφ (D.105)
d Sφ = r dr dθ (D.106)

∇ f = r̂
∂ f

∂r
+ θ̂

1

r

∂ f

∂θ
+ φ̂

1

r sin θ

∂ f

∂φ
(D.107)

∇ · F = 1

r2

∂

∂r

(
r2 Fr

) + 1

r sin θ

∂

∂θ
(sin θ Fθ ) + 1

r sin θ

∂ Fφ

∂φ
(D.108)

∇ × F = 1

r2 sin θ

∣∣∣∣∣∣
r̂ r θ̂ r sin θφ̂
∂
∂r

∂
∂θ

∂
∂φ

Fr r Fθ r sin θ Fφ

∣∣∣∣∣∣ (D.109)

∇2 f = 1

r2

∂

∂r

(
r2 ∂ f

∂r

)
+ 1

r2 sin θ

∂

∂θ

(
sin θ

∂ f

∂θ

)
+ 1

r2 sin2 θ

∂2 f

∂φ2
(D.110)

∇2F = r̂
[
∇2 Fr − 2

r2

(
Fr + cos θ

sin θ
Fθ + 1

sin θ

∂ Fφ

∂φ
+ ∂ Fθ

∂θ

)]
+

+ θ̂

[
∇2 Fθ − 1

r2

(
1

sin2 θ
Fθ − 2

∂ Fr

∂θ
+ 2

cos θ

sin2 θ

∂ Fφ

∂φ

)]
+

+ φ̂

[
∇2 Fφ − 1

r2

(
1

sin2 θ
Fφ − 2

1

sin θ

∂ Fr

∂φ
− 2

cos θ

sin2 θ

∂ Fθ

∂φ

)]
(D.111)

Separation of the Helmholtz equation

1

r2

∂

∂r

(
r2 ∂ψ(r, θ, φ)

∂r

)
+ 1

r2 sin θ

∂

∂θ

(
sin θ

∂ψ(r, θ, φ)

∂θ

)
+

+ 1

r2 sin2 θ

∂2ψ(r, θ, φ)

∂φ2
+ k2ψ(r, θ, φ) = 0 (D.112)

ψ(r, θ, φ) = R(r)�(θ)�(φ) (D.113)

η = cos θ (D.114)

1

R(r)

d

dr

(
r2 d R(r)

dr

)
+ k2r2 = n(n + 1) (D.115)

(1 − η2)
d2�(η)

dη2
− 2η

d�(η)

dη
+

[
n(n + 1) − µ2

1 − η2

]
�(η) = 0, −1 ≤ η ≤ 1 (D.116)



d2�(φ)

dφ2
+ µ2�(φ) = 0 (D.117)

�(φ) =
{

Aφ sin(µφ) + Bφ cos(µφ), µ 
= 0,

aφφ + bφ, µ = 0.
(D.118)

�(θ) = Aθ Pµ
n (cos θ) + Bθ Qµ

n (cos θ) (D.119)

R(r) =
{

R(r) = Arrn + Brr−(n+1), k = 0,

Ar F1(kr) + Br F2(kr), otherwise.
(D.120)

F1(ξ), F2(ξ) =




jn(ξ)

nn(ξ)

h(1)
n (ξ)

h(2)
n (ξ)

(D.121)
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