Appendix D

Coordinate systems

Rectangular coordinate system

Coordinate variables

u=x, —00<X<O00 (D.1)
V=Y, —00<Yy <00 (D.2)
w =z, —_X<ZI <X (D'?’)
Vector algebra
A=RA, +§A, 24, (D.4)
A-B=A.B, +A,B, + A.B. (D.5)
Xy z
AxB=|A, A, A, (D.6)
B: B, B:
Dyadic representation
a=Xa. X+ Xa,,§y+Ra,.Z+
+ yayxﬁ + )A’Cl)yy + ya}zi +
+ Za X + Za;,§ + 2a,;2 (D.7)
a=%a +¥a +2a, =ak+a§+az2 (D.8)
a, = a,X+a.y+ai (D.9)
a, = a,X+ay,¥+ a2 (D.10)
/

—~

a, = a,X+a,y+a;i D.11)

a, = anX+an§y+a,i (D.12)
a, = a,,X+ay,§+ a2 (D.13)
a, =a.X+a,y+a.i (D.14)
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Differential operations

dl =%dx +3dy +12dz

dV =dxdydz

dS, =dydz
dSy, =dxdz
dS, =dxdy

of d
vi=% af+ya_f+ a_JzC

dF, 9F, OF,

V-F=
ox ay + 0z
X ¥y 2
d 0 0
VxF= ﬁﬁ&
Fy Fy F;
*f f ?*f
Vif=—S+ S+
f 9x? +3 8

V?F = &V’F, + §V*F, + 2V°F,

Separation of the Helmholtz equation

2 2 2
0“Y(x,y,2) n 0°Y(x,y,2) n 0°Y(x,y,2)

9x2 dy? 922 +EY(x,y,2) =0

Vx,y,2) = X(X)Y(y)Z(2)

ki +ky + k2 =k

a*x
x) +k2X(x) =0
glx
o), KY(y) =0
b
2 ez =0
dz?
AxFl(kxx) + BxFZ(kxx)v kx 75 07
X(x) =
a.x + by, k, =0.
Y(y) = AyFl (kyy) + ByFZ(kyy)a k_v #0,
ayy + by, ky, =0.
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(D.15)

(D.16)

(D.17)
(D.18)
(D.19)

(D.20)

(D.21)

(D.22)

(D.23)

(D.24)

(D.25)

(D.26)

(D.27)

(D.28)

(D.29)

(D.30)

(D.31)

(D.32)



A F(k, B.Fy(k,z), k, #0,
Z(z) = Fi(k.2) + B, Fy(k;z) : 7 (D.33)
a,z+ b, k, = 0.
ik
et
Fi(§), F2(6) = 4 . (D.34)
sin(§)
cos(§)
Cylindrical coordinate system
Coordinate variables
u=p, 0<p<oo (D.35)
v=¢, —-T=<¢=<m (D.36)
w=1z —00<Z<O00 (D.37)
X = pcos¢ (D.38)
y = psing (D.39)
7=z (D.40)
p=+/x2+y2 (D.41)
¢ = tan™! Y (D.42)
X
z7=1 (D.43)
Vector algebra
p =2%Xcos¢ + §sing (D.44)
¢ = —Kksing + §cos ¢ (D.45)
P=12 (D.46)
A=pA, + pAs + 1A, (D.47)
A-B=A,B,+ AyB; + A.B, (D.48)
p o @
AxB=|A, A A, (D.49)
B s B

~
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Dyadic representation

a = Pagp+ payeP + pa,.Z+
Pag,p + Pase® + dayZ +
Za,p + 2a.4¢ + 20,2
a=pa, + qAba; +2a, =a,p+ agd +a.2
a;) = AppP + AppP + ap;2
Ay = Ay, P+ agp P + a2
a/z = azpi’ + azaﬁd) + a2

Ay = appP + agp P + a2
ay = appP + appd + a2
a; = app+ag. P+ a;l

Differential operations

dl = pdp + ppde +2dz

dV =pdpdpdz

ds, = pdedz,
dS¢=dde,
S, = pdpd¢
af  L19f of
Vi=pt -2 430
! 0 +¢ 8¢>+ 9z
19F, OF.
V.F=-— F)+-——2
2 PE)t s T
1|20t
F, pF, F.
19 [ 9 1 3%f 92
o L0 (Y, L ey
pdp \' dp p2ap?r 972
2 9F, F, . 2 9F, F
sz—p<v2Fp——2—”’——’2’)+¢< ’F, —2—”——§’>+Av2FZ
p* ¢ p p* 3¢  p
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(D.50)

(D.51)

(D.52)
(D.53)
(D.54)

(D.55)
(D.56)
(D.57)

(D.58)

(D.59)

(D.60)
(D.61)
(D.62)

(D.63)

(D.64)

(D.65)

(D.66)

(D.67)



Separation of the Helmholtz equation

2 2
19 <pM> L L0V 9D TV D oy 6 =0 (D68)

0 op ap p? 92 972
Y (p, d,2) = P(p)®(P)Z(2) (D.69)
Kl =k*—kZ (D.70)
d’P(p)  1dPp) (., K B
P2 + ; dp + |k — ? P(p)=0 (D'71)
P
a¢(2¢) +ky®(¢) =0 (D.72)
2
2@ 270 (D.73)
dz? :
26 {AZFI (k:2) + B:Falke2). ke #0, .74
a;z + bz, kZ = 0.
®(¢) = {A¢Fl Ked) + By Fallyd), ko #0. (D.75)
a¢¢ + bqb’ k¢ =0.
a,Inp + by, ke =ky =0,
P(p) = ya,p +b,p", k. =0 and ky # 0, (D.76)
A,G(kep) + B,Ga(k:p), otherwise.
olé
Fi(€), F e D.77
16), F2(8) = in(e) (D.77)
cos(§)
Ji, (§)
| Ng, (§)
G1(§),Ga(8) = Hk(:)@) (D.78)
HE @)
|
Spherical coordinate system
Coordinate variables
u=r, 0< o) (D.79)
v=0, 0<0<m (D.80)
w=¢, —-nm=¢=mw (D.81)
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Vector algebra

f=
0=
&:

Dyadic representation

X = rsinf cos ¢
y = rsiné sin¢g

zZ=rcosf

r=yx?+y+ 22
Vx4 y?

Z

6 = tan~!

¢ = tan~! Y
X

Xsinf cos¢ + §sin6f sing + Zcos b
Xcosfcosgp + §coshsing — Zsinf
—Xsing + ycos ¢

A=1A, +04,+ PAy

A-B=A,B, + AsBy + AyB,

PO ¢
AxB= ArA9A¢
B, By By

a = fa,, F + ta,00 + ta,,¢ +
9a9,f' + 961999 + éa9¢(,]\5 +
¢d¢rf' + ¢a¢90 + ¢a¢¢¢

a=rta, +0a) + ga, =a.f + a0 +a,0

© 2001 by CRC Press LLC

a:- = a, f+ ar99 + arqﬁé\b
a), = ap,t + apyh + agsd
3;5 = a¢,f' + a¢99 + a¢¢¢>

a, = arrf + a@ré + aqﬁra)
ay = a,of +ap + ag
a¢ = a,¢f' —+ a9¢9 —+ a¢¢,[b

(D.82)
(D.83)
(D.84)

(D.85)
(D.86)

(D.87)

(D.88)
(D.89)
(D.90)

(D.91)

(D.92)

(D.93)

(D.94)

(D.95)

(D.96)
(D.97)
(D.98)

(D.99)
(D.100)
(D.101)



Differential operations

20
V=

2
VF =+t |:V2F, - = (F, +

ar

[W@—i(l—@—
r2 \sin? @

+ﬂf@—i<l

sin 0 ¢

dl = #dr + 0r do + ¢rsinb do

dV = r’sin0dr d6 d¢

dsS, = r’sin0do d¢
dSy = rsinfdrdg

dSy =rdrdo
af A10f . 1 af
vi=d y9-% o
= Y 5 TP ne 00
9 oF
2 . ¢
. ~ % (sin6F, A
or )t g ag SINOFD o ¢
1 £ r@ rsinfo
_ ) J d
VRS e | e

Fr }"Fg rsin9F¢

19 (,0f 19
—(r 5)+r2sin9£(

cosf
r2 sin

Fo +

0 1 92
sinO—f> + —— f

r2sin® 0 T&

1 0Fy 0F,
—— +t =] |+
sinf d¢ a0

oF, cosf 0Fy
2 +2
00

sin®0 ¢

Separation of the Helmholtz equation

10
r2 or

(1—n%

(

281//(”,9»¢)) 1
r

R(r)dr

1

e _, dowm

ar

r2sin@ 90
1 0%y(r,0,¢)

1 OF, 2cos@ 8F9)i|

sinf d¢ B sinzeg

a6

a (mea‘[’(r’ 0, ¢>)> n

r2sin 6

a2

+ kY (r,6,¢9) =0

V(r,0,9) = R(NOO)2(¢)

n = cosf

d (zdR(r)
ryr—
dr

dn?
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dn

+Pm+n—

1 —

2

n2

) +krP=n(n+1)

}@m%=a -1<n=<1

(D.102)

(D.103)

(D.104)
(D.105)
(D.106)

(D.107)

(D.108)

(D.109)

(D.110)

(D.111)

(D.112)

(D.113)

(D.114)

(D.115)

(D.116)



© 2001 by CRC Press LLC

d*®(¢)

2 —
gt THO@) =0
o) - {A¢ sin(ue) + By cos(ug), . # 0,
agd + by, w=0.

©(0) = Ag P} (cos6) + By Q' (cosH)

Ry = | RO =A™+ Byr= "D, k=0,
r) =
A, Fy(kr) + B, Fy(kr), otherwise.

Jn®)
1, ()

hV(§)
hP (&)

Fi(§), F2(§) =

(D.117)

(D.118)

(D.119)

(D.120)

(D.121)
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