Appendix E

Properties of special functions

E.1 Bessel functions

Notation

z = complex number; v, x = real numbers; n = integer
J,(z) = ordinary Bessel function of the first kind

N, (z) = ordinary Bessel function of the second kind

I,(z) = modified Bessel function of the first kind

K,(z) = modified Bessel function of the second kind

HY = Hankel function of the first kind

H® = Hankel function of the second kind

Jn(z) = ordinary spherical Bessel function of the first kind
n,(z) = ordinary spherical Bessel function of the second kind
h'D(z) = spherical Hankel function of the first kind

h®(z) = spherical Hankel function of the second kind
f'(z) =df(2)/dz = derivative with respect to argument

Differential equations

d’Z,(z) 1dZ,(z) v2
- 1-—1)1Z,(z) =0
dz? + z dz + ( 22) @

Jy(2)
N, (2)
H"(2)
H®(2)

Z\)(Z) =

N,(z) = COS(WT)S{;ET))N; J_V(Z), v#n, |arg(z)l<m

H(2) = 1,(2) + jNu(2)
H®(2) = J,(2) = jNu(2)
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PZ,(x) | 1dZ,) 2N
iz 7 dz _(1+Z_2>ZU_0
5 _ L@
2@ = {mz)

1,(z)
L(z) = {Ejvf[Kv(Z)

. . T
L,(z) = e /"], (ze/™?),  —m < arg(z) < 5
1,(z) = e/, (ze~ 3712, % <arg(z) <7

K, (2) = %ef“”/zHﬁ”(zef"/z), —7 < arg(2) < %

T . . T
KU(Z) — _%e_JVﬂ/2HU(2)(Ze—]7T/2)’ _E < arg(Z) <

L(x) = j 7" J,(jx)
K(x) = %j"*'H,i”(jx)

d*z,(2) gdzn(z)_Jr - n(n+1)
dz? z dz 72

jn(Z)

Zn (Z) = Zgl()z()z)

h? (z)

. |
]n(Z) = 2_Z«In+% (Z)
b/
n,(z) =,/ 2_ZN"+%(Z)

T . .
@ = [ H @ = @ + (@)

T . .
2@ =[5 H @ = @ = jn(@)

n(2) = (="M (@)

Orthogonality relationships

2 2

:|Zn(Z)=O, n=0,=+1,4+2,...

(E.16)

(E.17)
(E.18)
(E.19)

(E.20)
(E.21)

“ Pvm Pvn a a / 2
/ Jv( a ,0> Jv( a p>pdp=8mn_J\;2+1(pun)=8mn_[-]u(pvn)] 5 V> _1
0

2 2
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a / / 612 U2
/Jv Pom o} g (P p) pdp = e (1 = 2Ly, v —1
0 a a 2 P2,

R 1
/ Jo(@x)Jy(Bx)x dx = ~5(a — B)
0 o
a 3
. Uim . Uin a
/0 i (Zr) g () 12 dr = 8 i ena)

/ () jn () dx = Sy, m,n >0

00 2n +1
T (Phun) =0
jm(amn) =0

jl‘,ﬂ (all‘ﬂn) = O

Specific examples

. sin z
Jo(@) = —
Z
COS Z
no(z) = R
hy' (@) = —éejz

he(2) = ﬁe‘j :

sinz cosz

(@) =
z

cosz sinz

ni(z) = —
Z

. 3 1Y) . 3
2@ == — - )sinz— —cosz
z z z

3 1 3 .
ny(z) = —;+E cosz—z—2s1nz

Functional relationships

Ju(=2) = (=1)"J,(2)
Li(=2) = (=1)"1,(2)
Ja(=2) = (=1)"jn(@)
na(—=2) = (=1)""n,(2)

Jn(2) = (=1)"Ju(2)
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(E.23)

(E.24)

(E.31)

(E.32)
(E.33)
(E.34)
(E.35)
(E.36)

(E.37)

(E.38)



N_n(2) = (=1)"N,(2)

I .(2) = 1,(2)

K_.(2) = Ky (2)

J-n(@) = (=1D"n,1(z), n>0

Power series

B k(z/z)nJer
Ju(2) = ;( D o

i Z/2)11-&—21{

=2 o

Small argument approximations |z] <« 1.

-

10~ 5 (3)

2
No(z) » ~(Inz +0.5772157 ~ In2)

Nn(z)%—(n_])! (%) , n>0
z

b4
rw) /2\"
N,(2) =~ — -], v>0
b4 Z
1 /z\»
I,(2) ~ E (E)
1 Z\"
I, N — =
@~ oD (2)
) N 2"n! "
Jn(@) = mz
@2n)! _,
n,(z) ~ _2n—n'Z (n+1)

Large argument approximations |z| > 1.

n@ | Zeos (=TT Jargo)
(D)~ —coslz————), ar, <7
2 2z ST 4T gl
N~ sin(c= T =)L Jareco)
()~ —sinlz————), ar <7
2 e PTGy gl
2
HVY (@) ~ | =e/5-9) | —p <arg(z) <27
Tz

2 , T _ v
HP(z) ~ ,/n_w@*rﬂ, 27 < argz) <7
Z

1) ~ | ¢, Jarg()] < =
() = [ =—e€", |ar < =
¢ 2z gl =5
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(E.50)

(E.51)
(E.52)

(E.53)
(E.54)

(E.55)

(E.56)
(E.57)

(E.58)

(E.59)
(E.60)
(E.61)
(E.62)

(E.63)



T, 3
K,(z) ~ 2_16 ) |arg(z)|<7

. 1 . nmw
Ja(2) & —sin (z - —) larg(z)| <
z 2

1 nmw
m@~——cos (= ). lare@)] <
jz
h D (z) ~ (—j)”“e—, -7 < arg(z) <27
z
e iz
WP ~ " —, 27 <arg(z) <7
z

Recursion relationships

722, 1(2) +2Z,11(2) =2vZ,(2)
Z,1(2) = Zy11(2) = 2Z,(z)
2Zy(2) +vZ,(2) = 2Zy-1(2)
2Z,(2) = vZ,(2) = —2Zy41(2)

z2Ly-1(2) — zLy41(z2) = 2vL,(2)
Ly 1(z) + Lyy1(2) = 2L, (2)

L () + vL,(z) = zLy—1(2)

ZL)(z) = vLy(2) = zLy11(2)

22p—1(2) + 22041(2) = 2n + 1)z, (2)
nz,-1(z) = (n+ Dzp1(2) = 2n + Dz, (2)
22,(2) + (n + Dz, (2) = 22,-1(2)

—22,(2) + 12, (2) = 22441(2)

Integral representations

Lo
Ju(2) = E/‘ e—J”9+stm9 de
-

1 m
J.(2) = —/ cos(nf — zsinB) do
T Jo

1 I
Ju(2) = 2—j7"/ e/2°%%% cos(n0) do
Y4 -7

1 g cos 6
I,(z) = — e* Y cos(nd) do
T Jo

e T
K, (z) = / e 2D cosh(nt) dt, |arg(z)| < =
0

; _ 7 i - ont

Jn(@) = TS /0 cos(z cos 6) sin 6deo

7 — (_j)n " jzcos .

Jn(2) = 5 e P,(cos0)sinf db
0
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(E.64)

(E.65)

(E.66)
(E.67)

(E.68)

(E.81)
(E.82)
(E.83)
(E.84)
(E.85)
(E.86)

(E.87)



Wronskians and cross products

2
JV(Z)NH—I(Z) - Ju+l(Z)Nu(Z) = _7'L'_Z (E88)
4
H?@H) () — HY@HD, (2) = = (E.89)
LK1 (@) + L1 DK, () = ~ (E.90)
1
LK@ = 1K @) = —— (E.91)
/ 2j
L@HY @) - L @H @ = = (E.92)
<
5
LH?' () = I@HP ) = =L (E.93)
T
/ ! 4 j
HY@HP (2) — HV (2)HP (2) = —n—]z (E.94)
1
Jn(@nn-1(2) = Ja—1(2)nn(2) = = (E.95)
. . 2n +1
Int1 @11 @) = =1 @1 (2) = = (E.96)
/ v 1
Jn(@n,(2) — J,(2na(2) = = (E.97)
5
hO@hP'(2) — BV (@hP () = —Z—ﬁ (E.98)
R, 1, p, ¢, ¥ as shown.
Summation formulas R =/rt+ p*—2rpcos¢.
. ) . T
e’V Z,(zR) = Z Je@zP)Zyik(zr)e™®,  p<r, O0<y < 2 (E.99)
k=—o00
e J,(zR) = Z Ji(zp) I i (zr)e’*® (E.100)
k=—o0
el ? = 3" i (2k + 1) ju (2p) Pi(cos ¢) (E.101)
k=0
For p <rand 0 < ¢ < /2,
A i(zk + D1 (o) H, (2r) Pe(cos ¢) (E.102)
R "2 SR ik |
I . i(zk + D1 (z2p)H?, (zr) Pi(cos ) (E.103)
R 2ﬁk=0 k+1 (2P pae zr) Pi(cos ¢ .
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Integrals

/xvﬂfv(X)dx =x"" @) +C

[(bZ,(ax)Zy—(bx) —aZ,_i(ax)Z,(bx)]
— b2

/ Z,(ax)Z,(bx)xdx = x

2

/fo(ax) dx = % [Zg(ax) — Zv_l(ax)ZUH(ax)] +C

o 1
/ Jax)ydx =—-, v>-1, a>0
0 a

Fourier—Bessel expansion of a function

f(p) = Zam v(pvm ) 0<p<a, v>-1

m/ S o)y (pvm )Pdp

o0
P
- bva(/ —), 0<p<a, —1
f(p) ; Pom’ <p<a, v>
2 “ Pom
bn = - /f(p)Ju< p>pdp
@ (1= 32 2ol o “

vm

Series of Bessel functions

00
ejzcos¢ — Z jkjk(z)ejk¢

k=—o00
) o0
el = Jo(2) +2 ) j I(z) cos ¢
k=1
00
sing = ZZ(—I)szk+1(Z)
k=0
o0
cosz = Jo(2) +2 ) (—D)*Jx(2)
k=1

+C, a

(E.104)

(E.105)

(E.106)

(E.107)

(E.108)

(E.109)

(E.110)

(E.111)

(E.112)

(E.113)

(B.114)

(E.115)

E.2 Legendre functions

Notation

x,y,0 = real numbers; [, m, n = integers;
P)"(cosf) = associated Legendre function of the first kind
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Q" (cos ) = associated Legendre function of the second kind
P,(cosO) = P,?(COS 0) = Legendre polynomial
0, (cos8) = Q%cosf) = Legendre function of the second kind

Differential equation x = cos6.

2

m
+|:n(n+l)—1_—

d?R™ (x) dR™(x)
-2
xZ

152
(=7 dx? * dx

P (x)

R:"ln('x) = { Qﬂl(x)

Orthogonality relationships

! 2 !
/ le(x)Pl:n ()C) dx = 51n (l’l + m)
-1

2n+1(n —m)!

T 2 !
/ P/"(cos 8) P (cos 0) sin@ df = &, ntm)!
0 2n+1(m —m)!

/1 P,’l"(x)P,f(x) dx — Smkl (n+m)!

o1 1—x2 m(n—m)!

T P™(cos0) P*(cos0) 1 (n+m)!

- df = dpp———-

0 sin 6 mm—m)!

1
2
Pix) P, (x) dx = 8 ———
f_l V) Pa(x) e = o~

T 2
P 0) P, 0)sin@ d6 = §;, ——
./o 1(cos 0) P, (cos 0) sin I 1

Specific examples

Py(x) =1
Pi(x) = x = cos(f)

1 1
Py(x) = E(3x2 -1 = Z(3cos29 +1)

1 1
Pi(x) = 5(5x3 —3x) = §(5 cos 36 + 3 cos )

1 1
Py(x) = g(35;:4 —30x>+3) = a(35 cos46 +20¢cos20 + 9)

1 1
Ps(x) = §(63x5 —70x% + 15x) = ﬁ(@ cos 56 + 35co0s 36 + 30cos9)

1 1+x 0
Qo(x)—iln<1_x>—ln<cot§>
016 = St (1% Z 1 = cosomm (cot D) — 1
1.X—2n l_x = COS nCO2
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]RZ’()C):O, —-1<x<1

(E.116)

(B.117)

(E.118)
(E.119)
(E.120)
(E.121)
(E.122)

(E.123)

(E.124)
(E.125)

(E.126)
(E.127)
(E.128)

(E.129)

(E.130)

(E.131)



1 1 3
Qg(x)=1(3x2—1)ln( fi —3x
I+x\ 5 2 2

1—x 3

5) -2

1
1, (
03(x) = Z(Sx —3x)In

1 4 2
O4(x) = R(35x —30x° + 3)ln<

Pl(x) = —(1 —x*)'? = —sin6
P} (x) = =3x(1 —x*)"/? = —3cosf sinb
P}(x) = 3(1 — x*) = 3sin’0
3 3
Pl(x) = —5(5x2 — DA =xH'? = —5(5 cos’f — 1)sin6

Pi(x) = 15x(1 — x*) = 15cos @ sin* 6
P (x) = —15(1 — x»¥* = —15sin* 6

5 5
Pl(x) = —§(7x3 —3x)(1 —xH)"? = —5(7cos39 —3cosf)sinf
15 15
PH(x) = 7(7x2 —D(1—x% = 7(7cos2a — 1)sin*6

P} (x) = —105x(1 — x*)*? = —105cos § sin> 6
P}(x) = 105(1 — x?)* = 1055sin* 0

Functional relationships

0, m>n,

( l)m(l _x2yn/2 grtm (2 [y
2""! dx/H»m ’

P (x) =

m < n.

1 d"(x>—1)"
21p) dx"

Py(x) =

x2)m/?2 d" Ry(x)

Ry (x) = (=D"(1 - T

(= m)

B0 = ()" S

P,(—x) = (=1)"P,(x)
0,(—x) = (=D)""Q,(x)
P (—x) = (—=1)"™P™(x)
Q" (—x) = (=)™ Q™ (x)

1 =
P = !O’ Z > 8’

|Py(x)] < Py(1) =1
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(E.145)

(E.146)

(E.147)



r(%+1) ni
Pn(): 2 2 A~
O=mrein 2

(n=m)! oy

B = (S

Power series

(=D 46!

Fulx) = — ) I(kD)22kH

[(1 =) + (=D)"(1 +x)"]

k=0 (

Recursion relationships

n+1-— m)Rn_H(x) +m+mR;) (x) =(2n+ xR (x)

(1- xz)R,’l”/(x) =0+ DxR'(x) — (n—m+ DR, (x)

@n+ DxR,(x) = (n 4+ DRyp1(x) +nR,u—1 (x)
(x? = DR (x) = (n + D[Ry31(x) — xR, (x)]
R, (x) = R,_ (x) = (2n + 1)R,(x)

Integral representations

2 (7 sin(n+L)u
P,(cosf) = i/ #du
T Jo +/cos@ —cosu

1 [ 7
Pn(x)=;/ [x + (> = D'*cos0]" do
0

Addition formula

P,(cosy) = Pn(cos 0)P, (cos 0 +

+2 Z o+ )'Pf(COSQ)Pm(COSQ/) cosm(¢p — @),

cosy = cosf cos8’ + siné sin 6’ cos(¢p — ¢’)

Summations

1 1 Ny
=D i Paleosy)

r—r|  /r24r2—2rr'cosy It

cosy = cosf cos@ + sinf sinf’ cos(¢p — ¢”)

re =min{[r|, [r'|}, r. =max{|r], |r'}
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(E.155)

(E.156)

(E.157)

(E.158)

(E.159)

(E.160)
(E.161)
(E.162)

(E.163)

(E.164)

(E.165)

(E.166)

(E.167)

(E.168)

(E.169)



Integrals

Py1(x) = Pyg(x)
P,(x)dx = C E.170
/ (x)dx 2+ 1 + (E-170)
1
/ x"P,(x)dx =0, m<n (E.171)
—1
1 2n+l ' 2
/ X P, () dx = 2 ) (E.172)
1 2n + 1!
! 2212k (k 4 n)!
2%
Py (x)dx = E.173
/_1x ) A = T D — )1 (E.173)
L p, 242
) g 22 (E.174)
—1 «/1 — X 2]’1 + 1
2
Py, Lty
Pu@ o [Tlts) (E.175)
141 —x2 n!
i
en)! 1
Py, dx = (D" —_— E.176
/0 () dx = (<1 3 2 s (E176)
Fourier—Legendre series expansion of a function
oo
fE) =) apPu(x), —1<x<1 (E.177)
n=0
2n+1 !
ay = ”; / ) Py(x) dx (E.178)
-1
|
E.3 Spherical harmonics
Notation
0, ¢ = real numbers; m, n = integers
Y,m (6, ¢) = spherical harmonic function
Differential equation
1 9 (. 9Y(6,¢) 1 92Y(6,9) 1
_— 0 —AY(@@,¢)=0 E.179
sinf 96 (Sm 00 ) Tt ez a2 09 (E-179)
r=a’nn+1) (E.180)
2 1 (n—m)! .
Y, 0. 0) = | L= b s gyein? (E.181)

4 (n+m)! "
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Orthogonality relationships

/ / Y (0, )Y (0, ¢)sind do dp = 8,nSm
- JO

Z Z Yy, (0", )Y (0, ¢) = 8(¢p — ¢')8(cos 6 — cosH")

n=0 m=—n

Specific examples

/1
Yoo (0, ¢) = E
3
Y100, ¢) = Ecosé
3 . .
Y110, ¢) = — - sinfe’?
T
Y20(0,¢) = > 3cos20 :
W=V 4 2 2
15 . .
Y2100, ¢) = —/ S sin 6 cos He’?
T
15 .
Yn (0, ¢) =,/ %sinzeezf"’
Vo0, 9) = | (2 cos’0 — 2 cost
30(0, ¢) = yy 5 cos 5 cos
21 , .
Y510,¢) = — JSIHQ (5cos”6 — 1) e’
T
105 .
Y306, ¢) =/ o sin” 6 cos fe/®
7
35 .
Y3300, ¢) = —/ P sin’ &3/
T

Functional relationships

2n +1
4

YnO(Qv ¢) = P, (COS 0)

Yo—m(©®, ¢) = (=D"Y,, (0, $)

Addition formulas
4
2n +1

Y Y0, )Y, 0,6

m=—n

P,(cosy) =

P,(cosy) = P,(cos8)P,(cosd’) +

+ 3 B peos ) P (cos 8 cos [m(6 — 9]

(n+m)!

m=—n
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(E.182)

(E.183)

(E.184)
(E.185)
(E.186)
(E.187)
(E.188)
(E.189)
(E.190)
(E.191)
(E.192)

(E.193)

(E.194)

(E.195)

(E.196)

(E.197)



cosy = cosf cos@ + sinf sinf’ cos(¢p — ¢”) (E.198)

Series
1 2n + 1
Ynm Qa 2 = E.199
m;n| 0, 0) == (E.199)
I 1
r—r|  /r24r2—2rr'cosy
o0 n 1 Vn
=4 =Y* 0,9V Y (0, ®), E.200
T[;m;nZn-l-erH am 0 @) Yum (0, P) ( )
ro =min{lr|, [r'|}, r. =max{|r], |r'|} (E.201)
Series expansion of a function
FO.6)=)" " dumYun(®. ¢) (E.202)
n=0 m=-—n
T T
Apm = / / f@,0)Y" (6,¢)sin0d6d¢ (E.203)
- JO
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