Chapter 6

Integral solutions of Maxwell’s equations

6.1 Vector Kirchoff solution: method of Stratton and Chu

One of the most powerful tools for the analysis of electromagnetics problems is the
integral solution to Maxwell’s equations formulated by Stratton and Chu [187, 188].
These authors used the vector Green’s theorem to solve for E and H in much the same
way as is done in static fields with the scalar Green’s theorem. An alternative approach is
to use the Lorentz reciprocity theorem of § 4.10.2, as done by Fradin [74]. The reciprocity
approach allows the identification of terms arising from surface discontinuities, which
must be added to the result obtained from the other approach [187].

6.1.1 The Stratton—Chu formula

Consider an isotropic, homogeneous medium occupying a bounded region V in space.
The medium is described by permeability fi(w), permittivity €(w), and conductivity 6 (w).
The region V is bounded by a surface §, which can be multiply-connected so that S is
the union of several surfaces Sy, ..., Sy as shown in Figure 6.1; these are used to exclude
unknown sources and to formulate the vector Huygens principle. Impressed electric and
magnetic sources may thus reside both inside and outside V.

We wish to solve for the electric and magnetic fields at a point r within V. To do this we
employ the Lorentz reciprocity theorem (4.173), written here using the frequency-domain
fields as an integral over primed coordinates:

—f [Ea(r’, ) x Hy(r', w) — Ep (¥, w) x Hy (1, w)]-0ds =
s

/ [E,(r, w) - Jo (', @) — E, (¢, 0) - 1o (), 0)— (6.1)

14

Hy(r', ) - Jua (7, 0) + Hy (0, @) - T (0, )] d V. (6.2)
Note that the negative sign on the left arises from the definition of fi as the inward normal
to V as shown in Figure 6.1. We place an electric Hertzian dipole at the point r =),
where we wish to compute the field, and set E, = E, and H, = H, in the reciprocity

theorem, where E, and H,, are the fields produced by the dipole (5.88)—(5.89):

H,(r,w) = joV x [BG(r|r,; o)], (6.3)
8 1
E,(r,0) = gv x (V x [pG(r|r,; )]) . (6.4)
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Figure 6.1: Geometry used to derive the Stratton—Chu formula.

We also let E, = E and H, = H, where E and H are the fields produced by the impressed
sources J, = J' and J,u0 = jin within V that we wish to find at r =r,. Since the dipole
fields are singular at r = r,, we must exclude the point r, with a small spherical surface
Ss surrounding the volume Vs as shown in Figure 6.1. Substituting these fields into (6.2)
we obtain

—?ﬁ [ExH,—E, xH| -0'dS' = / [E,-J —H,-J,]dV". (6.5)
S+Ss V—Vs

A useful identity involves the spatially-constant vector p and the Green’s function
G({'|rp):

V' x [V x (Gp)] = V[V - (Gp)] — V*(GP)
= V[V’ - (GD)] - pV>G
=V'(p-V'G) + pk’G, (6.6)

where we have used VG = —k*G for r' #r,,.

We begin by computing the terms on the left side of (6.5). We suppress the r' de-
pendence of the fields and also the dependencies of G(r'|r)). Substituting from (6.3) we
have

?§ [ExH,] #'dS' = jwﬁﬁ [Ex V' x (Gp)] -7 dS'.
S+Ss S+Ss
Using i’ - [E x V' x (Gp)] =1 - [E x (VG x P)] = (' x E) - (V'G x p) we can write

7§ [ExH,] -7'dS = jop ?{ [ x E] x V'GdS'.
S+Ss S+Ss
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Figure 6.2: Decomposition of surface S, to isolate surface field discontinuity.

Next we examine

_ . 1 .
yg [E, xH]-0'dS = —— [Hx V' x V' x (Gp)]-i'ds.
S+5; € Jsts,

Use of (6.6) along with the identity (B.43) gives

L 1 N

% [E, x H] - f'dS' = —— {H x pk*G —
S+S5 € Jsts,

— V' x[(-VOH]+ (- VGV x )} -i'dS.

We would like to use Stokes’s theorem on the second term of the right-hand side. Since
the theorem is not valid for surfaces on which H has discontinuities, we break the closed
surfaces in Figure 6.1 into open surfaces whose boundary contours isolate the disconti-
nuities as shown in Figure 6.2. Then we may write

f AV x[(p-VGH] dS = f dl -H@ - V'G).
Sn:Sna +Snb Fna +rnb

For surfaces not containing discontinuities of H the two contour integrals provide equal
and opposite contributions and this term vanishes. Thus the left-hand side of (6.5) is

_7§ [E x f, — E, x f]- 4 dS' =
—gp : {f [jwe‘@ xE) x V'G+ K@ x H)G+ 8 - J' + jweE)V'G] dS
S+Ss

where we have substituted J' + jwé‘E for V/ x H and used (H x p) - &' = p - (0 x H).
Now consider the right-hand side of (6.5). Substituting from (6.4) we have

I 1 ~:
f E, - JdV' = 7/ J [V x V' x$G)]av'.
V-Vs € Jv_v
Using (6.6) and (B.42), we have

L .. 1 por = i
/ E, Jav == G- IG+V - [JH-VGOI-@- VGOV -J}av.
V—Vs

€ Jv_vy,
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Figure 6.3: Geometry of surface integral used to extract E at r,.

Replacing V' - J' with —jwp’ from the continuity equation and using the divergence
theorem on the second term on the right-hand side, we then have

- ", 1 - .
/ E, Jdv =—p- [/ KJ G+ jop'V'G)dV' —7§
Vv € V-V, s

+Ss

@ - JHvV'G dsl )

Lastly we examine

/ ﬁ,,.ji,,dv’zjw/ J -V x (Gp)dV'.
V—Vs V—Vs

Useof JI - V' x (Gp)=J. - (VG xP)=p-J, x VG) gives
H, J dV = ja)f)-/ Y xV'Gdv'.
V-V

We now substitute all terms into (6.5) and note that each term involves a dot product
with p. Since p is arbitrary we have

V—Vs

—7§ [0 xE) x V'G+ @ -E)V'G — jop(d x H)G] dS' +
S+Ss

1 _
+- f (dl’~H)V/G=/
]wec ru"!‘rb

V—Vs

i

[—j;‘n x V'G + zV’G - jwﬁjic} av’'.

The electric field may be extracted from the above expression by letting the radius of
the excluding volume Vs recede to zero. We first consider the surface integral over Ss.

Examining Figure 6.3 we see that R = |r, —1r'| =4, fY = —R, and
d (e kR A I A R

V'G('|ry) = ¢ VR =R o X 55 0,
dR \ 47 R 4782 82

Assuming E is continuous at r’ = r, we can write
—gin(l)f [0 xE) x VG+ @ -E)VG - joid x H)G] dS' =
— Ss
li ! R x E) R+(R E)ﬁ iwi(R ﬁ)l §2dQ
im | — x E) x — E)= —jow x H) = =
520 Jo, 47 5 52 IO 5

1 N P PN .
lim | — [—(R -E)R4+ R-R)E+ (R E)R] dQ2 =E(r),).
§—0 Jqo 41
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Here we have used fQ d2 = 45 for the total solid angle subtending the sphere Ss. Finally,
assuming that the volume sources are continuous, the volume integral over Vs vanishes
and we have

R

Er, 0) = f <—jfn xV'G+ VG- jwﬁj’G) v’ +
%
+ Z/ 'xE)x VG+ @ -E)V'G — jop@ x H)G] dS' -

oy !

= Jwé

f @’ -HV'G. (6.7)

Coa+Tup

A similar formula for H can be derived by placing a magnetic dipole of moment p,, at
r =r, and proceeding as above. This leads to

H(r, ) =/ (j" xV'G+ v jwe“jﬁnG> dv’ +
v 1<

+Z/ i xH) x VG + @ - VG + joe @ xE)G] dS' +

+Z— 7§ @' - E)VG. (6.8)

1 J@
"= Coa+Tup

We can also obtain this expression by substituting (6.7) into Faraday’s law.

6.1.2 The Sommerfeld radiation condition

In § 5.2.2 we found that if the potentials are not to be influenced by effects that are
infinitely removed, then they must obey a radiation condition. We can make the same
argument about the fields from (6.7) and (6.8). Let us allow one of the excluding surfaces,
say Sy, to recede to infinity (enclosing all of the sources as it expands). As Sy — oo any
contributions from the fields on this surface to the fields at r should vanish.

Letting Sy be a sphere centered at the origin, we note that A/ = —# and that as
r— oo
e—jk\r—r’| e—jkr’
G@rlr'; w) = ~ 7
4r|r —r'| 4y’
VGl o) = R ((LTIKRY or o g (LR
4n R r’ 4y’

Substituting these expressions into (6.7) we find that

lim [ xE)x V'G+ @ -E)VG — joi®@ x H)G] dS’

SN— S Sy
2 T c7
i i 1+ jk
~ lim / {[(f" x ) x ¥ + (¥ - )] <l>
r'—oo Jq 0 r’

B —jkr'
+ jonE x B} 5

r *sin6’ do’ do’

2 7\[/()”,
~ lim / JkE + jop® x H)] + E} ) sind’ do’ d¢’.
T

r'—00
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Since this gives the contribution to the field in V from the fields on the surface receding
to infinity, we expect that this term should be zero. If the medium has loss, then the
exponential term decays and drives the contribution to zero. For a lossless medium the
contributions are zero if

lim rE(r, ) < oo, (6.9)
r—>00
lim r [nf x H(r, ») + E(r, »)] = 0. (6.10)
r—>00
To accompany (6.8) we also have
lim rH(r, ) < oo, (6.11)
r— 00
lim r [nH(r, ») — £ x E(r, »)] = 0. (6.12)
r—>00

We refer to (6.9) and (6.11) as the finiteness conditions, and to (6.10) and (6.12) as the
Sommerfeld radiation condition, for the electromagnetic field. They show that far from
the sources the fields must behave as a wave TEM to the r-direction. We shall see in
§ 6.2 that the waves are in fact spherical TEM waves.

6.1.3 Fields in the excluded region: the extinction theorem

The Stratton—Chu formula provides a solution for the field within the region V', external
to the excluded regions. An interesting consequence of this formula, and one that helps
us identify the equivalence principle, is that it gives the null result H = E = 0 when
evaluated at points within the excluded regions.

We can show this by considering two cases. In the first case we do not exclude the
particular region V,,, but do exclude the remaining regions V,, n # m. Then the electric
field everywhere outside the remaining excluded regions (including at points within V,,)
is, by (6.7),

Er, o) = / (—jﬁn xV'G+2ve- jwﬁjiG) dv' +
V4V, €

+ Z/ [0 xE) x V'G+ @ -E)V'G — jopd x H)G] dS' —
n#m Sn

1 .
- f @' -mV'G, reV+V,.
Jwe*

TCua+Tnb

In the second case we apply the Stratton—Chu formula only to V,,, and exclude all other
regions. We incur a sign change on the surface and line integrals compared to the first
case because the normal is now directed oppositely. By (6.7) we have

Er, 0) = / (—jfn xV'G+2vG— jwﬁj’G) dv' —
Vi €

- / [ xE) x VG+ @ -E)VG - jop x H)G] dS' +
S
1

+ —
Jwéc

yg dl'-H)V'G, reVv,.

Cpa+Tnp
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Each of the expressions for E is equally valid for points within V,,. Upon subtraction we
get

0= / <_jin xV'G+2vG- jwﬁjic) dv' +
% €°
N ~ ~ ~
+ Z/ [0 x E) x VG + @ -E)V'G — jop@ x H)G] ds' —

n=1

N

f d'-"H)Vv'G, rev,.

j WEC
—~
" LCpa+Tab

This expression is exactly the Stratton—Chu formula (6.7) evaluated at points within the
excluded region V,,. The treatment of H is analogous and is left as an exercise. Since we
may repeat this for any excluded region, we find that the Stratton—Chu formula returns
the null field when evaluated at points outside V. This is sometimes referred to as the
vector Ewald—Oseen extinction theorem [90]. We must emphasize that the fields within
the excluded regions are not generally equal to zero; the Stratton—Chu formula merely
returns this result when evaluated there.

6.2 Fields in an unbounded medium

Two special cases of the Stratton—Chu formula are important because of their applica-
tion to antenna theory. The first is that of sources radiating into an unbounded region.
The second involves a bounded region with all sources excluded. We shall consider the
former here and the latter in § 6.3.

Assuming that there are no bounding surfaces in (6.7) and (6.8), except for one surface
that has been allowed to recede to infinity and therefore provides no surface contribution,
we find that the electromagnetic fields in unbounded space are given by

E= / <_jﬁn <« V'G+2ve - jwﬁjiG) av’,
v €°
H= / (ji X V'G+ Py ng“jin6> dv’.
4 w
We can view the right-hand sides as superpositions of the fields present in the cases

where (1) electric sources are present exclusively, and (2) magnetic sources are present
exclusively. With p!, =0 and J/, = 0 we find that

i =/ <QV’G - jwﬁj’G) av’, (6.13)
v \€°

H= / J xvGadv'. (6.14)
v

Using V'G = —VG we can write
~0 (s
E(r,w) = —v/ MG(ﬂr/;w)dV/ —ja)/ () J (', 0)G(x|r'; w)dV’
v €(w) ) v
= _v(’i)ﬁ(rv (1)) - ijE(rv Cl)),
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where

e (r, w):/ MG(ﬂr’;w)dV’,
v €(w)

A.(r, ) = f (@) I (@, 0)G(xlr'; w)dV', (6.15)
\%4

are the electric scalar and vector potential functions introduced in § 5.2. Using J' xV'G =
—J' x VG =V x (JIG) we have

H(r, ) Vx/ﬁ(w)ji(r/,a))G(r|r’;w)dV’
\%4

(@)

—V x A, (r, w). (6.16)
()

These expressions for the fields are identical to those of (5.56) and (5.57), and thus the
integral formula for the electromagnetic fields produces a result identical to that obtained
using potential relations. Similarly, with ' = 0, J' = 0 we have

o _/ i xvGav,
V .
I} ,5"” l . ~CTi l
H:/ <TVG—](1)€ JmG> av’,
v \ M

or

Er, o) =— V x A,(r, o),

& (w)
H(r,0) = —V@i(r, ) — joA,(r, »),

where

Pn(r, a)):/ MG(rlr’;w)dV’,
v (o)

A, (r, w) = / EJ, @, )G xlr; w)dV',
v

are the magnetic scalar and vector potentials introduced in § 5.2.

6.2.1 The far-zone fields produced by sources in unbounded space

Many antennas may be analyzed in terms of electric currents and charges radiating in
unbounded space. Since antennas are used to transmit information over great distances,
the fields far from the sources are often of most interest. Assume that the sources are
contained within a sphere of radius r, centered at the origin. We define the far zone of
the sources to consist of all observation points satisfying both r > r; (and thus r > r’)
and kr > 1. For points in the far zone we may approximate the unit vector R directed
from the sources to the observation point by the unit vector # directed from the origin
to the observation point. We may also approximate

d (e kR . (1+ jkR\ e /*R e kR
VG =2 VR=R ~ ik — #jkG. 6.17
dR (47tR) ( R ) iR N amr TV (6.17)
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Using this we can obtain expressions for E and H in the far zone of the sources. The
approximation (6.17) leads directly to

i

. k .. -
PV G~ |:j ](f‘jkG):—;f[V’~(GJ’)—J’ -V'G].

Substituting this into (6.13), again using (6.17) and also using the divergence theorem,
we have

. - - k .
E(r, 0) ~ —/ jor[J —#@-JH] de/+f~E ﬁ(ﬁ/-J’)GdS/,
|4

where the surface § surrounds the volume V that contains the impressed sources. If
we let this volume slightly exceed that needed to contain the sources, then we do not
change the value of the volume integral above; however, the surface integral vanishes
since i’ - J' = 0 everywhere on the surface. Using # x (# x J)) = #(# - J') — J' we then
obtain the far-zone expression
E(r, w) ~ jof x [f X / a(@)J (', 0)G(r|r; w)dV/}
4
= job x [f x A, (r,0)].

where A, is the electric vector potential. The far-zone electric field has no r-component,
and it is often convenient to write

E(r,w) ~ —jowA,r(r, w) (6.18)
where A,7 is the vector component of A, transverse to the r-direction:

Agp=—tx[txA]=A —#F-A) =04, + QA

We can approximate the magnetic field in a similar fashion. Noting that J' x V'G =
J' x (jk#G) we have

H(r, o) ~ —j

- fx/ﬁ(w)j"(r’,w)c(r|r’,w)dv’
fi(w) v

1 -
~ ——jof X A (r, w).
n

With this we have

- o~ _ # x E(r, w)
E(r, w) = —nt x H(r, w), Hr,w) = ——,
n

in the far zone.
To simplify the computations involved, we often choose to approximate the vector
potential in the far zone. Noting that

R=a—r) (—1) = /r2+ 2 =2 1)
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and remembering that r > r’ for r in the far zone, we can use the leading terms of a
binomial expansion of the square root to get

2 -1 "2 2t - For
R=r\/1— # r)+(r_> AL r)m[l_r ri|
r r r r

~r—fer. (6.19)

Thus the Green’s function may be approximated as
efjkr i
G(|r'; w) & ——e/ T, 6.20
(r|r’; w) - (6.20)
Here we have kept the approximation (6.19) intact in the phase of G but have used
I/R ~ 1/r in the amplitude of G. We must keep a more accurate approximation for
the phase since k(f - ') may be an appreciable fraction of a radian. We thus have the
far-zone approximation for the vector potential

A (r, ) = fi(w)

e~ Jkr -. e
/J’(r’,w)eﬂ“‘r av’,
dr Jy

which we may use in computing (6.18).
Let us summarize the expressions for computing the far-zone fields:

Er, o) = —jo [éAeg(r, ®) + GAoy(r, a))] , (6.21)
A(r, ) = 00 (6.22)
n
5 e—jkr
A (r,w) = A(w)a. (0, ¢, w), (6.23)
Tr
a,6.9.0) = [ T ) av. (6.24)
\%4

Here a, is called the directional weighting function. This function is independent of r
and describes the angular variation, or pattern, of the fields.

In the far zone E, H, # are mutually orthogonal. Because of this, and because the fields
vary as e /¥ /r, the electromagnetic field in the far zone takes the form of a spherical
TEM wave, which is consistent with the Sommerfeld radiation condition.

Power radiated by time-harmonic sources in unbounded space. In § 5.2.1 we
defined the power radiated by a time-harmonic source in unbounded space as the total
time-average power passing through a sphere of very large radius. We found that for a
Hertzian dipole the radiated power could be computed from the far-zone fields through

2 b4
P,, = lim / S. - £ sin6 do d¢
0 0

r—00

where
S = %Re {E X ﬁ*}

is the time-average Poynting vector. By superposition this holds for any localized source.
Assuming a lossless medium and using phasor notation to describe the time-harmonic
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Figure 6.4: Dipole antenna in a lossless unbounded medium.

fields we have, by (6.22),

1

SaUZERC{

E x (f x E¥) E-E*
=T .
n 2n

Substituting from (6.21), we can also write S,, in terms of the directional weighting
function as

R v  kn I, ., 1, .,
Sav =t— (AwpAly + Ae¢Ae¢) = rW 5 denticy + 3 deodiy | - (6.25)
We note that S,, describes the variation of the power density with 6, ¢, and is thus
sometimes used as a descriptor of the power pattern of the sources.

Example of a current source radiating into an unbounded medium: the dipole
antenna. A common type of antenna consists of a thin wire of length 2/ and radius a,
fed at the center by a voltage generator as shown in Figure 6.4. The generator induces
an impressed current on the surface of the wire which in turn radiates an electromagnetic
wave. For very thin wires (¢ < A, a < [) embedded in a lossless medium, the current
may be accurately approximated using a standing-wave distribution:

J (r, ) = 21 (0) sin[k(l — 2] 8(x)8(y). (6.26)
We may compute the field produced by the dipole antenna by first finding the vector

potential from (6.15) and then calculating the magnetic field from (6.16). The electric
field may then be found by the use of Ampere’s law.
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We assume a lossless medium with parameters u, €. Substituting the current expression
into (6.15) and integrating over x and y we find that

—]kR
A.(r,w) = z—/ sink(l — |2/ |) (6.27)
where R = /(z — 2/)> + p? and p? = x? + y?. Using (6.16) we have
1. . 104,
H=Vx —-A, = —¢p——%£.
7 n 9p
Writing the sine function in (6.27) in terms of exponentials, we then have
5 1 ) 0 5 p—Jjk(R=2) . 0 5 g Jk(R+z)
Ay=j— e]kl/ _;dz/_efjkl/ g s
8 _; 0p R _; 0p R
N ejkl /1 ie*jk(RJrZ) e — efjkl /1 ie*]k(R*Z) i |
0 8,0 R 0 8,0 R
Noting that
8 e MED = ipi—e_jmﬁ) = _pl KR ez
p R 9z’ RIRF (z — 2] R
we can write
~ . o 0 —j 4 0
I:I¢ _ JI_/O _ejkl e Jjk(R—2") i e Jk(R+Z)
87 RIR+ (z— 21| R[R - (z—2)]|_
—j 4 l i . i
L o Jk(R+2) e Jk(R=2)) .
R[R —(z—2N]o R[R + (z — 2]y
Collecting terms and simplifying we get
i I(w) —jkRy —jkRy —jkr
5 (T, ) = ] [e +e — (2coskl)e /"] (6.28)

0

where R; = /p?2+ (z —1)? and R, = /p? + (z +1)%2. For points external to the dipole

the source current is zero and thus

1 . 1 a - 1o .
Er.0)= —V x 0, 0) = — | —p—Hy(r.0) + 2~ —[pHy(r. )]} .
Jjwe jwe 9z p 3p

Performing the derivatives we have

77[((,()) 7 — l efijl 74+ ! efijz z 7]kr
E — —(2coskl , 6.29
o(r, @) = o |: R + R ( cos ) ( )
n](w) g*ijl 87ij2 efjkr
E — (2coskl . 6.30
L(r,w) = = |: R + R (2 cos ki) ( )

The work of specializing these expressions for points in the far zone is left as an exercise.
Instead, we shall use the general far-zone expressions (6.21)—(6.24). Substituting (6.26)
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into (6.24) and carrying out the x and y integrals we have the directional weighting
function

1
a, (0, ¢, w) = / 21 (w) sink(l — |7)e/* 30 g7’
-1

Writing the sine functions in terms of exponentials we have

21 L : !
ae(e ¢ 0)) ( ) [e]k[f ejkz (cosf—1) dZ/ _ e—jkl/ e]k«, (cos6+1) dz/+
2j 0 0

0 0
+ ejkl/ ejkz’(cosGJrl) _efjkl/ ejkz’(cosel):|
-1 -l

Carrying out the integrals and simplifying, we obtain

Zl(w) F(9,kl)

(6.9 ) = k sin 6

where

cos(kl cos8) — cos kl
sin 0

F0,kl) =
is called the radiation function. Using 2 = fcos@ — @ sin® we find that
- 21 (w) -
deo (0, ¢, w) = —TF(Q kD), deg (0, ¢, w) = 0.

Thus we have from (6.23) and (6.21) the electric field

I —jkr
B =02 b k) (6.31)
T
and from (6.22) the magnetic field
. I(w) e /%
A, w) = ¢J—()e FO, k). (6.32)

We see that the radiation function contains all of the angular dependence of the field
and thus describes the pattern of the dipole. When the dipole is short compared to a
wavelength we may approximate the radiation function as

1= LK cos0)’ — 1+ L _ |
FO,kl < 1)~ (&l cos )9 2 (D) S (D2 sin. (6.33)
sin

So a short dipole antenna has the same pattern as a Hertzian dipole, whose far-zone
electric field is (5.93).

We may also calculate the radiated power for time-harmonic fields. The time-average
Poynting vector for the far-zone fields is, from (6.25),

Sev = 17 F2(9 kD),
8
and thus the radiated power is
LG .
P,,=n——F F~(0,kl)sinf df.
4 0
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This expression cannot be computed in closed form. For a short dipole we may use (6.33)
to approximate the power, but the result is somewhat misleading since the current on a
short dipole is much smaller than I. A better measure of the strength of the current is
its value at the center, or feedpoint, of the dipole. This input current is by (6.26) merely
Ip(w) = I (w) sin(kl). Using this we find

[1o)? 1 2/”.3 7o (1)
P, =~ n—-—(kl 0do =n—|1 -] .
av 7747_[ 4( ) o sin 773|0| x
This is exactly 1/4 of the power radiated by a Hertzian dipole of the same length and
current amplitude (5.95). The factor of 1/4 comes from the difference between the current
of the dipole antenna, which is zero at each end, and the current on the Hertzian dipole,
which is constant across the length of the antenna. It is more common to use a dipole
antenna that is a half wavelength long (21 = 1/2), since it is then nearly resonant. With
this we have through numerical integration the free-space radiated power

Iol? ™ cos® (Z cosf .

Py, = 770| Ol / —(.2 ) do = 366|I()|2
47 sin 6

and the radiation resistance

2Pav 2Pav
R = — =% 732 Q.
Hz=0* |l

6.3 Fields in a bounded, source-free region

In § 6.2 we considered the first important special case of the Stratton—Chu formula:
sources in an unbounded medium. We now consider the second important special case
of a bounded, source-free region. This case has important applications to the study of
microwave antennas and, in its scalar form, to the study of the diffraction of light.

6.3.1 The vector Huygens principle

We may derive the formula for a bounded, source-free region of space by specializing
the general Stratton—Chu formulas. We assume that all sources of the fields are within
the excluded regions and thus set the sources to zero within V. From (6.7)—(6.8) we have

N
E(r, w) = Zf [0 xE) x V'G+ @ -E)V'G — jop x HG] dS' —

N
1 N
-y L f @ -1V, (6.34)
pac Jwe“
Cha+Tnp
and
~ N ~ ~ ~
Hr, o) = Z/ [0 xH) x V'G+ @ -H)V'G+ jozd x E)G] dS' +
n=1 Y5
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This is known as the vector Huygens principle after the Dutch physicist C. Huygens, who
formulated his “secondary source concept” to explain the propagation of light. According
to his idea, published in Traité de la lumiére in 1690, points on a propagating wavefront
are secondary sources of spherical waves that add together in just the right way to produce
the field on any successive wavefront. We can interpret (6.34) and (6.35) in much the
same way. The field at each point within V, where there are no sources, can be imagined
to arise from spherical waves emanated from every point on the surface bounding V. The
amplitudes of these waves are determined by the values of the fields on the boundaries.
Thus, we may consider the boundary fields to be equivalent to secondary sources of the
fields within V. We will expand on this concept below by introducing the concept of
equivalence and identifying the specific form of the secondary sources.

6.3.2 The Franz formula

The vector Huygens principle as derived above requires secondary sources for the fields
within V that involve both the tangential and normal components of the fields on the
bounding surface. Since only tangential components are required to guarantee uniqueness
within V, we seek an expression involving only it x H and i x E. Physically, the normal
component of the field is equivalent to a secondary charge source on the surface while
the tangential component is equivalent to a secondary current source. Since charge and
current are related by the continuity equation, specification of the normal component is
superfluous.

To derive a version of the vector Huygens principle that omits the normal fields we
take the curl of (6.35) to get

N N
V x H(r, ») :Zv x 7§ @ x H) x V’Gds’+27§ V x [@ -H)V'G] ds +
n=1 Su n=1"S

N N
~ 1 ~
+) Vx 7§ JoE W xE)GdS' + ) — 7§ V x [@'-E)V'G]dS.  (6.36)
n=1 S n=1 JOU
Tua+Tnb

Now, using V'G = —VG and employing the vector identity (B.43) we can show that
Vx [fEWVGEI)]==fa){V x [VGEI)]}+[VGEIr)] x Vi) =0,

since V x VG = 0 and V f(r') = 0. This implies that the second and fourth terms of
(6.36) are zero. The first term can be modified using

V x {[f x HX)] Glr)} = GrIr)V x [ x H()] — [f x HX)] x VG(r|r)
= [f' x H(r)] x V'G(r|r)),

giving

N N
V x H(r, w) = Zv X f V x [ x H)G] dS' + Zv X f jwe @' x B)YGdS'.
n=1 Sn

n=1 Sn
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Finally, using Ampere’s law V x H = jwéE in the source free region V, and taking the
curl in the first term outside the integral, we have

N N

- 1 . .

E(r,w) = E VxVx @ —@ xHGdIS + E Vx P @ xEGdAS. (6.37)
s, JWE* e S,

Similarly

. 1 _ N .
Hr, w) = ZV x V x f —M(n xE)YGdS + ZV X A xH)GdS'. (6.38)
n=1 Sn

These expressions together constitute the Franz formula for the vector Huygens principle
[192].

6.3.3 Love’s equivalence principle

Love’s equivalence principle allows us to identify the equivalent Huygens sources for the
fields within a bounded, source-free region V. It then allows us to replace a problem in
the bounded region with an “equivalent” problem in unbounded space where the source-
excluding surfaces are replaced by equivalent sources. The field produced by both the
real and the equivalent sources gives a field in V identical to that of the original problem.
This is particularly useful since we know how to compute the fields within an unbounded
region by employing potential functions.

We identify the equivalent sources by considering the electric and magnetic Hertzian
potentials produced by electric and magnetic current sources. Consider an impressed
electric surface current J¢¢ and a magnetic surface current s flowing on the closed
surface § in a homogeneous, isotropic medium with permeability fi(w) and complex
permittivity €°(w). These sources produce

T€4 (4

o) = ¢ 2 G v as', (6.39)
s Jwé(w)
T84 (4!

1,0 0) = ¢ 2 G ) ds'. (6.40)
s Jjoi(w)

which in turn can be used to find

E=Vx(VxIL) — joaV x I,
H= joweV xII, + V x (V x II)).

Upon substitution we find that
E(r,w):Vxijg [J"’qG] ds/+Vx7§[ -J41Gds',
s jo
N 1
H(r, w) = —VxVx% [ Jqu dS/+VX¢.J”1GdS/.
s joil

These are identical to the Franz equations (6.37) and (6.38) if we identify

J¥ =h xH, J4 = —f x E. (6.41)

These are the equivalent source densities for the Huygens principle.
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We now state Love’s equivalence principle [39]. Consider the fields within a homoge-
neous, source-free region V with parameters (€, ji) bounded by a surface S. We know
how to compute the fields using the Franz formula and the surface fields. Now consider
a second problem in which the same surface S exists in an unbounded medium with
identical parameters. If the surface carries the equivalent sources (6.41) then the electro-
magnetic fields within V calculated using the Hertzian potentials (6.39) and (6.40) are
identical to those of the first problem, while the fields calculated outside V are zero. We
see that this must be true since the Franz formulas and the field /potential formulas are
identical, and the Franz formula (since it was derived from the Stratton—Chu formula)
gives the null field outside V. The two problems are equivalent in the sense that they
produce identical fields within V.

The fields produced by the equivalent sources obey the appropriate boundary condi-
tions across S. From (2.194) and (2.195) we have the boundary conditions

i x (H —H) =],
n x (El - EZ) = _jms'
Here fi points inward to V, (E;, H,) are the ficlds within V, and (E,, Hy) are the fields

within the excluded region. If the fields produced by the equivalent sources within the
excluded region are zero, then the fields must obey

i x Hy = J,
i x E1 = —Ji?s,

which is true by the definition of (J¢Z, Jih).

Note that we can extend the equivalence principle to the case where the media are
different internal to V than external to V. See Chen [29].

With the equivalent sources identified we may compute the electromagnetic field in
V using standard techniques. Specifically, we may use the Hertzian potentials as shown
above or, since the Hertzian potentials are a simple remapping of the vector potentials,
we may use (5.60) and (5.61) to write

_ LW ~ - 1 ~
E=-j5 [V(V-A) +K°A,] — =V x A,
. ~ - 1 ~
H=—j 2 [V(V &) + 4]+ -V x A,
k2 i
where
A (r,w) = 7§ (@) J4 ', w)G(rlr'; w)dS' (6.42)
s
= fﬁ(w)[ﬁ’ x H(t', 0)]G(rlr’; w) d S, (6.43)
s
A,(r,w) = % E (@I, w)G(x|r; w)dS' (6.44)
s
= %%C(a))[—ﬁ’ x E(r', 0)]G(r|r; w)dS'. (6.45)
s
At points where the source is zero we can write the fields in the alternative form
_ LW ~ 1 ~
E:—]pVxVer—ngAh, (6.46)
- Lw - 1 -
H=—--VxXxVxA,+=VxA. (6.47)
k2 n
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Figure 6.5: Geometry for problem of an aperture in a perfectly conducting ground screen
illuminated by an impressed source.

By superposition, if there are volume sources within V we merely add the fields due
to these sources as computed from the potential functions.

6.3.4 The Schelkunoff equivalence principle

With Love’s equivalence principle we create an equivalent problem by replacing an
excluded region by equivalent electric and magnetic sources. These require knowledge of
both the tangential electric and magnetic fields over the bounding surface. However, the
uniqueness theorem says that only one of either the tangential electric or the tangential
magnetic fields need be specified to make the fields within V unique. Thus we may wonder
whether it is possible to formulate an equivalent problem that involves only tangential
E or tangential H. It is indeed possible, as shown by Schelkunoff [39, 169].

When we use the equivalent sources to form the equivalent problem, we know that they
produce a null field within the excluded region. Thus we may form a different equivalent
problem by filling the excluded region with a perfect conductor, and keeping the same
equivalent sources. The boundary conditions across S are not changed, and thus by the
uniqueness theorem the fields within V are not altered. However, the manner in which
we must compute the fields within V is changed. We can no longer use formulas for
the fields produced by sources in free space, but must use formulas for fields produced
by sources in the vicinity of a conducting body. In general this can be difficult since it
requires the formation of a new Green’s function that satisfies the boundary condition
over the conducting body (which could possess a peculiar shape). Fortunately, we showed
in § 4.10.2 that an electric source adjacent and tangential to a perfect electric conductor
produces no field, hence we need not consider the equivalent electric sources (A x H)
when computing the fields in V. Thus, in our new equivalent problem we need the single
tangential field —h x E. This is the Schelkunoff equivalence principle.
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There is one situation in which it is relatively easy to use the Schelkunoff equivalence.
Consider a perfectly conducting ground screen with an aperture in it, as shown in Figure
6.5. We assume that the aperture has been illuminated in some way by an electromagnetic
wave produced by sources in region 1 so that there are both fields within the aperture
and electric current flowing on the region-2 side of the screen due to diffraction from
the edges of the aperture. We wish to compute the fields in region 2. We can create an
equivalent problem by placing a planar surface Sy adjacent to the screen, but slightly
offset into region 2, and then closing the surface at infinity so that all of the screen plus
region 1 is excluded. Then we replace region 1 with homogeneous space and place on S,
the equivalent currents J?=nx H Jo = —fix E where H and E are the fields on Sy in
the original problem. We note that over the portion of Sy adjacent to the screen Jis = 0
since i x E = 0, but that J? # 0. From the equivalent currents we can compute the
fields in region 2 using the potential functions. However, it is often difficult to determine
J5? over the conducting surface. If we apply Schelkunoff’s equivalence, we can formulate
a second equivalent problem in which we place into region 1 a perfect conductor. Then
we have the equivalent source currents 3 and 3oL adjacent and tangential to a perfect
conductor. By the image theorem of § 5.1.1 we can replace this problem by yet another
equivalent problem in which the conductor is replaced by the images of J{ and Ji% in
homogeneous space. Since the image of the tangential electric current J? is oppositely
directed, the fields of the electric current and its image cancel. Since the image of the
magnetic current is in the same direction as jﬁfs, the fields produced by the magnetic
current and its image add. We also note that Jéa is nonzero only over the aperture
(since i x E = 0 on the screen), and thus the field in region 1 can be found from

Er, o) = — V x Ay(r, o),

1
€ (w)

where

Au(r, w):/ E(w)[-20 x B, (', 0)]G(x|¥; w) dS’
So

and Ea,, is the electric field in the aperture in the original problem. We shall present an
example in the next section.

6.3.5 Far-zone fields produced by equivalent sources

The equivalence principle is useful for analyzing antennas with complicated source
distributions. The sources may be excluded using a surface S, and then a knowledge
of the fields over S (found, for example, by estimation or measurement) can be used to
compute the fields external to the antenna. Here we describe how to compute these fields
in the far zone.

Given that J¥ = fi x H and J4 = —f x E are the equivalent sources on §, we may
compute the fields using the potentials (6.43) and (6.45). Using (6.20) these can be
approximated in the far zone (r > r’, kr > 1) as

— jkr

A (r,0) = @) 00, ¢, ©),

—]kr

Ap(r,w) = & (w)

ah(é, ¢, w), (6.48)
where

glg(e, ¢, C()) = ¢j§4(r/’ w)ejkf'-r/ds/’
S
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an@, ¢, w) = ?ﬁ Je (v, e’ as’, (6.49)
N

are the directional weighting functions.
To compute the fields from the potentials we must apply the curl operator. So we
must evaluate

—jkr —jkr

e—jkr

r

VxV(@,(b)—i—V( )XV(9,¢).

r

The curl of V is proportional to 1/r in spherical coordinates, hence the first term on the
right is proportional to 1/r%. Since we are interested in the far-zone fields, this term can
be discarded in favor of 1/r-type terms. Using

— jkr 1 ik —jkr — jkr
v(e ):—f'( +J r>e ~ bk ke,
r r

r r
we have
efjkr efjkr
V x |: v, ¢)i| A — jkit x [ v, ¢)i| .
r r
Using this approximation we also establish
e—jkr —jkr e—jkr
V x V x [ V@, ¢)} ~ —k’F x F x [ \YCH ¢)j| =k V7 (6, $)
r r r

where Vr =V — #(& - V) is the vector component of V transverse to the r-direction.
With these formulas we can approximate (6.46) and (6.47) as

- - ik -
Er, 0) = — johu(r, 0) + —1—f x Ay(r, w), (6.50)
€(w)
N . ik o -
H(r, w) = —joA,r(r, w) — = fxA,.(r,w).
f(w)
Note that
L= e X Jk, .«
FXE=—jof x Ay + —F X xA,.
GC
Since # x A,y = x A, and £ x # x A, = —A,7, we have
. L ~
txE=n|—jowA,r — —txA,| =nH.
i
Thus
. fxE
H =
n

and the electromagnetic field in the far zone is a TEM spherical wave, as expected.

Example of fields produced by equivalent sources: an aperture antenna. As
an example of calculating the fields in a bounded region from equivalent sources, let
us find the far-zone field in free space produced by a rectangular waveguide opening
into a perfectly-conducting ground screen of infinite extent as shown in Figure 6.6. For
simplicity assume the waveguide propagates a pure T E19 mode, and that all higher-order
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Figure 6.6: Aperture antenna consisting of a rectangular waveguide opening into a con-
ducting ground screen of infinite extent.

modes excited when the guided wave is reflected at the aperture may be ignored. Thus
the electric field in the aperture Sy is

E,(x,y) = yEo cos (zx) .
a

We may compute the far-zone field using the Schelkunoff equivalence principle of § 6.3.4.
We exclude the region z < 0% using a planar surface § which we close at infinity. We
then fill the region z < 0 with a perfect conductor. By the image theory the equivalent
electric sources on S cancel while the equivalent magnetic sources double. Since the
only nonzero magnetic sources are on Sy (since i x E = 0 on the screen), we have the
equivalent problem of the source
J = —2f x E, = 2%E, cos (gx)

on Sy in free space, where the equivalence holds for z > 0.

We may find the far-zone field created by this equivalent current by first computing
the directional weighting function (6.49). Since

P-r' =1 -(x'%+y'§y) = x"sinfcos¢p + y' sinf sin ¢,

we find that
b/2  paj2 T _ o
ap (9, ¢, w) =/ / RX2E, cos (—x’) eIkx sin0cos o jKy'sinOsing g7 1y
—b/2Jd—a)2 a
<l Evab costX sinmY
= X4 Epa
T 4 X wy

where

b
X:%sin@cos@ szsinesinqﬁ.
Here A is the free-space wavelength. By (6.50) the electric field is
jko . <

E=""fxA,
€0

© 2001 by CRC Press LLC



where A, is given in (6.48). Using
FxX= &cos@cosqﬁ + 9sin¢>
we find that
—Jkr cos(rX) sin(wY)
72 —4@X)?? nY

E = jkoabE, (9 sin¢g + ¢ cos 6 cos q))

r

The magnetic field is merely H = (# x E) /5.

6.4 Problems
6.1 Beginning with the Lorentz reciprocity theorem, derive (6.8).

6.2 Obtain (6.8) by substitution of (6.7) into Faraday’s law.
6.3 Show that (6.8) returns the null result when evaluated within the excluded regions.

6.4 Show that under the condition kr > 1 the formula for the magnetic field of a
dipole antenna (6.28) reduces to (6.32), while the formulas for the electric fields (6.29)
and (6.30) reduce to (6.31).

6.5 Consider the dipole antenna shown in Figure 6.4. Instead of a standing-wave
current distribution, assume the antenna carries a traveling-wave current distribution

Ji(r, w) = 21 (w)e *18(x)8(y), —l<z<l

Find the electric and magnetic fields at all points away from the current distribution.
Specialize the result for kr > 1.

6.6 A circular loop of thin wire has radius ¢ and lies in the z = 0 plane in free space.
A current is induced on the wire with the density
- ”s 86 —m/2)
J(r, w) = ¢l (w) cos [koa(r — |p)]S(r — a)f, || < 7.
Compute the far-zone fields produced by this loop antenna. Specialize your results for
the electrically-small case of kga < 1. Compute the time-average power radiated by, and
the radiation resistance of, the electrically-small loop.

6.7 Consider a plane wave with the fields

L. . . E .
E=Ege /™,  H="ge/k,
n
normally incident from z < 0 on a square aperture of side a in a PEC ground screen
at z = 0. Assume that the field in the aperture is identical to the field of the plane
wave with the screen absent (this is called the Kirchhoff approzimation). Compute the
far-zone electromagnetic fields for z > 0.

6.8 Consider a coaxial cable of inner radius a and outer radius b, opening into a PEC
ground plane at z = 0. Assume that only the TEM wave exists in the line and that no
higher-order modes are created when the wave reflects from the aperture. Compute the
far-zone electric and magnetic fields of this aperture antenna.
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