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Preface

During the last decade, rapid growth of knowledge in the field
of jet, rocket, nuclear, ion and electric propulsion has resulted in
many advances useful to the student, engineer and scientist. The
purpose for offering this course is to make available to them these
recent advances in theory and design.

Accordingly, this course is organized into seven parts: Part 1
Introduction; Part 2 Jet Propulsion; Part 3 Rocket Propulsion;
Part 4 Nuclear Propulsion; Part 5 Electric and Ion Propulsion;
Part 6 Theory on Combustion, Detonation and Fluid Injection;
Part 7 Advanced Concepts and Mission Applications. It is written
in such a way that it may easily be adopted by other universities
as a textbook for a one semester senior or graduate course on the
subject. In addition to the undersigned who served as the course
instructor and wrote Chapter 1, 2 and 3, guest lecturers included:
DRr. G. L. DuGGER who wrote Chapter 4 ‘‘Ram-jets and Air-Aug-
mented Rockets,’”” DR. GEORGE P. SuTTON who wrote Chapter 5
¢‘Rockets and Cooling Methods,’’ DR.. MARTIN SUMMERFIELD Who wrote
Chapter 6 ¢‘Solid Propellant Rockets,’’ DR. HOWARD S. SEIFERT who
wrote Chapter 7 *‘‘Hybrid Rockets,’”” DRr. CHANDLER C. Ross who
wrote Chapter 8 ‘‘Advanced Nuclear Rocket Design,’’ MR. GEORGE H.
McLAFFERTY who wrote Chapter 9 ¢‘Gaseous Nuclear Rockets,’
Dr. S. G. ForBes who wrote Chapter 10 ¢“Electric and Ion Propul-
sion,’””> Dr. R. H. BopEN who wrote Chapter 11 ‘‘Ion Propulsion,?’’
DR. ANDREW CHARWAT who wrote Chapter 12 ‘“Interaction Flows Due
to Steps, Notches and Secondary Jets,’” DRr. A. K. OPPENHEIM who
wrote Chapter 13 ‘“Theory of Explosions and Its Relevance to
Propulsion,’”” DRr. ANTONIO FERRI who wrote Chapter 14 ‘‘Super-
sonic Combustion Theory,” Dr. SIN-I CHENG who wrote Chapter 15
¢‘Combustion Instability Theory,’”” and Chapter 16 ‘‘Advanced
Space Compulsion Techniques,’”® Dr. JouN F. McCARTHY, JR. who
wrote Chapter 17 ‘“Zero ‘G’ Propulsion Problems,’’ and DR. KRAFFT
A. EHRICKE who wrote Chapter 18 ¢‘Propulsion Systems and Com-
parison for Space Missions.,?”’

W. H. T. Lon, Course Instructor

Los Angeles, California
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[1-11 INTRODUCTION

The performance of a jet, rocket, nuclear, ion or electric
propulsion system can always be analyzed by four fundamental
parameters, i.e., pressure, temperature, density and velocity
inside the system. However, instead of using three physical prop-
erties of gases (pressure, temperature, and density), three thermo-
dynamic properties of gases (enthalpy, entropy, and internal energy)
are often used for convenience of calculations, Therefore, analysis
of propulsion problems can be made by the application of the funda~
mentals of thermodynamics and aerothermodynamics. In this chap~
ter, these fundamentals of thermodynamics and aerothermodynamics
which are particularly applicable to propulsion problems will be
given briefly but adequately. Extensive treatment or discussion of
these subjects should, of course, be referred to the separate text-
books of thermodynamics and aerothermodynamics.

(1-2] EQUATION OF STATE

It was first found through Charles and Boyle’s experiment that
there exists a relationship between pressure p, Volume V, Temper-
ature T, and Weight W of a gas substance as:

;’_T = constant R of the gas substance. (1-1)
This relationship is known as the equation of state of the substance.
If any three of the properties are fixed, the fourth is determined.

3
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If specific volumes v, namely volume per unit weight v = V/W,
is used, it simply becomes:

p—; = constant R of the gas substance. (1-2)

Equation (1-2) is charactferistic of an ideal gas or perfect gas
[which is defined as a gas, with constant specific heats, conforming
exactly to the Charles and Boyle’s Law Eq. (1-2)], and it relates
very well the properties of real gasesunder low pressures and high
temperatures. When V in Eq. (1-1) isexpressed in terms of volume
per Mol of gas (one Mol of any substance is defined as a quantity
whose weight W expressed in pounds is equivalent to its molecular
weight M), Eq. (1-1) becomes:

pV

— = MR. 1-3

T ( )
Let us define

MR = R . (1-4)

For one Mol of gas, the product MR or R approximates a constant
1545.33 ft.# per # Mole °R which is the so-called universal gas
constant R . If specific volume v, which is volume per unit weight,
or, in this case, v = V/M, is used, the equation of state of an ideal
or perfect gas becomes:

w_R_p (1-5)
T M
or, in terms of density p,
P _ Rr. (1-5a)
p

[1-2.1] Equation of State of Real Gases

Many equations of state for real gases have been proposed by
means of statistical mechanics to describe the p-V-T relationship
more accurately than the equation of state of ideal gas. One useful
form is the so-called ‘‘virial form of equation of state’’:

pv 1 B(TY C(T DT
— =14+ + +
RT v v 03

(1-6)
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in which B, C, D, ... are the second, third, fourth, ... virial co-
efficients. For some purposes, it is also convenient to write this
expression in terms of powers of the pressure:

"—; = 1+ B(Tp + C(Dp? + D(Mp® + . .. 1-17)

in which B = B/RT, and C” = (C - B3 /(RT)?, etc.

The virial coefficients are functions of temperature only, and they
are given as integrals which contain the inter-molecular potential
function ¢ (energy of interaction between a pair of molecules). For
angle-independent potentials functions, the second and third virial
coefficients are given by:

B(T) = 2nl’§if f12r122dr12 (1-8)
0

87N 2
amn = - 7; [[ f12f13f2sr12r13r23 dr12 dr1g drag (1-9)

where

Avogadro’s number
inter-molecular distance
Boltzmann constant = R/N

fig = exp{[—¢>(r12)/kT] - 1} , etc.

;N ~ =22
Il

il

The second virial coefficient describes basically the deviations
from the ideal gas law due to the molecular binary collisions, while
the third virial coefficient describes basically the deviations due to
molecular ternary collisions. Thus, as the density of a gas is in-
creased, more virial coefficients are needed to account for the
deviations. For an ideal or perfect gas, all inter-molecular forces
are being neglected; therefore, all virial coefficients are zero, In
this case, Eq. (1-7) reduces to Eq. (1-5).

[1-3]1 FIRST LAW OF THERMODYNAMICS
Briefly speaking, the first law of thermodynamicsisa statement

of conservation of energy. If a system undergoes a small thermo-
dynamic change at near equilibrium conditions and if the quantity
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of heat energy entering the system through the walls is d@, while
the volume is increased dv by doing external work dW against the
external pressure p, the change in internal energy dE is:

dE = dQ - pdv . (1-10)

This is to say that the system exchanges its energy with its sur-
roundings by taking in heat energy dQ and by doing external work
dW which is equal to pdv, If the heat dQ is added at constant
volume where dv = 0, no external work dW is done; all the heat
added goes to increase the internal energy dE of the gas.

[1-3.1] Specific Heats

If heat dQ is added to a gas and the temperature rise dT is ob-
served, the rate of heat addition per degree temperature rise, per
unit mass of gas, is called specific heat. Its value will depend on
the type of process of heat addition, i.e., its path in the p-v dia~
gram. In particular, it will have one value, c,, if the heat is added
under constant volume process; and another, cp, if the heat is added
at constant pressure process.

[1-3.2] Internal Energy

A relationship between specific heat at constant volume ¢, and
the internal energy E exists. It is from the first law of thermo~
dynamics:

dEE = dQ - pdv . (1-10)

Since internal energy E of a gas is a function of its state, and
therefore it is of any two of the gas parameters (v, T, p), it can

be written:
oE oE
E ={—]) d — ) dT. -
: (aU)T ’ +(0T)v (1-11)
Combining Egs. (1~10) and (1-11), one obtains:
JE oE
—) d — T = - pdv. -
(BU)T v +(6T>Ud dQ - pdv (1~12)

If heat is added under constant volume dv = 0, Eq. (1-12) becomes:
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(ﬂ) - (E’Q) - ey (1-13)
ar), ~ \at/,

Therefore, the internal energy for a perfect gas can be written:
dE = ¢, dT . (1-14)

If C, is a constant,
E =chdT+E0 = ¢,T + Eg. (1-15)

Here Ep is a referenced ground zero energy. Equation (1-13)
also shows that when heat is added under constant volume, all the
head added goes into increasing the internal energy dE of the gas.

[1-3.3] Relationship Between Specific Heats ¢, and ¢,

The specific heat at constant pressure c, can be obtained also
by writing Eq. (1-10) into:

cydT = dQ —pdv +vdp —vdp
~dQ = cy dT + dpv) —vdp. (1-16)

If heat is added under constant pressure, dp = 0, so

aQ\  (oQ\ _ . dpw
(dT),, - <0T),, LT (2-17)

For a perfect gas, pv = RT, thus

¢cp = cy + R or R =cp-cyu. (1-18)

The ratio of specific heats, k, is usually defined as:

c
k=2 c, = R[—*). (1-19)
c, E-1

[1-3.4] Enthalpy

Another function, %, can be defined by letting

h=pv+E. (1-20)
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Under this definition, k represents the total heat content or total heat
of the gas, and it is customarily referred to as the enthalpy of the
gas. With enthalpy defined, Eq. (1-10) can be rewritten as:

dQ = dE + pdv = dE + d(pv) — vdp
(1-21)
dQ = dh - vdp.

Therefore, if heat is added under constant pressure,d@ = dk; that is,
all the heat added goes into increasing its enthalpy. Therefore,
Eq. (1-21) becomes:

dQ\ _ (@) _ ., _d -
(d_T)p B (aT)p AT (1-22)

dh = cpdT
When ¢, is constant, Eq. (1-22) results in:

or

h = fcpdT+h() = cpT + ho .

Here hy is a referenced ground zero enthalpy. (If the enthalpy is
measured from its ground zero value at T = 0, h = cpT\)

[1-3.5] Entropy

A mathematical property called entropy s has considerableuse in
thermodynamics. It is a combination of certain physical properties
of gases in such a way that an equation containing Eqs. (1-10) or
(1-21) can be integrated only as a function of the initial and final
states of gases and not of the type of process from one state to
another. This can be done for an ideal or perfect gas. Dividing
Eq. (1-21) by temperature T and using pv = RT relationship, Eq.
(1-21) becomes:

@ _ 4T _pdp,
T T p

(1-23)

The right-hand side of Eq. (1-23) can obviously be integrated im-
mediately. So dQ/T is the combination of certain physical proper-
ties of gases which enables one to integrate Eq. (1-23) only as a
function of initial and final state of gases and not of the type of
process. This quantity, dQ/T,iscalled entropy, whichis defined by:

ds =d—Q.

T (1-24)

The entropy can be given as a function of p and T by integrating
Eq. (1~23).
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s -~ so = cpln (Tlo) - R1n<;’—0> ) (1-25)

The constant of integration sp establishes the datum from which
entropy is measured.

[1-3.5.1] Reversible Process

A process is said to be reversible if, after completiorn of the
process, the initial states of the system taking part in the process
can be restored. This requires zero changer of entropy, i.e.,
$ = 80.

[1-3.5.2] Adiabatic Process

An adiabatic process is one in which no external heat is taken
in or given out of a system.

[1-3.5.3] Isentropic Process

A process which is both reversible and adiabatic is called an
isentropic process. In other words, a process with no external
heat addition from outside the system is called an adiabatic pro-
cess. However, this does not necessarily mean that dQ = 0, be-
cause internal heat may arise from dissipation of kinetic energy
into heat inside the gas by viscous effect. Therefore, a process
of both adiabatic (external heat addition is zero) and reversible
(internal heat addition is zero or a friction-free process or a
process with zero change of entropy) is an isentropic process.
Most processes occurring are adiabatic, but not all are isentropic,

For an isentropic process where ds = 0, Eq. (1-25) becomes

T\ (o Ve [p\e-1/k
(7“6) (;) (,,) (1-26)

or
p* = povo® = constant (1-27)
or
b _ b0 _
P constant . (1-28)

P* po
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[1-3.5.4] Polytropic Process

To broaden the isentropic (reversible-adiabatic) concept into
any reversible process, a polytropic process can be defined as a
reversible process which conforms the relationship of pv” = povo” =
constant, Here, both mechanical and fluid friction, naturally, do
not exist in the reversible process. At any point, the process can
be reversed, returning onthe same path and restoring all properties
to their initial values. The exponent r is the characteristic which
indicates the character of the reversible process. The four special
cases of n are:

1) Constant volume process
2) Constant pressure process
3) Isothermal process

4) Isentropic process

S I
o

T O g

Other values of n may be considered as the polytropic process
in general. From pv” = poug” = constant, relationships similar to
Egs. (1-26) and (1-28) may be derived for polytropic process.

They are:
(n-1)/n
To pPo

P _Po _
n =TT constant . (1-30)

)
)
(=]

[1-3.5.4.1] Work Done

The work done of a polytropic process (per unit mass) is deter-
mined from the integration of expression

2 2
f dw =f pdv. (1-31)
1 1

Since pv” = p1v1” = pove” = constant, one obtains:

2
Plvlnf bm gy - P2V2 - P1v1
1 1-n

I

W12

= R(Ty - Ty ft.-# .

1-n

(1-32)

Substitution of corresponding values of 7 into Eq. (1-32) provides
the work done for the special cases given above, with the exception
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of the isothermal process for which n = 1 makes Eq. (1-32) inde-
terminate, and therefore pv = pw1 = p2vz = constant (for the iso~
thermal process) must be substituted directly into Eq. (1-31) for

work done:
Wile = p1 f@ = D1v11n<-‘3) = p1v1ln<ﬂ) = RTln(Eg>
) v v1 p2 vl
= RTIn( 22 fe.-# . (1-33)
p2

[1-3.5.4.1.1] Special Case for Isentropic Case where n = k

(ep - cp)
Wig = _R—(TZ -T) = M-(TZ - Ty = ¢(T1 - Ta) .
1-&k 1 - cp/cy (1-34)

[1-3.5.4.1.2] Heat Added

Heat added, dQ, maybe determinedfrom the first law of thermo-
dynamics, Eq. (1-10):

dQ = dE + pdv = c,dt + pdv. (1-10)
If a polytropic process is assumed,
pv™ = p1v1"™ = constant . (1-35)

Substituting Eq. (1-35) into Eq. (1-10), one obtains the heat addi-
tion, @, from state 1 to state 2:

Q12 = [c,, . R :I(Tz _Ty. (1-36)
- n

Substitution of corresponding values of n into Eq. (1-36) provides
the heat addition for the special cases given previously (n = e,
for constant volume process; n = 0, for constant pressure process;
n = k, for isentropic process), with the exception of the isothermal
process for which n =1 makes Eq. (1-34) indeterminate, and,
therefore, piv1 = pav2 = pv = constant (for isothermal process) must
be substituted into Eq. (1-10) directly, which results in a heat
addition @ from state 1 to state 2 equal to:

Q12 = RTln(P—l) - RTln(ﬂ). (1-37)
‘P2 U1
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[1-3.6] Mixture of Gases

Dalton’s law states that the total pressure p of a mixture of
gases is equal to the sum of the partial pressures p;, py, pg, ...
of the gas constituents1, 2, 3, ... when each gas constituent occupies
the same volume V of the mixture atthe same temperature T as
that of the gas mixture. Mathematically speaking, Dalton’s law says
that:

P =py +pg +P3"- "
Here p;V = mR\T

PV = myR,T
D3V = m3R3T

and my, mg, m3, . . . are the mass of the gas constituent 1,2, 3, . . .
and Rj, Rz, R3, . . . are the gas constant of the gas constituent.
Combining the above expressions, one may write:

(Epl)V = (ZmiRi)T .
If one defines an equivalent gas constant R for the mixture of gas as

_ ZmiRi _ ZmiRi
Emi m

R , (1-38)

we have
pV = mRT, (1-39)

which has the same form as the equation of state of a single gas.
The only difference here is that:

m = my + my + mg + .- = total mass of the mixture of gases
P = py +pg +pg + -+ = total pressure of the mixture of gases.

The mole fraction X; of a constituent i of the mixture of gases is
defined as the ratio of the number of moles N; of that constituent
i in the mixture to the total number of moles 3N; of all constituents
of the mixture of gases; namely,
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Xi = (1~40)

z |2

_Ni
2N
Here N is the total number of moles of the mixture of gases.

N =Ny +Nzg+Ng+-- = 2N (1-41)

Since the number of moles N; of the constituent ; is equal to the
ratio of the mass m; tothe molecular weight M; of the constituent,
i we may write:

N; = TF. (1-42)

Substituting Eq. (1-40) into Eq. (1-42), one obtains:
NX; = 2% 1-43
T ( )

We may now define an equivalent molecular weight.M of the mix~
ture of gases as:

M - Zmz'z ZXiMi:ﬂ.
2N, 2N; N
Similarly, the total internal energy mE of a mixture of gases is

equal to the sum of the partial internal energy m;E; of the consti-
tuent gases:

(1-44)

mE = mEy + moEg + m3Eg + - .. = Em,—Ei. (1-45)
Here E; = fc,,l.dT + Eo,.
Similarly, the total enthalpy mk of a mixture of gases is equal to

the sum of the partial enthalpy m;h; of the constituent gases:

mh ~ mih1 + mghy + m3hg + « -+ = D mih; (1-46)

Here h; = fcp" dT + h0.- .

Similarly, the total entropy ms of a mixture of gases is equal to
the sum of the partial entropy m;s; of the constituent gases:
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ms = myS] + mM2Sy + M3S + - - - = Z mis; . (1-47)

Here

s,'=fcpi({r—T»Rif%+ S0, -
12

From Eqgs. (1-45) and (1-46) one obtains the equivalent specific
heats ¢, and ¢, of the mixture of gases:

cp = ;1 Zmicvi (1-48)

cp = -:-l Zmicpi. (1-49)

It is to be noted here that once the equivalent thermodynamic
properties of a gas mixture are determined in terms of the prop-
erties of the constituents, the mixture itself may be treated as if
it is a single gas,

[1-3.7] Entropy- Enthalpy Diagram

The state of a gas can be fully described by three physical
properties (pressure, temperature, and density or specific volume)
and three thermodynamic properties (entropy, enthalpy, and in-
ternal energy) of the gas. Among these sixproperties or variables
(pressure variable p, temperature variable T, density variable
ps or specific volume variable v, entropy variable s, enthalpy
variable k, and internal energy variable E), only two (any two of
the six) are independent variables, Once the numerical values of
any two variables are assigned, the numerical values of the rest of
the four variables are determined. This is because we have the
following four equations for the above-mentioned six unknowns.

1) Equation of State

P _Rr (1-5)
P

2) Enthalpy

T
h = f cp dT + ho
T (1-22)
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3) Internal Energy

T
E - f ¢y dT + Ep (1-14)

Ty

4) Entropy

T T
Y N A Y
T Ty T Ty 14

In thermodynamic analysis, it is usually convenient to use entropy
s and enthalpy # as the two independent variables. Thermo-
dynamic charts based on variable specific heatsusing temperature
T or enthalpy 2 as ordinate and entropy s as abscissa, can
accordingly be plotted for various gases or mixture of gases.
Specific heats ¢, and/or c, versus temperature T are usually
known either experimentally from measurement or theoretically
from statistical thermodynamics for the gas or mixture of gases
concerned. Under ordinary conditions, ¢, and ¢, are functions of
temperature T only (except at very high temperatures where c,
and ¢, are slightly pressure dependent);

= fL1(D (1-50)*

¢p

o = fo(T) (1-51)*

Here ¢, and ¢, as a function of T could be either in the form of a
curve or in the form of a mathematical series of T (such as power
series, etc.). Substituting Eq. (1-50) into Eq. (1-22) and Eq. (1-51)
into Eq. (1-14), one obtains:

T
h = f f1(T) dT + hy (1-52)
Ty
T
E - f2(T) dT + Eg . (1-53)
Ty

Eqgs. (1-52) and (1-53) may be integrated either graphically or
numerically, The results give » and E as a function of T, They
may be presented in the form of a table such as the air table and
gas table of Keenan and Kaye or they may be plotted as a chart or
diagram, such as the so-called h-s diagram. However, in order

*For an ideal or perfect gas with constant specific heats (independent of temperature
T), cpand ¢, are related by Eq. (1-18).
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to calculate k and E as functions of temperature T, there is no
need to know both ¢, and c¢,. If, knowing c,, » may be integrated
by Eq. (1-53), E may be calculated from Eq. (1~20) when rewritten
as E = h - RT., Similarly, if ¢, is known, E may be integrated
from Eq. (1-53) and k may be calculated fromk = RT + E. Usually
h and E are plotted with T as ordinate (but in different scales) in
an h-s diagram. Each value of T corresponds to one value of &
and one value of E., For a constant pressure process, say p1 =a
curve, where dp = 0, Eq. (1-23) reduces to:

T
s- s = f1<T>dT_T . (1-54)

Ty

Eq. (1-54) may be integrated either graphically or numerically
from one temperature T; to another temperature T for plotting
the constant pressure curve on the h-s diagram, The value p is
related to the abscissa entropy s, Eq. (1-23), by:

T ¢, dT p
s«O:f P R —1)
T T 14.7

0

Here temperature To and pressure 14.7#/0" are usually arbitrarily
chosen as the datum or ¢zero entropy’’ point. Any value of tem~
perature and pressure may be chosen as the zero entropy point,
By doing this, it changes the absolute value of entropy but does
not change the entropy difference between any two states which is
our only concern,

Similarly, for a constant specific volume, say v, = b curve,
Eq. (1-23) may be written into another form as:

s -8 =szc £+Rf"2@
1 rn, U B (1-55)
for constant specific volume process, dv = 0, one obtains:
§ -8, = f " c ar
1 - T, v T (1-56)
The value of v, is again related to abscissa s, by:

Ty ¢,dT v
5 =f v +R1n(_l>
T T

0 Vo

since zero entropy is chosen atTp and p,= 14.7#/o", 80 vy, at zero
entropy point is vy = RTo/(14.7 x 144).
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Equation (1~-56) may again be integrated out graphically or
numerically and plotted on the h-s diagram usually as dotted
curves. This completes the basic method of constructing an &-s
diagram or basic method to construct tables such as the air table
or gas table for various gases or mixture of gases,

For an isentropic process, ds = 0, one obtains:

T ¢ dT ?
0=f £ —Rf@
T T plp

or

ln<£> - lfT cpdT .
pl RYT T

Therefore, for an isentropic process, all the pressure ratios be-
tween the two temperatures T; and T are always equal.

[1-3.7.1] Remarks on Entropy- Enthalpy Diagram

It is to be cautioned here that, in general, enthalpy % is a
function of temperature T only. In such cases, temperature T
is always plotted alongside of & and E (because T is independent
of s) in an h-s diagram. However, for cases where ¢, is a function
of both temperature T and pressure p (for example, under high
temperature where dissociations occur or where it involvesa mix-
ture of gases and vapors, etc.), # becomes a function of both T and
p. In such cases, temperature T should be plotted out separately
(because T is now a function of & and s) on the h-s diagram in a
similar manner as the p and v curves are plotted.

[1-3.8] The Ideal (Reversible) Cycles

Typical engine cycles include: (1) Carnot Cycle which consists
of two isothermal processes and two isentropic processes, (2) Otto
Cycle which consists of two constant volume processes and two
isentropic processes, and (3) Brayton Cycle which consists of two
constant pressure processes and two isentropic processes,

[1-3.9] Cycle Work, Cycle Heat Added, and Cycle Efficiency

Briefly speaking, cycle work is the net summation of the work
done to outside by the process or processesconcerned. Cycle heat
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added is the summation of the heat supplied from outside by the
process or processes concerned. Cycle efficiency is the ratio of
the cycle work to cycle heat added. Here it is to be remembered
that the work done by a process is different for ¢‘“non~-flow’’ type
(such as piston type compression or expansion) from ‘‘continuous
flow”’ type (such as continuous flow axial or centrifugal compres-
sion or expansion). This maybestbe illustrated through Egs. (1-34)
and (1-61).

Equation (1-34) gives the isentropic work for ‘‘non-flow?’’ or
piston type compression or expansion as:

Wisg = ¢,(T1 - To) (1-34)

while Eq. (1-61) gives the isentropic work for ¢‘continuous flow?’’
or axial or centrifugal flow type compression or expansion as:

Wisg = cp(Ty - To) . (1-61)

The ratio of work done by Eq. (1-34) to work done by Eq. (1~-61) is
1/k, The compression or expansion work from one temperature
T to another temperature Ty is different bythe ratio of 1/k from
piston type compression or expansion to axial or centrifugal flow
type compression or expansion.

[1-4] STEADY FLOW ENERGY EQUATION

Assume a device through which there is a steady flow of fluid
mass, m., Heat, mQ, is supplied to the device, and mechanical
work mW, is done by the device. The fluid enters at an elevation
of Z; with a velocity V; under a pressure p;; it leaves at an eleva-
tion Z; with a velocity V; at a pressure p,. The fluid enters
the device against a pressure p; inside the device. The work
done by the fluid inside the device on the entering fluid is p, v, per
unit mass, The network done by the system, while a mass flows
m into and out of the device, is therefore:

m(pg vy ~ py vy
where v; and v, are the specific volumes (volume per unit mass)
occupied by the mass on entering and leaving. The increase in
internal energy of its mass is

m(E2 - E1)

where E; and E2 are the internal energy per unit mass at entrance
and exit respectively. In addition to the change in internal energy,
the kinetic energy of the fluid has changed by
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1 2 2
—m (V2 -V )
2
and its potential energy has changed by:
mg(Z2 - Zl)
where g is the local acceleration of gravity.
Equating the net energy supplied to the fluidfo the net change in
the total energy of the fluid, one obtains:
mQ - mW - m(pyvy - pyvy) = miEg - E1)

. %m(sz - V2) + mgzy - Z)

Or, dividing through by m and rearranging terms, one obtains:
<E1+p1v1+%V12+gZ1> —<E2+p2v2+%V22+gZ2> -W+@=0

since (E; + p;v;) and (E, + pyvy) are respectively the enthalpies
h1 and hg at the entrance and exit, so finally:

1. 2 1,2
<h1+§V1 +gZ1>—<h2+§V2 +gZ2>—W+Q=O . (1_57)

Equation (1-57) is the steady flow energy equation. In most pro-
pulsion system work, the change inelevationisrather insignificant,
so the energy equation becomes:

(hl . %vﬁ) - <h2 . %vf) “W+Q=0. (1-58)

[1-4.1] Stagnation Enthalpy or Total Enthalpy, H

Stagnation enthalpy or total enthalpy H is defined as the enthalpy
where the velocity is equal to zero, or, mathematically speaking,

1
H = h+5V2. (1-59)

Using stagnation enthalpies at entrance and exit, Eq. (1~58) re-
duces to

Hi -Hy -W+Q =0 . (1~-60)
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[1-4.2] Application of Steady Flow Energy Equation to Compressor
and Turbine Analysis

The heat loss @ to its surrounding is generally very small,
and, therefore it can be neglected. Thus,

W = Hy - Ho (1-61)
when ¢, is treated as a constant, Eq. (1~61) becomes:
W = cp(Ty - T2) .

The shaft work given out by a turbine (or the negative work which
is the work supplied to a compressor) per unit mass of flow there-
fore is the total enthalpy difference between its inlet and outlet.

Wiurbine = H1 - H2

Wcompressor = Hg - H

[1-5] ONE-DIMENSIONAL STEADY FLOW ANALYSIS

Many propulsion problems may be studied by aone-dimensional
steady flow system. A steady flow system whose cross-sectional
area is changing very slowly and whose axis of flow has a very
small change of curvature along the system is considered a one-
dimensional steady flow system. In a one-dimensional steady flow
system, the variation of all parameters across the cross-section
of the flow may be neglected, and all parameters are therefore a
function only of the coordinate along the axis of the flow, say x.
Many flows which are not exactly one~dimensional in this sense
can be approximated by a one~dimensional flow in which the veloc-
ities, pressures and densities are taken to be the proper averages
of those in the real flow.

[1-5.1] One-Dimensional Energy Equation

For a steady flow in the absence of heat dQ and mechanical
work dW, Eq. (1-60) reduces to

Hy = Hg = constant (1-62)

or

Vv
=y < Hy - Hy (1-63)
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For constant ¢, Eqgs. (1-62) and (1-63) may be rewritten as:

cp Ty = ¢ T2 (1-64)

lvlz +cpty = %sz +cply = -;-Vz + cpt = ¢, T = constant
(1-65)
or, written in differential form,
VdV + cpdt = 0 .
Here T indicates stagnation temperature, while ¢ indicates static

temperature. Using Eqs. (1-5) and (1-18), Eq. (1-65) may be
rewritten as:

~v2Z g k
2 k-1

kP
= (1-66)

L
p

Here P and p are the stagnation pressure and density, respectively.

1-5.2 One-Dimensional Continuity Equation
Conservation of mass requires that
p1ViA; = pgVyAy; = pVA = constant . (1-67)

Equation (1-67) may be written into its differential form:

d  dV _dA (1-68)
PV A

[1- 5.3] One-Dimensional Momentum Equation Without Fluid Shearing
or Friction Losses

Writing Newton’s law as it applies to a fluid particle moving
along a stream tube in one-dimensional flow, one obtains:

pAVdV + Adp = 0 (1-69)
or

pVdv + dp = 0 .
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[1-5.3.1] One-Dimensional Momentum Equation With Fluid Shearing
or Friction Losses

The frictional shearing force dFF may be defined as:
1 .9 1 .o
dF = prV dA, = prV ydx .

Here F = frictional shearing force, f = frictional coefficient which
is usually referred to as the Fanning friction factor, 4,, = wetted
area, and y = perimeter of the cross-section, If we define a hy-
draulic diameter D of a duct of any shape as four times the ratio
of cross-sectional area A to the perimeter y (the hydraulic
diameter equals to the actual diameter if the cross-section is a
circle), we have:

Therefore, the net force on the fluid element becomes:

—Adp—A%sz A g

Since the rate of change of momentum is pAVdV, from Newton’s
law, we have:

pAVAV = —Adp - A%pv2 (if>dx
D

4f (1-69a)

deV+dp+—1-pV2 Z)dx =0 .
2 D

[1-5.4] Speed of Sound

Assume that a steady flow at velocity V, pressure p and
density p suddenly encounters a discontinuity surface. After
passing through the discontinuity surface, the flow has acquired
increments in velocity, pressure, and density of dV, dp, and dp,
respectively. The equations which the increments must satisfy
are then:

i
[

pvdv + dp
v, b _
Vv »p

(1-69)
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VdVv + cpdt = 0 . (1-68)

From Eqgs. (1-69) and (1-68) one obtains:

Do - 2oty o).
p R \r E-1 \r
This solution gives p = constant p*, so the change of state through

this small discontinuity or small wave must be isentropic. If pdV
is eliminated from the above three equations, one obtains:

ve -9 (1-70)
dp

Therefore, for a stationary discontinuity or disturbance toexist in a
one-dimensional steady flow, the flow can have only one velocity V.
If a uniform velocity V in the opposite direction is now imposed
on the steady flow, the discontinuity will appear as a wave advancing
at speed V in an undisturbed fluid. A sound wave is an example of
such a small wave, and the quantity,

- ‘/@ , (1-71)
dp

is called the local speed of sound. The ratio dp/dp can be evaluated
as follows:

p = constant pk

9B _ k0 pers (1-72)
dp P
or
a = VkgRt . (1-73)

[1- 5.5] Mach Number

Mach number M is defined as:

M-y (1-74)

; .
[1-5.6] Another Form of Energy Equation

The energy equation can now be written in several equivalent
forms, using the definition of the speed of sound, Eq. (1-73),
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1

-Vv2 4 k
2

E-1

% ==Viy ay” (1-175)

where a, is stagnation speed of sound, which is equal to VkgRt.
Using the fact that /gy, = t/T and Eq. (1-24), Eq. (1-75) can be

written as:
(I) - [1 B-1 MZ] (1-76)
t 2

[1-5.7] Isentropic Flow Equations

If the flow is isentropic, the pressure, density, and temperature
may be written into the following forms:

-0 -0 e

P E-1 o|F1
Q-2 a-79)
p E-1 o] !
()-[5] a-79

For an isentropic flow in a channel of varying cross~section A, the
momentum equation may be rewritten, using dp/dp =

Therefore

Vv + 2 % _ o | (1-80)
p

Eliminating dp/p from the continuity equation, one obtains:

ﬂ(v_z_ ) @4 _ (1-81)

v \d? A

or

av 2 dA
Ya-md=-22. -
v o (1-82)
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This equation gives the relation between achange in channel cross-
section area A and the resulting change in speed V. At subsonic
speeds, a decrease in area (dA lessthanzero) produces an increase
in speed. When density changes are small or negligible, this must
obviously be the case, When the Mach number M exceeds 1, how-
ever, the situation is reversed. At these speeds the density de-
creases so rapidly for a given speed increase that the channel must
actually expand as the speedrises. Thiscanbe seen by the momen-
tum equation,

d 2 dv

P v’ (1-83)

from which it is apparent that the higher the M, the greater the
density p change for a given speed change.

From Egs. (1-68), (1-72), (1-74) and (1-82) the changes in Mach
number, density, pressure and temperature with area change may
be obtained.

14 k- 1M2
aM 2
=t A (1-84)
M 1-M A
d 2
@ M dA (1-85)
P 1-M%2 A
2 .
d _ M d4 (1-86)
1-M2 A
2
d (k- mg dA 1-87)
t 1-M2 A
v _ 1 _dA (1-82)

v o 1-M2 A
If, in terms of Mach number M, the above equations may be re-
written as:

dA 1 - M2 dm?
- = - 1-88)
A - M2 (
2[1 LAV
2
dp -M2 w2
- - ' : (1-89)

2
2|:1+k—_1M2_J M
2
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dp kM2 dm? %)
- T 1 M2 a-
P oglp E-ly2 M
— 2 -
dt (k - DM2 dam? o
— = - = —3 1-91)
: _ "2 (
al1 By
B 2 i
Ligs . v (1-92)
_ M2 -
2[1 LA MZ:I
2

The equations may be integrated between any two sections, A1 and
Ag. For example, integrating Eq. (1-84) or (1-88) gives:

R+l
2k-1
A " 1+k—1M%
A M2 2 (1-93)
A M -
2 1 1+k 1M§

If the integration is carried out between one section where M = 1
and A = A* (throat section) and any other section where M = M and
A = A, we have

k+1
2(k - 1)
LR
A _ 12 (1-94)
A* M B+ 1
2
Similarly, we have
1
k-1
0 1+ k-1 M%
a2 (1-95)
P _
2 1+ k 1 M%
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4 2 (1-96)

LS (1-97)
pg 1+k—1M%
L 2
_k_
k-1
E+1 (1-98)
P _ 2
%
P 1+k_1M2
2
, 1+k;1M§
1
P — (1-99)
t _
2 1+k IM%
2
E+1
L2 (1-100)
t -
1+k——1M2
2
1
k-1 2712
14+= M3 1-101
1% M -
2 2 1+k 1M%
2
1
2
kvl (1-102)
1+k—1M2
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The ratios of pressure, density, and temperature at the throat to
those in the reservoir (stagnation value) are of particular interest.
These ratios, sometimes called the critical ratios, are obtained
from Egs. (1-77), (1-78), and (1-79) by insertingM = 1,

_1 _k_
k-1 k-~1
R RN T MR
p +1 P B+ 1 T +1
(1-103)
For air, withk = 1.4, these become:
* * *
P 0634 P _ 052 Y 0833
5 P
P T (1-104)

Let us now derive a useful relation between the flow per unit area
and stagnation temperature, stagnation pressure and Machnumber,
Starting with the equation of continuity, one obtains:

oo by B gflegT L
gth

ke P g1y k- 1y2 (1-105)

R VT 2

R
A

it

If we now put p in terms of P, one obtains:

w kg P M (1-1086)

A VT k1
- 2k -1

[1 + k-1 Mz] *
2
or
WVT _ [re M
PA R B+l (1-1062a)

- 2k -1
|:1 + k——l M2]
2

Differentiating Eq. {1~106) with respect to M and setting it equal to
zero, one finds that the maximum value of (w/A) occurs at M = 1,
Therefore, the cross-sectional area A, for isentropic flow, passes
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through a minimum value at a Mach number equal to unity.
(w/A)max » Which occurs at M = 1, is equal to

(1-107)
When we use A* (where M = 1) as a reference area, we have

R+l

2k -1
(—ﬁ—) 1+ u M2
A _\A _ 1 2 (1-108)

Here A* is the throat area, The area ratio is always greater than
unity, and for any given value of A/A* there always correspond
two values of M, i.e., one for subsonic flow, the other for super-
sonic flow.

[1-6] NORMAL SHOCK WAVES AND RAYLEIGH AND FANNO LINES

Assume air in a channel at pressure p;, density p;, and velocity
V1, suddenly encounters a stationary discontinuity. Such a discon-
tinuity, if it exists, is called a shock wave, since the velocity and
pressure changes through it will occur discontinuously as a jump
or shock., When the discontinuity is normal to the flow, it is called
a normal shock wave. The momentum equation states that the in-
crease in momentum of the gas per unit time equals the net force
acting on the gas in the samedirection. In the present case, this is

paVy? = p1Vi% = Py - by (1-60)
The continuity equation is
PV = paVq (1-67)

The energy equation is
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The equation of state is

Pq P
— <~ Ry "2 _ Riy (1-6)
P1 Pa

There are four equations with four unknowns, V,, py, p, andi2;
therefore, they can be solved. Dividing the momentum equation
by the continuity equation and multiplying by (V; + V2),one obtains:

1 1
(sz - Vlz) = (py - P2) (— + —)
P1 P2

Substituting into the energy equation, one obtains, after simpli-
fication,

E+1 P2

— -1
Py k-1 p
. (1-109)
Py k+1_22_
k-1 p;
or
1 k+13g
P2 Vi k-1 p;
= (1-110)
P1 V2 E+1P2
E-1p;

Equations (1-109) and (1-110) are called Rankine and Hugoniot
relationship, and they are different from the isentropic relation-
ship between pressure and density changes. The velocity change
across the shock can be found by writing the momentum equation
as:

Py p
Vi-Vy= —2 _ L (1-111)

paVsa PV

By using the energy equation in the form of Eq. (1~75), p/p may
be eliminated, giving

2
Q,
(V, =V = (Vy =V (l) 0 L k-1 (1-112)
R Vive 2k
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One obvious solution is

Vi-Va =0

The other solution is
2
12 () P L k-1 (1-113)
k] ViVa 2k
or
002
ViVg =

k o+ 1)
2
This is the basic equation for the velocity change across a normal
shock. Therefore, it is possible for a discontinuity to exist in the
flow with speed, pressure, and density changes as given by Egs.
(1-109), (1-110), and (1-113). Since Mach number is a function of

the speed ratio V/a, the relation between Mach number before
and after the shock becomes:

) 1+ > M12
My™ = — (1-114)
EM 12 - k-1
2

The pressure change across the shock wave can be written also
in terms of initial Mach number:

P2 % yo k-l (1-115)
Py E+1 R+1
1 _k_
Ez[zk Mz_k_l]k'l (k- DM2 + 2| * 71
P2 B+1 E+1 (k + D M2
(1-115a)
Ty = Ty (1-662)

The above normal shock solution is based on constant specific
heats. For normal shock solution of variable specific heats, the
following graphical method may be used:
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1) Equation of continuity gives
pV = p,V, = pyVy = constant “C,” (1-67)
2) Momentum equation gives

p + sz = p; + prI2 = pg + p2V22 = constant *“‘Cy”’
(1-69)

3) Energy equation gives

2 v,2 Vo2
YE +h = _21_— +hy = 72 + hg = constant “Cg”’ (1-63)

4) Equation of state gives

D1 14
PP P2 onstant “R” (1-6)

[ S U Pata

5) h and t relationship is given by ‘“h—s” diagram or gas table
or Eq. (1~52).

There are five equations with five unknowns (py, py, t5, kg, V)i
therefore, they are completely solved numerically or graphically.
The shock is characterized by the four constants, C1, C2, C3 and
R. Solving the equation of continuity for V and substituting the
expression in the momentum and energy equations, one obtains:

C 2
P+ - - Co (1-116)
P
C 2
he 22l g (1-117)
2 p2

The state of the flow on opposite sides of the shock must satisfy
both Eqgs. (1-116) and (1-117), Equations (1-116) and (1-117) each
represent a curve in the h-s diagram (which is a function of
Eqgs. (1~6) and (1-52)). The former is called the Rayleigh line and
the latter the Fanno line. These lines intersect at two points,
whose coordinates satisfy both equations and, therefore, corre-
spond to the state of the flow on opposite sides of the shock.
Figure 1-1 shows typical forms of these two curves. The Rayleigh
and Fanno lines are plotted as follows. When conditions on the
upstream side of the shock are given, the constants Ci, Cg, and C3
can be computed. We may first assign arbitrary values to p and
compute p from Eq. (1-116). From the equation of state, the
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Fig. 1-1

the temperature ¢ can be calculated. Consequently, the enthalpy
h and the entropy s can be obtained from temperature ¢ and,
therefore, a graph of % versus s givesthe Rayleigh line. Similarly,
we can assign values to % and compute p from Eq. (1-117). Then
t and s can be determined and a second graph of & versus s gives
the Fanno line. Note thatthe entropy s passes through a maximum
in both curves. Calculations also show that M <1 on the upper
branch of both curves, M > 1 on the lower branches, and M = 1 at
the points of maximum entropy. Since entropycanonly increase, it
follows that point 1 corresponds to the upstream side of the shock
and point 2 to the downstream side and that velocity can only change
from supersonic to subsonic by crossing a shock. For very weak
shocks, points 1 and 2 approach the point of maximum entropy on
the Fanno line and the change in entropy approaches zero. That is,
a sound wave is a limiting case of a weak shock.

[1-7] OBLIQUE SHOCK WAVES

Similar to normal shock, the basic equations for oblique shock
are:

1) State:
—=—= _R (1-6)
Pty pole

2) Continuity:
P1Vn = PV, (1-67)
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3) Momentum in tangential direction:
(P1Va Ve, = @2Va Ve, = Ve, = Ve (1-118)

4) Momentum in normal direction:

Py - Ppg = sznz2 - plvnlz (1-69)
5) Energy:
v 2,y 2 v 2,.v 2
4—”1 i + ety = 4———'12 i + c ly (1-65)
2 P 2 P

2 2 2 2
an +th vn2 +Vt1
My= ——M Mg = ——M—
VkgRty VkgRto

(1-74)

Since state (1) is kmown (py, py, ¢y, Vpn,, Vi, M) ahead of oblique
shock, through the Mach number (or velocity) and oblique shock
angle (or wedge angle), state (2) may be solved out completely
from the six equations (1-6), (1-67), (1-118), (1~-69), (1-65), and
(1-74) for the six unknowns (py, py, tg, Vny Vi, My). Remember
that V,, and V. determine the shock angle, 8, while Vy, and V,,
determine the wedge angle, or the flow turning angle, 6. Solving
these six equations simultaneously, one obtains, after much
simplification:

L) 2k 2 .2 k-1
— = M sin B - -
py k+1l ' kol (1-119)
k-1 9o
9 1+ My Mlzcoszﬁ
M =
2 ' k-1 ¥ 1
B sinf -2 1y k=1 g2
(1-120)
Po\
k o+ 1(__2) L1
P2 k-1\p,
UL o A (1-121)

P1 E+ 1 Pz)
+.-
E-1 \p,
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t P2
2 = —— 1-122
poR ( )
p
a, = ‘/k p_z = VkeRts (1-123)
2
% - sin2B - (k + 1) sinB sinf (1-124)
M, 2 cos (B - O)
P2

tang
- = 1-125
tan (8 - 0 Py ( )

V,12 Va,
tan (8 - 0) = v = > (1-126)
t2 t1

Py
Vo = Mygfk — (1-127)
P2
1 k
Y k-1
Pr_ [ M 2sin2g - k=1 k-1 [(k -~ DM, 2sin%B + 2
Py lk+1! k1 (k + DM, 2 sin?B

(1-128)

However, these relations are valid only for constant specific heats.
Considerable error may be introduced in oblique shock calculations
based on constant specific heats, if the temperature change across
the shock is very large. In such cases, oblique shock based on
variable specific heats must be calculated. The method of deter-
mining oblique shock based on variable specific heats can be ob-
tained through the use of normal shock method already discussed
in the preceding section.

Oblique shock can be treated by superimposing on the normal
shock picture V,, a uniform tangential velocity V, parallel to
the shock front; this would be the picture apparent to an observer
moving in the shock front direction with the speed equal to the
superimposed uniform tangential velocity V,;. Then the relations
between two sides of oblique shock may be obtained through those
r¢lations already obtained for normal shock, Remember here that
the static properties such as temperature ¢, pressure p, density p,
speed of sound ¢, and entropy s, are not changed by the motion of
the observer while the velocity V, consequently the Mach number
M, and stagnation properties such as stagnation temperature T
and stagnation pressure P, are changed by the superimposed
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tangential component V to the normal shock picture V., . Here two
independent variables V,, and V,, determine an oblique shock, while
only one independent variable V determines a normal shock.
Once the conditions in front of the shock are given (such as the
velocity V1, the shock angle B8, the altitude or ambient condition p1
and t1), the ‘““normal shock picture’’ maybe obtained as in Fig. 1-2.

The speed of a moving
observer

V

To a stationary observer To a moving observer

1 1 2

Actual field

Fictitious normal
field upstream of
shock (an apparent
field to an observer
moving in the direc-
tion of shock with

Superimposed uniform
tangential velocity
V, (the observer’s
velocity and direc-
tion)

speed V)
Static properties | pj pP1 Motion only (no static
not affected by ty ty properties are in-
moving observer | p; P1 volved here)
hy = f(t) Eq. (52) hy

Velocity and
stagnation prop-
erties affected
by moving obser-
ver

2
Vi=VVy 4 v

Vo, = Vy sinB

Vy=VicosB

Fig. 1-2

With the fictitious normal field (upstream a normal shock) known
(P Py ty ks Vi), the fictitious normal field downstream of a
normal shock (py, po to kg Vn,) may be obtained for the case of
variable specific heats method, according to the procedures already
given. With fictitious normal field downstream of a normal shock
calculated (py, py, ty, hg, Vi,), the velocity and stagnation properties
in the actual field may be obtained as in Fig, 1-3.
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The speed of a moving

To a moving observer observer

To a stationary observer

V

Fictitious normal
field downstream of
shock (an apparent
field to an observer
moving in the direc-

Superimposed uniform
tangential velocity
V, (the observer’s
velocity and direc-
tion)

Actual field
downstream of
an oblique shock

tion of shock front
with speed V)

Static properties D2 Motion only (no D2
not affected by t) static properties are £
moving observer 1) involved here) ty

hy = f(tz) E h2
Velocity and
stagnation prop-
erties affected Vo, V,=Vj cos Vy=VVE v v

by moving obser-
ver

Fig. 1-3

With the conditions downstream of an oblique shock known (p,.
pg. tg, hg, Vo), other properties may be calculated according to
the following equations:

p
ay = VkeRiz = k=2
P2
Vv
2
M2 = —
as
1% 2
2
Hy, = hg + —
2 2 9
Py = f(ho,Hy) from h-s diagram or gas table.
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From the geometry of Fig. 1-3, one obtains:

Vn,
tan(B -6 = — .

Ve

The basic method presented above, together with the basic method
presented for constructing the h-s diagram in Sec. 1-3.7, enables
one to calculate normal and oblique shock solutions with variable
specific heats for any kind of gases. Since, in many cases, such
information is not available, the basic method is presented here
so that anyone who needs such information may obtain it himself
either by hand calculations or by IBM machine calculations.

[1-8] ONE-DIMENSIONAL CONVERGENT - DIVERGENT NOZZLE FLOW

In one-dimensional flow, changes of pressure, temperature,
density, velocity, and Mach number with changes of nozzle cross-
sectional area are given by Egs. (1-93), (1-95), (1-97), (1-99), and
(1-101). For illustrative purposes, let us discuss pressure and
Mach number curves only. In Fig. 1-4, when the exit pressure p,
is slightly less than the stagnation pressure at entrance P,, say at
p,» the pressure and Mach number curves are shown by curve a, A
reduction of exit pressure to p, moves pressure and Mach number
curve to curve b. Notice that both curves e and b have a throat
Mach number less than ‘‘unity,’’ and subsonic flows are in both
convergent and divergent sections of the nozzle. Further reduction
of exit pressure to p, where throat Mach number reaches unity,
moves pressure and Mach number curve to curve c. Notice here
that curve c¢ is similar to curves a and b except that the throat
Mach number is now unity, M, = M* = 1 and, from Eq. (1-103)
throat pressure becomes:

P,

_k
(k + 1> k-1
2
and subsonic flow still prevails in the divergent section of the
nozzle, This exit pressure p_., which makes Mach number unity
at the throat and shock free flow in both convergent and divergent

sections of the nozzle, is determined by solving Egs. (1-94) and
(1-98) simultaneously:
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Py pe

isentropic
subsonic flow
isentropic subsonic flow

Py
» Internal normal shock region
'

Pressure
normal shock at exit section

External normal and 2 oblique shocks
External 2 oblique shock. Normal shock = 0

External 2 oblique only
isentropic supersonic flow
supersonic expansion flow

Fig. 1-4
k+1
- k-1
1+ L M2
A, 1 2
Te 1 (1-94)

=

wld

=
U
o
[y
+
[
i
p—t
=
®
[N

E+ 1)1
2
With P, and A./A; = A./A* known, both p, and M. may be solved
from Eqgs. (1-94) and (1-98). However, Eqs. (1-94) and (1-98) have
two solutions: one is the p, and M. solution just discussed, which
gives shock-free subsonic flow in the divergent section of the
nozzle, and the other is the p; and M, solution which gives a shock-
free supersonic flow in the divergent section of the nozzle. The

latter solution is often referred to as the ‘‘design pressure ratio
P,/py?? of the supersonic flow nozzle. Therefore, for curves g, b,
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and c, the pressure first decreases then increases along the nozzle
(Fig. 1-4), while the velocity or Mach number first increases and
then decreases along the nozzle, Further reduction of exit pres-
sure below p_, the throat condition

p,=p" =|—2 | and M, =M =1

and the subsonic flow preceding the throat in the convergent
section of the nozzle will be the same as that of curve ¢ and re-
main unchanged afterwards. When the exit pressure is exactly
at the design pressure p,, the pressure decreases continuously,
beyond the throat, along the divergent section of the nozzle, while
the Mach number increases continuously beyond the throat, into
supersonic flow along the divergent section of the nozzle. This
condition corresponds to curve d. For a given stagnation pres-
sure P, and a given exit area to throat area ratio(4,/4%), p, and
p,; are determined from Eqgs. (1-94) and (1-98). When the exit
pressure p, is greater than or equal to p,, the flow is shock-free
subsonic in the divergent section of the nozzle. When the exit
pressure p, is less than or equaltop;, the flow is again shock-free
but supersonic, in the divergent section of the nozzle. When the
exit pressure p, is between p, and p,;, shock wave exists in the
flow but after the throat section. This is because no flow solution
fulfilling the conditions of isentropic one-dimensional flow can be
found. No mathematical solution fulfilling isentropic flow condi-
tions can be found for exit pressures between p, and p;. The only
mathematical solution satisfying equations of continuity, momen-
tum, energy and state are solutions with normal shock in the
divergent section or normal and oblique shock in the exhaust flow
immediately behind the exit section. This is also what actually
happens. These phenomena can best be illustrated inthe following.
When p, is reduced below p_, the variations in pressure and Mach
number along the nozzle are shown in curve f. A normal shock
wave becomes established in the divergent portion of the nozzle
as shown. This condition can be determined from Eqgs. (1-94),
(1-98),(1-93), (1~97), (1-115) and (1-114). Referring to Fig. 1-4,
one may write the following isentropic relations between sections
t and 1 and between sections 2 and e, Normal shock relations exist
between sections 1 and 2,

k1
2(k-1)

—_ = — = 2 (1-94)
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kR+1 k-1
LS 2 (1-98)
- =
A LA TR
Pg 2k BE-1
— = (;—) M1® - (1-115)
pl +1 k+1
1+k—1 M12
2
Mg2 - — (1-114)
M2 _E T -
2
Kk
- k~1
) 1+k 1Me2
2 2 (1-97)
P, 1+k—1M22
2
R+l
E-1 . 3]2k-D
1+ 2
Az _ A1 M. 2 (1-93)
Ao Ae Ma |y k-1
e
2
. * S PO
Since A, = A, p° = p, = s A, p, = p; areknown, There

are six unknowns, M;, M,, A, p;, py, M., in the sixequations (1-94),
(1-98), (1-115), (1-114), (1-97) and (1-93). They may be solved
simultaneously. Thus, the solution gives the location of shock A;
in the divergent portion of the nozzle and the pressure and Mach
number variation from sections tto1l,to2 to ¢ as shown by curve f.
Curve [ indicates that the static pressure across the shock de-
creases and the Mach number which is supersonic at the left of
the shock decreases and becomes subsonic at the right of the shock.
Since after the shock Mach number is less than 1, the velocity de-
creases and static pressure increases in the divergent section
behind the shock which is in contrast to the divergent section in
front of the shock, where the Mach number increases continuously
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from unity at the throat to a supersonic Mach number M;, and static
pressure decreases continuously from p* to p;. When p, is further
reduced from p, to p,, the normal shock moves to the right as
shown by curve g. In fhe flow represented by curve &, the normal
shock stands at the nozzle exit section and the pressure immediately
behind the shock equals p,. This value of p,, at which normal
shock attaches at the exit section, can be determined from Eqs.
(1-94), (1-98), and (1-115).

k+1
2(k-1)
1. k-1 M12 .
A, Ay 1 2 Use M > 1 solution
) T\ o\ here because it is
At A My k+ 1 in front of shock
2
(1-94)
_k
B+l k-1
P1 by B 2
p P, 14 k-1 M12 (1-98)
k 2

p p -
()-C)- (2t o

Py Py E+1 E+1
Here there are three unknowns, My, py, s in three equations;
therefore, they may be solved. Further reduction below p, results
in pushing the shock out of the nozzle. Therefore, we may say:
(1) that for exit pressure between p, and p,, a normal shock exists
in the divergent portion of the nozzle, and (2) that for exit pressure
between p, and p,;, normal and oblique shock pattern exists in the
flow immediately behind the exit section, This may further be
illustrated as follows. When p, is reduced further below p,, say
at p;, the normal shock at the nozzle exit turns into two strong
oblique shocks but still with a portion of normal shock in the center
portion as shown in Fig. 1-5. The two strong oblique shocks pro-
ducing the required pressure rise may be determined in the follow-
ing way. Referring to Fig. 1-5, one may write the following
equations for the following flow regions:

1) Region e at nozzle exit but in front of the shock pattern.
Applying isentropic relations between throat sections and exit
sections, one obtains:
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k+1
E-1 . 5]2-D
1+2— M
Ae Ao 1 2
At A* IMe k+1
2 (1-94)
k
kE+1 (k-l)
Pe P Pe 2
eooPT P R

&

(k + 1) k-1
2 (1-98)

Since the only unknowns are M, and p,, they may be solved from
Eqgs. (1-94) and (1-98).

2) Region ¢“1’? where the pressure is P;, the known exit pres-
sure. Applying oblique shock relations between region e and 1,
one obtains:

p; 2k E-1

= - M2 sin?B, - 1-119
p, B+l € e B+l ( )
-1 9
14 M 2 2
MiZ - € . Me“ cos“B,
kM2 sinzﬂe - : = 1 1+ k;;_l M2 sinz,Be
+
(1-120)
1 sinf_ sinf
- sin?g, Rl e T (1-124)
M, 2 cos(B,-6)

Since M, and p. are known from Step (1) above, the shock angle g8 o9
flow deflection angle 6 .» and Mach number M; may be determined
from Eqgs. (1-119), (1-120), and (1-124).

3) Region 2 where the center section flow passes through a
normal shock. Applying normal shock relations between sections
e and 2, one obtains:
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1.kt M,2
2 2
Mp® =~ (1-114)
em2 - k1
1) -1
2k oy k (1-115)
Py E+1 k+1

Since M, and p, are known from Step (1), M2 and p, may be deter-
mined from Eqgs. (1-114) and (1-115).

4) Region 3. The gas which has passed through strong oblique
shocks will have experienced an entropy change which is different
from that of the gas crossing the normal shock at the center sec-
tion. Therefore, there must exist a slip stream s, separating
regions 2 and 3, across which there is a density, temperature
and velocity gradient, while the static pressure remains equal,
i.e., Py = pg. From obligue shock relations, we have

b3 P2 2k . -1
= -2 M1 sin®B; - (1-119)
p; p; E+1 E+1
k-1, 9
1+ My 2 2
M,? cos“B
M2 - 2 . 1 1
k My? sin?8, - ’i_; L k__—; L2 sin2g,
(1-124)
sinf3;sinfd
IR LS. r (1-120)

M;2 2 cos(B; - 6)

Since p3 = py, P, M; are known from Steps (1), (2), and (3) above,
the reflected shock angle B,, flow deflection angle 6,, and Mach
number M3, may be determined. Since flow direction across the
slip stream S, must be parallel, i.e., V2||V3, and since V3 as
solved out from the straight-line pattern of normal~and-oblique-
shocks as given in the procedures above, may not be exactly
parallel, the normal and oblique shocks must actually be curved
near the intersection as shown by the dotted line in Fig. 1-6,
so that changes of gas properties should be gradual rather than
discrete, However, the straight-line shock pattern gives a good
approximation except near slip-stream regions. As the exit re-
duces gradually below p;, the strong oblique shocks become
weaker and the normal shock portion becomes smaller and moves
farther away from the nozzle exit section and normal shock finally
disappears, as shown in Fig. 1-7. Further reduction in exit pres-
sure results in weaker oblique shocks until they completely
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Fig. 1-5

Fig. 1-6 Fig. 1.7

disappear as the exit pressure approaches p; where the flow be-
comes completely isentropic and shock-free. Further reduction of
exit pressure below p;, say at p,, the flow remains supersonic to
the exit of the nozzle. It then undergoes an expansion around the
corner of the exit in order to drop to the lower exit pressure p,.
This expansion will take place through expansion waves of the
Prandtl-Meyer type as shown in Fig, 1-8. The expansion wave
angle 6 may be calculated from

_k_
— k-1
1+}—e—~—1Mk2

P, (1-97)

0 - — o/t tan g Aol (M2 - 1) -t lgM2 -1
B+ 1 E+1

+ k-1 tan'l k——l (Mkz_]) mtan_l Mkz_l
R+l E+1

(1-129)

Here p, and M. are known from Step (1) and p, is the given ambient
pressure; M, and 6 may be determined from Eqs. (1-97) and (1-129).
Note here that the mass rate of flow and the throat pressure remain
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Fig. 1-8 Fig. 1-9

Fig. 1-10 Fig. 1-11

constant for all values of p, less than that corresponding to curve
¢, and that the flow within the nozzle is the same for all pressures
less than that corresponding to curve k. The exit pressure equals
the back pressure for all values of p, down to curve h and also
when it equals the design pressure as in curve d.

[1-8.1] Nozzle Efficiency

Consider a nozzle (Fig. 1-9) supplied with gas at stagnation
pressure and stagnation temperature P and T respectively. The
gas expands adiabatically but with increasing entropy, to state e.
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If it had expanded without friction to the same final pressure p,,
the end state would have been e. We now define the nozzle
efficiency as the ratio of the exit kinetic energy to the exit kinetic
energy which would be obtained in a frictionless nozzle expanding
the gas to the same final pressure p,.

H=he cp(T =ty (V,%/2)

W = = =
H - hg ep(T — o) cp(T -t

o [ . ( z_;>] (1-130)

[1-8.2] Nozzle Thrust

Consider a nozzle (Fig. 1-10) which generates gas steadily at
stagnation pressure P, and stagnation temperature T. The nozzle,
with a throat area A; and an exit area A., discharges w pounds of
gas per second into an ambient pressure p,. Applying the mo-
mentum equation to the control volume of Fig, 1-10, we find the
thrust is

F = thrust = £V, + Aelp, = p,). (1-131)
g

[1-91 SUPERSONIC INLET

Now consider the inlet of air-breathing propulsion engines
when operating at supersonic Mach number M_. Figure 1-1l1la
shows a converging-diverging inlet which has an inlet area A,
and a throat area A,. If there is no shock in front of the inlet at
supersonic speeds, the free-stream supersonic flow corresponding
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to the cross~sectional area A; must enter the inlet completely
(Fig. 1-11b). If the inlet cannot pass this amount of free-stream
supersonic flow, a detached shock will appear in front of the inlet
(Fig. 1-11c), as then the flow behind the shock becomes subsonic
and may spill out. The lower curve of Fig., 1-12 shows the maxi-
mum contraction possible when there is no shock, It comes from
the isentropic area relationships, Eq. (1-94):

k+1
- 2(k - 1)
A A 14 k-1 Mm2
1 1 1 2 (1-94)
+

The upper curve shows the maximum contraction possible for the
case where a normal shock attachesatlip (Fig. 1-11d), thus forcing
all the free stream supersonic air through the engine at lower
stagnation pressure. It comes from the following relationships:

Applying Eq. (1-1064a) in front of the shock, one obtains;

wVT 7 " M
p_A, \R kel (1-106a)
- 2(k -1
l:l + k—l sz:l

Applying Eq. (1-10) at the throat section, one obtains;

SRUA KU LA —
PyA,  P*A R 5l (1-107)

by 1\2k-D
2

Since the stagnation pressure ratio across a normal shock is
given by Eq. (1-115a),

k

k-1

1
Py P, [2k y 2 k_le—l (h-DM_2+2
el T k4l (k + DM_2
(1-1152)
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and since stagnation temperature ratio across a normal shock is
given by Eq. (1~66a),

T, = T2 (1-66a)

Dividing Eq. (1-107) by Eq. (1-106a) and eliminating (T _/T) and
(P_,/P) by using Eqs. (1-66a) and (115a), one obtains;

k+1
w [Er1 2(k -1 1 kk1
Az =l 2 [Zk 12 k—1:|k‘1[:(k—1)M§,+2] B

A k4l | Ryl 1 2
1 ko1 5]26-D + kE+ (k + DM
1+ 22—~ MS
2

Equation (1-132) is plotted as the upper curve in Fig. 1-12. It
gives the maximum contraction possible when normal shock attaches
at the inlet lip (Fig. 1-11d).

(1-132)

LD

Shock Inside Diffuser

Shock at lip (for start)

Shock inside when M, reduces from i
to h.

Shock is outside when M, increases

from h to i.

Isentropic (for efficiency)

Shock Outside
Diffuser

Desig}; Point
/. Md

1.0 Free Flight Mach No. M

Fig. 1.12

[1-9.1] Constant Geometry Supersonic Inlet

Figure 1-13 shows various stages during a supersonic inlet
starting. In Fig. 1-13a, Free flight Mach number M, is less than
the designed Mach number M;; a detached shock is in the front of
the inlet (point a of Fig, 1-12). When the speed is slightly greater
than the designed Mach number M, the shock moves into the inlet.



50 Jet, Rocket, Nucleav, Ion and Electric Propulsion

The equilibrium position of the shock in the divergent section of
the inlet depends on the back pressure resulted from matching
characteristics of the engine behind the inlet, When shock is too
far downstream of the divergent section (Fig. 1-13c), it gives poor
diffusion efficiency. Figure 1-13d shows the farthest upstream
position (at the throat section) for which the flow is still stable,
However, a slight disturbance in the flow pattern of Fig. 1-13d will
move the shock out of the inlet. Such a diffuser possesses the
so-called hysteresis effect. During acceleration, the shock will
not be swallowed until the speed M, (Fig. 1-12) is reached. Once
swallowed, the shock will not be pushed out upon deceleration until
the speed M, (Point b of Fig. 1-12) is reached., Therefore, it is
possible to eliminate the shock of a fixed-geometry inlet when
overspeeded. Assume another inlet designed for the speed M; and
containing a higher contraction ratio (Ag/A), instead of (A,/A)),.
By first overspeeding to M; (Point ; of Fig. 1-12), the shock is
swallowed, and then decelerating to the design Mach number M,
where an isentropic inlet prevails (further decrease below M, will
push the shock out of the inlet).

[1-9.2] Variable-Geometry Supersonic Inlet

The shock may also be eliminated by a variable-geometry
inlet. Let us consider the inlet designed for the speed Mg and
having in Fig. 1-12 a contraction ratio (4,/A,),. At the start, the
throat area is too small, corresponding to point % of Fig. 1-12;
a detached shock will appear in front of the inlet. When the throat
area (A,/A;) is increased, the shock moves toward the inlet. When
point (A,/A)), of Fig. 1-12 is reached, the shock is swallowed.
The throat area may now be decreased without pushing the shock
out until point (A,/A)), of Fig. 1-12 is again reached. When the
exhaust pressure is properly adjusted, the inlet may be made
free of shock.

[1-9.3]) Inlet Diffuser Efficiency

Assuming the velocity leaving the inlet diffuser to be negligibly
small, one may define, from Fig, 1-14:

Hy - hy

mp = (1-133)

Hy - hy

where state (1) is the actual state entering the inlet, state (2) is
the actual state leaving the inlet, and state (2°) is a fictitious state
at the actual leaving pressure but at the entering entropy.
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(c)

Fig. 1-13

Y

Fig. 1-14

For a perfect gas, using Egs. (1-63), (1-22), and (1-26), one
may rewrite Eq., (1~133) to:

k-1
T; P,\ *
cpt1[<_3> . 1j| <_2> 1
_ ty _\P1 (1-134)
p = -
2 B-1, 2
e
2

() ()
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and for normal shock, we have:

1
T 2
P2 B 2k Mz_k—ll—k (k—l)Ml +2
P, k41 1-k (k + DM,?
(1-115a)

P k-1
<_l> - [1 Lol Mlzjik ' (1-78)
D1 2

Substituting Eqs. (1-115a) and (1-78) into Eq. (1-134), one obtains:

_k_

k
1 ~

— 1-k
_ 1-% | (k- DM,2 + 2
poholyel [ 2 e k-1 1 1
2 o+ 1 kvl (& + DM,2

k-1 M,2
2

T =

(1-135)

Equation (1-135) gives diffuser efficiency versus Mach number for
a normal shock diffuser.

[1-10] ONE-DIMENSIONAL FLOW ANALYSIS WITH AREA CHANGE,
FRICTION AND HEAT ADDITION

The following equations are applicable:
1) Equation of State

LA (1-5)
p
or, in its differential form,
d
d _ P 4 (1-136)
D 4 t
2) Equation of Continuity
dp dA dV
—+—+— =0 (1-68)

P A 14
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or

wpoea Lavt (1-137)
p

T 2
— =1+ M 1-76
t 2 ( )
or, in its differential form,
k - le
aT _ dt 2 dM?
s T T T e (1-138)
T t 14 k-1 M2 M
2
4) Mach number definition
A A
a? pP kRt (1-139)
p
or, in its differential form,
am® av?
—_— = - — 1-140
M2 vz ( )
5) Equation of Momentum
Vav + dp + 2 v2(4\ax - 0 (1-692)
2 D
or, in terms of Mach number,
2
k2 dVT ke gede g (1-141)
p 2 v o 2 D

In order to derive a useful expression with involved independent
variables, i.e., (1) area change A, (2) friction factor f, and (3) stag-
nation temperature change T due to heat addition, we perform the
following:
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Eliminating (dp/p) from Eqs. (1-136) and (1-137), one obtains:

2
ﬂ’_i‘+l%+ﬁ=o (1-142)
p t 2 VE A

Eliminating (@v2/v? from Egs. (1-140) and (1-142), one obtains:

dp dt 1f[amM® d dA
P_d, (LA LB o (1-143)
p t 2\ M t

Eliminating (@v%Vv? from Eqgs. (1-140) and (1-141), one obtains:

1 2
dp Loy dt) kg dx (1-144)
p 2 2 D

Eliminating (dp/p) from Eqs. (1-143) and (1-144), one obtains:
1 w2\ ar  [eM?2 1\am?  da M2 dx
et — =+ — - )= -+ — (4=} =0
2 2 /¢ 2 2/ M2 A 2 D
(1-145)

Eliminating (dt/t) from Eqs. (1-138) and (1-145), one obtains,
after simplification:

Bl .
2(1 LRz Doy (1 + kMD) (1+ k-1 MZ)
av? 2 dA 2 dT

M2 1 - M2 A 1-M2 T

kM2 (1 L R-1 M2) ]
+ 2 4f ax
Y D

(1-146)

This is the basic equation for one-dimensional flow with area
change, friction and heat addition, In order to solve Eq. (1-146),
numerical integration should be used. However, for the following
three special cases, analytical solutions are available:

1) Heat addition in a duct of constant cvoss-section without
friction. Here A = constant, and f = 0; Eq. (1-146) reduces to
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, (e <1 LR M2>
a® 2 daT (1-147)
M2 1 - M2 T
Equation (1-147) may be integrated to give
2 E-1_ 9 2)2
r, M <1+ TM2><1+kM1>
o = - 5 (1-148)
Ti w2 (1 LR M12> (1 + wy?)
2
_k_
k-1, o]k-1
2\ [1 + M
<f.2> _(E 2’ (1-148a)
2
P, 1+ kM, 1+k;1M12

This is the so-called ‘‘Rayleigh Line.” A maximum value of
(Ty/TPy (To/ T, .0 €Xits at My = 1 (thermal choking). Heataddition
in excess of (Ty/T ) pax Will force the adjustment (lowering when
M1 <1 and increasing when M; > 1) of incoming M, value.

2) Avea change without heat addition and without friction. Here
T = constant, and f = 0. Equation (1-146) reduces to

E-1 o
2{1 M
a? ( i ) A (1-149)

M2 1 - M2 A

Equation (1-149) may be integrated to give

k+1
- 2k - 1)
A M 1+ k 1M22
72Tt 2 (1-150)
Al M2 1+k—=1

2
Ml

This is the so-called ‘‘isentropic line.’” A minimum value of
(Ay7Ay), (Ay/7A) ., exits at M = 1 (throat choking). Area ratio
smaller than (4,74, ;. will force the adjustment (lowering when
M1 <1 and increasing when M; > 1) of incoming M, value.

3) Flow in duct of constant cvoss-sectional area with friction
but without extevnal heat addition. Here T = constant and A =
constant; Eq. (1-146) reduces to
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k-1 9
M2(1+ %= "m

M2 1 - M2

Equation (1-151) may be integrated to give

M12<l+k—1M22>
4f<g> J1) 11 kel
M2 M2 2 _
D k 1 2 M,2 14 F 1M12
2
(1-152)
k+1
b o— 2(k - 1)
p " 1+R 1M22
<_2> e O I S (1-152a)
P1 M, 1+k—1M12
2

This is the so-called ‘“Fanno Line.’’ A maximum value of (4f L/D),
(4f L/D)pax, exits at M = 1 (friction choking). (4f L/D) in excess of
(4f L/Dpax Will force the adjustment (lowering when M; < 1 and in=-
creasing when M; > 1) of incoming M, value,

4) Step-by-step numerical or graphical integrations of the basic
equation (1-146). Equation (1-146) may be rewritten as

2M2<1 L M2> M2 (1 + kM) <1 L M2>
9 2 d“A . 2

a2 = -
1-Mm2 A 1 - M2
kM4<1.+ Rl M2>
2
+ 4f§f-
1 - M2 D

(1-153)

Equation (1-153) can now be integrated approximately in finite
difference form over a short interval between Secs. 1 and 2, the
approximation being that the coefficients of (dA/A), (dT/T), and
(dx/D) are constants (at their meanvalue) during the short interval,
Evaluate the influence coefficients (function of Mach number
themselves) of (dA/4), (dT/T), and (dx/D) as constants which are
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calculated according to an average Mach number, M=My+ M2/2,
Therefore, Eq. (1-153) becomes:

ot (1 Lk-1 Mz)
) 2 (Ag - A

Mg? - Mm% - - —
1-M Az + A1
2
M2 (1 + KMD (1 L n712)
2 (Te - Ty
1-Mm2 (Tz + T1>
2
it (1 LES MZ)
2
. & af Ax
1 - M2 Di + D2
2
(1-154)
_ (Ag - AD _ (T9-Ty _
Mp? M2 = Fu — " L F 0D —— L piDef—DE
(Az + A1> (TZ + Tl) <D1 + Dz)
2 2 2
(1-155)
Here F,(\, FQ(IVI) and F,(M) are called influence coefficients, and
they are:
oii2 (1, B wz)
_— 2 (1-156)
AT T 1- M2
M2 (1, (1, B g2
_ 2 (1-157)
F’Q(M) = —
1 - Mm?
M4 (1 + k;l ’\712>
_ 2 1-158
Ff(M) = ( )

1 - M2
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M- (M> (1-159)
2

The following procedure is suggested: (a) assumeMz; (b) calculate
M from Eq. (1-159); (c) calculate F, (), Fo and F D from
Eqs. (1-156), (1-157), and (1~158); (d) calculateMy from Eq. (1~155);
(e) if the calculated value of M2 from Eq. (1-155) checks with the
assumed value of Mg, the assumed Mz is the solution. Otherwise,
reiterate it until it checks (usually three or four trials will yield
the correct solution).

[1-10.1] One-Dimensional Flow Analysis with Area Change, Friction
and Heat Addition (Additional Analysis)

As discussed in the previous section, the case of area change,
friction and heat addition cannot be solved analytically. A numerical
method must be used. However, instead of using area A as one of
the three independent variables (they are area A, friction f, and
heat addition T, which are independent of each other) like the case
just discussed in Sec. (1-10), one may also analyze the case where
area A is a dependent variable (such as making area A a function
of temperature T, due to heat addition or friction or both). In such
cases, there are only two independent variables, i.e., temperature
T and friction f, although the flow still involves area change A.
Let us use area change A as a function of static pressure change
p a8 an illustrative example, There are many ways of expressing
mathematically the variation of pressure p with flow area A, The
example that has been chosen for this analysis, because of its
simplicity, is from L. Crocco and is represented by

€

p = constant Al € (1-A-1)
or, in its differential form,
a ( d )fﬁ (1-A-2)
p 1-¢/ A

Special cases of interest include: (1) ¢ = 1 for flow of constant
cross-sectional area and (2) ¢ = 0 for flow of constant static
pressure.

Now considering an infinitesimal length of duct dx, the rate
of heat transfer to the fluid is approximately

haDdx (T, - T)
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Here h = heat transfer coefficient, and T, = wall temperature.
Using the energy balance, we have

haDdx (T, - T) = pGDz)v cpdT

or
d 4n
r 4% & (1-A-3)
T,-T  pVe, D
From the Reynolds analogy,
oL A-4
pVep 2 (1-A-4)
we may write Eq. (1-A-3) to:
dT dx
- = -A-
T -7 D (1-A-5)

w

Equations of state, Eqs. (1~136); continuity, Eq. (1-137); energy,
Eq. (1-138); Mach number, Eq. (1-140); and momentum, Eq. (1-141)
are valid. Substituting Eq. (1-A-5) into the equation of momentum
(Eq. 1-141), we have:

d 2 2
o RMT dVT 24T\ _ (1~A-6)
p 2 V2 T,-T

Eliminating (dp/p) from equations of continuity and state, we have:

2
dp dt+lﬂ+gé=0 (1~142)

p t 2 V% A

Eliminating (&V2V? from Egs. (1-140), (1-142), and (1-A-2),
we have:

sz

5 §ﬂ+ﬁz w2 = (=A-7)
4] t

Eliminating dvZv? from Eqs. (1-140) and (1-A-6), we have:

2 ’
a1 oy2 (ﬂ . ﬂ) + kM2 T—dT—— -0 (1-A-8)
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Eliminating (dp/p) from Eqs. (1-A-7) and (1-A-8), we have:

2
€+ M2 % L g2 o % ;ooam2 9T

t M T -T

w

=0

(1-A-9)

Eliminating dt/t from Eqs. (1-138) and (1-A-9), we have, after
simplification:

(e + kMz)(l + k;le)
am? _ 2 dr

M2 (1-MD _(1— orM® T

2kM2(1 k- 1M2>
2 dT

+
e1-Md>-Q-orM2 T -7

w

(1-A-10)

The following special cases will be discussed first:

1) Heat addition in mnon-constant avea duct without friction.
Here f = 0. Consequently, from Eq. (1-A-5):

dT dx
- 2% _ 0 -A-
(Tw _ ) D (1-A-5a)
Therefore, Eq. (1~A-10) reduces to
(e + kMD) (1 ML M2)
M 2 dT (1~-A-10a)

M2 f1-MD—(1-aokM® T

Equation (1~A-10a) may be integrated to give
M2(1 K = ! Mz)(e v g

T _ 2
! M12<1 + 52_1 M12) (e + EMD)

(1-A-10b)

From the energy equation ¢, (T -~ T1) = g, we have

( I) “ 14 ( g ) (1-A-10c)
T, cpT1
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Here ¢ = heat addition in B.T.U. per pound of flow. There exists
a critical maximum value of (T./T;) which may be obtained by:

d(T/Ty

=0 (1-A-11)
sz

The result of Eq. (1-A-11) gives the critical Mach number as:

2 k -1
M2 12 -1 (1-A-12)

¢ €
Consequently, the critical (maximum) temperature becomes:

_ 2
Mcz(l ML Mcz) (c + 1?)
2

' : ( y ) ) <I£> )
cpT1 T - 2
P ! M12<1 . 112—1 Mlz) (¢ + m,2)

(1-A-13)

(Tc/TD is the condition of thermal choking in a duct of variable
cross-section. For the special case of flow of constant cross-
sectional area where ¢ = 1, Eq. (1-A-12) shows that M; becomes
unity, which is the well-known condition of thermal choking at
M = 1 for heat addition in a duct of constant cross-section.
However, for a duct of variable cross-section, M, is subsonic (less
than unity), when ¢ < 1, and M. is supersonic (greater than unity)
when ¢ > 1. Equation (1-A-12) indicates that when ¢ varies from
0 to k/k-1, M, varies from 0 to -, This is the range of interest.
In general, for a given value of ¢, there exist two solutions, i.e.,
one subcritical solution and one supercritical solution. Heat
addition in excess of (T./Ty is impossible at the given value of
Mi. Actually, for heat addition in excess of (T./T1), the incoming
Mach number M; will be forced to adjust to such a value so that
with the given heat addition ¢ and duct configuration ¢, Eq. (1-A-13)
is satisfied. (Critical Mach number M. at the exit is maintained).

When the relationship of Eq. (1~-A-10b) is plotted on the &-s
diagram or T-s diagram (Fig. 1-A-1), it gives the generalized
Rayleigh line. Here each value of ¢ correspondsto one generalized
Rayleigh line. The upper branches of the lines delineate a sub-
critical heat addition where Mach number increases with heat
addition (finally reaching the critical condition M, at the maximum
entropy point, behond which heat addition is impossible for the
given ¢ and the given M;), while the lower branches correspond
to supercritical heat addition where Mach number decreases with



62 Jet, Rocket, Nuclear, Ion and Electric Propulsion

Subcritical

Mc=0.62y

Supercritical

Fig. 1-A-1, (After A. Doborowolski, NASA TND 3626).

heat addition (finally reaching the critical Mach number M, at
the maximum entropy point, beyond which heat addition is im-
possible for the given ¢ and the given M1). The curve ¢ = 1 is the
conventional Rayleigh line where M, = 1. It will be shown later
that the minimum stagnation pressure loss of the supercritical
burning for given heat addition ¢ and given configuration ¢ occurs
when the incoming Mach number M; is shown such that the critical
condition M. is reached at the exit.

Similarly, for a given entrance supercritical Machnumber Mj, a
given entrance stagnation temperature T, and a given heat addition
g, one may calculate the required duct configuration ¢ which will
yield a critical Mach number M. at the exit in order to achieve
minimum stagnation pressure losses, The required value ¢ may
be calculated directly from Eq. (1-A-13), when Eq. (1-A-12) is
substituted into Eq. (1-A-13) for M. and Eq. (1-A-10c) is substi-
tuted into Eq. (1-A-13) for (T./T1.

Stagnation Pressuve Ratio. The stagnation pressure ratio (an
indication of total pressure losses) is important. This may be
obtained as follows:

Eliminating dt/t from Eqs. (1-A-7) and (1-A-8), one obtains:
€+ MO o pam? = 0 (1-A-14)
p

Integrating Eq. (1-A-14), one obtains:

27
P\ - [‘ Al ] (1-A-15)
Py €+ kM2
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Putting into the stagnation pressure P, one obtains:

- k-1
1+k—1M2
66,
P -
! P1 1+IE——1I\/112
2
(1-A-16)
Rk
E-1 o |k-1
1 M
,:e+kM121€ "
- 2
e+kMJ 1+k-lMlz
2

For the special case of constant cross-section where ¢ = 1,
Eq. (1-A-16) reduces to Eq. (1-148a).

In order to be able to judge the merit of one particular ¢ (the
advantage of one particular duct configuration ¢ for the given
initial flow conditions) and one particular heat addition, the influ-
ence of ¢ (Fig. 1-A-2) on the stagnation pressure loss during burn-
ing has to be considered.

Figure 1-~A-3 shows the stagnation pressure ratio achieved
during burning initiated at M; and ending at M.. The stagnation
pressure ratio of the process ending at any other Mach number
is equal to the ratio of the pressure ratios corresponding to the
initial and final Mach numbers since Pg/P; = (P./P1)/(P./P3),
The relation between M; and Ms is found by applying the ¢ expres-
sion of the preceding section for a particular inlet stagnation
enthalpy (function of flight Mach number) and heat addition (function
of fuel type and fuel-air ratio), Figure 1-A-4 shows the stagnation
pressure ratio for several ¢ values and supercritical burning for
the specific case of flight Mach number My = 20 and stoichiometric

€ Suberitical Supercritical

e
——

p<e<] V= R
3}~

Fig. 1-A-2 (After A. Doborowolski, NASA TND 3626).
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Fig. 1- A-3 Stagnation pressure ratio due to burning that changes flow from diffusion to
critical Mach number. (After A. Doborowolski, NASA TND 3626).

Fig. 1- A-4 Stoichiometric hydrogen combustion stagnation pressure ratio as function of
diffusion Mach number for flight Mach number of 20. (After A. Doborowolski, NASA TND
3626).

combustion of hydrogen. It is seen that given a series of ¢ ducts
with the supercritical flows at the same initial Mach number M;
and subjected to the same heat addition, the larger the ¢, the smaller
the stagnation pressure loss, From Fig. 1-A-2, where the shapes
of the ducts are noted, this would imply, for example, that a conver-
gent duct is superior to a constant area duct for the same M;.

Given a series of ¢ ducts withthe supercritical flows of the same
stagnation enthalpy at different initial Mach numbers M1, such that
each duct reaches a critical condition after the same heat addition,
the larger the positive ¢, the larger the stagnation pressure loss
(circled points in Fig, 1-A-4), This implies that a constant area
duct is superior to a convergent duct if a critical condition is
reached in both ducts. (The shapes of duct are noted from Fig.
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1-A-2,) Thus, diffusing the flow (without losses) sufficiently for
the subsequent heat addition in the constant area duct to reach a
critical condition will yield a better stagnation pressure ratio than
direct use of a critically convergent duct. A diverging, critical,
constant Mach number duct (¢ = -1.4) is still better, Best of all
is the constant pressure case (¢ = 0); however, heat addition in
this case requires the flow to pass smoothly from supersonic to
subsonic, This condition may not be achievable in practice.

2) Heat addition in non-constant avea duct with friction and
(T,/T) = Constant, In this case, Eq. (1~A-10) becomes:

<f+kM2)<1+k;1M2>+2kM2<1+k"1M2 1
2 5 T,/ - 1 <dT

e el -MD - (1 - orM? ?)
(1-A-17)

dm?

Equation (1-A-17) may be integrated, Once M in terms of M; is
known, (P/P;) may be obtained from Eq. (1-106a) by ratioing the
two sections concerned.

3) Flow with friction in mnon-constanlt area duct without heat
addition. In this case, dT = 0, so Eq. (1-A-5a) must be substituted
back into Eq. (1-A-10) which gives:

kM2(1 L. M2>
dv? 2 o dx (1-A-18)

M2 c1-MD -1 -0okM® D

since ~ D% - A
4

1-¢ 1
ZAI/Z 2 p 2€ 5

Vi o V7 \p
Eliminating (dt/1) from Egs. (1-A~7) and (1-38) for the case of dT = 0,
one obtains after simplification:

M 2 €
g ! My
p=|——— {—]) p (1-A-19)
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Therefore
1-¢ 1
D - 2 [P\ 42
Va Py
— l 7156
2
+k—-lMlz M 1
_ 2 2 (_1> A2
\/; 1+k—1M2 M
2
L _
Let
1-¢
1 : 2
e, = (-2 a2, <1+ “1M2>2M
2 \/7 1 2 1 1
e-1
1 2
2
2D = cy <1+f"_1M2> M (1-A-20)
2

Substituting Eq. (1-A-20) into Eq. (1-A-18), one may integrate
Egs. (1-A-18) in the form of M as a function of x, This is the
generalized Fanno line. For the special case of constant cross-
section area where ¢ =1, Eq. (1~A-20) reduces to constant D and the
result reduces to Eq. (1-152), the conventional Fanno line.

4) Constant Mach numbev heat addition in non-constant avea
duct with friction, Here M = constant Eq. (1-A~10) becomes:

e+ 9T o2 9T _ gy 4 &
T T_T, D
e+ D 9T _ _pu2 4 dx
e~-1
1 2
2
(1 + k-1 M2> M
2
e-1
1 2
2
(e + kM2) (1 L M2) M aT _ (R4 \ g,  (1-A-21)
2 T Cy
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Since M = constant, Eq. (1-A-21) may be integrated to give:

e-1
1 D)
2
(1 + k—;_l M2) M (€ + EM?)
In —’11 = k—4i (x - xl)
M2 T1 Cq

2
i (1)(&) M _
T 1 -1
1 €2 5 5

(e + EM?) <1 LI M2> M

(T—T‘> - exp {(kcizf)x} 3& + kA1 (1 + "’2;1 M2)E M 2

1Y az
[1-10.2] Mixing of Two Flows in a Non-Constant Area Duct

The analysis of ducted fan, ducted rocket, etc., requires a
knowledge of the mixing of two flows of different temperature,
pressure and velocity. Sometimes subsequent heating of the mixed
flow may be realized if one of the two flows is fuel riched. Let us
again use a duct whose cross-sectional area A varies with pressure
p by the prescribed relationship:

< 1-¢
l1-¢ €
ﬁ— = <——‘A—~—~> or (Al + A2) (L) = A
Py Al + Ay Py
(1-A-23)
1) Continuity
my + mg = mg (1-A-24)
P1V1AL + poVaAg = paViaAg (1-A-25)
2) Momentum
pVdv +dp = 0 (1-A-26)

Equation (1-A-26) can be written as

pAVAV + d(pA) - pdA = 0 (1-A~27)
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Applying Eq. (1-A-27) between sections 3 and 1+2, one obtains:

P1AV 1 (Vg = V) + paAgVe(Vg - Vo) + pgAg - (p1A; + poAy)

€
Ag T
- f ,,1<_A__) € dA -0 (1-A-28)
(A 2

1+42) A + A
Here
4 _&
3 A 1-¢
pi{— dA = (1 = o | paAs = p(A; + A)|.
(Ag+A2) 1(A1 + A2> [ 373 11 2]
(1-A-29)

Substituting Eq. (1-A~29) into Eq. (1-A-28), one obtains:
A2 - (p,V,2A ALV ,2 Aq - ep,A
P33V3 P1V1 Ay + padgVa | + €p3hg = €p 1Ay

- PoAy + pjAy - epA, = 0.

Rearranging terms, one obtains:

Aq [p3v32 + ep3] = Al[plvlz + cpl]

’ (
+ Ag p2V22 + le + < - —l>(1 - |py
Py S
. (1-A-30)
since sz = kpMz, we have
2 2
p3A3[k3M3 + e] - plAl[klMl + e:l
2 P1
+ pgAg lkMa® + 1€ + - 2Y1-9
1)
(1-A-31)

Substituting Eq. (1-A-23) into Eq. (1~A-31), one obtains:
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1-¢

(A (P2 : M..2 A |k M2
p3 (A} + Aj)l— kM3™ + €| = pjAy|RM" + €

Py

( 2 P1 l
+ DPoly ?kzM2 + e+ [1 -—p— (1 -9 S
2

p A p
+ A k2M22+ € + ——1(1—5)
p1) \Ay + Ay Pa

Using the continuity equation, we have

(1-A-32)

P1AV{ + poAsVy = paAgVs (1-A-25)

ke
>
<
=
X
<

pAM, we have

k
RV: VER Vi Rt

ky AM,y kot (P2 AMy k3 pzAMg [ty
1 + 2 - " =
B, (4, + Ay Roty \py/ (A + AY) Rgty (Ay + A \p,

(1-A-33)
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1

1 1
ky [ AM, ky [ AMy \[t:} k3 u t;\ [pg\©
ST ) )2 o1 _ el 2 RAN 1
Ry \Aq + A, Ry \A, + Ay/\1, R, °\tg) \p,

(1-A-34)
or
_ 1 2
k pa\©
ks M3<_3>
3 R3 Py
1
1 =
ky Ay ko [ Ag 1\
— M, + 4]~ |[—— | Mg |{—
or
1,1y —
<T3> 2 ! k3 M
— | = — M3
T _
1 1+k 1M32 R3
2
A p A p
! €+ kM2 +—2 2 BoMo2 + |e + 1——1(1—5)
A 1 272
1+ 42 p1/\Ay + Ag Pg

x
k3M32 + €
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A P A p
< ! > (€+k1M12)+(—2)<72> k2M22+ €+ (I-J>(1—c)
kg A1+ Ay P/ \Ay + Ay P2

Ty Ry 8 k3M32 + €

T) 1
ky Ay [k A 1\?
—_— R Ml + —2 _L M2 Al
Ry \A{ + A, Ry \A; + Ay o

2

(1-A-35)
From the energy equation, we have

(m1 + m2) ¢p, T3 - [mlcplTl + mchsz] =0

Tj mi Cp mg ¢p T
e ) e )2 —2> (1-A 36)
T, mi + m2 Cp, mi + mg Py Ty
If burning occurs after or during mixing, the energy equation
becomes:

or

2)

(m1 + m9) cp3T3 - [mlcplTl + mchsz:l

= (my + m2) q = (m1 + mg) nbfh*

or

pounds of fuel

f = fuel—air—ratio =
pounds of unburned air in m3
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Here we have three equations: (1-A-32), (1-A-35), and (1-A-37)
with three unknowns (P3, T3, M3) so they may be solved.
The following special cases are of particular interest.

1) Constant area mixing. For constant area mixing whene - 1,
Eqs. (1-32), (1-A-35) and (1~A-37) reduce to:

= -

L
k-1 k-1
p [1 + ! Mlz]
2
3 <k3M32 + 1)
P, ks
ko -1 k3 -1
|:1 + 3 Mgzjl
L 2 .

A p A
- () (e Em?) o2 (1 + kaM2?)
AL+ Ay p1 /\A; + Ag

(1-A-32a)
T e
23) . 3 M
T R3

Al + A2 Py A1 + A2

(1-A-35a)
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kg -1
2
k1 -1

1+ M3?

M12
2 (1-A-35a cont.)

1+

Here Eq. (1-A-37) remains the same,
When specific heats are constant, i.e., k; = ky = kg, Ry = Ry =
R, ¢p, = ¢p, = ¢p, Egs. (1- A-32), (1- A-35), and (1- A-37) further

reduce to:
k

_ k-1
1+k 1M12

P
<_i> - (kM32+1>
Py 1+k_‘_1
2

M32

() ()

(1-A-32D)

2

Ay D A

M3( >(1+kM )+(_2_>< 2 )(l+kM22) LS

<T3> A+ Ay pi/ \A) + Ay 2 3
1

= k=129

A, A, tlz 1+ 5 M,
(1+kM2) My o+ M, —
A+ Ay A+ Ay Ly

(1-A-35b)
— | = - _° +
T, my + mg my +mg J\ Ty cpTl

When mixing without burning at constant specific heats, Eqs.
(1~A-37), (1-A-32), and (1-A-35) further reduce to:

1 - my + mg my +mg J\Ty
(1-A-37c)
(1-A-32b) remains the same., (1-A-35b) remains the same,

When mixing without burning and p, = p, Egs. (1-A-32), (1-A-35),
and (1-A-37) reduce to:
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P, 1+ 2 M12 -
(P—l>m (1+kM32)=< )(l+kM1) (A +A>(l+kM2)
2
(1-A-32d)
2
<E>_ [<1+A>(l+le) < >(1+kM22):|> 1k 2
Ty Al A2 ' % 14 }3-;—1 Mlz
2
(1 - ?) (Al ‘A )M‘ <A1 . A2>M2<t;>
(1-A-35d)

Equation (1-A-37c) remains the same.

2) Constant pressuve mixing. For constant pressure mixing
where ¢ =0, Egs. (1-A-32), (1-A-35), and (1-A-37) reduce to:

2 2 2
AgkM3? = Ak M2 + AgkoM, (1-A-32¢)

2
k A A
3 1 2 2 2 ko — 1
= <A >k1M1 + < )k2M2 1.8 M2
<T3> 3 1+ Ay Al + Ay 2
T, By -1
1 ky Ay kqy A, ty 1. 1 M, 2
kM, |4/ M, + 4 M, 4/ — 2 !
R, A1+A2 R2 A1+A2 to

(1-A-35e)

(1-A-37) remains the same,

When the specific heats are constants, i.e., ky = ky = k3, Ry =
Ry, = Rg, Cp, = Cp, = Cpy Egs. (1~-A-32), (1- A-37), and (1 A-35)
reduce to:

AMg2 = AM2 + AM,2 (1-A-32f)
2
A
1 2 2 2
<T3> Ay + Ay Ay + Ay 5 8

(1-A-35f)
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*
@) -G - GRG0
-1 = + —) +
T, my + my my + mg T, cpTl

When mixing without burning at constant specific heats, Egs.
(1-A-32), (1~A-35), and (1-A-37) reduce to:

) -G25) -6
Ty my + mg my + mg/ \Ty (1-A-37g)

(1-A-32f) remains the same. (1-A-35f) remains the same.

(1-A-371)

(1-111 THERMODYNAMIC CYCLE ANALYSIS

The thermodynamic performance of a gas turbine or jet pro-
pulsion engine can be analyzed through the use of thermodynamic
cycle analysis. Thermodynamic cycle analysis is usually carried
out, based on one unit mass flow per second, With this understand-
ing in mind, the following unit process per unit mass may be de-
scribed through the use of entropy-enthalpy diagram,

[1-11.1] Ram Compression and Ram Pressure Recovery

The performance of aircraft propulsion is often considered as
the aircraft remains stationary while the air approaches it with the
aircraft speed V,. Therefore, in Fig. 1-15, point 0 (at a tempera-
ture equal to ambient temperature f;, and at a pressure equal to
ambient pressure p;) represents the ambient state. From energy
equation

1% 2
0

hg + — = Hy = H; (1-63)
2gJ

the total enthalpy should rise to H,, the state at the exit of the
diffuser, For an ideal isentropic process (s — constant) with full
recovery from the speed V, effect, the stagnation pressure would
rise to P, as shown in Fig. 1-15. However, with full pressure
recovery impossible (through a diffuser), the stagnation pressure
is actually P,, a value less than P;, due to pressure losses, as
shown in Fig., 1-15. Therefore, ram pressure recovery may be
defined as:

actual pressure rise Py -pg
- - - = — . (1-160)
isentropic pressure rise P, -pg

=3
~
1
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It is to be noted here that, although P, is less than P}, H, is equal
to H). For constant specific heats, Eq. (1-160) may be written
as follows:

7, = =
P; 3 -
(_1) -1 g JE-1 (1-161)
VO
Po 1+ -1
2chpt0
Vo2
O ety =T, (1-162)
ng p'0 p-1

Therefore, for constant specific heats, the stagnation pressure P,
and stagnation temperature T; can be calculated when ambient
temperature t;, ambient pressure p,, ram pressure recovery 7,
and airplane valocity V, are known from Eqs. (1-161) and (1-162),
For more accurate calculation with variable specific heats, one
may use either the h—s diagram or the air table of Keenan and Kaye.

1) Use of h—sdiagram. Point 0 maybe determined from ambient
pressure p, and ambient temperature ¢;. Ambient enthalpy 2, may
now be read directly from the h—s diagram. H, and H] may be
obtained from Eq. (1-63),

Vo2
hg + — = H, = H]. (1-63)
2gJ

Point P] may be determined from the value of H 1 and the known
value of entropy s (vertically above point0). Point 1 may be deter-
mined by H; and P, where P, maybe calculated from ram pressure
recovery n, which is given,

2) Use of air table or gas table. Air table gives h and p, as a
function of T.

Point T h p, p
0 o ho Py Po

Hy' Pr, P,
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a) At point 0, ¢ty is known, so k; and Py, may be read directly

from the air table,

b) H1 may be determined from H, = h; + V, /2gJ and then read
correspondingly T," and Pr from the air table.

c) From point 0 to point 1', it is an isentropic process, so we

have:

Pr Po Here relative pressure relation
- = P— is valid for isentropic process
Pr, 1 only (see air table or gas table).

Therefore, P,'may be calculated from the above equation,
d) With ram pressure recovery 7, known, p; may be calculated
from

Py - py
M = ——— .
Py -po

e) Since H; = H; , read T correspondingly to H, from the
1 y g

air table,
This gives both stagnation pressure p, and stagnation tempera-
ture T, as shown in the table above.

[1-11.2] Compressor Compression and Compressor Work

In thermodynamic cycle analysis of compressor, turbine, inter-
cooling, reheating, regeneration, etc., stagnation pressure, stag-
nation temperature and stagnation enthalpy are often used. There-
fore, for steady flow compression, Eq. (1-61) gives

- Hy - Hy. (1-61)

compressor

P2

s s

Fig. 1-15 Fig. 1-16

In Fig., 1-16, point 1 represents the thermodynamic state ahead of
the compressor (stagnation temperature T,, stagnation pressure P,,
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stagnation enthalpy H,). Dotted vertical line 1-2' represents isen-
tropic compression (zero entropy change) between stagnation
pressures P, and P,, respectively, at compressor inlet and outlet.
Due to friction in actual compression which causes an increase of
entropy, actual compression always follows solid line 1-2. For
the same compression pressure rise from pressure P, to P, (Which
is equal to P,'), more energy or shaft work is required for actual
compression than isentropic compression, Therefore, a compres~
sor efficiency may be defined as:
Isentropic compressor work W c. Hz' -H,
1, = o . (1-163)

Actual compressor work W, H, - H,
a

For constant specific heats, Eq. (1-163) may be written as:

k-1 k-1
k
Ty’ P, P
cp(Ty' = Ty Ty Py Py
T, T, T,

(1-164)

From Eq. (1-61), actual compressor work per pound of air flow
per second is represented by the solid line 1-2 or

W, = Hg - Hj. (1-61)
For constant specific heats, one obtains from Eq. (1-164);

k-1

k
T T, |/P
We, = cp(Ta = TD = cpT1 (i> 1] - 21 (_2) ~1].
Ty 7, Py

(1-165)

Here, compressor work is in terms of compressor inlet tempera-
ture T,, compressor efficiency 7., and compression ratio (P2/P1).
It is to be noted here that, for the same compression ratio (P2/Py)
and the same compressor efficiency 7, , the lower the inlet tempera~
ture T;, the less the compressor work W., . Therefore, a jet
engine operating at high altitude or cold ambient temperature re-
quires less compressor work and consequently more power output
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when everything else remains the same. The compressor outlet
temperature T2 can be calculated from Eq, (1-164).

k
T P
(_2) S A (22Y (1-166)
T, 7. {\P,

For more accurate calculation with variable specific heats, one
may use either the h—s diagram or the air table or gas table of
Keenan and Kaye.

1) h—s diagrvam. Point 1 is determined by the known values of
stagnation temperature T, and stagnation pressure P,. Read H,
from the h—s diagram for the corresponding value of T,. The
compressor outlet pressure P, (known value) and entropy s (going
vertically upwards for isentropic compression process) determines
point H,', and consequently determines H, from Eq. (1-163). With
H, and P, known, point 2 is determined. Therefore, T, becomes
known. The compressor work W. may then be calculated from
Eq. (1-61).

2) Air lable or gas table,

Point T h p, P

1 T, H, p, P,
2 Tq Ty Pz

a) T, and P, are given values. Read p, and H; from air table.
b) Since Py’ = Pz which is given, p,,, may be calculated from

c) Te' and Hs' are read from the air table from the known
value of p,,..

d) With the known compressor efficiency 7., H, may be cal-
culated from Eq. (1-163). Then T2 may be read from the air table
corresponding to Hg,

e) Compressor work W. may then be calculated from Eq.
(1-61).
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[1-11.3] Combustion and Burner Efficiency

Because of the very low value of fuel-air ratio (around 0.01 to
0.03) associated with the gas turbine or jet propulsion engine, con-
stant pressure combustion in the gas turbine or jet engine burner
may sometimes be approximated, for quick calculation purposes, by
constant pressure heating of air from combustion inlet temperature
T1 to combustion outlet temperature T,. If the thermodynamic
properties of fuel-air mixture (products of combustion) can be
approximated by the thermodynamic properties of hot air, the cal-
culation process can be greatly shortened. The error introduced is
usually in the order of 3 to 5 percent., Therefore, if we treat com-
bustion as heating, we have from Eq. (1-60) and from the h—s dia~
gram:

Q - Hz — Hy.

Heat supplied to the combustion chamber is @ which is equal to
fh* n,,» the product of fuel-air ratio f (pound of fuel consumed per
pound of air), heating value of the fuel »* (heat generated inBtu per
pound of fuel consumed), and combustion or burner efficiency 7#,.
For constant specific heats, we have

Q = fh*n, = cp(T2 - Ty (1-167)

Equation (1-167) gives the fuel-air ratio f required to raise stag-
nation temperature from T; to T2, the combustion chamber inlet
and outlet temperature, respectively,

For more accurate calculations, instead of using the hot air
approximation, thermodynamic properties of gases or combustion
products must be used. This can be done as follows,

[1-11.3.1] Combustion

f#fuel (hy)
A\ .
1#air— 1 _.1:(1 + f) # products of combustion
]
(Hy) + . (H3)
1 ]
@® @

Fig. 1-17

In Fig. 1-17, at Sec. (1) one pound of air enters at air tempera-
ture T; and f pound of fuel enters at fuel temperature T;. At Sec.
(2), (1 + N pound of products of combustionleaves at temperature T,.
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Between Secs. (1) and (2), chemical reactionof fuel with air results
in a release of @ Btu of heat which is equal to fh*r;b. Assuming no
heat loss to the outside, the energy equation gives:

Hy + fhe+ Q@ = (1 + PH,. (1-168)
Here

H, = stagnation enthalpy of entering air at temperature T
Btu/# air.

f = fuel-air ratio or pound of fuel per pound air,

h; = stagnation enthalpy of entering fuel at temperature T,
Btu/#-fuel.

@ = chemical heat released in combustion chamber = fh*r]b,
Btu/#fuel.,

h* = heating value of fuel, Btu/#fuel,

7, = combustion or burner efficiency.

H, = stagnation enthalpy of gas or products of combustion at
temperature T,, Btu/# products of combustion,

1?

For gas turbine or jet propulsion engine analysis, the fhy term
is usually very small in comparison with the H, and @ term, so it
could be neglected. (See analysis on page 110 when the fh; term is
not being neglected). Therefore, we have:

(1 + NHy -Hy = Q = fh*ny, (1-169)
or
1+ pHy - Hy
f= —g— (1-169a)
ko ny
or approximately
H, - H
fo_2 1 (1~169b)
h*nb

Here H, and H, as a function of temperature T, and T, and fuel air
ratio may be obtained directly from the gas table of Keenan and
Kaye.

On the other hand, Pinkel has produced a convenient burner or
combustion chart (Fig. 1-18) for easy use. Based on the required
stagnation temperature rise (T, - T and the burner outlet tem-
perature T,, one may read the effective fuel-air ratio n,f directly
from Fig. 1-18.
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Fig. 1-18 (After B. Pinkel and I..M, Karp, NACA TR 114).
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[1-11.4] Turbine Expansion and Turbine Work

For steady flow expansion, Eq. (1-61) gives:

Wiurbine = Wp = Hy - Hy. (1-61)
In Fig. 1-19, point 1 represents the thermodynamic state ahead of
the turbine (stagnation temperature T,, stagnation pressure P,,
and stagnation enthalpy H,). Vertical dotted line 1-2' represents
isentropic expansion (zero entropy change) between stagnation
pressures P, and P,, respectively, at turbine inlet and outlet. Due
to friction in actual expansion which causes anincrease of entropy,
actual expansion always follows the solid line 1-2. For the same
expansion from pressure P, to P, (which is equal to Pz'),less
energy or shaft work is delivered by the actual turbine expansion
than the ideal turbine expansion, Therefore, a turbine efficiency
np may be defined as:

actual turbine work wp or wp Hl - H,
Ip = : i = —. (1-170)
isentropic turbine work wn H, - Hy
i

For constant specific heats, Eq. (1-170) may be written as:

T T
¢, (T) = Ty Ty T
Np = - =

¢, (Ty = Ty . (Tzl

E

Py

k-1
k

(1-171)

From Eq. (1-61), actual turbine work per pound of air flow is
represented by the solid line 1-2 or

wp = Hy - H,.
For constant specific heats, one obtains from Eq. (1-171):

k=1

To Ps .
wp = cp{T) =Ty = cpT1|1 -{— = cpTinp |1 - —
T, Py

(1-172)
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Here turbine work is in terms of turbine inlet temperature T,
turbine efficiency 7,, and turbine expansion ratio (P,/P,). 1Itis
to be noted that for the same turbine expansion ratio and the same
turbine efficiency, the higher the turbine inlet temperature is, the
more the turbine work output, Therefore, it is always desirable
to raise turbine inlet temperature for higher specific power output.

The turbine outlet temperature T, can be calculated from
Eq. (1-171):

T P
~2) _ 1-gp|1-[22 . (1-173)

T, Py

For more accurate calculations with variable specific heats, one
may again either use h—s diagram or the air table.

1) h—s diagram. Point 1 is determined by the known values of
stagnation temperature T, and stagnation pressure P Read H,
from the h-s diagram for the corresponding value ¥T1 and P,,
In general, either turbine outlet stagnation pressure P, or turbine
work wp is known. If P, is known, one may determine H 'by going
vertically downward from H, until he hits the P, line (1sentroplc
expansion process) as shown in Fig. 1-19. With the turbine effi-
ciency 7y known, one may determine H, from Eq. (1-170). With
H, and P, known, point 2 is determined. Therefore T, becomes
known by reading directly from the h—s diagram. Turbine work
wp may then be calculated from Eq. (1-61) If, instead of P, being
known, wy i8 known, we may calculateH,'from Eq. (1-170), because
here wq (= - Hy) is known. Calculate H, from

Hy = Hy —wp = Hy - (H, - Hy. (1-174)

Once H, is known, T, may be obtained directly from the h—s
diagram,

2) Aiv table ov gas table

Point T h p, P
1 T, H, p, P 1

2' T_Z‘ H2 P, . P2.
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Fig. 1-19 Fig. 1-20

a) T, and P, are given values, Read p, and H, from the air
table or gas table (use the gas table of the correct fuel-air ratio
or interpolate between two fuel air ratios).

b) If P,(= Py ") is given, Pr, may be calculated from

) G
prl P 1‘

c) T,' and H,' are read from the air table or gas table from
known values of Pr

d) With the kdown value of turbine efficiency 7np, H, may be
calculated from Eq. (1-170). Then T, may be read from the air
table or gas table corresponding to H,.

e) Turbine work w; may then be calculated from Eq. (1-61).

If, instead of P, being known,w,pisknown, we start from step (b)
as follows:

Point T h p, P
1 T, H, p, P,

2" T,

a) Same as step (a) above.
b ) Calculate H, from Eq. (1—170)
¢ ) Read corresponding T, and 2% from the air table or gas

table, Calculate P, from
( prl) ( 1)
p,z' Py’
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d) Since P, - P,, write P, down in the table. Calculate H,
from Eq. (1-174). Read T, from the air table or gas table.

One is to be cautioned here that since the enthalpy of the gas
table is made on the basis of one pound-mole of gas, one should
always transfer the enthalpy from one pound-mole basis to one
pound basis by dividing the enthalpy H of the gas table by the
molecular weight R of the gas,

[1-11.5] Nozzle Expansion and Nozzle Efficiency

The nozzle is used to expand high pressure gas into high velocity
stream in order to produce thrust. InFig,1-20, point 1 represents
the inlet state, i.e., the stagnation pressure P, and stagnation tem-
perature T, of the nozzle inlet. For anisentropic expansion (where
s = constant), P, expands vertically down to the static pressure
p2' (which is usually the ambient or exhaust pressure). However,
due to friction, nozzle expansion always follows solid line 1-2 in-
stead of the ideal case, dotted line, 1-2', Therefore, a nozzle effi-
ciency 7y may be defined as;

7 iy = ks (1-175)
N = o, - =
Hy - hy
For constant specific heats,
t t
1-(2 1.2
cp(Ty - Ty T, T,
N = = =
N cp(Ty - Ty) £ E-1
1.2 Ak
Ty R
Py
(1-175a)
ty
1-(-=2
B -1
> k
1-[2
P

The exhaust temperature :, may be calculated now as
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k=1
to P2\ *
IR I T D : (1-176)
T, P,

From Eq. (1-59), nozzle exit or jet velocity V; may be determined
from the actual enthalpy drop from stagnatlon pressure P, to static
pressure p, (which is equal to p, ). Applying Edq. (1-59) in this
case, we have:

V.2
Hy - hy = —— = ny(H; - hy'). (1-177)
2gJ

For constant specific heats, we may write Eq. (1-177) to:

V.2
J ) ]
—— = Hy - hy = (Hy - hy ) = c (Ty = to)
2] 1 2 LMNES 2 INCp ' 2
k-1
1] 1] k
Pa
= v Ty 1=\ —) | = wepTi |-\ 5
1 P,
k-1
Py k
= ngye, Ty |1 - —
N¥p~1 P1
(1-178)
or
k-1
p k
2 . (1-178a)

%

2gJ cpTimy 1- 3
1

For more accurate calculation with variable specific heats, one
may again use the h—s diagram or air or gas table.
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1) Use of h—s diagram.

a) Point 1 is determined by the known value of the inlet stag-
nation pressure P, and stagnation temperature T,. Therefore, H,
can be read from the h—s diagram.

b) Point 2' is determined from p, and s (vertically down from
H,). Note py' = py = ambient pressure or exhaust pressure. Now
ko' may be read.

c) From nozzle efficiency ny and k,),one may determine h, from
Eq. (1-175):

Hy - hy

N o= v (1-175)
d) Calculate V]. from Eq. (1-59):

V_jz - H, - h (1-179)

229 17

2) Use of air table ov gas table

Point T h P, p

1 T, H_l Pr, P,

a) From T,, read the corresponding H, and Pr, from the air

table or gas table,
b) Since 1 to 2' is isentropic, one may calculate p,z'from

remembering that py' is equal to p; by definition.
c) Read corresponding ¢,' and iy’ from the airtable or gas table
at p, '
df Calculate hy, from Eq. (1-175):
Hy - hy
(1-175)

N = —————.
Hy - hy
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e) Calculate V; from Eq. (1-59):

V2
7
—— =Hy - hy

- (1-179)
2gJ

[1-12] VARIATIONS OF BASIC GAS TURBINE OR
JET ENGINE CYCLES

Bagic gas turbine or jet propulsion cycle consists of (1) ram
compression, (2) compressor compression, (3) combustion or heat
addition, (4) turbine expansion, and (5) nozzle expansion. The unit
process of (1), (2), (3), (4), and (5) was given in the previous section
(1-11). However, basic gas turbine or jet engine cycle may be
modified by the addition of (1) intercooling, (2) reheat, (3) regen-
eration, (4) after-burning, and (5) water injection. The following
sections will be used to describe these unit processes.

[1-12.1) Intercooling

As mentioned in Sec, 1-11.2, the compressor work is reduced
when the compressor inlet temperature is reduced. Therefore, an
intercooling process sometimes may be used in order to reduce
the compressor work. This situation can best be seen through the
h-s diagram (Fig. 1-21), For example, instead of compressor
compression from P, directly to P, which requires a compressor
work (Hy - H,), one may first compress the air to an intermediate
pressure P, (at enthalpy H, and temperature T,) and then cool the
T, temperature back down fo T, by a perfect mterstage air cooler
before compressing it again from the intermediate pressure P, to
the final required pressure Py, From Fig. 1-16 the compressor
work w_, for compression from P, to P, is (H, - H,).,and the com~
pressor 'work we, for compress1on from P, to P, a_fter cooling T,
to T, is (H, - H,)., Therefore, the total compressor work is

w, =w, +w, =H, -H)+H, -H

C c
€2

which, from the h—s diagram, is obviously less thanw. = Ha - Hj.
It may also be proved numerically from the analytical expression
as follows:
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k-1 k-1 k-1
k k k
c, T{1/P c.T,|/P c. T,{/P

1 1 2
P (2 1) s 2= -1+ 22 -1

M P 1 Me Pl Te P a
Compressor work of one-stage com- Compressor work of two stage com-
sion without intercooling. pression with intercooling. Here P,

could be any intermediate pressure
between P and P).

Each value of P, will yield one value of total compressor work.
The minimum total compressor work may be obtained by differ-
entiating the total compressor work with respect to P, and setting
the result equal to zero.* This condition gives:

or

(1-180)

In other words, Eq. (1-180) saysthatdividingthe two-stage into two
equal pressure ratios yields the minimum total compressor work
which is equal to:

E-1 B-1

k k
c T P c T P
wc +wC = p 1 _g -1 + p 1 —2 -1
! 2 Me Pl Me Pa

(1-181)

*Instead of intercooling for minimum compressor work which occurs as P, = /PP, ,
one may obtain P, for maximum cycle efficiency by differentiating cycle efficiency with

respect to P,
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Therefore, the decrease of compressor work due to intercooling is
equal to

(1-182)

Similarly, instead of two-stage compression with one intercooling
in between the two stages, one may use three-stage compression
with two intercooling for further reduction of compressor work

(Fig, 1-22). One may likewise find that minimum compressor work
occurs at

P P P P
b 2 32
S o2 =2 ) - 4)-2. (1-183)
P, P, P, P,
The decrease of compressor work is
Aw, = w, - (wcl + wc2 + wca)
-1 -
k , 3k
_ cp’I‘1 E 4l 3cpT1 E 1
1. |\F1 e Py
(1-184)

Similarly, for n stage compression, at each stage compression
ratio of ‘”/(Pz/Pl) , with (n - 1) intercooling, the decrease of

compressor work is
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(1-185)

The ultimate case is the infinite stage compressor compression
with infinite intercooling or the case of isothermal compression
(Fig. 1-23). In the ultimate case of isothermal compression, the
decrease of compressor work is

-1 - RTIn| —
P

(1-186)
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Here

PZ
w = RTInf —]. (1-186a)

isothermal Pl

In the actual case, perfect intercooling to temperature T, can never
be achieved, because it requires an intercooler with an infinite
cooling surface. Therefore, an intercooler effectiveness may be
defined as:

H,-H,
o= —. (1-187)
H, - H,
For constant specific heats, it reduces to:
T,-T,
o= — or T, = T,(1 =) + o Ty.
Ta - Tl
(1-187a)

Consequently, the total compressor work for a two~stage compres-
sion, at equal compression ratio VP,/P; at the same 7., with an

intercooler of effectiveness 7, is w, + w, .
1 2

But
E-1
AR A
w, = 2|2 -1]. (1-181)
! Me Pl
From Eq. (1~166) we have
E-1
1 P2 2k
T, =T, <1+ —[[= -1 (1-166)
Ne Pl
and from Eq. (1~187a) we have
Ty, = T, -~ + 7T,
. 1-188
2 -
1| P2\ * ( )
=T {1+ —|| — -1 T -n) +7qT,
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c

We, may be calculated from Eq. (1-165);

-1
2k
Tyl P2
w, = S -1
2 Me Pl
S E~1 E-1
¢ P 2k P 2k
S el 222 Sl acpeqr)|( 2] -1
Me ? 1. \P1 P,

(1-189)

Therefore, the total compressor work becomes w:; + wc,. The
total compressor work is again in terms of compressor inlet
temperature T,, compressor efficiency 7., total compression
ratio (P,/P;) and intercooler effectiveness 7;. Because of the
size and weight of intercooler and pressure drop through the
intercooler, thermodynamic trade-off study must be made for
application of intercooling process. For variable specific heat
calculations, the process described in Sec. 1-11.2 may be used
for each stage compression, while Eq. (1~187) should be used in
conjunction with the air table or h—s diagram for temperature drop
through the intercooler such as from (T, to T,).

[1-12.2] Reheat

As mentioned in Sec, 1-11.4, the turbine workis increased when
the turbine inlet temperature is increased, Therefore, reheat
process sometimes may be used in order to increase the turbine
work. Reheat between turbine stages is similar to intercooling
between compressor stages. One is for reducing compressor work,
while the other is for increasing turbine work. This situation can
again be seen through k-s diagram (Fig, 1-24). For example,
instead of turbine expansion from P, directly to P, which delivers
a turbine work of (H; - Hy), one may first expand the gas to an
intermediate pressure P, (at enthalpy H, and temperature T ), and
then heat the T, temperature back up to T,, as shown in Fig, 1-24,
by a reheater (interstage burner) before expanding it again from
the intermediate pressure P, to the final pressure P,. From
Fig. 1-24, the turbine work wy for expansion from P, to P, is
(H, - Hp; and the turbine workwTﬁor expansionfrom P, to P, after
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reheating T, back up to T, is (H; - H). Therefore, the total
turbine work is

wp +wp = Hy—Hp) + Hy ~H) (1-190)

which, from the h—s diagram, is obviously more than wy = H; - H,.
Or it may be proved numerically from analytical expression as
follows:

-1 -1 k-1
P,\ * P\ * P,\ *
cpTlnT 1-f{—= <CpTl77T 1 | — +cpT177T 1-{ =
1 1 Pa
Turbine work without reheat. Turbine work with reheat. Here P,

could be any intermediate pressure
between P and Pj.

Each value of P, will yield one value of total turbine work. The
maximum total turbine work may be obtained by differentiating
the total turbine work with respect to P, and setting the result
equal to zero.* This condition gives

P, P
— === (1-191)
Pa PZ
or

1
P, P,\?
— ==} (1-192)
Pa Pl

Dividing the two stages into equal expansionratiosyields the maxi-
mum total turbine work which is equal to

k-1
PZ 2k
= 2¢ T 1 - — . -193
le + sz c, Tyl P, (1-193)

*Instead of reheat for maximum turbine work which occurs at P, = \/P; P, one may
obtain P, for maximum cycle efficiency by differentiating cycle efficiency with respect
toPg.



96 Jet, Rocket, Nuclear, Ion and Electric Propulsion

Therefore the increase of turbine work due to reheat is equal to

Awp = (le + wT2>— wp

(1-194)

Similarly, instead of two-stage expansion with one reheat, one may
usge a three-stage expansion with two reheat for further increase of

turbine work. One may -similarly find the maximum turbine work
occurs at:

1
P P P P\
1 1
LA Y LA Y B Y B (1~195)
P, P, Py P,
The increase of turbine work is
A = _
wT (le + sz + wT3> wT
k-1 k-1
P2 3k P2 k
= 3c,Tynp |1 - — =le,Tynp |1 - —
P, 1
(1-196)

Similarly, for n stage expansion with (n - 1) reheat, the increase
of turbine work is

k-1 k-1

an P2 k

Awp = ne Tinp |1 - [ -2 —c Ty |1 -2
T p  1iT P, p' 1T P,

(1-197)
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The ultimate case is the infinite stage expansion with infinite reheat
or the ultimate case of isothermal expansion. In the case of iso~
thermal expansion, the increase of turbine work is

P, P,\ *
Awp = RTIn 7] cpTiny 1 -
2 1

(1-198)

Here

wp = R T In(P,/Py) (1-198a)
1sotherma
So far as the combustion or heating processof reheat is concerned,
the unit process already described in Sec. 1-11.3 should be applied
for accuracy. (Also see Sec. 1-12.4,) For isothermal reheat, the
amount of heat added @ is equal to R TIn(Py/Py. Q = n,fh* =
R T In(P,/P,). Because of the size and weight of the reheater and
the pressure drop through the reheater; trade-off study must be
made for actual application of the reheat process.
For variable specific heats calculations, the methods already

described in Sec. 1-11.4 could be applied to each stage of turbine
expansion. No further discussion is really needed here.

[1-12.3] Regeneration

The energy contained in the exhaust gas in the form of heat can
be recuperated into the incoming air of the combustion chamber in
order to save part of the fuel which would otherwise be required,
if no regeneration exists, as showninFig, 1-25, Figure 1-25 shows
that fuel energy required is H3 — Hg with regeneration compared
with Hy — H, without regeneration. An ideal regeneration with in-
finite heat transfer surface can raise the burner air temperature
from state 2 to state 6', the state of the exhaust inlet into regenera-
tor. However, the actual regenerator (size and pressure loss, etc.)
usually limits the air temperature from state 2 to state 6. There-
fore, a regenerator effectiveness can be defined as:

H. -H H. -H
6 2 2

7, = I . (1-199)
Hg - H,  H, - Hy

When H,, H, and 7, are known, Hg may be calculated.
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(1 + f2) — —(1 + f4)
Tz T4

Fig. 1-25 Fig. 1-26
For constant specific heats, it reduces to:
Te-Ty Tg-T,

n, = = . (1-200)
Tgo~Ty Tq-T,g

When T,, T, and n, are known, T; may be calculated, The tem-
perature of the exhaust gas leaving the regenerator into the
nozzle may be determined by energy balance i.e.,

Hg - Hy
+

[1-12.4] After-burning

Turbine inlet temperature is usually limited by present metal-
lurgical knowledge on turbine materials, The tail-pipe-burning
method of thrust augmentation, or afterburning as it is sometimes
designated, consists of introducing and burning fuel between the
turbine and the exhaust nozzle of the engine. The increased tem-
perature of the exhaust gases thus produced results in an increase
in the jet velocity and hence an increase in the thrust,

When combustion occurs in a reheating burner or afterburner,
the gas entering the combustion chamber is the product of a pre-~
vious combustion. From Fig, 1-26,we can see that the temperature
T, and the fuel-air ratio 7,f, at the inlet of the afterburner are
known. These values can be used with Fig. 1-18 to obtain a ficti-
tious initial temperature that would exist in a combustion chamber
whose exit conditions are the same as the inlet conditions T, and
n,fy of the afterburner. If the temperature at the exit from this
theoretical combustion chamber is increased, Fig. 1-18 gives the
new value of 7,f, required to reach the new exit temperature T,.
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The difference between these two fuel-air ratios 7,fy - n,fy =
ny{f4 = fo) is the amount of fuel ideally required to change(l + f;)
pounds of gas from the state at the inlet of the afterburner to
(1 + f,) pounds of gas at the required temperature at the exit from
the afterburner. The total actual fuel-air ratio at this point 4 is
expressed as (use different 7, value, if they are not equal)

1 (fg = f2)
fo = fop 4 bt 02
MA.B.

Here
a8, = After-burning efficiency.

A similar principle can be applied for the use of the gas table for
afterburning,

[1-12.5] Water Injection

One method of augmenting the specific thrustof turbojet engines
is to inject water or a nonfreezing mixture of water and alcohol
into the air entering the compressor of the engine. The evapora-
tion of this injected liquid extracts heat from the air and results,
for the same compressor work input, in a higher compressor
pressure ratio, This increased pressure ratio is reflected through-
out the engine and increases both the mass flow of gases through
the engine and the exhaust-jet velocity; both factors increase the
specific thrust produced by the engine. An analysis of the evapo-
rative cooling process can be conveniently divided into two phases:
(1) the cooling occurring at constant pressure before the air enters
the compressor, and (2) the additional cooling associated with
further evaporation during the mechanical compression process.
A specialized psychrometric chart by Wilcox and Trout that per-
mits calculation of the first phase of the constant-pressure evapo-
ration process and a Mollier diagram for air saturated with water
vapor that permits calculation of the second phase of evaporation
during compression are presented here,

The following numerical example is presented to illustrate the
method of using the psychometric chart and the Mollier diagram
to calculate the compressor-outlet conditions for a saturated
compression process. Assume that a compressor having an
adiabatic efficiency 7, of 0.80 and imparting an enthalpy rise we,
of 80 Btu per pound of air to the working fluid is operated with
sufficient water injected at the compressor inlet to maintain
saturation at all times, Further, assume that the inlet air has
a relative humidity ¢ of 0.50 at a temperature T, of 530° R and a
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pressure P, of 14.7 pounds per square inch and that it is desired
to find the compressor outlet pressure P,, outlet temperature T,
outlet water vapor-air ratio X,, and the amount of water evapora-
ted during the process. .

The conditions at the compressor inlet after saturation can be
obtained from the psychrometric chart (Fig. 1-27). For the initial
condition of ambient relative humidity ¢ of 0.50, temperature T, of
530° R, and pressure P, of 14.7 pounds per square inch, the water
vapor-air ratio X, is 0.0077 and the enthalpy H_  is 100 Btu per
pound of air. After saturationatconstant pressure,from Fig. 1-27,
the temperature T, is 519° R, the water vapor-air ratio X, is 0.0186,
and the enthalpy H, is 100 Btu per pound of air,

Fig. 1- 27 (After E. C. Wilcox & A. M. Trout, NACA TR 1006).

From the Mollier diagram (Fig. 1-28), for a temperature T,
of 519°R and a pressure P, of 14.7 pounds per square inch, the
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entropy S, is 0.10 Btu/(Ib.air) (° R). By increasing the enthalpy
at constant entropy by an amount equal to the ideal work of com~-
pression, the actual pressure at the compressor outlet may be
read from the diagram. The ideal work of compression is

w, =1, w, = 0.80x80 = 64(Btu/lb. air)

and

Hyo = H + w, = 100 + 64 = 164(Btu/1b. air.
The value of pressure read from the diagram at an enthalpy of
164 Btu per pound of air and anentropy of 0.10 Btu/(lb, air) (° R) is

P, = 70.7 (b./0").

The enthalpy at the compressor outlet is equal to the enthalpy at
the inlet plus the actual enthalpy change, or

Hy = Hy +w, = 100 + 80 = 180 (Btu/Ib. air.

From the Mollier diagram, at a pressure of 70.7 pounds per square
inch and an enthalpy of 180 Btu per pound of air, the values of
temperature and water vapor-air ratio at the compressor outlet
are

T, = 630°R and X, = 0.0583.
The amount of water evaporated is
Xy - Xg = (X; = X + (Xg = X;) =.0029 + 0.0477 = 0.0506 (1bH,0/1b. air).

The amount of water vapor represented by (X 1 — Xy is that evap~-
orated at the inlet prior to compression and the amount (X, - Xy
represents that water evaporated during the mechanical compres-
sion process.

The fuel-air ratio f required for a given temperature rise is
approximately the same as obtained when the air-water mixture
is treated as pure air, However, since the thermodynamic
properties of c¢;, k and R are changed slightly by the presence of
water vapor, the modified values of ¢p, k, and R sometimes may
be used in the turbine expansion and jet nozzle expansion equa-
tions. The small corner chart in Fig, 1-28 gives such change of
thermodynamic properties at 1650°R. Although the actual values
of cp and k vary with temperature, the values given in Fig. 1-28
can be used for appreciable temperature range with neglibible
error because of the compensating manner in which ¢, and
k enter the equations for an expansion process.
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Fig. 1-28 (After E. C. Wilcox and A. M. Trout, NACA TR 1006).
[1-12.6] Pressure Loss in Various Components

1) Buvner pressure loss. Burner momentum pressure losscan
be calculated through Eq. (1-148a). However, for most applications
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of gas turbine or jet engines calculations, arepresentative value of
3% of the burner inlet total pressure loss could be assumed, without
the necessity of going through the calculations,

2) Intevcooler, reheater, and vegeneratoy pressuve loss. Calcu~
lation of pressure loss in intercooler, reheater and regenerator
depends on their respective configurations, Without a specific con~
figuration, one may assume a loss of 3to 5% of inlet total pressure
in each component, It is to be remembered here that although total
pressure is lost, total enthalpy always remains the same, For this
reason, the thermodynamic states of ‘‘with?? and ¢‘without?’ pressure
loss are always ‘‘at the same enthalpy H’. We will see the horizon-
tal shift to a lower pressure line at the same enthalpy H (for actual
intercooler, burner, reheater, regenerator, etc.) on all h—s diagrams
with pressure losses.

[1-13.1] Output, Input and Thermal Efficiency

The net output w_ ., of a gas turbine engine per pound of working
fluid (air) isequal to the difference between summation of all turbine
work wy and summation of all compressor work w,, i.e.,

Woet = L+ Nwp —w,. (1~-202)
Here f is the actual amount of fuel flow per pound of air flow.
Since the energy input to the engine is equal to 7, fr*, the thermal
efficiency n becomes

Whet

Output
= —— = . 1-203
Input m* ( )

[1-13.2] Jet Thrust

Jet thrust F., which is equal to the change in momentum of air
passing through the engine, canbe expressed, for nozzle of complete

expansion, as:
F.
1+ 1
) - (2 L, - 2 v (1-204)
W, g g

and, for nozzle of partial expansion, as:

w g 4

a

F.
1 1
<_]> _i+f V,o+A, (b, -p) - =V, (1-205)
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Here
F, = Jet thrust in pounds
W, = Air flow in pounds per second
F.
W—J = Jet thrust per unit weight of working fluid (air)

a

f = Total fuel~air ratio of the engine, #fuel/#air

V,; = Jet velocity by complete expansion to ambient pressure p _,
in ft, per second.

V, = Aircraft speed, in ft. per second.
g = Gravity constant = 32.2 ft./sec2,

V., = Jet velocity at nozzle exit for a partial expansion nozzle,
in ft./sec.

A, = Exit area of partial expansion nozzle in ft2,

p. = Static pressure at nozzle exit of partial expansion nozzle
in 1b./ft2.

p, = Ambient pressure in lb./ft2,

[1-13.3] Propeller Thrust

The thrust horsepower THP, of a propeller is equal to propeller-
turbine’s brake-horsepower BHP , times propeller and reduction gear
efficiency 7,; namely,

THP, = 7, BHP,. (1-206)

The thrust horsepower THP, is equal to:

Propeller Thrust F Airplane Velocity V|
HP - ¥ p TP Y0 (1-207)

P 550

therefore, the propeller thrust F, can be written as:

550 7, BHP,
Py

and

F 550 n,(BHP /W)
<_p> IR Dl . (1-208)

Wa v,

It is to be remembered here that the driving thrust for aircraft
powered by turbine~propeller engine is developed mainly by the
propeller thrust F, plus an augmented jet thrust F; from the
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exhaust gases. Therefore, the total thrust F of a turbine-propeller

engine is equal tos:
F Fp F;
— == )t{=) 1-209
< Waq > ( Wa> <Wa ( )

[1-13.4] Specific Fuel Consumption

1) Thrust specific fuel consumption (T.S.F.C.)for jet propulsion
engines is defined as the quotient of fuel flow (in pounds per hours)
and thrust. It gives the fuel consumption in pounds per hour per
pound of jet thrust produced. It can be expressed as:

3600 f
(Fj/W)

T.S.F.C. =

(1-210)

2) Brake specific fuel consumption (B.S.¥.C,) of gasturbine en~
gine is defined as the fuel consumption in pounds per hour per net
brake horsepower output BHP of the engine.

3600/ 3600 f

BS.F.C. - . _
(BHP/W,) Wt (778/550) (1-211)
Substituting Eq. (1~-203) into Eq. (1-211), one obtains:
BS.F.C. - (200 x550)(1) (1-212)
781 )\ 7

Therefore, the higher the thermal efficiency, the lower the B.S.F.C.;
one is inversely proportional to the other.

[1-14] VARIATIONS OF GAS TURBINE CYCLE AND TURBOJET CYCLE
BY GAS TABLE METHOD

In order to give two typical numerical examples for illustration
of the previously discussed unit processes, the gas table method
was chosen for simplicity and convenience. Two examples will be
given, one for the basic gas turbine cycle and one for the basic
turbojet cycle.

[1-14.1] Gas Table

Thermodynamic calculations based on ideal or perfect gas with
constant specific heats usually results in some errors when
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temperature increases involved are large., To eliminate the
use of variable specific heat equations for each individual cal-
culation, Keenan and Kaye have tabulated in the book, Gas Table,
the properties of air and certain combustion gas mixtures against
temperature, A brief description of the derivation and the use of
some of the tables are presented here.

The properties of gas given in Gas Table are based on the
assumption that the specific heats, consequently the internal
energy E and enthalpy H, are functions of temperature T and
temperature T only. Hence, the presentation of these properties
consists of a table with the single argument, temperature T. The
base temperature T,, for which enthalpy H is zero, is taken to be
zero on the Rankine temperature scale. Entropiescannot simply be
presented with temperature T alone as an argument, since en-
tropy is a function of pressure P as well as temperature T, From
Eq. (1-23) and (1-24), if the base temperature T, for which the
entropy is zero is taken as zero on the Rankine temperature scale,
one obtains:

S f g ()

(1-213)

so change of entropy between any two states, say states 1 and 2,
can be expressed as:

T, PZ
Sy — 8§ = Cp ——-Rln—.
0 Py

The quantity

(1-214)

T
b = / c, && (1-215)
0 T

is given in the gas table as a function of temperature. The change
of entropy now may be written as:

P
Sy~ 8 = ¢y - - R 1n<P—f> (1-216)

where the value of ¢ is obtained directly from the gas table and
the quantity R In(P3/P;) is computed.
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For an isentropic process, one has:

T
(2 =l/ cp & (1-23)
P() RJo T
p T
() = (2 2_1/ c, T (1-55)
Yy p RJo T

from which it is seen that ratios (P/Py) and (v/vyy) are a function of
temperature only, The ratio (P/Pgy) = p, is called the relative
pressure, and the ratio (v/yy = v, is called the relative volume,
They are given in the gas table as functions of temperature T only.

From Eqgs. (1~23) and (1-55), one sees that the ratios (P{/P2)
and (v,/vy) corresponding to the temperatures T, and Tg, respec-
tively, along a particular isentropic process, are equal to the
relative pressures P,, and P,, and the ratioof the relative volumes

vr, and vr,, respectively, or

Py P,
1 - (1-217)
Py S = Const. P’Z
v Ur,
— =-{—). (1-218)
V2 s =Const. Ury

The gas table consists of six columns., The first column gives
the temperature on the Rankine scale, The following columns
give the corresponding values of enthalpy k4 in Btu/lb~m, relative
pressure, internal energy (Btu/lb~m), relative volume, and the
quantity ¢ in Btu/lb-m° R, inthatorder. The following two examples
illustrate the use of the gas table. They are taken directly from
the text of Gas Table by Keenan and Kaye.

[1-14.2] Example 1: Gas Turbine Analysis

Air is compressed isentropically in steady flow from 1 atm and
50 F abs to 5 atm. Liquid octane at 520 F abs is introduced into the
stream of compressed air at such a rate that the resultant mixture
contains 300% theoretical air. The octane burns completely at
constant pressure, and the products of combustion expand isen-
tropically to 1 atm. Find the efficiency.
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1) Compressor compression. Let subscripts 1 and 2 refer to
states at inlet and outlet of the compressor, respectively, Then
from Table 1 of Keenan and Kaye we have

Ty = 520°R, hy = 124.27, P, = 1.2147
P, = 2 x 1.2147 - 6.074, Ty - 82L6°R, hy - 197.07
1
Table 1-A. States in the Gas Turbine (Fig. 1-29)
Gas Table T h 3 P
Stat,
© Number F abs Btuw/lb Btu/1b-mole P, atm
1 1 520 124.27* 3,600.1* 1.2147 1
2 1 821.6 197.07* 5,709.1* 6.074 5
3 4,7 794.7 192.23* 5,660.2 5
4 4,17 2,308.9 609.71 17,610.4 365.4 5
5 4,17 1,568.6 397.41 11,478.3 73.08 1

*Base state is a fuel-air mixture. Where values of these properties are not so marked,
the base state is a mixture of air and products of complete combustion.

2) Mixing. Application of the first law of Thermodynamics to
the adiabatic process of mixing liquid octane and air shows that
the enthalpy of the resultant air-fuel mixture is equal to the sum
of the enthalpies of the air and the fuel before mixing. To evaluate
the temperature of the mixture of air and octane vapor, a common
base state is selected from which the enthalpies of the mixture and
of the components may be reckoned.

In Gas Table 1 of Keenan and Kaye, the enthalpy of air is zero
at 0° F abs. Using an analogous convention, we may fix the enthalpy
of octane vapor at zero at 0° F abs. Data relative to this base have
been published by the Bureau of Standards for hydrocarbons. The
enthalpy of liquid octane as obtained from these data is given with
satisfactory precision over a range of temperatures centering on
500 F abs by the equation

= 05T - 287 BTU/#

where h; denotes the enthalpy of a pound of liquid octane at the
temperature T°F abs. The effect of pressure on enthalpy may be
safely ignored in problems involving combustion,

The theoretical fuel-air ratio for octane (CgHig) is 0.06621
based on the composition of air used in constructing Gas Table 1
of Keenan and Kaye. Then for 300% theoretical air, each pound of
fuel-air mixture contains 0,0216 Ib. of fuel and 0.9784 Ib, of air,
The enthalpy of each pound of liquid fuel at 520 F abs based on
vapor at 0° F abs is

= 0.5 x 520 - 287 = -27 BTU/lb.
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Fig. 1-29

The enthalpy of the fuel-air mixture based on a state having the
same chemical aggregation is then

hg = 0.0216(-27) + 0.9784 x 197.07 = 192.23 BTU/lb

and
hs — 192.23 x 29.445 - 5660.2 BTU/lb-mole

where subscript 3 refers to the state immediately after mixing
and 29.445 is the molecular weight of the mixture, The tempera~
ture of this mixture is obtained by linear extrapolation, on the
basis of percent of theoretical fuel, with the aid of Gas Tables
4 and 7 of Keenan and Kaye. From Table B on page 206 of Gas
Table by Keenan and Kaye, a mixture of air and octane vapor for
28% theoretical fuel corresponds closely to a products table for
50% theoretical fuel. From the value of k3 we get from Table 7
of Keenan and Kaye, for 28% theoretical fuel, T3 = 797.8; from
Table 4 of Keenan and Kaye, for 14% theoretical fuel, T3 = 805,9.
Hence, for 33.33% theoretical fuel, we have, by extrapolation,

Ts = 7978 + 3333 = 2 7076 _ 805.9) = 794.7°R.
4

3) Combustion. Application of the first law to the process of
adiabatic combustion between states 3 and 4 (Fig. 1~-29) results
in the equation

hy = ha

where k3 and h4y represent the enthalpy per pound for reactants
and products of combustion, respectively. The base states for hg
and k4 must, of course, be the same.

The values of enthalpy used above in the calculation of the
mixing process are based on an enthalpy of zero for gaseous
reactants at 0°F abs. The values of enthalpy given in Tables 4
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and 7 of Keenan and Kaye, on the other hand, are based on enthalpy
of zero for gaseous products of combustion at 0° F abs, If the
enthalpy of the reactants is to be reckoned from this latter or
products base, the values on the reactants base must be augmented
by the increase in enthalpy when products at 0° F abs are changed
to reactants at 0° F abs, This quantity is the negative of the en-
thalpy of combustion at 0°F abs and is equal to the constant-
pressure ‘‘heat of combustion?’’ at 0° F abs.

For octane, the enthalpy of combustion per pound of fuel at
0°F abs, hgrp,, is constant over the range from 0 to 100% theo-
retical fuel and is given by

hrp, = hp, - kg, = -19,328 BTU/lb. of octone

where hp and hp, denote the enthalpy at 0° F abs of the reactants
and of the products, respectively, per pound of octane.

Values of the enthalpy per pound of reactants on the reactants
base must therefore be augmented by the negative of igp, multi-
plied by the fraction of a poundof octane in each pound of reactants,

that is, by
_ wrkrpy /1 hep
Wq + Wf 1+°f 0

where w; and w, denote the mass rate of fuel and air, respectively.
Hence, the enthalpy of the fuel-air mixture before combustion at
state 3, reckoned from the products base, is given by

hg = 192.23 + 0.0216 x 19,328 = 609.71 BTU/1b.
Since the enthalpies at states 3 and 4 are equal,
hy = 609.71 BTU/1b.

where hy is reckoned from the products base state, then

hy = 609.71 x 28.883 = 17,610.4 BTU/lb.-mole

where 28.883 is the molecular weight of the mixture found by inter-
polation from Table 9 of Keenan and Kaye. This value of k4 and a
table of enthalpies for products of combustion for 300% theoretical
air will yield the temperature at state 4 at the exit of the combus-
tion chamber, because there is no change in chemical aggregation
for such a mixture between the products base state and state 4.
Since, however, a table for products of combustion for 300%
theoretical fuel, between Tables 4 and 7 of Keenan and Kaye,
yields a value for the temperature as follows: from Table 4 of
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Keenan and Kaye for 25% theoretical fuel, T4 = 2322.5; from Table 7
of Keenan and Kaye for 50% theoretical fuel, T4 = 2281.7. Hence,
for 33.33% theoretical fuel, we get

Ty = 23225 + %?ﬁ‘—%(zzsw ~ 9392.5) = 2308.9°R.

0 -~ 25
Similarly, for the relative pressure at state 4, we get

p, = 361 + 33.35 - 25 (374.3 - 361) = 3654 .
4 5 5]

4) Expansion. For isentropic expansion from 5 atm to 1 atm,
we find the relative pressure at state 5 from that at state 4:

P, =D, - 73.08.

Cﬂlr—a

5 4

The temperature and enthalpy at state 5 are found by linear inter-
polation, with respect to the percentage of theoretical fuel, be-
tween Tables 4 and 7 of Keenan and Kaye. Thus for a value of
p, of 73.08, we get, from Table 4 of Keenan and Kaye for 25%
théoretical fuel, T5 = 1577.7; from Table 7 of Keenan and Kaye for

50% theoretical fuel, T5 = 1550.5. Hence, for 33.33% theoretical
fuel,

Ts = 1577.7 + 33.35 - 25 (1550.5 — 15.77.7) = 1568.6.
5

0 - 25
A similar calculation for 75 yields
hs = 397.41.
The shaft work of the turbine per pound of products is now

Wp = 609.71 - 397.41 = 212.30 BTU/Ib.

5) Pevformance. The shaft work of the compressor per pound
of products is (from Table 1-A):

W - <1 1 >(h2 — hy) = 0.9784 x 72.80 - 71.23 BTU/Ib.
+ f

The net work of the gas turbine per pound of products is

Wy = 212.3 - 71.2 = 141.1 BTU/Ib.
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since the work of compressing the liquid fuel is negligible. The
heating value of the fuel supplied may be taken to be

-( 1 >h* - ~.0216 (~19,256) = 415.9 BTU/Ib.
1+f

where 19,256 is an arbitrarily selected heat of combustion #* for
octane at 25C. The effieicney of the gas turbine is then

L

1" 159

The mixing and combustion processes may be combined and
analyzed as a single process between Secs. 1 and 2 on the one
hand, and Sec. 4 on the other., Then the values for Sec. 3 need
not be determined.

If the products of combustion were treated as air in this ex-
ample, the calculations for combustion and expansion would have
been greatly simplified. Table 1 of Keenan and Kaye would have
been used in place of Tables 4 and 7 of Keenan and Kaye; no con-
versions to molal quantities and no interpolation between these
tables would have been necessary. The temperature found at
state 4 would have been 2374 F abs, an error of 65 degrees, and
the efficiency would have been 0.349, an error of about 3%.

1-14.3 Example 2: Turbojet Analysis

A turbojet is to be designedfor a speed of 400 mph at an altitude
of 30,000 feet (Fig. 1-30). Air is diffused isentropically from a
relative velocity of 400 mph at Sec. 1, the entrance to the diffuser,
to zero velocity at Sec. 2, the exit of the diffuser. The air is then
compressed isentropically in steady flow through a fourfold increase
in pressure from Sec. 2 to Sec. 3. Liquid octane at 500 F abs is

Wqg h wo t wf
@

Combustion
Chamber

©

Diffuser Nozzle
Compressor Turbine

Fig. 1-30
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introduced into the stream of compressed air at such a rate that
the resultant homogeneous mixture at Sec. 4 contains 25% theo-
retical fuel. The octane burns completely at constant pressure,
and the products of combustion leave the combustion chamber at
Sec. 5. Next, the products expand isentropically through a turbine
to that pressure at Sec. 6 which results in equality of power output
from the turbine and power input to the compressor, Finally, the
products expand reversibly and adiabatically through a nozzle to
atmospheric pressure at Sec. 7.
Calculate the efficiency of the power plant. Solution.

Table 1-B. States in the Turbojet (Fig. 1-30)

State Gas Table T h h P p \%
Number F abs Btw/1b. Btu/lb.-mole r in. Hg ft./sec.
1 1 412 98.41 2,850.9 0.5386 8.88 586.7
2 1 440.73 105.28 3,050.1 0.6815 11.24 0
3 1 654.9 156.69 4,539.4 2.726 44.95 0
4 1, 4 640 153.54 4,502.7 44.95 0
5 4 1,832.3 468.26 13,534.5 133.86 44.95 0
6 4 1,651.1 417.69 12,072.8 87.70 29.45 0
7 4 1,215.8 300.40 8,682.8 26.45 8.88 2423.4

1) Diffusion. The air enters the diffuser with a velocity of
400 mph or 586.7 ft./sec., a temperature of 412 F abs, and a
pressure of 8,88 in,Hg. For zero exit velocity, application of
the first law results in

2 2
hy = Hy < by + L o841 4 986D - 105.28 BTU/Ib.
2g 2(32.174) (778.16)

where the numerical valuefor 4, isobtained from Table 1 of Keenan
and Kaye at T;. Table 1 of Keenan and Kaye at Hy now gives

Ty = 440.73R, p,, = 06815 and p, = 11.2.

These values are summarized here in Table 1-B of states of the
turbojet.

2) Compression. The work of isentropic compression in steady
flow is the increase inenthalpy across the compressor if the veloci~
ties are small, State 3 at the exit of the compressor is identified
through the relative pressure (Table 1) of Keenan and Kaye.

P, = 4p, - 4x 06815 = 2726,

3

Hence, T3 is 654.93° R and ks is 156.69Btu/1b, of air. The work of
compression is given by
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W, = hg - hy = 51.40 BTU/Ib. of air
3) Mixing and combustion,

The same technique is used here as
in Example 1, on the gas turbine analysis, The results are given

here in Table 1-B of the states of the turbojet.
4) Turbine expansion.

The equality of compressor power and
turbine power is given by

Wq + Wr
(hg - hg) = [————)(hg - hg) = (1 + f)(hs — hg)
Wa
where wy and w, denote the mass rate of flow of fuel and air, respec-
tively, and k¢ is the only unknown,
5) Nozzle expansion. For steady flow through the nozzle,
Vi = 2g(hg - hy) .

Since the nozzle expansionisisentropic, the relative pressure (from
Table 4) of Keenan and Kaye at the exit of the nozzle determines
state 7 as follows:

D7 P
b = by — — - 87.70 2356 38 g 45
Pg Pg 87.70 44.95

T; = 12158°R k7 = 300.4 BTU/Ib.
Hence the velocity V7 leaving the nozzle is

V7 = V50,073(417.69 - 300.4) = 2423.4 ft./sec.
6) Performance.

The thrust for a mass flow of one pound of
air per second is given by the momentum equation in the form

T 1+HAVy Vi

Wq g

g
The propulsive work for a mass flow of one pound of air per
second is

W T xVy
wa— we

The propulsive efficiency, the ratio of ‘the propulsive work to the
heating value of the fuel burned in the same period of time, is
given by

W/wq Vil + HVy - Vil
7 = -

(wi/we) (~hgp) gfh*

_ 586.7[(2423.4/0.9837) - 586.7] - 0.138
32.174[(0.01628,/0.9837) (19,256) (778.16)] '
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and Air-breathing Propulsion Systems
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Downey, California

[2-11 INTRODUCTION

Air-breathing propulsion systems include turbojet, turboprop,
ducted fan, ramjet, ducted rocket, nuclear jet, pulse jet, and their
many variations with intercooling, reheat, regeneration, after-
burning, and water injection. These air-breathing propulsion sys-
tems can best be analyzed through thermodynamic cycle analysis,
The fundamentals of thermodynamic cycle analysis were already
described in detail in Chapter 1 through the various unit processes
and through the two illustrative examples using the gas table.
However, in order to provide clarity in certain special cases when
such clarity is required, the application of the unit processes to
such propulsion systems will be given here, although detailed
procedures within each unit process will still be omitted (here
readers should refer to Chapter 1).

[2-2] SYMBOLS AND SKETCHES OF AIR-BREATHING PROPULSION
SYSTEMS

In analyzing gas turbine and jet propulsion engines, it is con-
venient to use the following sketch and symbol for each engine
component. In making calculations, it is always convenient to use
the unit processes basedonone pound of air flow per second through
the system. Subscripts ‘@’ and ‘‘i”’ indicate ‘‘actual’’ and ‘‘isen-
tropic’? process respectively. A number with a prime, such as
1', 2', 38", 4', etec., indicates the fictitious ‘‘isentropic’’ or ‘‘ideal?’
state of a gas, while a number without a prime such as 1, 2, 3, 4,

119
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etc., indicates the corresponding ‘‘actual’’ state of gas. Capital
letters such as T, P, p, H, indicate stagnation properties of the gas,
while small letters such as ¢, p, p, &, indicate static properties of

the gas.

Component

Sketch

Symbol

Associated Terminology
and Its Symbols

1. Diffuser
or
Inlet

e
N\

Diffuser efficiency
Hy' - hy
Npy = ————

P Hy - my

Diffuser total pressure

loss = (E)
p D

2. Compressor

Compression ratio
= C.R.
Compressor efficiency
=7
Compressor work
= W

C

c

3. Intercooler

Intercooler effective-
ness = 7,

Intercooler total
pressure loss

)

4. Combusion
Chamber
or Burner

Combustion efficiency
or burner
efficiency = un

Fuel air ratio = f

Combustion chamber

total pressure loss

. (aP
"\ P
B
Heating value of fuel
= h*
Heat supplied per
pound of gas = Q
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Associated Terminology

=

Component Sketch Symbol and Its Symbols
Turbine Expansion
Ratio = E.R.
Turbine efficiency
5. Turbine T =0y
Turbine work per
pound of gas = Wr
6. Reheater o
or B Same as burner
Burner
Regenerator effective-
ness = 7
7. Regenerator X Regenerator total
pressure loss
- (ﬁ)
P
x
8. After burner (@) B Same as burner
Nozzle efficiency
N =N
9. Nozzle or N Nozzle total pressure
Jet / AP
toss = (%)
N
P . .
10. Propeller or P ro;;eli}er efficiency
Ducted Fan —_—— F P
Fan efficiency = 7
RS
Primary Flow with
11. Rocket R subscript p

Secondary Flow with
subscript s

[2-3] GAS TURBINE CYCLES

Based on the above symbols and sketches, the following
representations may be made on various gas turbine engine
cycles,
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Pressure drop in burners, intercoolers, reheaters, regen-
ators, and after-burners is being neglected in the h-s diagrams
for simplicity of illustration of basic thermodynamic processes
involved. Dotted line indicates ¢‘‘isentropic,’”® while solid line
indicates ¢‘actual.”?

Unit process required to calculate from one state to the next
is indicated by the following symbols marked in the middle of each
process involved. Refer tothese processesin Chapter 1 for methods
of calculation.

Compressor compression, pp, 75-77
Intercooling, pp. 87-92
Combustion, pp. 78-80

Turbine expansion, pp. 81-84
Reheating (including the amount of fuel required for reheat
in the cycle analysis), pp. 92-95
Regeneration, pp. 95-96
After-burning, pp. 96~97

Water injection, pp. 97-100

Net work output Wy

Thermal efficiency and B.S.F.C.

-0 QO <
o nou

= ¥ o~
[V { I | I TR [

Woet = S[Wp(l 4 P -ZW,

Wnet
S f*

3600 X f

Wnet (E>
550

The results of thermodynamic cycle analysis were plotted in
Figs. 2-1 and 2-2. Figure 2-1 shows thermal efficiency and
B.S.F.C. (brake specific fuel consumption in fuel per hour per
brake horsepower) of various gas turbine engines versus com-
pression ratio, while Fig, 2-2 shows Net Work W, (in Btu/lb. air
per sec.) versus compression ratio. It is to be noticed that both
n and Wy curves in Figs, 2-1 and 2~-2 have peak values of 5 and
Wnet » Occurring at certain values of compression ratio. This
maximum thermal efficiency and maximum net work may be
obtained analytically in the case of constant specific heat analysis
by differentiating the thermal efficiency expression or net work
expression (which should be put in terms of compression ratio)
with respect to compression ratio and setting it equal to zero. For

example, for (CBT), systems, Fig. 2-3, the compressor work and
compressor exit temperature are, respectively:

B.S.F.C. =
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k-1 ?
P k
T2=T11+-1—<—2> -1 S

The amount of heat added is

Q = nfh" = cp(T3 ~ Ta)

k-1
P
=CpT3—cpT1 1+_1_(.._E> —~1
Me Pl
The turbine work is
k-1
W T 1 (P“ *
T = ¢, Tanp| 1 -\
v 3T P3
1
= CpT3TIT 1- P

(7)

Therefore, the net work and thermal efficiency become:
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k-
k
1 cpT1
Wnet = Wp - We =CPT37]T 1- ; _F [
k-

L _
eyTang |1 - 2 1 cpTl
Po\ *
L le
Q ko1

For constant T; (compressor inlet temperature), T3 (turbine inlet
temperature), 5, (compressor efficiency), 5, (turbine efficiency),
both Wy and n are in terms of compression ratio (P2/P1). When

differentiate W, , for example, withrespectto(P2/P1) and set equal

to zero, one obtains:

k
Py 7]c77TT3 2(k-1)
Py T (2-1)
€tmay,
1
1 Ty | fac1r T3 ?
Wnetpay, = CpTanr |1 - 1| T, T, | il

Me TITTB 2
Tl

It is to be noticed here that the maximum net work and maximum
thermal efficiency [consequently minimum specific fuel consump-~
tion; see Eq. (1-212)] occur at different compression ratios.
Maximum net work occurs at a lower compression ratio than

(2-2)
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maximum efficiency. Therefore, if a gas turbine is aimed at
maximum net work rather than thermal efficiency or fuel economy,
it should be designed in the neighborhood of (P,/P,)y, L. How-
ever, if it is aimed at maximum efficiency or fuel economy, it
should be designed at a high compression ratio near (P,/P,)

value. It is also to be noticed that because of the flat nature near
the peak value of W, and n, other factors such as weight, size,

and compressor stages, may affect the selection of optimum com-
pression ratio. Egs. (2-1) and (2-2) givethelocus of (P,/P )y

netmax,

and Wpet for other values of T3 or T;. Increase of turbine inlet

max.

temperature T3 or decrease of compressor inlet temperature T
increases both the W, and 5, and moves both (P2/P1)W and

Netmay,

(Pz/Pl),, toward a higher compression ratio. From Fig, 2-1,
one sees that use of regeneration increases thermal efficiency and
moves (PZ/Pl)n to a lower value. Although Fig, 2-2 shows that

max

Wpet is the same for systems with and without regeneration (be-

cause in this set of calculations, pressure losses through regen~
erators were neglected), actual systems with regeneration always
have less Wy than systems without regeneration, Addition of

intercooling or reheat or both tend to increase, in general, the
Wnet and 7, and tend to move (P,/P,) W and (P,/P,) toward

netmay, max.

high compression ratios, Increase of compressor efficiency 75, and

turbine efficiency 7 increases both W, and » and also moves

(Po/Pp) g, and (Py/Py) toward high compression ratios.
netmax_ netmax.

When n, = 1 and 5, = 1, the system becomes an isentropic sys-

tem, and Figs. 2-1 and 2-2 show that both thermal efficiency and

Wnet increase with compression ratio (except those regeneration

systems which approach the Carnot Cycle efficiency (T3 -T1)/T3).
Figure 2-1 shows that 7 increases continuously with compression

ratio, while W, still reaches a Wret,,, ata certain compression
ratio, beyond which W,.; decreasesevenfor the isentropic systems.

This situation can be seen for (CBT); from Wpey and n expressions.

When 7, =1 and 55 =1, Wpe and 7 expressions reduce to:
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k-1
W = cpT3 |1 - 1 - cpT sz -1
NET = Cp — oT1 o
Py *
Py
(2~3)
1
s o
Pz)* (2-4)
Py
Equation (2-3) has a maximum at (P,/P)) - (Tg/TpF/2%-D

Detmay,
(because turbine work approaches a fixed value for a given T3 while
compression work increases continuously), while Eq. (2-4) shows
n approaches 1 when (P3/P1) approaches infinity., A similar method
can be applied to other gas turbine systems shown in Figs. 2-1 and
2-2 for determination of compressor compression ratio where
Whet and n . - occur respectively.

max.

[2-4] AIR-BREATHING PROPULSION SYSTEMS: TURBOJET, TURBO-
PROP, DUCTED FAN, RAM JET AND DUCTED ROCKET

Based on the previously described symbols and sketches, the
following representations may be made of various air breathing
propulsion systems. Although many variations with intercooling,
reheat, regeneration after-burning and water injection may be
made to each ‘‘isentropic’’ and ‘‘actual’’ basic air breathing pro-
pulsion system similar to those already shown for the gas turbine
cycles, only a few typical ¢‘actual’’ cycles will be shown in the
following list as illustrative examples,
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In addition to those symbols already shown for gas turbine
cycles, the following which are involved in air breathing propulsion
systems are added here.

el

~.

b1

i1

ai
di1

ram compression, pp. 73-75

turbine expansion required to yield =W, = Z[(1 + W]
nozzle expansion and jet thrust, pp. 84-87

turbine expansion and propeller thrust, pp. 102-103
turbine expansion and turbine work available to drivefan =
WTF = ZUL+ W] - W,

fan compression work W._ to satisfy W.. = Wr_/W,,,
here W, is the airflow through fan, pp. 75-77

nozzle expansion for secondary air flow through fan and
fan jet thrust (remembering that W,, pound fan air flow
per pound of primary air flow), p. 101

ran compression for air flow through fan (W,, pounds)
combustion or heating of air flow through fan (W, ¢ pounds
secondary air flow for each pound of primary air flow)

The application of unit processes to the above jet propulsion cycles
shown in the table should be straight forward (by using the unit
process given in Chapter 1) except the following notes concerning
application to turboprop and ducted fan cycles.

Note on application of unit processes to Turbopvop cycles. As
pointed out in Chapter 1, the thrust Fof a turboprop consists of two
parts, i.e., the thrust from propeller F, and the thrust from the jet
exhaust F;.

Fig. 2-4

From Fig. 2-4, the turbine work Wr and turbine exit temperature
T4 are, respectively,

k-1

P4\ *
e =t - ()
3
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' k-1 )
Pg\ *
Tg = T3l - qnp |1 - (=

P3

2 )

The propeller work W, is

k-1
Pg\ *

Wp = A+ AWp -We = (14 flepTgnp |l - (= - We -
P3

The propeller shaft horsepower SHP, is

SHP,, :Wp><E X s

550

Here 75, is the mechanical efficiency of propeller-reduction gear.
The propeller thrust horsepower THP, is

718
THP, - n,SHP, = ‘2 o

n W .
P 559 PP

Here 7, = propeller efficiency. Since the propeller thrust F, is
defined by

F,oxV
p o
P =~

The propeller thrust F,is

550 THP, 118 7,7, W,
e Y,

k-1

778 P4\ *
= Tnpnm (1+f)cpT37]T 1—(P—3> - W,
o]

The jet thrust F; is (note from point 4 to point 5 of Fig. 2-4):
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E-1
1+f 1 1+ f po\ * 1
F.- —*ly _~v - 2¢J e, Ty (1 - (=2 L 7
J J g o g N P4 g °
therefore the total thrust of a turboprop is
E-1
Pg\ * 778
F=F, +F; = 1+ e, Tonp |l - |— - W, — N7,
P3 Vo
k-1 E-1
E
1+ f Py Py 1
+ 2gJc_nnTq(l — 1- 1-|— - =V,
g 5PN " <P3> <P4 g’

For a fixed turboprop design, each value of P4 will yield one value
of a total turboprop thrust. The maximum total turboprop thrust
may be obtained by differentiating the total thrust F with respect to
P4, and setting the result equal to zero. This condition gives

N

joptimum = Vo .
M7 M I

The optimum division of turboprop thrust between jet thrust and
propeller thrust for maximum total thrust occurs when jet velocity
V; equals to air plane velocity V, times (ny/npm,n,) . A simple
derlvatlon of the above expression may more easily be obtained
in the following way by dividing the total isentropic energy into
x and (c—x) as shown in Fig. 2-5,

Fig. 2-5
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From Fig. 2-5, the jet thrust becomes
1+f 1
F]- = —— V2glgyx - = V,.
g 4

The propeller thrust becomes

778
Fp = V— - 3(1 + f)(c —x)nT -Wcs.

o

The total thrust F becomes

Fo- (1;f>m—évo+$npnm 3(1+f)77T(c—x)—Wc%.
o

Differentiating F with respect to x and setting it equal to zero, one

obtains:
1
5 N 1%
x2 = ‘/‘_ %
2gJ npn,ny,
N
Vjoptimum = Vo .
T]T np T’m

Therefore, for all turboprop cycle analysis, the optimum thrust
distribution as given above isused. Similar derivationfor maximum
thrust may be obtained for turboprop cycle with and without inter-
cooling, reheat and/or regeneration.

Note on ducted fan cycle analysis. Referring to Fig. 2-6 and its
corresponding primary and secondary h—s diagrams, one may write:

or

Primary System

Fig. 2-6

The fan compression work per pound of air flow in the primary
system is

Wep = Wap(He - HD .

F



146 Jet, Rocket, Nuclear, Ion and Electric Propulsion

Here W.p = fan compression work per pound of air flow in the
primary system. W,, = secondary air flow in pounds per second
through the fan for each pound of air flow through the primary
system.

Hg
Hy

total enthalpy after fan
total enthalpy before fan

il

]

The turbine work available to drive the fan is
Wrp = (L+ OWp - We.

Here Wr, = turbine work available to drive the fan per pound of
air flow in the primary system

compression work in the primary system.
fuel air ratio in the primary system.

We
o

It is necessary that Wr, = W.. be satisfied, The primary jet
thrust F;, is

The secondary jet thrust F;_is

].+f 1
Fjs = f i Vjs—gvo} WaF'

| e

The total thrust per pound of primary air flow is

1+f 1 1+f 1
Fj = Fj, + Fj, = ( ngjp'EVo> +{ gsts—EVo Wap -

The specific thrust per pound of total air flow (both primary and
secondary) is

. Fj
Specific Thrust = .
1+ Wap

The fuel flow in pounds per hour is equal to

f, x 3600 x 1+ f, x 3600 x Way, .



Thermodynamic Cycle Analysis 147

The thrust specific fuel consumption (T.S.F.C.) is
f, x 3600 x fo x 3600 x Wqp

T.S.F.C. =
F;

It is to be noted that sometimes primary and secondary flow may
be mixed before exhaust through a common jet nozzle. In such
cases, equations of mixing as given on p. 65 to p. 73 may be used.
After mixing, the analysis can be made in the normal way.

[2-4.1] Turbojet Cycles

A schematic diagram of the turbojet engine consideredis shown
in Fig. 2-7, Air enters the inlet duct and passes to the compressor
inlet. The air is further compressed passing throughthe compres-
sor and enters the combustion chamber where fuel is injected and
burned. The products of combustion then pass through the turbine
nozzles and blades where an appreciable drop in pressure occurs
and finally are discharged rearwardly through the exhaust nozzle
to provide thrust.

Fig. 2-7 (After B. Pinkel and I. M. Karp, NACA TR 891).

Design-point engines. For the purpose of illustrating the
manner in which the thrust per unit mass rate of air flow and the
specific fuel consumption are influenced by compressor pressure
ratio, combustion-chamber-outlet temperature, flight speed, and
ambient-air temperature, the following fixed parameters are
assumed:

Compressor effieiency 7, 0.85
Turbine efficiency 7y 0.90
Combustion efficiency 7, 0,96
Exhaust-nozzle efficiency 7y 0,97

Heating value of fuel, »*, Btu/1b. 18,900
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(After B. Pinkel and I. M. Karp, NACA TR 891).

Fig. 2-8
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The specific fuel consumption and the thrust per unit mass rate
of air flow plotted against the compressor pressure ratio for
various values of combustion-chamber-outlet temperature are
shown in Fig. 2-8 for several combinations of ambient temperature
and airplane velocity. A line for compressor pressure ratios
giving maximum thrust per unit mass rate of air flow is also in-
cluded in the illustration,

It is shown in Fig, 2-8 that the minimum specific fuel con-
sumption occurs at a higher compressor pressure ratiothan maxi-
mum thrust per unit mass rate of air flow, When high thrust per
unit mass rate of air flow rather than low specific fuel consump-
tion is the primary consideration, it is apparent from Fig. 2-8 that
high combustion-chamber-~outlet temperatures should be used. High
thrust is the more important consideration in take-off, climb, and
maximum-~speed operation,

As the combustion-chamber~outlet temperature is increased
from the minimum value required to produce a thrust, the thrust
per unit mass rate of air flow increases and the specific fuel con-
sumption decreases until reaching the temperature giving minimum
specific fuel consumption., Increasing the temperature further
results in both increased thrust per unit mass rate of air flow and
specific fuel consumption,

Effect of turbine inlet temperatuve and compression vatio. In
general, an increase of turbine inlet temperature increases specific
thrust almost lineraly., The maximum specific thrust which can be
obtained at a certain turbine inlet temperature increases as the
turbine inlet temperature is increased. The maximum values are
obtained at higher compression ratios as turbine inlet temperature
is increased. At high compression ratios, the specific thrust falls
off rapidly for low turbine inlet temperature. The effect of increas-
ing turbine inlet temperature at any given compression ratio has
in general, the effect of increasing specific fuel consumption.

Effect of compressov and turbine efficiency. An increase of
compressor and turbine efficiency increases the specific thrust
and decreases specific fuel consumption, Both the maximum spe-
cific thrust point and minimum specific fuel consumption point
move toward high compression ratio as the compressor and turbine
efficiency is increased. At higher compressor and turbine effici-
ency, compression ratio 10 to 15 engine would be desirable, This
is because the rapid drop of specific fuel consumption and negli-
gible drop of specific thrust between compression ratio 10 to 15
would result,

Effect of flight speed. In general, the optimum compression
ratio either for maximum specific thrust or for minimum specific
fuel consumption would be decreased as the flight speed increases.
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Effect of intevcooling. Turbojet intercooling usually iccreases
specific fuel consumption. For example, at compression ratio 8,
intercooling could result in a 15% increase of specific thrust and
a 10% increase of specific fuel consumption. At compression ratio
12, the corresponding values could be 22.5% and 11.5%.

Effect of veheat. Turbojet reheat usually increases specific
thrust, particularly at high compression ratios, Although reheat
slightly increases specific fuel consumption at low compression
ratios, the amount of increase becomes negligible at high com-
pression ratios. For example, at compression ratio 8, reheat
could result in a 24% increase of specific thrust with a 5% increase
of specific fuel consumption. The corresponding values at com-
pression ratio 12 could be 38.5% and 2.5%. Another feature of re-
heat is that the specific thrust falls off rapidly above about com~-
pression ratio 5 for engines without reheat, but only small changes
in specific thrust occur between compression 5 and 16 when reheat
is used.

Effect of intevcooling and veheat. At agivencompressionratio,
intercooling and reheat considerably increase specific thrust (es-
pecially at high CR) and specific fuel consumption. Typical com-
parison of engine performance would show that a turbojet engine
of about compression ratio 5 without intercooling and reheat could
have the same specific fuel consumption as one of compression
ratio 22 with intercooling and reheat, but latter could have about
23% more thrust.

Effect of aftev-buvrning. A 70% increase of thrust at an expense
of 60% increase of specific fuel consumption could result from
after-burning to 3000°R in a compression ratio 5 engine. The
corresponding increases could increase to about 110% and 76%
respectively in a compression ratio 12 engine. An increase of
airplane speed increases the gain of thrust increase and reduces
the penalty of fuel consumption,

[2-4.2] Turboprop Cycles

A schematic diagram of the turbine-propeller engine consid-
ered is shown in Fig. 2-9., Air enters the inlet duct and passes to
the compressor inlet, The air is further compressed in passing
through the compressor and enters the combustion chamber where
fuel is injected and burned. The products of combustion then pass
through the turbine nozzles and blades, where an appreciable drop
in pressure occurs, and finally are discharged rearwardly through
the exhaust nozzle to provide jet thrust. The turbine shown in
Fig. 2-9 may consist of a single turbine driving both the compressor
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Fig. 2-9 Schematic diagram of turbine-propeller engine. (After B. Pinkel and I. M. Karp,
NACA TR 1114).

and the propeller or a combination of two turbines, one driving the
compressor and another driving the propeller. When engine per-
formance is evaluated, the combination of the two turbines is con-
sidered as a single turbine having the combined power output and
over-all turbine efficiency of the two, The total thrust horsepower
of the engine is the sum of the jet-thrust horsepower and propeller-
thrust horsepower. For the engine operating at a given set of con-
ditions, an optimum division of power between the exhaust jet and
the propeller exists for which the total thrust horsepower and effi-
ciency of the system are maximum. The jet velocity for this
optimum condition is given very closely by:

n
V; = N Vo .

N1 Tm

It is to be noted that the jet velocity can vary appreciably from
this optimum value with only a small effect on the total thrust
horsepower and engine efficiency.

Design point engines. For the purpose of illustrating the manner
in which the thrust horsepower per unit mass rate of air flow and
specific fuel consumption are influenced by compressor pressure
ratio, combustion-chamber-outlet temperature, flight speed, and
ambient-air temperature, the following fixed parameters are
assumed:

Compressor efficiency 7, 0.85
Turbine efficiency 75, 0.90
Combustion efficiency 75, 0.96
Propeller efficiency 7, 0.85
Exhaust-nozzle efficiency 7y 0.97

Heating value of fuel, r*, Btu/lb, 18,900
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(b) V,, 733 feet per second; t,, 519°R; V;, 902 feet per second; Mp> 0.85.

Fig. 2-10 (After B. Pinkel and I. M. Karp, NACA TR 1114).
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The performance of the system is presented in Fig, 2-10. The
thrust horsepower per unit mass rate of air flow and the specific
fuel consumption are plotted against compressor pressure ratio
for various values of combustion-chamber-outlet temperature at
several combinations of airplane velocity and ambient-air temp-
erature. The range of turbine inlet temperature T4 investigated
was from 1600° to 3200° R, and the compressor pressure ratios
ranged up to 40, Lines for compressor pressure ratios giving
maximum thrust horsepower per unit mass rate of air flow and
for minimum specific fuel consumption at any temperature T4 are
included in the figure.

The curves of Fig, 2-10 show that with no limitation on com-
pressor pressure ratio, higher THP/M, and lower specific fuel
consumption can be obtained by increasing the T4. At any given
T, there is an optimum (P2/P;) for maximum thrust (THP/Mo) and
an optimum (P2/P1) for minimum specific fuel consumption. The
compressor pressure ratio for the latter is greater than that re-
quired for maximum thrust, (Here M, = air flow in slugs/sec).

The effects of flight speed and ambient~air temperature on the
performance of the turbine-propeller system at a given com-
bustion~chamber-outlet temperature of 1960° R are shown in
Fig, 2-11, In Fig. 2-1la, the THP/M, and fuel consumption are
plotted against ambient-air temperatures at V, of 367 and 733 feet
per second for the following cases: (a) compressor pressure ratio
chosen to give maximum THP/M, and (b) compressor pressure
ratio chosen to give minimum fuel consumption, At each flight
speed, the corresponding optimum jet velocity is used. This figure
shows that ¢, has an important effect on the performance values:
the THP/M, decreases and the specific fuel consumption increases
appreciably as ¢, increases.

[2- 4.3] Ducted Fan Cycles

The ducted-fan type of turbojet engine represents an attempt to
combine the fuel economy of a propeller-type engine with the light
weight of the turbojet engine, A ducted~fan turbojet engine may be
considered a modification of the turbojet engine which requires
the installation of a more powerful turbine to drive a relatively
small-diameter multibladed propeller in addition to the normal
compressor, All or part of the air (depending on the configura-
tion) that is handled by the propeller, or fan, is passed through a
separate duct, Burners are installed in the separate duct to aug-
ment the thrust when necessary, These engines are designated
ducted-fan engines, A schematic diagram of this type of engine
is presented in Fig. 2-12,

For economy operation, the ducted-fan engine is intended to
handle a greater mass of air at lower jet velocities (unheated
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Fig. 2-11 Effects of flight speed and ambient-air temperature on performance at compres-
sor pressure ratios for minimum specific fuel consumption and for maximum thrust horse-
power per unit mass rate of air flow; T4, 1960°R; 7, 0.85; 7, 0.90; Np, 0.85; My, 0.96;
(a) Specific fuel consumption and thrust horsepower per unit mass rate of air flow. (b)

Compressor pressure ratios for minimum W[/thp and maximum thp/M ,. (After B. Pinkel and
I. M. Karp, NACA TR 114).
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Fig. 2-12 Schematic diagrams of ducted-fan engine (a) and turbojet engine (b), including
auxiliary burners. Station: 0 ambient atmosphere; 1 compressor and fan inlet; 2 compres-
sor outlet; 3 turbine inlet; 4 turbine outlet; 5 tail-pipe- and auxiliary-burner inlet; 6 jet
nozzle throat; 7 fan outlet; 8 auxiliary-burner inlet (secondary burner); 9 jet-nozzle throat
(secondary jet). (After R.B. Parisen, J.C. Armstrong, and S. C. Huntley, NACA TN 1745).

outer-duct air) and hence attain a higher propulsive efficiency than
a turbojet engine of equal thrust. The higher propulsive efficiency
appears in the form of a lower specific fuel consumption, If the
thrust per unit frontal area of the ducted-fan engine were made
equal to that of the turbojet engine, it would be necessary to in-
crease the air-handling capacity per unit frontal area of the
ducted-fan engine beyond that of the turbojet engine.

Because of the fact that if an increased air flow per unit area
were possible for a ducted-fan engine it would also be possible for
the turbojet engine, the ducted-fan engine actually has a lower
specific fuel consumption and a lower thrust per unit frontal area
than a comparable turbojet engine.

Ducted fan engines may be designed for obtaining maximum net
thrust per pound of air handled, maximum economy or maximum
range. The engines with thrust augmentation by auxiliary burning
(simultaneous operation of all auxiliary burners) are used for ob-
taining maximum thrust; those without auxiliary burning are used
for achieving maximum economy or maximum range.



156 Jet, Rocket, Nuclear, Ion and Electric Propulsion

Design point engines. The following assumptions are made:

Compressor efficiency 0.85
Burner efficiency 0.95
Heating value of fuel #* 18,500 Btu per pound

Turbine efficiency 0.9
Tail-pipe-burner efficiency 0.9
Nozzle efficiency 0.94
Fan efficiency 0.85

The effect of the ratio of the power to the fan to the available
fan power @ and the ratio of secondary air flow to primary air flow
W, on net thrust per pound of air handled by ducted-fan engines with
auxiliary burning at a Machnumber of 0.3 is illustrated in Fig, 2-13.
The corresponding change in net-thrust specific fuel consumption
is also shown. The curve indicatesthatthe maximum net thrust per
pound of air handled is obtained by reducing # and W, to zero. The
ducted-fan engine with auxiliary burning therefore evolves into a
turbojet engine with tail-pipe burning. A calculation of maximum
net thrust per pound of air handled at a flight Mach number of 0.9
gave similar results, It canalsobe seen (Fig. 2-13) that ducted-fan
engines with auxiliary burning not only develop a lower net thrust
per pound of air handled but show anincrease in net-thrust specific
fuel consumption as compared to a turbojet engine with tail-pipe
burning. The optimum compressor pressure ratio for maximum
thrust of the ducted-fan engine with auxiliary burning is about the
same as that of the turbojet engine with tail-pipe burning.

The approximate compressor pressure ratio for obtaining
maximum net thrust per pound of air handledis plotted in Fig. 2-14
against the Mach number for turbojet engines with tail-pipe burn-
ing. The decrease of compressor pressure ratio with flight speed
is such that the product of compressor pressure ratio and ram
pressure ratio is approximately constant over the speed range.
This constancy is coincidental inasmuch as ths compressor pres-
sure ratio decreases with Mach number for the condition of maxi-
mum thrust as a result of the decreasing ratio of turbine-inlet
to compressor-inlet temperatures. The compressor pressure
ratios shown in Fig. 2-14 tend to produce the maximum propulsive
jet velocity.

The variation of minimum obtainable net-thrust specific fuel
consumption and corresponding net thrust per pound of air handled
with flight Mach number is shown in Fig. 2~15 for ducted-fan and
turbojet engines. Values of net-thrust specific fuel consumption
are also shown for the turbine-propeller engine but are not nec-
essarily minimums because the engine is of constant pressure
ratio. These values do, however, demonstrate the capacity of the
turbine propeller engine to operate at substantially lower values of
net thrust specific fuel consumption below a flight Mach number of
approximately 0.85 than ducted-fan and turbojet enginer,
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Fig. 2-13 Effect of varying ratio of secondary air flow to primary air flow and ratio of
power to fan to available fan power with net thrust per pound of air and net-thrust specific
fuel consumption for ducted-fan engines with auxiliary burning. Mach number, 0.3; altitude,
30,000 feet. o Turbojet with tail-pipe burning (maximum thrust). Ducted fan with
auxiliary burning. (After Parisen, Armstrong, Huntley, NACA TN1745),

'
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Total air flow
Ib/Ib/ sec

Net-thrust specific
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(1b/hr)/(Ib thrust)
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Compressor pres-
sure ratio,

Flight Mach number, Mg
Fig. 2-14 Net thrust per pound of air, net-thrust specific fuel consumption, and compres-
sor pressure ratio for maximum-thrust turbojet engines with tail-pipe burning (optimum con-
figuration of ducted-fan engine with auxiliary burning) at various flight Mach numbers,
Altitude, 30,000 feet. (After Parisen, Armstrong, and Huntley, NACA TN 1745).
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Flight Mach number, Mg

Fig. 2-15 Net thrust per pound of air and net-thrust specific fuel consumption for maxi-

mum-economy ducted-fan and turbojet engines at various flight Mach numbers. (Net-thrust

specific fuel consumption also shown for turbine-propeller engine.) Altitude, 30,000 feet.
(After Parisen, Armstrong, and Huntley, NACA TN 1745).

At a Mach number of 0.3, the net-thrust specific fuel consump-
tion of a ducted-fan engine is about27% lower than that of a turbojet
engine. This difference diminishes to approximately 4% at a Mach
number of 0.9, The low net-thrust specific fuel consumption is
accompanied, however, by low values of net thrust per pound of air.
These values are only 27 to 64% (depending on the flight Mach
number) of the net thrust per pound of air produced by turbojet
engines. A plot of the net thrust per pound of air handled by the
turbine-propeller engine is omitted because of lack of a comparable
basis of presentation.
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The values of fan pressure ratio P7/Py, # and W, required to
obtain minimum net-thrust specific fuel consumption over the
range of Mach numbers considered are presented in Fig, 2-16.
The fan pressure ratio increases with increasing Mach number,
whereas both the power input to the fan and the secondary air flow
decrease with increasing Mach number. The increasing fan pres-
sure ratio is the result of the secondary air flow decreasing at a
greater rate than the fan power input. The approximate compres-
sor pressure ratios necessary to provide minimum obtainable
net-thrust specific fuel consumption are also shown in Fig. 2-16
for ducted-fan and turbojet engines for the range of flight Mach
numbers considered.

Fig. 2-16 Approximate variation with flight Mach number of fan pressure ratio, ratio of

power to fan to available fan power, ratio of secondary air flow to primary air flow, and

compressor pressure ratio necessary to permit ducted-fan engines to operate with maxi-

mum economy. (Required compressor pressure ratios also shown for turbojet engine oper-

ating at maximum economy.) Altitude, 30,000 feet. (After Parisen, Armstrong, and Hunt-
ley, NACA TN 1745),

The convergence of the curves of Figs. 2-15 and 2-16 indicate
the conversion of the ducted-fan engine into a turbojet engine at a
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flight Mach number greater than 0.9. A separate calculation
locates the end point of this trend at a flight Mach number of
approximately 1.2,

In order to determine the applications of various airplane-engine
configurations, it is necessary to know the values of three important
engine parameters: specific fuel consumption sfc, jet thrust F;,
and engine weight W,

A low specific fuel consumption turbojet engine requires a high
compressor pressure ratio, or greater engine weight, and produces
a low thrust per pound of air, which results in an extremely high
specific engine weight W./F;.

A maximum~thrust type turbojet engine, although possessing a
low specific engine weight, is unable to operate at a sufficiently
low value of specific fuel consumption. A compromise is therefore
necessary.

One of the anticipated advantages of a ducted-fan engine is a
low specific weight relative to turbojet engines. If ducted-fan
engines are compared to turbojet engines of equal air-handling
capacity per unit frontal area, however, a lower specific weight
will not be indicated.

If flight speeds do not exceed a flight Mach number of approxi-
mately 0.6, the turbine-propeller engine should offer the most
favorable performance. If, however, higher flight Mach numbers
are desired, ths turbojet engine with tail-pipe burner (operating
for maximum thrust and non-operative for achieving greater range)
should provide the greatest flexibility,

[2-4.4] Off-Design Point Engines

Sections 2-4.1, 2-4.2, and 2-4.3 discussed design point (at de-
sign altitude and design airplane speed) turbojet, turboprop, and
ducted-fan engines. Engines operating at off-design point will
result in different compressor compression ratios and different
engine-air flows. In order to calculate engine performance at
off-design point, the determination of compressor compression
ratio and engine air flow of turbojet, turboprop, and ducted-fan
are important. The variation of compressor compression ratio
and engine air flow with altitude and airplane speed (really varia-
tion with compressor inlet temperature) are functions of com-
pressor-turbine design and nozzle characteristics. However,
without knowing specific compressor-turbine and nozzle charac-
teristics, a generalized compressor compression ratio and engine
air flow variation with altitude and air speed (really variation with
compressor inlet temperature) are given here. These variations
are calculated according to the following semi-empirical deriva-
tions, Such variations have been checked withmany actual turbojet,
turboprop, and ducted-fan engines and were found to be very
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satisfactory, providing the nozzle does not limit the compressor
operation, The error introduced without knowing a specific com~-
pressor is usually within a few percent,

[2-4.4.1] Compression Ratio Variation with Altitude and Air Speed (Variation
with Compressor Inlet Temperature) at Constant Compressor Speed

From Eq. (3-8) of Chapter 3, we have

k
P k-1
) < CRIp = |1 e :
P, T, cpTodg

Since uor is the same under different inlet temperatures, we have

From compressor efficiency Eq. (1-164) and compressor exittem-
perature, Eq. (1-166), we have

_ Ty + To k-1
Tyo o % _p 1, X fCRyp ® -1
2 27, “

and

_ le + T2, g 1 k-1
k
Ty = —— = Ty ll + - (C'R')Tb -1

Here we assume that the compressor efficiency variation due to
compressor inlet temperature is small in comparison with
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compression ratio variation. C.R. = compression ratio. For the
meaning of u, or, ¢p, J and g, see symbols of Chapter 3. P, and
P,, T and T, are compressor inlet and exit stagnation pressure
and temperature, respectively. Subscripts a and b indicate the
compressor operating at compressor inlet temperature ¢ and b,
respectively (under two different inlet tempzratures).

Substituting T, and T, expressions into (PZ/Pl)Tb’ we have

k

k-1 f 1 k-1 k-1
(C.RIp * -1|Ty, 11 +— [(C,R.)T - 1}}
a 2770 a
{1 [ bl
T1, {1+ — [C.RIp *F -1
| 21, b

This is the variation of compression ratio with compressor inlet
temperature which is plotted as Fig., 2-17 for convenient use.

(C.R.)Tb = 1 +

[2-4.4.2] Air Flow Variation with Altitude and Airplane Speed at Constant
Compressor Speed

Without a specific compressor, the following approximation may
be made. The compressor operating at different altitude and dif-
ferent airplane speed results approximately in a constant volume
flow into the compressor when the compressor rotational speed
is maintained the same. This means that the axial velocity of the
air flow into the compressor is the same at two different inlet
temperature conditions. Use this assumption, the air flow varia-
tion with altitude and speed are plotted in Fig. 2-18., Such varia-
tions have been checked with many turbojet, turboprop, and ducted-
fan engines and were found to be satisfactory. The error intro-
duced (without knowing a specific compressor) is usually within
a few percent.

Once the compression ratio and engine air flow variation with
altitude and airplane speed are known, the cycle analysis (based
on one pound air flow per second) maybe performed. Consequently,
the engine performance under different altitude and airplane speeds
can be calculated (off-design point engine performance), and com-
plete engine performance may be estimated approximately for all
altitude and airplane speeds (for a fixed design point engine).
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Fig. 2-17 Generalized chart, variation of compressor compression ratio with altitude and
speed, NACA Day.
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Fig. 2-18 Generalized chart, approximate variation of airflow with altitude and speed (at
constant engine speed).
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[2-5]1 ROTARY MATRIX REGENERATOR FOR TURBOPROP APPLICA-
TIONS

In addition to the conventional regenerator (plate-fin type), a
unique regenerator suitable for turboprop adoption because of its
weight and size advantages is described below. This regenerator
is the Loh Rotary Matrix Regenerator, Performance of this re-
generator, based on quantitative analysis, has been compared with
conventional heat exchangers.

Development of this unit as a regenerator for gas turbine power
plants would remove one of the big obstacles in the optimum utili~
zation of the turbo-propeller engine by improving operating effici-
ency. This achievement would thus provide additional incentive for
the application of turbo-powered aircraft transports.

By virtue of it’s compatible configuration, the regenerator may
be incorporated directly into the engine, either in one unit or as
several smaller units, It possesses the unique features of light
core weight and small core volume plus the inherent feature of
compatible configuration, a design principle important in the field
of gas turbine regeneration.

[2-5.1] Discussion

The function of a regenerator is to transfer heat from one fluid
stream to another and thus preheat the air entering the combustion
chamber, Past efforts have been directed toward heat transfer
through tubes or similar channels accomplished by directing one
fluid inside and the other around the outside of the channels.
Compactness is gained by increasing the ratio of heat transfer
surface to overall volume., This is usually accomplished by a
reduction in the size of flow passages or the addition of surface
irregularities to produce turbulence. It is thus apparent that
achievement of compactness eventually reaches the point of
diminishing returns from mounting pressure loss. Additional
compactness must then evolve from some new concept for a heat
transfer media. The Loh Rapid Transfer Heat Exchanger is based
on a different concept not subject to the pressure loss limitations
inherent in the use of conventional design criteria. Heat transfer
is effected by a moving heat conveyor heated in the hot stream and
cooled in the cold stream. This effect is accomplished by rotating
a screened disc or cone matrix through the two fluid streams.
Quantitative analysis shows exceptionally high heat transfer capac-
ity at very low pressure loss. Massiveness and weight penalties
imposed by conventional tubular or corrugated fin plate surface
construction are thus avoided.

To determine the significance of the Loh Heat Regenerator as
applied to the gas turbine, a comparative study of a regenerator
unit for a 10,000 shaft horsepower gas turbine engine was made.
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A regenerator is employed to increase cycle efficiency by extract-
ing heat from exhaust gas and transferring such heat to the intake
air stream, thus heat-changing or preheating this air prior to its
entrance into the combustion chamber. The most advanced con-
ventional regenerative heat exchanger, developed by London and
Kays, was selected for comparison, Table 2-1 shows the results of
this comparison, although to date no such unit has been success-
fully applied as an airborne regenerator because of the prohibitive
size, weight and shape dictated by the design criteria developed,

Table 2-1
Core Volume Core Weight
(ft.3/1000 SHP) (1bs./ 1000 SHP)
Existing most-compact 9.1 861
plate-louvered fin surface
heat exchanger
Loh rotating wire screen 0.51 45.3

heat exchanger

All figures are for heat transfer surfaces only and therefore are
exclusive of shell, headers, and other accessories.

Of compelling interest is the effect of the regenerator cycle on
fuel consumption. For example, a 10,000 s.h.p. turbine-propeller
engine requires approximately 0.48 pound of fuel per brake horse-
power per hour, whereas the same engine equipped with a regen~
erator of 72% effectiveness requires only 0.35 pound of fuel per
brake horsepower hour, a reduction of over 25% in fuel consumption.

Figure 2-19 showsthe principal partsof the Loh Heat Exchanger.
The upper sketch shows one type of construction utilizing a disc
to contain the screen wire elements. The disc is rotated either by
airflow acting against curved sides of the screen compartments or
by the application of external power. The entrance and exit ducts
are divided into two passages to accommodate the hot and cold
streams. Alternate heating and cooling of the wire screen con-
stitutes the means of heat transfer., Separation of the two streams
at the two facesof the screendiscis achieved by dividing the screen
disc into pie-shaped segments and making the separating partition
of the ducts equal to or slightly larger than the screen segments,
Consequently, when a screen segment passes from one stream to
the other, the flow of gas is blocked. A minute amount of gas will
be trapped in the screen segment and carried to the opposing
stream. However, calculations show that this constitutes a very
small percentage of the total flow,

When the number of layers of screen results in prohibitive
pressure loss, increased heat transfer capacity may be obtained
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by substituting a rotating cone for a disc, This design, while less
compact than the disc design, is still far superior to the more
advanced conventional designs,

The adaptability of this type of heatexchangerto the gas turbine
engine as a regenerator is easily visualized, Three factors, all
of which are influential in aricraft design, make this unit attractive.
These are: (1) light core weight, (2) small core volume, and (3)
shape adaptability (circular), The application of the gas turbine
engine is perhaps most ideal in aircraft use. Other applications
may be used to replace conventional heat exchangers in many in-
stances, but the advantages appear primarily at highheat loads and
high temperatures. It is conceivable that a rather large saving in-
weight of a small unit might not be worthwhile,

[2-5.2] Operating Principles

In the case of the conventional heat exchanger, heat is trans-
ferred through the walls separating the two fluids. Various means
are adopted for increasing the effectiveness of these units, such
as the introduction of turbulence and the use of fins. According
to most textbooks, heat flow takes place largely through convec-
tion, since conduction through the metal walls has such a small
effect. Heat exchanger size is governed, for illustration purposes,
by the following combination of variables: Q/AT, = UA,

Where:

€@ = Amount of heat being transferred, Btu/sec.
AT, = Log mean temperature difference between hot and cold
fluids, degrees R
U = Overall heat transfer coefficient, Btu/sec./ft.%/°R
A = Heat transfer surface area, sq. ft.

Equations such as this state that the amount of heat being trans-
ferred per unit time per unit temperature difference is equal to
the product of the heat transfer coefficient and the surface area.
This means that if the value of A is increased, for the same tem~
perature differential, the rate of heat transfer will also be increased.
To survey the factors controlling A with regard to volume, or area
to volume ratio, examine the geometry of a tube:
Surface Area = =dl

2
Volume md’l
4
‘9 l
__mdl

T d%
4

I

A _4
v d
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Fig. 2-20
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Fig. 2-21
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This shows that as the diameter decreases, the surface to volume
ratio increases. (Similar equations may be written for other flow
passages by substituting the term equivalent diameter or hydraulic
diameter for the tube diameter,) This equation harbors a very
important, though not readily perceived, factor, i.e., what happens
when the tube diameter is decreased? Increased pressure drop
occurs which ultimately reaches a point of diminishing returns,
thus prohibiting furthe? gains in this direction.

The second variable U is defined in the following manner:

1 1 1 X
— = — 4+ — 4+ —
U hi ho k
Where:
1/U = The total resistance to heat transfer
1/h3y = Film resistance on the tube inside
1/hg = Film resistance on the tube outside
1/k = Resistance due to therrmnal conductivity of the tube wall

(usually this term is so small that it may be neglected.)
Wall thickness of conductor

X

For the conventional heat exchanger, U may be increased by pro-
moting turbulence or by reducing the hydraulic diameter. The
scrubbing action of the fluid during turbulent flow reduces the
boundary layer resistance (1/h)., Reductions in hydraulic diameter
result in reduced Reynolds number and high heat transfer, other
factors remaining constant. But note that bothof these factors also
increase pressure loss, and again compactness is gained only at
the expense of pressure loss.

Therefore, something new must be added, The Lohregenerator
does this. In this design, the hydraulic diameter,which controls
both area-to-volume ratio and Reynolds number, may be further
reduced without prohibitive pressure losses. Whereas tube diam-
eters must be maintained fairly large to accommodate flow inside,
wire diameters can be reduced to values in the range of .01 inch
or smaller without the same flow restrictions, because both the
hot and cold stream flow is external. The value of U is further
increased by virtue of the fact that 1/U is no longer equal to the
sum 1/h1 and 1/k9 but equal to1/k alone while the screen is in one
stream., Consider, as an illustration, 21 and k2 both being equal
to 2. In the conventional heat exchanger, U would be equal to 1
because 1/U = 1/2+1/2 or 1/U =1; U =1; whereas, in the new
design, 1/U = 1/2 or U = 2. Because of these factors, the product
of UA may be increased 20 to 30 times per unit core volume for
the same pressure loss as a conventional heat exchanger or, in
terms of size and weight, 1/20 to 1/30 of that of the most compact
conventional heat exchanger known.(Wire dia/Tube dia< .l or .05),
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[2-5.3] Theory and Design

Based on an analytical study (see Sec. 2-8), the performance of
a rotating wire screenheat exchanger, when applied as a gas turbine
regenerator, is a function of only two non~-dimensional parameters.
These are speed-wire property parameter 8 and heat transfer geom~
etry parameter (.

and

T

[l

A - me
B = l PCp S <.V¢l> 2
2 PuwCp d \Nd m

‘- g(em:xc) (<?1)2

S

density of gas in lbs./ft.}

density of wire material in lbs./ft.3

specific heat of gas in Btu/lb, °R

specific heat of wire material in Btu/lb. °R

axial velocity of gas in ft./sec.

revolutions of rotating wire screen rotor per second
wire diameter in feet or inches

transverse pitch between wire in feet or inches

total number of hot and cold sections in duct

angle in degrees or radians which prevents mixing of
hot and cold gases during passage through rotating wire
screen rotor

heat transfer film coefficient between gas and wire in
Btu/sec. ft.2 °R )
maximum mass flow velocity per unit area in1bs./sec.ft.
wire temperature rise in °R during passage of the wire
through the hot section

total temperature of hot gas in °R

total temperature of cold gas in °R

temperature effectiveness of eachindividual wire screen
overall temperature effectiveness of rotating wire screen
heat exchanger

For detailed design procedures, see Section 2-6.
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(2-6]1 ANALYTICAL SOLUTIONS FOR ROTARY MATRIX, WIRE SCREEN
HEAT EXCHANGERS

The rotary matrix heat exchanger, developed inearly 1922, em-
bodies a moving heat conveyor heated in the hot stream and cooled
in the cold stream. Heat is thus transferred by rotating the con-
veyor through the two streams., The heat conveyor originally
proposed was a rotary matrix made of plain metal plate surfaces,
Improvements in heat transfer were effected through the use of
corrugated plate-fin-type surfaces. Further improvements may
be obtained by using multi~layer individual wire screen as the
conveyor. This was conceived by Loh,

Analytical studies relating to rotating heatexchangers have been
made by Nussett, Hausen, Boestad, Saunders and many others.

Fig. 2-22 Flow passage length for generalized rotary matrix.

However, these authors have concentrated on the solution of the
partial differential equation which was derived primarily for the
generalized rotary matrix along the lines of the original proposed
arrangements. This type of arrangement has a flow passage length
(L) as shown in Fig, 2-22,

It can be seen that the temperature (T) is a function of both
time ( and space (x), and that the only equation describing this
type of matrix is partial differential equation

M, C oT
e, T o papc, 90 - MrCor 9T hA gy
fYp
dx at L Jt L

Because of mathematical complexities, solutions were generally
obtained either by graphical or numerical methods, since no
analytical closed form solution has been found. The present
analysis takes a different approach. This approach, primarily
for multi-layer rotary matrix, starts with a single screen (see
Fig. 2-23).

It can be seen that the temperature (T) is a function of time (1)
only. Therefore, an ordinary differential equation was developed,
resulting in an exact and closed form solution. The multi-layer
screen system was then developed by an energy balance of each
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Hot Gas Flow
- >

Cold Gas Flow
-

Single Screen

Fig. 2-23 Flow passage length for single screen = L Zo.

individual single screen. Since this approach led to a closed form
analytical solution for the rotating multilayer wire screen heat ex-
changer, it was then possible to develop design charts for this type
of heat exchangers.

Assumptions

1. Gas and material properties such as p, Cp, k, p, P, etc. are
treated as constants.

2. Heat transfer through conduction and radiation is smallcom-
pared with heat transfer through convection; conduction and radiation
heat transfer is, therefore, neglected.

3, Variations in the gas temperature ahead of each individual
screen are small when compared with the gas temperature itself,
hence the gas temperature ahead of each screen is treated as uni-
form, as is the gas temperature after each screen.

4, The size of wire is so small thatit may be treated as a point
for gas flow across it.

Analysis
Equal Mass Flow for Hot and Cold Streams

Equal mass flow in equal cross-sectional areas resultsin equal
values of G, and consequently, equal values of k4 in both hot and
cold streams,

1, Wive Temperature vs. Time

For a cross-wire screen element as shown in Fig, 2-24, the
energy equation gives

ar 4h 4h
2 4 Ty = [—— T. (2-5)
dt p,C, d p,C d

pw w
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Fig. 2-24 Cross-wire screen clement.

As the wire element rotates from hot stream to cold stream, the
surrounding gas temperature (T), shown in Fig. 2-25, can be
expressed by the Fourier series

- Ty - T Ty + T
T = E 2z (—~h c) sin not + <—-h—+——c) (2-6)

t=odd 7 n 2

Solving Egs. (2-5) and (2-6) gives

n=odd 1+ (hw/c)

©
Ty = {Tw, - bo + 2 an[—LC)z] e ct

s8]
+ <bo + Z an[—}——} sin (nwt - ¢,)
n=odd \/1 + (n(Jz)/C)2

2-7)

Equation (2-7) describes the complete time history of the wire tem~
perature from the very start to steady state cyclic operations. Since
the transient portion becomes negligibly small after an elapsed
time approximately equal to (3/¢) seconds from the very start of
the operation, only the steady state portion of the complete solution
is really needed. This steady state solution in non-dimensional
form is

Ty - b d
it o _ Z (3) . sin (nwt - ¢,).
Th - Te  n=0dd | \"/) n V1 + (new/c)2

(2-8)

Equation (2-8) describes the complete wire element steady state
cyclic temperature variations in terms of wire geometry, wire
material properties, hot and cold stream temperatures, heat
transfer coefficients, and revolutions per second of the wire screen
rotor.
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Th Th Th

]

l¢—— th ——P—— t . —P

Te Te

For Equal Mass Flow, tp = t.

t

Fig. 2-25 Gas temperature in rotating wire element.

2. Cyclic Wire Temperature Rise

After steady state heat transfer is attained, the zero time (¢ = 0)
can be set at the instant thatthe wire element enters the hot stream.
The wire element leaves the hot strea.m at t = t;, If Ty, indicates
the wire element temperature in °F. att = 0 and Ty, indicates the
wire element temperature in °F. att = t4,from Eq. (2-8) the values
of Ty, and T, can be calculated as:

Two ~ bo ® ®
= ¥ u sintg) = - 2 p, sing, (2-9)
Tp - Te n=odd n=odd
T ~ b ® ®
B E p, sin (n7 - @) = E p, sin ¢,
Tp - T. n=odd n=odd
b, = (3) S S ¢ = tan~1 (") (2-10)
) nV1 + (nw/c)? ¢

Consequently, the wiretemperature rise AT, from Ty, toT, during
the passage of the wire element through the hot stream section is

AT Ty - Ty
w_o_ " 2 2;4 sin ¢, . (2-11)
Th - Te Ty, - T, n=odd




Thermodynamic Cycle Analysis 177
3. Temperature Effectiveness of a Single Rotating Wive Screen

The temperature effectiveness 7, of a single rotating wire screen
is defined as

Ty - Th,
My = ——°. (2-12)
Th - Tc
Using the energy equation, one obtains:
chpw(TwT, - Twy) = thph(Th - The)' (2-13)

From geometry and the equation of continuity, one obtains:

32

Z (Dp)? [1 - <Pi>2i|
4 Do i
[2 (Z d2) s} PN (2-14)

G - Gmax( - i’>2. (2-16)

Substituting Eqgs. (2-11, (2-13), (2-14), (2-15), and (2-16) into
Eq. (2-12) and simplifying, one obtains:

Mo = — e @2-17)
B noda 1 + (n/¢B)2
Here
e 8 [ ass 18
7 \GnaxCp ) (1 - /92
SR LT L)(M)
’ 2<chp )(d><Nd I (2-19)
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¢ may be called the “‘heat transfer geometry parameter,’’ and
B may be called the ¢‘‘gas flow geometry parameter.’’” These two
nondimensional parameters alone determine the temperature effect-
iveness of the single layer wire screen. It should be noted that,
when the gas flow geometry parameter, 3, is small or approaches
zero, the temperature effectiveness approaches 1.184¢,

4. Temperature Effectiveness of a Multilayer Rotating Wive
Screen Heat Exchangevy

For a single layer wire screen rotor, the results of the ex~
pression of temperature effectiveness are the same for both parallel
flow and counter flow heat exchangers. However, the results for
parallel flow and counter flow are different for multi-layer rotating
wire screens. These results are derived separately as follows:

a. Pavallel Flow

Figure 2-26 illustrates a typical arrangement of a multi-layer
rotating wire screen heat exchanger having n individual screens.

By definition,

Thl - Th2 Thl - Th2
Ng, = ——— N =
o Thy = Tey Thy - Te,
Ty, - Th, Thy = Th,
Mg, = ——— M2 =
2 Ty, - Te, Tp, - Te, 0020)
Th3 - Th4 Thl - Th4
Ng, = —— M3 =
®3 Th3 - Tcs Thy = Te,
Thn - Thn+1 Thl - Thn+1
7, = — 7, =
fn Thn - Tcn g Thl - Tcl
therefore,
Mmo= My (2-21)

. Thy ~ Thy (Th1 - Thz) Thy = Thy\[Thy = Te,
2 = +
Th, - Te¢, Tp, - T, Thy = TeyJ\Thy = Tey
2 1

(2-22)
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Cold Stream Flow —# Tc1 TC2 Tr_3 Tc4 T . . T. T
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L

Screen No. 1
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Screen No. 4
Screen No. 5
Screen No. n

Fig. 2-26  Typical multi-layer rotating wire screen heat exchanger having n individual
screens, parallel flow.

but
Thy = Thy = 0 (Tp; = Tep) (2-23)
Te, = Tey + 11(Thy = Teyp (2-24)

Substituting Eqs. (2-23) and (2-24) into Eq. (2-22), one obtains:

g = 7y + 7732(1 - 2. (2-25)

Similarly,
N3 = 79 + 7133(1 - 2y (2-26)
My = Moy + nsn(l - 29, ). (2-27)

For the special case of 7s; = 75, = 1s; = 15, = 715, Egs. (2-21),
(2-25), (2-26), and (2-27) reduce to
m =T

N3 = Mg + 7s(1 -~ 2772) (2-28)

Ty = Mp-r t ns(l - 2nn-l)
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Fig. 2-27 Typical multi-layer rotating wire screen heat exchanger having n individual
screens, counter flow.

b. Counter Flow

Figure 2-27 illustrates a typical arrangement of a multi-layer
rotating wire screen heat exchanger having n screens. By definition,

, Thy - Th, , Thy = Th,
= — 1=
o Thy = Te, Thy = Te,
Thy - Thy Thy = Thy
Thy = Te,y Thy = Teyy (2-29)
Th3 - Th4 Thl - Th4
T’S = —— »,73 - —
? Th3 - Tcn-—z Thl Tcn_z
Thy = Thyss " Thy = Thyny
Ny = —— -
Sn Th"—TCI " Thl —Tcl
Therefore,
T = Ms, (2-30)
Thl - Tcn ThZ - Tcn-l
my =y [ ) 4, [t (2-31)
(Thl - Tc,‘_l °2 Thl - Tcn—l
but

Thy = Ty - Tll(Thl - Tcn) (2-32)
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Te, = Te,_; + ns?(Th2 - Te, ). (2~33)

Using Eqgs. (2-32) and (2-33), it is easy to prove that

Thl - Tcn B 1 - 7’82 (2_34)
Thl - Tc,,_l - 7]827]1
e B (2-35)

Thy = Te,y 1- s, M
Substituting Eqs. (2~34) and (2-35) into Eq. (2-31) results in

1- 7]3 1~
2 m
Mg = M <‘——> + Mg, <— — |- (2-36)
1= ng,m L-ng,m
1 -, 1-
3 M2
7’3 = 772 + Tlsa (2-37)
L= g1, L= 15,

1~
M5 1-9,.
Ty = Moy [ ) v 0, [ ). (2-38)
1 - 77s,,nn-l 1- nsnnn-l

For the special case of 7, =175, =715, =75, =7, Eqgs. (2-30),
(2-36), (2~37) and (2~38) reduce to

Similarly,

(2-39)
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Unequal Mass Flow for Hot and Cold Streams

For unequal mass flows, the same value of G in both hot and
cold streams may be obtained by designing the ratio of the cross-
sectional area of one stream to that of the other so that it is equal
to the corresponding mass flow ratio of the two streams. This
results in the same values of r in both hot and cold streams.

1, Wire Tempevatuve vs. Time

Equation (2-5) is also valid for unequal mass flows. The sur-
rounding gas temperature (T) shown in Fig. 2-28, however,
becomes

o] @

T = bo' + 2, a,' sinnot + 2 by cos not

n=1 n=1

. T, - T
an = h ° (1 - cos nbm
nm

. T, - T
by’ = " " (sin nbm . (2-40)

nm

ERLINY N A
2

The solution of Eqs. (2-5) and (2-40) is

w
Tw = Ag'e™ + bo' + 2 cnli———-l— sin (not + ¥, - ¢ )-
n=1 V1 + (nw/c)?

(2-41)

Here

T, -T
Ccp = \/_Z'(L——c> V1 = cos nbn

nm

¢, = tan™! @> ¥, = tan'l[lsi“—”b”] (2-42)

4 - cos nb
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The value of the arbitrary constant A, can be determined by
setting t = 0 and T, = Ty, in Eq. (2-41):

Aal = Twi - b()l + Z Cn [—1] Sin(lpn - ¢n)'
n=1 V1 1 (nw/c)?

(2-43)

l¢e— th —l¢——— ¢ —— ——l—— h —p]

Te T,

For Unequal Mass Flow, t, X t.

t

Fig. 2-28

After an elapsed time equal to (3/¢) seconds from the very start
of the operation, the transient state portion becomes negligibly
small. Therefore, for practical purposes, only the steady state
portion is needed. This solution in nondimensional form is

T,~-b il
LRI E[__l_][ l_c"s"b”} sin(not + ¢, - ¢,).
T aV1 + (nw/c)? 2 2

(2-44)

Equation (2-44) reduces to Eq. (2-8) when b = 1, for equal mass
flows.

2. Cyclic Wive Temperature Rise

By employing a procedure similar to the one described for the
corresponding portion of equal mass flows, one obtains the wire
temperature rise:

T, -T,  Tp-T. 2 2

ATy wa77 - Tw, 21 cos nbr 2 .
i, Sin ¢ .
n=1

(2-45)
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For equal mass flows, Eq. (2-45) reduces to Eq. (2-11) whenb = 1,

3. Temperature Effectiveness of a Single Layevr Rotating Wivre
Screen

By employing a procedure similar to the one described for the
corresponding portion of equal mass flows, one obtains

_ L1\ so[L cosmbr] [ /g8 ] -46
s b(,B)El:Z 2 ][1+<n/¢ﬁ>2] (2-46)

For equal mass flows, Eq. (2-46) reduces to Eq. (2-17) when b = 1.
When 8= 0

7, é 2 lil _ cos nbn:| |:_1§j| (2-47)

b n=1|2 2 n

4, Tempevature Effectiveness of a Multi-layer Rotating Wive
Screen Heat Exchangev

a. Parallel Flows

A procedure similar to that employed for equal mass flows
yields

L f

Ny = Ny + 7 1 -29,{= +*%
2 1 sz|: 1(2 2)
1 7\]

M3 = Mg + Mg,y lil‘2’72<5+5>
L 7

Mg = M3+ Mg, |1-2n3{—+-
4 3 34[ 3<2] 2)

L f
T = Mp-1 % 7s, [1 =27, (5 + E)jl

(2-48)
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Where

For the special case of n, = Mg, = s

=1, = 74, Eq. (2-48) reduces
to i

M Ms

1
Ng = My + 7 1—27]1(5 +2>J
1 f
8T 2 Ll ) 2"2<§ ’ 5)]

(2-49)

1
1y = M3 + Mg |1 -2y 5t

L,
n 2 +2>]

b. Counter Flows

|
=
S
[
—
+
3
w
f —
I
Do
=
3
1
—
A~

A procedure similar to that employed for equal mass flows
yields

TI]. = TISI

1- TISZf 1-9
M = M\ ———— + s, |

1 -7, mf I\L - n,,mf

1 — . f 1=, (2-50)

+
M3 = M9 T——— 77S3 D R ——
- 7733772f 1- 7]33 7]2f
- T]snf 1- -1

T = Mp-1 Sy

L- TIs"T,n-lf 1 - ns,ﬂn—lf
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For the special case of 75, = 75, = s, = s, Eq. (2-50) reduces to

Tll = T]s
1_7’sf 1_771
Mg = M) + |
1 -~ gonf *\L - gy f
0 1"73f 1"’72
3 =Ml +ns|—
L — ngnof *\L - ngnof

1 - nf 1 - ng . (2-51)
Mg = Ngl———| + 0| T
1 ~ nnqf *\1 - g ngf

1- Tlsf I- Mn-1
M = i\l ) t s\
" " 1- 7’srln-lf ° 1- nsnn-lf /

Equations developed in the Analysis Section may be readily
plotted as design charts to establish design criteria., This was
done (see Figs. 2-29 to 2-32) for equal mass flows, For unequal
mass flows, similar plots may be readily prepared, using the
equations for unequal mass flows. These plots are not shown here,
but are left to the individual designer to prepare to suit his own
applications. For purpose of illustration, the general design pro-
cedure is given below:

Given: Ty, T., Py, P, Wy, W, Cph; Cpc-
Requived: To designaheatexchanger to attain aneffectiveness 7,
Procedures:

1. Arbitrarily select the following quantities: m, o, ng, d, s,
counter flow or parallel flow, and wire material which
determine P Cp ws

2, Read 7, in Fig. 2-29 or 2-30from known values of » andn,,

3. Select ¢ and B in Fig. 2-31 from known value of 7,, (It is
always desirable to have B8 as close to maximum as
possible and ¢ as close to minimum as possible,)

4, Calculate (h/Gy,,Cp) from Eq. (2-18) and read (dGyax/p in
Fig, 2-32 from known value of (h/GpaxCp).

b. Calculate G from Eq. (2-16), N from Eq. (2~19).
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Fig. 2-29

6. Calculate free flow area As for either hotor cold gas from
Ar = Wy /Gy, = W, /G;, and calculate the outside diameter of
the wire screen rotor using

D;\2 -
Ar = Z (0?1 - _i) 14’”"‘/2”)
4 Do m

NOTE: (D;/D¢) may be arbitrarily selected but is usually from
0.1 to 0.3.
7. Calculate the total wire screen core weight W, using

Di\? 2
Wo = 7 02 |1 - Z2) [(T)2) 2sp,n.
4 Do 4 /\s

8. Calculate the core thickness of the wire screen layers !
using

Il =@,-Dp+d (in inches)

9. Calculate the core volume using

7 D; 2 1
Core Volume = = (D)2 |1 -{ = —1-
4 Do 12
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Fig. 2-31

Fig. 2-30
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Fig. 2-32

For agivenrotating wire screen heat exchanger, the performance
can also be calculated from the charts in a similar but reverse

manner,

Knowing the values of V, N, etc., the value of » may

readily be calculated for the given heat exchanger under the given
operating conditions.

SYMBOLS
Ay = free flow area in sq. ft.
Cp = specific heat of gas in Btu/Ib, °R.
Cp, = specific heat of wire material in Btu/Ib, °R.
¢ = Constant = (4h/p,Cp d
D; = inside diameter of rotating wire screen rotor in ft.
Do = outside diameter of rotating wire screen rotor in ft.
d = wire diameter in ft, or inches
f=Wn/W, 2
G = mass flow velocity per unit area in lb./sec. ft.” = pV
Gmax. = maximum mass flow velocity per unit area inlbs./sec. ft.?
g = acceleration of gravity in ft./sec.2
h = heat transfer film coefficient between gas and wire in
Btu/sec. ft.? °R,
k = thermal conductivity of the wire in Btu/sec. ft.2 °R./ft.
I = thickness of the rotating wire screen rotor inft. or inches
(thickness of multi~layer screen part only)
M = Mach number = (V,/A/ygR1,)
m = total number of hot and cold sections induct (see Fig.2-33)
N = revolutions of rotating wire screen rotor per second
n = integral number = nth harmonic in a Fourier Series
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ns = number of screens in parallel in a rotating wire screen
rotor

P = total pressure in Ib./in.2 or 1b./ft.2

P, = Prandtl number

R - gas constant in ft./°R. = 53.3 (for air)

s = Transverse pitch between wires in ft. or inches

T = total temperature in °R

Th, = total temperature of hot gas leaving the wire in °R.,
Ty = instantaneous wire element temperature in °R.
AT, = wire temperature rise in °R. during passage of the wire
through the hot section = T, - Ty,

t = time in seconds

V., = axial velocity of gas in ft./sec.

W = weight flow of gas in 1b./sec.

W, = total wire weight in lbs.

a = angle in degrees or radians which prevents mixing of
hot and cold gases during passage through rotating wire
screen rotor

B = V2(pCp/puwCp,) [1/(d/9V o/Nd [1 ~ (ma/2m) /m]

y = ratio of specific heats of gases

¢ = 8/1(h/Gray.Cplld/s) /(1 = d/9)?]

n = over-all temperature effectiveness of rotating wire screen
heat exchanger

1, = temperature effectiveness of an individual wire screen

M1 Mg M3. -+ M, = temperature effectiveness of one, two, three, four
. . . n wire screens in parallel

Tsy» Msyr Msyr - Ns = temperature effectiveness of first, second,
third, fourth . . . n’® individual wire screen

¢ = angle in degrees or radians in hot or cold section of the
duct

p = density of gas in 1b,/ft.3

o = screen solidity - 2(d/s) - (d/s)?

o = equivalent angular frequency in radians per second

= mNn/[1 - (ma/27)]
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GENERAL SUBSCRIPTS

indicates cold gas

h indicates hot gas

i indicates initial

n indicates »'* harmonic in a Fourier Series

o indicates steady state time wire element entering hot section
)

w

w

3]

indicates single wire screen

indicates wire or wire screen

or br indicates steady state time wire element leaving hot
section

[2-71 PULSE JET

Figure 2-34 gives a schematic diagram for illustrating pulse jet
operations, Pulse jet operates on a periodic cycle controlled by
the opening and closing of the inlet valve. The phenomenon may
best be demonstrated through the following pressure~time history.
When the inlet valve opens, the inlet air under ram pressure enters
the combustion chamber where the pressure rises from ambient or
neat ambient p, tothe ram pressure P;, depending on ram efficiency
[see Eq. (1-160)], as shown from point a to point . This is called
the inlet charging process. The time required for charging is :¢..
At the end of point b where the inlet valve closes, combustion takes
place and raises the temperature and, consequently, the pressure,
to a maximum point c¢c. The time required for combustion is i,.
Discharge starts at point ¢ and ends at point ¢ where the pressure
becomes ambient or near ambient again. Thiscompletesone cycle.
The frequency is equal to (Fig, 2-35)

1

tc+tb+td

f =

It is to be remembered that since there is no exhaust valve, dis-
charge takes place continuously during the charging and combustion
process as well as during the discharging process.

Pressure

\L__’———/ i
l___ Time —

One Cycle |
Fig. 2-34 Fig. 2-35
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[2-7.11 Discharging from Point ¢ to Point a

When the inlet valve is in the closed position, the situation may
be represented by Fig. 2-36. Let m, P, T and p represent the mass,
pressure, temperature and density, respectively, of gas inside the
chamber, at any instant ¢t. Let V; and A, represent, respectively,
the effective volume of the chamber whichis a constant and the exit
nozzle throat area. Use sub 0 to indicate the initial condition when

m, P, p N\
L P,
Vo, T, /A'2

Fig. 2-36

discharge starts at point ¢, Assume the expansion inside the
chamber during the discharging process follows the isentropic
pressure temperature relationship (which is a good assumption
and is very close to actual cases).

m=Vyp
1
p P P\
—k=—=cl p=[—
P Py 1
1
E (2~52)
m = VOE
‘1

1-%
iiln_ - VO P( k )d_P
dt 1 dt
kC

Here dm/dt is the rate of change of mass of gas inside the chamber
which must be equal to the rate of exhaust gas leaving the nozzle
exit, W. Combining Egs. (1-106) and (1-78), we have

2 k-1
w —PAZ kg 2 p\* 1 p\ * dm
2 = —F— —_ — — - = - .
VT YR YE-1 P P di

Substituting Eq. (2-53) into Eq. (2-52). one obtains:

PA 2 k-1 1-%
72 ke [ 2 N (p\P | ke R dP
VT YrRYe-1 Y\p P Vo dt

(2-53)

?:-|.-a
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Since
_k
P T\* -1
P, (T0>
we have
k-1
p\ 2k
VT - \/T—0<—> . (2-54)
P
0

Substituting Eq. (2-54) into (2-53), one obtains:

(2-55)

Here

1
B E
o Ay P(Zk) ke [ 2 (kP())' (2-56)
2 VT ¢ R Ye-1 \v,

[2-7.1.1] Supercritical Discharging When (P/p) > [(k + /2K (k=1

For all pressure ratios greater than or equal to the critical
pressure ratio

k

GHES

the throat is choked and the Mach number is one at the throat.
Under this condition, (P/p) becomes a constant which is equal to
[k + 1)/2]k/ (k-1)  Therefore, for super critical or critical flow,
we have

1-3k

—cgdt = P 2% 4P, (2-57)
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Here

2

2 V7! 2 (2-58)
s 7 2 (k+1) [— k+1j|.

Equation (2-57) may easily be integrated to give

L/ o 1-k 1-k
P = — P 2k _ P 2k -59
cg(mk_1> 0 (2-59)

1-k
k -
t=C4 <_P‘) - 1). (2 60)
PO
Here
L-4)
cy = _l 2k PO 2k . (2—61)
cg\k -1

With pressure versus time known, the temperature T, density p
versus time may be known from the isentropic pressure-tempera-
ture, pressure~density relationships. They are:

i E-1

T\ :
t=c, (70) ~1f = ¢, (%) - 1. (2-62)

From Eqgs. (2-53) and (2~54) and supercritical flow conditions where

k

Q-

one obtains:

kel
am _ _..p 2k (2-63)

Here
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2
A, EL 2 2 ¥ 1k -1
o - 2 p T2k ‘/i" ( ) = ). (2-64)
Y RVe-1¥Y\e+t) \ri1

Substituting Eq. (2-59) into (2-64), one obtains:

dm
— = —cglcgt + cq)
dt
k+1
2k | 2k k+1
% = — o5 |tegt + eptT — —cglegt vep' TR L (2-65)

Here
cglk = 1
c = —_—
6 2k
C'7 = 0406 .

Equation (2-65) may be integrated to obtain:

2 2
c 1% —
m o~ my = —(—5)(1 - k) l}cst + 07)1 ko c7l-k} . (2~66)
Cg 2

[2-7.1.2] Subcritical Discharging When (P/p) < [{k + 1)/20k/ k= 1)

For subcritical flow p = p,, S0 we may rewrite Eq. (2-55) as

- cgdt =

xGék_Bk) dx _ dx
G ERESIEES
& -6 V. "

(2-67)
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Here

I

Cs

When k = 1.4, which is the case of usual interest, we have

- cgdt = ax
L] 4 (2-68)
xT - x7
Equation (2-68) may be integrated to give
3 1
7 3 2 1/ 2 2 1/ 2 2
L= -— Xi7 Xi7 -1 —_X17 Xl7 -1 ==X Xl7 -1
Cg
1 3
1 2 \2 34/ 2 /2 2
s2mfxT e -1 | -xT WX -1 e ST X -1
1 1
1/2 1 2 \2
f2xTIxT -1 -S| xT o+ X -1 . (2-69)

Here X; is the initial value of (P/p)) at the start of subcritical flow
and which is equal to [(% + 1)/2]k/k 1, For the other value of %,
Eq. (2-67) must be integrated graphically.
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[2-7.2] Combustion from Point b to Point ¢

Combustion in pulse jet is neither a constant volume combustion
nor a constant pressure combustion; it is in between. From Egq.
(1-21) of Chapter 1, we have

dQ = dE + pdV = dh —~ vdp . (1-21)

From Eqs. (1-167) and (1-168) of Chapter 1, we have

x df
dQ = 7n.h . 1-167
Q Ty 1.7 ( )

The term (1+f) is being added because the heat addition dQ is for
heating (1 +f) pound of combustion products. Therefore, we may
write Eq. (1-21) as

dT pdv * df
a1+pn (cv 7: + :]d—t> = nh E . (2-70)

If the rate of fuel injection (df/df) is constant or equal to its average
rate during the combustion period ., i.e., df/dt = f/t.. Here f = total
pound of fuel injected per pound of air during combustion period
te (which should be as short as possible for best efficiency):
tc = combustion time period, in seconds.

Then Eq. (2~70) may be written as follows:

ar, Pd (1 Ny (2-71)
dt Jey di 1+ teCy
or
T RT d
ar, B b, (2-72)
di JdeyV, di
Here

f * 1
= {—L—Vn.n . (2-73)
0 (1 + f) T <tc Cv)

During the comb}kxstion process, the flow at the nozzle throat is
usually critical, " = 1, so from Eq. (1-106), we have
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dm w kg AP
e iw, - 4=
dt R kB+1 -
b o T\2%-D (2-74)
S
dn = —cpy YT ar. (2-75)
1%
Here
ke AgR
‘v-Ve T
e+ 1\20k = D (2-76)
since
1 dv
dm = Vgdp = Vgd — )= Vo ﬁ 2-77)

Equating Eqs. (2-75) and (2-77), one obtains:

N
UM U (2-78)
v

Vo

Substituting Eq. (2~78) into (2-72), one obtains:

3
d—T + ch2 =cq-. (2-79)
dt
Here
Rc,
€11 = ( > ). (2-80)
vaVO

Equation (2-79) may be written

dT
; - & (2-81)

Cy - ch
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LetTV2 =X so (/2 T"V2 4T = dy

so
dT 2xdx
B g - & 82
% Cg ~ C11X (2-82)
cg-cn T
Letcg=a, -cyy =0, cig= (a/h)1/3
Equation (2-82) may be integrated to give:
2 S1 €12 "012X+X2 = 1 2x ~ ¢1p
- l 5 V3 tan”
3bc g 22 (cig + X 012\/§
(2-83)
Therefore, we have
92 1ln0122—012\/T + T
t = -
2
3c1112 |2 (c12 + ﬁ)
2VT - ¢
+ V3 tan"! R (2-84)
cpg V3

Zero time or initial time is at the beginning of combustion or at
point b where the temperature is equal to T and pressure is equal
to P,. Since pv = RT, we have

d_P _dT dv‘ (2-85)

C
b _ a0 F g, (2-86)
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Substituting Eq. (2-81) into (2-86), we have

1
dP dT ‘1w T 24T

—_ - — (2-87)
P T V, 3
cg — cuT2
3 3 1
dT? - 27247
3
2
fpf._fTﬂJr 2¢cqg fT d(cg—cuT)
p, P 7, T  3cy,Vy YT 3
Cg — clsz
(2-88)
Equation (2-88) may be integrated to give
3
c Cog — €11 T
ln(—) = ln<l> + E( 10) 1 9 1
; Ti 3 cllV0 3
cg — ey T;
(2-89)

Here the subscript i indicates the initial condition or conditions
at point » where temperature is Ti1 and pressure is P,. Since
T versus time is known from Eq. (2-84), pressure versus time
may be known from Eqs. (2-89) and (2-84).

[2-7.3] Charging Process from Point a to Point b

The charging process may be represented from the following
sketch:

e

1 '

Al A2
Valve Nozzle Throat
Position Position
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Here the rate of change of gas mass inside the chamber must be
equal to

dm

= Wy - W, . (2-90
dt 12 )

Again applying Eqgs. (1-106) and (1~78) of Chapter 1 to the present
case, we have

2 k-1
o P V5 (i) 1_(_P)k (2-901)
VT, R k-1 P, P,

Here P is the pressure inside the chamber, P; and T; are ram
pressure and ram temperature, respectively [Eq. (1-160)].

k-1

2 k-1
o P i T ‘[) ()
vi, V R Ve -1 P P

Here p, is the ambient pressure. Equations (2-91) and (2-92) may
be rewritten as

(2-92)

2 k-1
k

(2-93)

Here

P.A
Ci3 = 1__1 ‘/k_g ‘/i = constant (2-94)
\/T1 R E-1
P\ //P\ pa) * (2-95)
Wy = Ciaf— —) 1 ~-{— .
p P P
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A
2 k 2
C14 = — ‘/*g ‘/* . (2~96)
o1, VB Vi1

When the flow is critical, i.e., Mach 1 at the throat section, when
(P/P) 2 [(k + 1/2]**=D for w,flowandwhen (P/p_) > [(k+ 1)/2]¥/ %1
for w, flow, Eqs. (2-93) and (2-95) become constant, i.e.,

_k_
2 k-1 k_l
w = C —_—
R AV B+l

= ¢y5 = constant (2-93a)

Here

k

k-1
w2 = 014 2 k ~ 1 = 016 = cOnsta.nt,
B+1 E+1

(2-951)

During the charging process for high-speed pulse jets where
ram pressure over ambient pressure is above critical value, the
charging process consists of three parts. When the inlet valve
opens, the chamber pressure is near the ambient pressure P,,
while ram pressure is P; (a value higher than or equal to the
critical pressure ratio), the charging process is ‘‘supercritical
charging and subcritical discharging,”” as shown in Fig, 2-37.
When the chamber pressure gradually builds up, the ratioP;/P
becomes < [(k + 1)/2]¥/k~1), the charging process becomes *‘sub-
critical charging and subcritical discharging.’’ Finally, the cham-
ber pressure builds up so high that the chamber pressure P over
the ambient pressure P, exceeds the critical value [(k + 1)/2]%/(k-1)
and results in ‘“subcritical charging and supercritical discharg-
ing’’ as shown in Fig. 2-37. The analysis may now be made in
the following.

[2-7.3.1] Supercritical Charging and Subcritical Discharging

Combining Eqgs. (2-90), (2-93a) and (2-95), one obtains:

2 k-1

dm P\ o<\ |4 <Pa> * (2-97)
— = Cir ~Cyy [— _— -~ = .
a BT, ) P 3

a
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Substituting Eq. (2-52) into (2-97), one obtains:

|
< |

!

!

[

|

|

|

|

o l
e (1) ofa— (2) —be—— (3) —f

1

—

|

re—— Charging Process

e———————————  t, ——

(1) Supercritical charging subcritical discharging
(2) Subcritical charging subcritical discharging

(3) Subcritical charging supercritical discharging

Fig. 2-37
2 k-1
2 k
VO PT dP P Dy 1 Dg
1 = =05~ Ciu [T - “\5
1 dt . P P
ke,
(2-98)
or
1~k
x C17X dX
f =1, (2-99)
x; ‘/2<k—1> <k-1>
€15~ ¢4 ¥ X Blox\E
Here
Vo %
€17 = T Pa (2-100)
kclk

X = (£> . (2-101)
Pq
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Equation (2-99) which gives pressure versus time may be in-
tegrated graphically,

[2-7.3.2] Subcritical Charging and Subcritical Discharging

Following the same procedure as was used in the previous
section, one obtains:

1-%
Ci7 X k dx
- = t .
2 k-1
k 2 k 1-% 2(k-1) k-1
Pq & Py E ‘/ E <—k>
€13 —] X 1-(— X - C14 YX - X
Pl Pl
‘ (2-102)
[2-7.3.3] Subcritical Charging and Supercritical Discharging
Following the same procedure again, one obtains:
1-k
c17X dy ,
k~1
2 -
-2 Pa k 1 kk
~\5 X ~C18
P 1
(2-103)

Both Eq. (2-102) and (2~103) may be integrated graphically.
Once pressure versus time is known, the temperature T, density

p, Mass flow w, and w, versus time may also be obtained through
pressure P, This is shown in the following:

k-1

= S
1 I
I T~
e )

N—
Rr'|r-l a
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m versus ¢ may be obtained from Eq. (2-97) when P versus ¢ is
known. w; and w, versus ¢t may be obtained from Eq. (2-93) and
(2-95), respectively, when P versus ¢ is known.

Jet velocity V; versus ¢t may be obtained through Eq. (1-178a).

p 1-178a
Vi = 4f 2ede, T |1 - <_“> ( )

when T and P versus ¢t are known from the above, the gross thrust

F =

(wy/g) V; is known when V; and w, versus ¢ are known, The

nét thrust Fy versus t may be obtained through Fy = w,/g V; -
(w,/g) V, when wy, w; and V; versus t are known from the above.
This value may also be measured based on a weighted average
value of one complete cycle.
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Aerodynamic Design of Axial Flow Compressors

and Turbines

W. H. T. LOH, Manager

Science and Technology,
Space Division,
North American Rockwell Corporation

Downey, California.

[3-11 INTRODUCTION

Fundamental aerothermodynamic equations derived in Chapter1
may now be applied for aerodynamic design of axial flow com-
pressors and turbines, A typical sketch of an axial flow com-
pressor is shown in Fig. 3-1. The following symbols are con-

ventionally used:

pa—

A4 RIIS|IR||s |7;| —>Flow

!

T t Single stage Station

yya
NN

Stationary L\ \ T

282228
Fig. 3-1
V = absolute velocity Subscripts
u = change of tangential velocity
component t = tangential
» = angular velocity-rad/sec. a = axial
W = relative velocity o = average velocity
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radius

density #/Ft3

Lift

Drag

lift coefficient = L/(pV2/2)

drag coefficient = D/(pV2/2)

angle between average relative velocity (Wo) or average
absolute velocity (Vo) and tangential direction

angle of attack measured between chord and incoming stream
average relative velocity = (W14 + Wa4)/2

average absolute velocity = (V14 + Va4)/2

D/L

axial force

tangential force

solidity = chord/spacing = ¢/s

blade chord

static pressure

blade spacing

number of blades

temperature

blade element efficiency

angle between axial direction and W; direction (stagger
angle)

[3-21 COMPRESSIBLE FLOW ANALYSIS

A typical stage of an axial flow compressor which consists of
multi-stage bladed annulus is shown in Fig, 3-2,

Inlet guide
vanes

Rotor
blades

Stator
blades
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Vaa W, Vv

o
LE} Via W1

or N—
Pu— P—
fa—— V3, ——vf
o or —.1
or -y

Fig. 3-3

For compressible flow across the guide vanes, Eq. (1-63) gives

2 2

Vv Vv
O ik = 2y (3-1)

2gJ 2g]

For compressible flow across the rotor blades, one may again apply
Eq. (1-63) when relative velocities W; and Wy are used. (Treat the
rotating blades asif they were stationary by using relative velocities
W1 and Wg instead of absolute velocitiesV; and v,.)

2 2
W1 2 (3_2)
2gJ 2gJ

From the geometry of the velocity diagram, Fig. 3-3, one obtains:

W12 - Wy2
hy - hy - 2L T2 L [V 2 s Gor - Vig? - Va? - (or - Va2
2gJ 2gJ

(3-3)
The absolute values of total enthalpy ¢‘before’’ and ‘‘after?’’ the rotor

blades are, respectively, H; and Hs.

Hy = by + — (3-4)

Hy = hy + 2 (3-5)
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Therefore, the total enthalpy increase across the rotor blades is

Vg2 V2
Hp - Hy = hg + — - hy - —
gJ 2g]
Vol + VaaZ Vi + Vig?
= hg - hy + -
2gJ 2gJ

1
2gJ

I

[Vid? + @n? = 20rVy, + V12 = Vo, = (02 + 201V,
- V2t2 + V2t2 + VZa2 - Vltz - V1a2]

1 Quen = L yor.
2gJ gJ

I

(3-6)

Here u = (Vg; - Vy;); see Fig, 3-3.

Equation (3-6) is the Euler’s equation for compressors and
turbines. It says that the total enthalpy increase (total energy in-
crease) is equal to the rotating speed «r times the change of
tangential component u, Assume constant specific heats are valid
for each stage, and Eq. (3-6) becomes

cp(Tg - Ty = lumr

gJ
or
k-1
k
T2\ (P2)" L () wer (3-7)
T]. P1 chpT1
or
_k_
Py - P k-1
2700 e Y e _1. (3-8)
Pq glcpTh

If, for incompressible flow, k = =, k/(k - 1) = 1, R/cp, = (k = D/k = 1,
Eq. (3-8) reduces to

Py - Py = é puwr. (3-8a)
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Equation (3-8) gives the pressure rise througha stage by compress-
ible equation, while Eq. (3-8a) gives the pressure rise through a
stage by incompressible flow equation,

[3-2.1] Radial Equilibrium

Figure 3-4 shows the flow along the radial direction and its
corresponding radial equilibrium condition,

TEER= [
S

ﬁ C_Ji

Rotor Rof
blade bla

Fig. 3-4

For radial equilibrium, dp must be balanced by the centrifugal
force [(p/g)drlw?r. Therefore we have

Vv 2
dp = <f dr) w2r = (ﬁdr> It (3-9)
g g r
or
vV 2
o _ P Tt (3-10)
dr g r

Equation (3-10) is the radial equilibrium condition which must be
satisfied by fluid element. Now letustake a look at enthalpy change
along the radial direction. Differentiating Eq. (3-6) with respect
to r, one obtains:

(2th2 — 2gJhy + Vo2 + Vo2 - Vi 2 - vlaz) -9 er

&=

1
2
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since

dh

]
o
k]
I
o~
I
S
[
N
=]
N—
]
8
o
I o
o |
<
N
(-
S
I =
N
CRES)
—
—
N
SR

il
[
=
1=
—
N——
s
-
BN
U
=
B
a-ll
—
Il
L
Bl
[
f—
SN
-
E
p—
SN
-] 10
[ e
SR
&

= _1_ dp_
Ip (3-12)

Substituting Eq. (3-10) into (3-12), one obtains:
2
dh 1 Ve (3-13)
dr Jg r

Substituting Eq. (3-13) into (3-11) and integrating from radius r,
to radius rg, one obtains:

s V2t2 s Vltz s s
dr - dr + VordVaoy + VoadVag
r r A r 7, N

A
B B B B

-f vltdvu-f VladV1a=f d(wor) =f dWVa, - Vipor

(3-14)

T

A A A A

Referring to Fig. 3-5, one may write the following integration
approximately as

B V2t2 R
f dr shaded area in Fig. 3-5

r
A

2 2
Vai, Vaig
+
A g

(3-15)

(rg = r4)
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4

Yo

2tp
rA

[—— A ——Plerg-rA>

s

Fig. 3-5

With the approximation of Eq. (3-15), we may write Eq. (3-14)

into
1 V2lA2 V2t32 1 V]_lAz Vlth
3 + (rg —rA)-§ - (rg = 1y)

Ta B TA B
1, o 1. o 1 s 1 s 1., o 1. o
+§sz3 =5 Ve, +§V2a3 mgVeas” m 5 Vg + 5 Vi
1

2 1 2
- §V1a3 + é‘vlaA = (VZtB - Vuglorg - (VZtA = Vity)orye
(3-16)

We may rewrite Eq. (3-16) into

1 2fB 1 ofB 1 2 1 2
— — - - — -1} -2V - =V
2V2tA (’A ) 5 Vit 5 V2ay 5 2t

Ta
1 2 1 2
+§V1tA +§V10A +er(V21A"V11A)
1 of’A 1 of A 1 2 1 9
==V — =1} -=V — -1} -=zV -=V
5 V2tp (rB > 5 V1tp o 5 '2tg 5 V2ap

1 2 1 2
+ EvhB + —z—VlaB + orfg (Vng - VUB)'

(8-17)
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Let F indicate the function at the left- or right-hand side of
Eq. (3-17), and one can see immediately that

Fp = Fg. (3-17a)
Equation (3-17a) indicates that for radial equilibrium condition F 4
must be equal to Fg while points A and B are two points along the
radial direction (while points 1 and 2 indicate the point before and

after the rotor blades)., Equation (3-17) is the same for both com-
pressible or incompressible radial equilibrium analysis.

[3-2.2] Continuity Equation

The compressible continuity equation requires

tip tip
f pg Vo, 2nrdr = f p1 Vg 2mrdr. (3-18)
Thub Thub
For incompressible flow, Eq. (3-18) simplifies to
ip Ttip
f Voadr® = f Vyigd? (3-18a)
"hub "hub

[3-2.3] Density Relationship
For constant specific heats, Eq. (3-3) may be rewritten as

cplty — t1) = 51—3 [2ua)r + Vig2 + V12 = Vg2 - Vgtz]
8
(3-19)

t
2\ _ 1+ 1 [Zuwr + Vi1g2 + V12 = Vo2 - V2t2]'
t 2chpt1

(3-20)

For isentropic or polytropic relationships, one obtains:

Py k-1
P1
=1+ < 1 >[2umr + Vg2 + Vi 2 - Va2 - V2t2]

2gdc t
Pl (3-202)

k-1

-6

I
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or

[ < 1 > [Zua)r + V1a2 + V1t2 - V2a2 - V2t2] .

2chpt1
(3-20b)

[3-2.4] Method of Calculation

1. Divide the blade into five sections, namely, a, b, ¢, d, e, as
shown in Fig, 3-6.

1 2

——— e =TT} - — = — - a

FAb o = constant

T

_— -k = = -

)
7!
/

I

|

t

T

|

[

3

'l
TI'""I M
m|>
a la

]

Q.

®

I

Fig. 3-6 Fig. 3-7

2. At each section, draw the blade velocity diagram as shown
for the middle section ¢ of Fig. 3-6.

3. At each section write down the airfoil section number (such
as NACA airfoil four-digit series section), blade angle ¢, blade
chord ¢, blade solidity o, blade radial location r, blade spacing s.

4, Assuming (for each section) five values of Vg, (such as
Vaa = Vig = 50, Vig = 100, Vig, Viq + 50, Vig + 100 Calculate B; by

((1.)7' - v1t)
Via

tanfB; = (3-21)
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w, A
V1

Via
wr —-I

~[vip=
5. Calculate o, by

a; = ¢ + B, - 90°. (8-22)

6. From B, «;,0 airfoil section and its wind tunnel cascade
characteristics, read the turning angle 6, (cascade characteristics
are usually presented in NACA data as functions of 8,,e;, and o
for the airfoil section concerned) as shown in Fig, 3-7,

7. Calculate Vy;, by Vo, = wr - Vog tan(8y — ;). (3-23)

8. Calculate Vg by V3 = \/ Vad2 + Va2. (3~24)

9. Calculate the values of F4 and Fpfor each value of the five
values assumed at each section for Vs, (calculate the left-hand
side F4 and the right-hand side Fg of Eq. (3-17) separately) accord-
ing to Eqs. (3-25) and (3-26):

1 2 ] 1 2 B 1 2 1 2
Fa ==V — =1}y ==V — = -2V -ZV
A 9 2t4 <rA > 2 1ty4 A D) 2ty 2 2a 4

1 1
+ §V1:A2 + §V1a,,2 + or g (vm - vm)

(3-25)

1 9 [TA 1 2fTA 1 2 1 2
Fp = =V — -1} -2V — - 1)-2ZV R V4
B 9 2tp <rB > B 1tg rB 3 2tg ) 2ap

1 1
+ §V1t32 + §V1a32 + wr'g (VZtB - V1t3>

(3-26)
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10. Plot F4 and Fp versus five assumed values of V5, for each
section (a, b, ¢, d, e) of thefive blade sections as shown in Fig. 3-8,

Fpa

Fg or Fa

Assumed V2a
V2a

Fig. 3-8

Since F 4 must be equal toFgfor radial equilibrium, we must always
satisfy the following chain solutions. Assume a value of Vg, at the
hub section (section e) as shown by the straight lines in Fig. 3-8,
This assumed value of Vg, at section e determines a chain of
relations of Vg, at sections d, ¢, b and a (because at each section
Fs must be equal to Fp as shown by the straight lines). This re-
quirement determines Vg, variation along the radius from r,,
to ry, for the assumed value of V2, at the hub section. This re-
quirement also gives a chain relation on the velocity diagram
(because Vgy,, in turn, determines the velocity diagram) on each
blade section. The velocity diagram, in turn, determines the
density p, according to Eq. (3-20a) or (3-20b). Therefore, for
each assumed value of V,, at section e (hub section), one deter-
mines the complete Vo, and py variation along the radius direction
from hub to tip, With V5, and p, variation along the radius known
(for each value of V5, assumed for section ¢), one may graphically
determine the total mass flow term m, after the rotor blades

ip
my = / Pog Vo q ardr (3-27)
"hub

which must be equal to the massflow termm, before the rotor blades

Ttip
my :f p1aVag2mrdr. (3-28)

Thub
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If m, does not check with m; which is known through graphic
integration of Eq. (3-28), one must assume other values for Vaq
at section e (hub section) until m, checks with m;,. When my = m,,
the assumed value of V,, and, therefore, its variations along the
radii, are the corrected answers.

11. Once the right value of Vg, along the radii from hub to
tip is known, the right velocity diagram at each section, aq, b, c,
d and e may be drawn, Comnsequently, the Ho - H; at each section,
a, b, ¢, d and e are known from Eq. (3-6).

1
Hg — Hy = — wr(Vgy; — Vyp) (3-6)
gJ
T2 1
— = |1+ (Vay - Vipor (3-29)
T, glepTh
_k_
Py 1 k-1
—= = 1+ (Voy - Vidor (3-30)
Py gJepTh
Calculate P, at eachsection a,b,¢c,d and e. Get p,; from Eq. (1-78).
_k
271k-1
o, e W (3-31)
by 2 keRt,

To plot Py versus the radius r? from rhub to rtip » ONe may obtain
the weighted average value of the pressure rise from hub to tip
by graphic integration of

Ttip
/ 2mrpy Vo (Py = Py)dr
(P, ~P),,, = ] (3-32)

ave *eip
f 2arpy Vy  dr
"hub

u

12. The above analysis gives V,,, V,,, py, Py, Ty, Hy, (P, - P1) and
local mass flow distribution variation along the blade radius from
hub to tip.

[3-3]1 TURBINE ANALYSIS

The turbine may be looked on as if it were a negative operation
of a compressor; therefore, the analysis made in the previous
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section applies also to the turbine analysis here. Figure 3-9 shows
the velocity diagram of a turbine stage. Notice here that the turning
angle of the turbine is usually much larger than that of the com-
pressor. Because of the expansion through the cascade rather than
compression through the cascade, the turbine canusually turn up to
150° without causing flow separation, while the flow separates in the
compressor cascade if the turning angle isgreaterthan 20° or 30°,
This is because the expansion stream tends to fill the cascade
passage suppressing separation, while the compression stream ag-
gravates the flow separation. With the large turning angle possible
for turbine operation, the expansion ratio is consequently much
higher than the compression ratio. Applying the Euler’s equation
[Eq. (3-6)] to the turbine analysis, we have

uwr

Hy - Hg = —. 3-6
p (3-6)

Referring to Fig., 3-9,when W, =Wy, p; = py,the turbineis called
an impulse turbine, in which the velocity diagram is symmetrical and
the static pressure is equal at the inlet and exit, The turbine
analysis can best be illustrated by an example.

Given: Turbine horsepower = Y
Turbine RPM = N
Turbine gas flow = W 1b./sec.
Turbine inlet temperature = T°R
Turbine inlet total pressure = P; (psi)
Turbine tip speed = n ft./sec.
Turbine inlet flow at pitch radius ¢ degrees with the
horizontal

Solution

1. Turbine angular speed » may be known from

w
© =V (3-33)

2, Turbine radius ri, may be known from

n

Ttip = —- (3~-34)

e

3. Turbine annular free flow area “Aj sing” may be obtained
from the application of Eq. (1-106a) to the annular area at pitch
section as shown in Fig, 3-10.

WVT, ke M
P1(Aq sing) R kel

(3-1064a)

2(k-1)
1+ k- 1M12
2



220 Jet, Rocket, Nuclear, Ion and Electric Propulsion

Ay

Fig. 3-9 Fig. 3-10

N I
V'

Miq

M,V

Fig. 3-11

Since the turbine throat is choked, M; = 1. Therefore, every
quantity in Eq. (1-106a) is known except A;, so A may be solved
from Eq. (1-106a),

4, The turbine hub radius ry,, may be solved from the
following equation:

Ay = (2, - 2y,)- (3-35)

5, The turbine-required enthalpy drop (H; — Hz) may be ob-
tained from

778
(Hl - Hz)%w = Y- (3_36)
Here W and Y are given. Therefore, H; - Hy may be solved.

6. From Eq. (3~6), ur may be solved.

1
Hy - Hy = = uwor _
1 2 2 (3-6)

or
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ur = (Hy - Hg) 2. (3-37)
@

A free vortex turbine is one in which ur is constant at any radii.
Consequently, the pressure is constant at any radii and no radial
flow results. The radial equilibrium condition derived in the
previous section is not needed for the free vortex design of com~
pressors or turbines, and wr is a constant, So u at tip, pitch, and
hub may be solved from the known value of ur as follows:

Tip Pitch Hub
Ttip I'pitch Thub
Utip Upitch Uhub

v is defined as the change of the tangential component between the
inlet and exit. In the case of the turbine,

u="Va+Vyi.

(See Fig. 3-9.) We may now construct the velocity diagram at tip,
pitch and hub as shown for pitch in Fig. 3-11.
7. With the velocity diagram drawn, the following may be cal~
culated from the geometry of the velocity diagram:
W1 from vector addition of V1 and wr
Mla = M1 sin¢
Vie = M1qVkgRty

Wi = VW12 + (Vi - wr)? (3-38)
Wo = VVao? + (U + or - Vip? (3-39)
Vo = VVae? + (u=Vyp? (3-40)

Because of the turbine expansion as shown in Fig. 3-12, V, may be
designed so that V,, is slightly greater than Vv,,, say, Voo =
Vi + 50 ft./sec.

Since

il
1N

Vor + Vit (5-41)
Wor + Wy

1]
1N
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Vig i —Va,
Fig. 3-12
we have
(vltr)tip = (vltr)pitch = (Vltr)hub (3-42)
(V2tr)tip = (Ver)pitch = (VoD (3-43)

[(V2t + VU)r] = [(VZL + Vlt)r]pitch = [(VZt + V1t)r]hub (3—44)

tip

Using the pitch section as an illustrative example, the velocity
diagram and 4-s diagram shown in Fig. 3-13 may be drawn.

a

Wy o>

o~
>
\}

—wr f—

'_‘V21‘_°'

Fig. 3-13

With the velocity diagram, h-s diagram, and gas table, the gas
properties P, T,p at each section may be calculated in a manner
similar to that used to calculate the nozzle flow in Chapter 1.

Station T h P, P
0 To Ho Py, Py
1" (stator) 1 h Py p]
1 (based on absolute velocity V1) h . P,
1 (based on relative velocity W) hi, Py, Py
2 (based on relative velocity Wg) to, hor Py
2'(based on relative velocity Wy) th ha, P53, Py

2 (based on absolute velocity Vo) tg hy Py
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Here the prime indicates the fictitious isentropic state of the gas.
Fvom Point 0 to Point 1.

V12
0~ =M
2gJ

Ho -
™ Hy -
To = Ty
Ho = H;
but

Py # P, (because of pressure loss here)

From absolute to velative values

hl = hlr
t1 = 11,
P P

T(H1) T (HD)

Prny Py

W2 W12
Hi, = hir + — = by + —

2gJ 2gJ

Wo2 Wo?2
Hor = hzr+i = h2+—2-

2gd 2gJ
le = H2r

From velative to absolute values

sz
H2 = h2 + ——
28]
hor = ho
lor = I
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Tuvrbine expansion

Py Pygy

Py Py
Tuvrbine efficiency
Hg - Ho

np = ———
T Hy - H}

All subscripts r indicate that the quantity is based on relative
velocity W instead of absolute velocity Vexcept P, indicates relative
pressure used conventionally in the gas table of Keenan and Kaye.

For two or three stages of turbine design, the analysis is the
same as the one-stage design illustrated above. No repetition will
be given here.

[3-4]1 APPENDIX: TWO-DIMENSIONAL INCOMPRESSIBLE
COMPRESSOR DESIGN

Analysis of an Axial-flow Compressor Stage. Assumptions:

1. The density of the gas is constant throughout the stage.
p = constant,

2. The axial velocity is constant throughout the stage. V, =
constant.

3. The gas velocities at entrance and exit of the stage are
identical., Vi = V3.

4, There are no radial components of velocity in the stage.

5. Losses are due to profile dragonly. Lossesdue to clearance
leakage and to secondary flows are neglected.

Vector Diagvams. Figure 3-14 shows the blades of the rotor
and stator developed on a cylinder of radius r. Figure 3-15 shows
the velocity diagram for the blade-elements at the radius r. From
assumption 3 it follows that V; = V3. From assumption 2 it follows
that Viq = Vgq = V34 = V4. The geometry of the vector diagram
indicates that Vg, - Vi, = Wg; — Wy;. The velocity W, is the mean
velocity of approach to the rotor blade; the tangential component
of W, is defined as the mean value between the tangential compo-
nents of W; and W3, respectively. The velocity V; is the mean
velocity of approach to the stator blade; the tangential component
of Vs is the mean value between the tangential components of Vo
and V3, respectively.

Figure 3-16 shows the forces acting on an element of the
rotor blade of infinitesimal length dr. A similar diagram may
be constructed for an element of the stator blade.
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Fig. 3-14 Development of rotor and stator blades at radius r; t=chord; r = radius of blade
element; z = number of blades; ® = angular velocity; o = solidity ratio = chord/pitch =
t/(2m/ 2) = tz/2mr; subscript r refers to rotor; subscript s refers to stator.

Fig. 3-15 Velocity-vector diagram for rotor and stator blades at radius r; V = velocity

relative to stator or absolute velocity; W = velocity relative to rotor; subscript a refers to

axial component of velocity; subscript ¢ refers to tangential component of velocity; B is
measured with respect to direction of motion of rotor blades.

Fig. 3-16 Force-vector diagram for element of rotor blade of length dr; « = angle of attack;
8 =blade-setting angle = « + 8; L = lift force; D = drag force; A = axial component of force
on blade; T = tangential component of force on blade; € = tan-'1 (D/L).
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Analysis of Rotor. The subscript r isomittedfrom the symbols
in this section with the understanding that all quantities refer to
the rotor. The force-vector diagram of Fig, 3-16 indicates that
dT = dL sinfB + dD cosf (3-45)
and

dA = dL cosB - dD sinf3 (3-46)

By definition, tane = D/L, and, since ¢ isusually much less than 0.1,
we may write

L D

€
dL

(3-47)

Equations (3-45) and (3-46) may then be rearranged as follows:
dT = dL sinB |1 + (= 3-48
/3[ (= B)] (3-48

dA = dL cosB[1 - ¢ tanf] . (3-49)

and

The lift dL may be expressed in terms of the lift coefficient Cj, as
follows:

dL = ¢, L w2iar, (3-50)
2g0

Application of the momentum equation in the axial direction to
the flow through a control surface bounded by sections 1 and 2 and
by cylinders of radii r and (r + d) results in the expression

ZdA = (py - py) (2nrdr). (3-51)

After substitution of (3-49) and (3-50) into (3-51), we obtain

Py - Py = oCL Z—P—W,2 cos B(1 — ¢ tanB) (3-52)
80

where o = tZ/2sr and represents the ‘‘solidity’’ of the blading or
the ratio of chord to pitch.

Application of the equation for angular momentum to the
flow passing through the same control surface described above
results in the expression
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Va2ard
Pl et (Vgy = V19 = ZrdT- (3-53)

After substituting (3-48) and (3-50) into (3-53), we obtain

oCp, W,2 .
Vor - Vg = —— — sin {1 + . (3-54)
2V, tan B
Now Vg = W, sinB
so that we may write
oL,
Vo = Vi = w1+ —<—). (3-55)
2 tan 8

Analysis of Stator. Equations (3-45) through (3~55) apply to the
stator as well as to the rotor, substituting vV, for W, and employing
the subscript s instead of the subscript r. Since there is no net
change in tangential velocity between the entrance and exit of the
stage, i.e,

Vor - Vig = Var = Vg,

it follows from (3-55) that

U‘rCLrWr(1+ i )zOSCLSVS <1+ i )' (3-56)
tan 8, tan B

Through a comparison of (3-56) with (3-52), we may derive the
ratio of the pressure rise in the rotor to that in the stator. Ne-
glecting the terms containing ¢, we obtain

Py = Py o tan B

. (3-57)
P3 — Py tan 3,

Thus, to obtain equal static-pressure rises in the rotor and stator,
it is necessary to have a velocity diagram which is approximately
symmetrical. With a nearly symmetrical diagram, W; = Vs and
(3-56) indicates that the product of oC. must be approximately the
same for both rotor and stator.

Wovk and Powev Input. The amount of power input to the rotor-
blade elements between r and (r + dr) is given by the expression

dP = Z,rwdT, (3-58)
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Introducing Eqs. (3-48) and (3-50), we obtain for dP the relation

P w2 r 2
dP = 2r00,;Cpr, — W, sinf, (1 + )r dr. (3-59)
2g, tan 3,

Integration of (3~59) between the hub radius and casing radius
gives the total shaft power supplied to the rotor.
The shaft work per unit mass of gas is given by

W, _ P dP

dw B 2arV g pdr |
Substitution into this of (3-58) and (3-53) results in the expression

wr(Vo; = Vip
8

(3-60)

x =

If we assume no heat transfer between the gas and the com-
pressor, we may equate W, to the increase inenthalpy for the
stage. Thus,

Wy = Ak = cpAT.

If the fluid is a perfect gas, the temperature rise for the stage
is given by

Vo; = Vip
Tg - T = orive: - Vid (3-61)
JgChp

where C, is the average specific heat at constant pressure over
the temperature range in question.

Efficiency. The blade-element efficiency for the stage 7, is
defined as the ratio of the isentropic rise of enthalpy to the
shaft work input for the rotor and stator elements of length dr,
namely,

Ahg

Ny = —-
b W,

From the thermodynamic relation, Tds = dk - vdp, it is evident that
the efficiency equation becomes, for an incompressible fluid,

P3 — Py
W

Ny = (3-62)
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The efficiency of the entire stage 7, is defined as the ratio of the
isentropic increase of enthalpy-flux to the power input, namely,

2nVaf(p3 - pyrdr

3-63
pJ dpP (8-69)

s

where the numerator is integrated between the hub and casing
radii and [dP is found from (3-59).

Symmetrical Velocity Diagram, We shall assume now that at
a particular radius the velocity diagram of Fig. 3~15 is symmet-
rical and that the rotor and stator blades at this section have the
same profile and operate with the same values of ¢Cp and e,

Then W, = Vg, and B, = Bs = B.

Also,

W,

wr

tan B = (3-64)

It is evident from (3-55) that the conditions imposed above, i.e,
the same values of o,CL, W, ¢ and 8 for both rotor and stator ele-
ments, are compatible with the condition that there shall be no
net change in tangential velocity for the stage. Also, it follows
from (3-52) that the static-pressure rise in the rotor is identical
with that in the stator.

Equation (3-62) may now be rewritten as follows:

by — Py
22

np = .
W

This expression, after substitution of (3-52), (3-60) and (3-35),
may be written in the form

1 et
Py *‘_a“B_ ) (3-65)
1+ (e/tanB)

The maximum of 7, corresponding to a fixed value of ¢ is found by
dn,/d (tanB) = 0. For the maximum efficiency, q’g, we get

LY (3-66)

1+ ¢

The corresponding value of 8* is given by
tanf* >~ 1 -, (3-67)
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Preliminary design of axial-flow compressor under the follow-
ing design conditions: pressuve vatio = 4; flow vate = 64 1b./sec. of
air; inlet temperature = 520 R; inlet pressurve = 14.7 Psia. Design
of the entive compressor at pitch vadius. Assumptions:

1. A set of guide vanes forward of the first-stage rotor induces
the proper amountof pre-rotation. The guide vanes are frictionless.

2, The stream leaving the last stage rotor is straightened and
diffused to an axial velocity of 200 ft./sec. with an isentropic
diffusion.

3. The velocity diagram for each stage is symmetrical at the
pitch radius with a ratio of axial-to-wheel velocities of 0.5.

4, The pitch radius is the same for each stage.

5. The axial velocity is constant throughout the entire com-
pressor.

6. The air velocities at entrance and exit of each stage are
identical.

7. In calculating blade forces, the flow in each stage is treated
as incompressible, with a density corresponding to the arithmetic
means of the end pressures and temperatures for the stage.

8. The Mach number at the pitch radius of the first-stage rotor
is 0.5 based on the mean velocity relative to the first-stage rotor
and on the sound velocity corresponding to the undisturbed air
entering the compressor. (This sound velocity is almost identical
with the stagnation sound velocity corresponding to the mean rela-
tive velocity.)

9. All stages have a solidity ratio (¢ = chord/pitch) of 1 at the
pitch radius.

10. All stages employ the NACA 2409-34 airfoil (refer to NACA
Technical Report No, 492). The characteristics are chosen at an
average Mach number of 0.4. A lift coefficient of 0.60 is used,
corresponding to an angle of attack of 3.7° and a drag-lift ratio
of 0.029,

11. The hub-casing diameter ratio at the entrance to the first-
stage rotor is 0.75.

Calculation Procedure:

*1. Calculate the mean relative velocity W, for the first rotor.

*2. Calculate the axial velocity V., wheel velocity or, tangential
velocities Vi, and Vg;, and the velocities Vi and Vs for the first
stage.

*3. Find the angle B, at which the entrance guide vanes are to
be set.

4. Compute the pressure and temperature upstream of the
first rotor based on an isentropic expansion in the guide vanes.
Treat the air as compressible for this process.

*5. Find the blade height and pitch diameter at the entrance to
the first rotor, assuming that conditions at the pitch diameter
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represent average conditions over the annulus, Calculate the rpm
of the rotor,
6. Calculate the temperature rise T3 -~ T1 for the first stage.
7. Derive an expression for the pressure rise in any stage of
the form

Ps 1+ (K/2)

Py 1-(K/2)

where K depends only on the average temperature for the stage.
In forming this expression, note that o, C}, ¢, and the mean veloci~
ties relative to the blades are the same not only for the rotor and
stator of each stage but have identical values for all stages.

8. Find the value of K for the first stage. Calculate the pres-
sure rise and the final pressure for the first stage.

*9, Compute the efficiency of the first stage basedon conditions
at the pitch diameter,

10. Repeat steps 1 to 8 for the second, third, ..... , stages, per-
forming the calculations in tabular form. Proceed until the final
pressure is such that the pressured at the exit of the diffuser cor-
responds to an overall pressure ratio for the compressor of at
least 4.

*11. Find the pressure and temperature at the diffuser exit and
the cross-sectional area (ft2) of the exit duct for the compressor.
Treat the air as compressible in analyzing the diffusion process,

*12. Find the over-all efficiency (Ah isentropic/Ah) of the portion
of the compressor comprising rotor and stator elements,

13. Find the total shaft work (by summation of stage works).

*14. Calculate the over-all efficiency of the entire compressor
based on the definition

2
7 = Ahisentropic * (Vf /Zg)
Wx

15. Results: (a) Tabulate for the entrance to each rotor the
temperature (F abs.), pressure (psia), and radial height (inches).
Present the same quantities for the exit of the last stator. (b) Sum-
marize the values of all results for the items above marked with
asterisks., Give velocities in ft./sec., temperatures in F abs,
pressures in psia, angles in degrees, and lengths in inches,

Detailed design of the first stage. Assumptions:

1. The flow is incompressible, with a density corresponding to
the mean density at the pitch radius based on the arithmetic means
of the end temperatures and pressures at the pitch radius.

2. The value of V,r is the same at all radii for each section,
i.e., before and after the first rotor and after the first stator.
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3. At any radius, the entering and leaving velocitiesfor the stage
are identical,

4, The same profile and same values of Cr,, ¢ and ¢ are used at
all radii.

6. There are 60bladesonthe first rotor and the same number on
the first stator.

Calculation Procedure:

1. Select five equally-spaced radii at which calculations will be
made: the inside, outside, and pitchradii forthe first rotor, and the
two radii midway between the pitch and extreme radii., The follow-
ing calculations are to be carried out in tabular form for each of
these radii,

2. Find the values of Vi, Vo, or, Wr, Vs, Bg, Br. Bs, &r, and 6.

3. Compute the values of o; and os.

4, Calculate the chords ¢, and ¢; (inches).

5. Find Py - Py, P3 — Py, and pP3 - Py (psi).

6. Compute the work W, and the temperature rise T3 - Ti.

7. Calculate the blade~element efficiency 7,.

8. Calculate the stage efficiency 7.

9. Results: (a) Plot the following quantities versus the radius
(inches): u, and Vs (ft./sec.); os and o;; ¢, and t; (inches); B, 6,
and 65 (degrees); p, - p;, p3 — Py, and p3 - p, (psi) and n,, (b) Draw
velocity diagrams to scale for each of the five radii studied.

[3-4.1] Turning Angle @ as f(C[) and Derivation of Blade Efficiency 'R

A}
u—| o u —=]

| 4 b—
(Vc tang — V, tan (¢ - 0))/ \(Va tand + Vg tan(é — 9))
2 2

Fig. 3-17

®
1]

Vatang — V, tan(g - 6)

laC'LW() 1+e
2 tan 8
Wo

[tang — tan(p — O] = LoCL —2 (1 + f)
2 Vo \tanB

&
it




Aevodynamic Design of Axial Flow Compressors and Turbines 233

2
Wol — V.2 + [va tang - Vg tan(gp — 9)]
2

2

Wo _ ‘/1 . [tanqs — tan($ - e>]2
Va 2
tan(¢p) - tan(é - ) = %ch ‘/1 + [tansb - tan(¢ — e)}2(1 + €>

2 tang
u = —1-05W0 1+ 2
2 tan 8

Va B 2
[Vatang + Vg tan(p — 1/2  tang + tan(gp — 0)

Wo? - -2
_(L:“[tanqs tan (¢ ej

tanf -

2[tang - tan(p - )]
‘E+ [tan¢ N t;n(qs - 9)]2(1 . ltend + t2an(¢ - 0

V.2
and P1=p1+'01
2g 2

oCy, =

1=Vs P3-Pr=p3-p

1
Py - Py = 3 ga,CL,Wo2 cosB,(1 - ¢ tan ;)

pVi2
2g

P, = p; +

1p 2
Pz—p2+§§V2

P 2 2
Pz‘P1=P2"P1+-2E[V2 —V1]

The stator acts as a diffuser to yield static pressure rise:

Py - P1 =

DO | =
[ ]

0rCL Wo? cos B,(1 - ¢ tanB,) + é (Vo2 - v,2)
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= (Vgy = Vip = l(7,(]14,-W() (1 + o )
2 tan 8,
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v 22 v —v2 - vy 2)
2g

}(1 - e tan )

pj (1 - ¢ tanB)
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p
Py - P1 = —uwr
nbg @
7, = blade efficiency
4 [1 (1 -~ ¢, tanB,) ] Wo cos B,
1 + (e;/tanB;) or
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For atmospheric flight at speeds above Mach 3, and even
for M <3 for unmanned vehicles, the most promising propulsion
systems are ramjets and air-augmented rockets. Many ramjet-
powered vehicles have been developed (see, e.g., Refs, 1-3), in-
cluding a successful experimental turbo-ramjet airplane [4].
Three operational ramjet missiles have been deployed: Talos
(still in the United States Fleet), Bomarc, and the British Blood-
hound. Air-augmented, solid-propellant rockets are simpler than
ramjets and should be as good or better for some applications,
and air-augmented liquid rockets offer versatility in thrust/
specific-impulse tradeoffs during flight, Still simpler is the
‘‘external burning ramjet,”’> which employs combustion over an
external surface and could be used for range extension or side
forces on simple bodies, For hypersonic propulsion, ramjets
with internal supersonic combustion (scramjets) show great
promise (see also Chapter 14),

This chapter emphasizes design and performance of ramjets
for the Mach 2-6 regime. The first section discusses prelimi-
nary performance calculations and typical results for kerosene-
fueled and hydrogen-fueled ramjets. The next section covers
inlet (diffuser) design in some detail, since it is the inlet that
primarily differentiates air-—breathing engines from rockets.
Combustor and nozzle design are covered more briefly, because
combustor design tends to be an art, and nozzles are common to
all propulsion systems. Some attention is given to vehicle con-~
figuration, i.e., propulsion-airframe requirements. Air-augmented
rockets are covered briefly in relation to the ramjet discussion.
Finally, some work on external ramjets and scramjets is men~

tioned.
236
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(4-11 PRELIMINARY PERFORMANCE CALCULATIONS

The ‘‘gross thrust’’ for a ramjet (Fig. 4-1) will be defined by

Fig. 4-1 Schematic of a typical supersonic ramjet for a surface-to-air missile.

Fg =3, -3, -PyA, - Ap) = m,V, + A (P, = Py - myV, @)

where J is the ‘‘stream thrust,’’
5 = mV + PA = PA(L + yM?, (4~2)

P is static pressure, A is area, m is mass flow rate, V is velocity,
y is specific heat ratio, M is Mach number, and subscripts 0 and e
refer to the free stream and the nozzle exit plane, respectively.
Gross thrust coefficient and fuel specific impulse are defined as
follows:

Cp = Fg/ay Aree 4-3)
I; = F,/mg = F /w; (4~4)

where g, is dynamic pressure, A..r is a reference area (usually
maximum engine cross-sectional area), and subscript f refers to
fuel. (The foregoing equations do zof account for external wave
drag or friction drag on the engine, just as a quoted thrust coeffi~-
cient or specific impulse for a rocket motor does not account for
any vehicle drag. In ramjet-rocket comparisons, the specific con-
figurations and inert weight fractions must be considered.) The
basic continuity and energy equations are:

m, = my + rhf (or d)e = w, + lbf) (4-5)

(hey + fhep/(L+ f) = hy, = ho + (Ve%/2gD (4-6)

where & and &, are static and stagnation enthalpy, respectively, f is
the fuel-air ratio (m;/mg), J = 778 ft.-lb./Btu, and k;, includes the
heat of combustion. The first equality in Eq. (4-6) implies that the
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system is adiabatic insofar as (non-regenerative) heat exchange
between the flow and the hardware is concerned. Moreover, since
the second equality usually is solved for one-dimensional flow in
either shifting equilibrium or frozen composition through the
nozzle, it does not account for combustion inefficiency, effects of
chemical kinetics in the nozzle flow, or divergence or flow non-
uniformities. Since a small mass flow of unburned fuel will not
appreciably affect the results, it is often sufficient to apply a
‘‘combustion efficiency’? 5, as a correction factor on I;; i.e.,
the result of Eq. (4-4) is multiplied by some 7., say, 0.9. Thus,
one assumes that the foregoing equations give the required 7, but
w/0.9 = L1l wy, or 11% more than the theoretical rate of fuel con-
sumption was needed. Kinetic effects may be approximated by
computing 3, for both frozen and equilibrium flow beyond the
throat and taking an intermediate result, e.g., 2/3 of the way from
the equilibrium to the frozen flow value., For cruising vehicles
at Mo < 3, sufficient accuracy is obtained by computing the equilib-
rium 3, at the nozzle throat and assuming isentropic expansion at
constant y to compute 5,/J,. Nozzle losses due to friction, heat
transfer, flow distortions and divergence are often lumped into a
‘“nozzle efficiency’” n  that is a multiplier on Se (typically 0.96
or 0.97),

To relate free-stream conditions to combustor conditions we
still need the total pressure ratios acrossthediffuser (n; = P;,/P;,)
and burner (7, = P;,/P;)), the Mach number M,, and the fuel injection
stream thrust, J;,. These parameters depend on detailed engine
design and operating conditions. At low speeds, 7, is relatively
high (e.g., 0.95 at M, = 2 versus 0.3 at M; = 5), whereas F, may be
relatively low (e.g., 0.8 for a ‘‘can” type flameholder at My =2
versus 0,99+ for a ‘‘gutter’” type flameholder and lower M, at
My = 5); My is generally small enough to assume that Py~ P, .
The *‘kinetic energy efficiency?’? of the diffuser is often used in-
stead of 7,,* since it is relatively insensitive to M,:

kg = Vo)2Vo2 = (B, = by V(e — hy) 4-7)
where %;, = h;, for an adiabatic diffuser, and state 2' represents the
hypothetical expansion of the diffused air back to P Gi.e., P,' = Py),
and 7, and 7, are related by

_ -/ (y=1)
-1 ke -
Mg = [1 ¢ e 12 M02] (4-8)

where y is an ‘‘effective’” specific heat ratio, Fortunately,
Eq. (4-8) is not very sensitive to v, sothaty = (y, + y,)/2 can

*Other diffuser efficiency definitions and their relationships are discussed in Ref, 5,
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be assumed. In a constant-area combustor,
Baz + sz = 5,”2 (4-9)

where B‘az is air stream thrust, and Jf, may be either positive or
negative (upstream injection) but is generally negligible (as will be
discussed in Section 4-5; however, sz is not negligible for an
air-augmented rocket.)

Some typical results for kerosene-fueled ramjets [6a] were
obtained as follows. Flight along various constant-g, trajectories
was assumed; thus, P = 2¢,/y,M,% This Pg for any Mo established
the altitude Z and hence To and ho for a standard atmosphere.
For ngg' of 0.90 and 0.94, values of k2’ (and hence sz) were found
from Eq. (4-7). Assuming that », = P;,/P;, varied from 0. 94 at
My = 3 to 1.0 at My 2 5, and using Eq. (4-6) to find h;; = hy,, the
entropy s. for the 1sentrop1c expansion was found. (The calcula-
tions across the combustor and nozzle were based on equilibrium
chemistry.) For any P,, an h, could be found, and then V, from
Eq. (4-6). The A, correspondmg to P, was found by continuity
from Eq. (4-5) and the perfect gas law, e = m (1 + NR,T,/PV)
Values of C and I, werecomputedfromEqs. (4—1) (4-3) and (4 4),
using various n, s as multipliers on J,, and 5, = 0.95 a8 a multi-
plier on If. From results for expansions to various P, s, the
results for A, /A, = 1.5 were found by interpolation and plotted

Figure 4-2a [6a] shows the effect of fuel-air equivalence ratio
(ER = f/fgiichiometric’ a0d the envelope for I; versus M, that theo-
retically could be obtained by operating a ¢‘‘rubber’’ engine at
“optimum?? ER for two values of ngp (with 7, = 0.96). By a
‘‘rubber’’ engine we mean that the inlet always was ‘‘on-design,’’
and the nozzle throat area A« varied as required by my(Mg, qq, Ag),
nxg » and ER. Of course, even a ‘‘rubber?’ engine would seldom
operate at ‘““optimum’’ ER because, e.g., to cruise, one throttles
the engine to obtain thrust = drag at an ER that usually is less than
“‘optimum.’’ Note that at M, = 6, n, falls by 14% when ngp falls
from 0.94 to 0,90; at Mach 10, the loss is 40%. Practical con~
siderations may reduce the effect of ngp on system performance;
e.g., if boundary layer bleed were required to achieve the higher
nkgs the loss due to bleed might wipe out the apparent gain (see
Section 4-2,5), Moreover, a lower design goal on 7xgz permits a
shorter and lighter inlet (and perhaps reduced combustor and
nozzle weights), but use of 0,90-0.92 is reasonable for preliminary
studies. It can be shown that a small change in 7, (applied to J,)
has about the same effect as the same change in 7,

Figure 4-2b shows how Ir and C curves shift with the specified
q9. If the abscissa were changed to V, the apparent effect of qg
would be smaller. The lower ¢,’s representhigher altitudes (above
the isothermal layer), hence higher T, and V, for a given M,.
However, keeping ¢, highenoughto stay withinthe 390°R isothermal
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Fig. 4-2 Preliminary performance estimates for a kerosene-fueled ramjet with 7, = 0.95,
Parts (a) and (b) are based on equilibrium exhaust flow [6a].

layer is favorable to I; because of the lower T, and reduced dis-
sociation in the combustor. In fact, ¢)’s of 1000-2000 psf are most
frequently quoted in recent hypersonic vehicle studies.

At this point we note that many preliminary analyses such as
the foregoing have been based on equilibrium chemistry that keeps
pace with the P, T changes during expansion through the nozzle.
This assumption can be grossly misleading, as shown by Fig. 4-2¢
[6a], where 7, is the ‘‘overall efficiency,’’

1V,

(4-10)
H o+ Vo2

77eE

where H is the heating value of the fuel in ft.-1b./1b., and we add to
it the kinetic energy required to accelerate the fuel to V, (for kero-
sene, V, 2/2¢ = 0.027H at 5000 fps or 0.11 H at 10,000 fps). The
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equilibrium curve correspondsto the optimum envelope in Fig, 4~2a,
With f‘actual’’ flow based on realistic reaction rates,the maximum
7, occurs at lower flight speed (M, ~ 5), and 7, drops much more
rapidly as M, is increased. It follows that operation at higher* 99
to keep the vehicle within the 390°R layer (36 < Z < 83k ft.) to
minimize T, becomes more beneficial to I; and 7,. Detailed trade-
off studies and test data are required to set realistic M;, Z design
goals.

Fig. 4-3 Preliminary estimates for hydrogen-fueled ramjets with 7. = 1.0 and complete
expansion (P, = Pg)——effects of exhaust flow kinetics, ER, My, and nozzle size and
cone angle [71.

*[CAO Std, Atm. used in Ref, [6a]; upper limit for U.S, Std, Atm, is 67 k ft.
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A parametric study of hydrogen-fueled, subsonic combustion
ramjets was done by Franciscus and Lezberg [7] who calculated
Ifs for complete expansion, P. = Po. AtMo = 8thereis only a small
difference between equilibrium and ‘‘actual’’ kinetic cases for Hy,
In Fig. 4~3a, Case 1 is for ‘‘fast?’ rate constants for the H + H + M
and H + OH + M three-body recombination reactions, and Case 2 is
for rates slower by afactor of 10. Figure 4-3b shows that the effect
will be even smaller if fuel-rich operation is required to provide
extra fuel for cooling. For a launch vehicle, this fuel-rich opera-
tion would not be as penalizing as it first appears, because
F,«I;-ER, and a higher F, would give a greater acceleration
capability, making it possible to reduce the time integrals of drag
and gravitational losses. The ER for maximum I; increases with
M, (as it did for kerosene in Fig. 4-2a). Figure 4~3c shows that
kinetic effects become more important with a less efficient inlet
or at higher altitudes. As nozzle throat diameter (hence length or
residence time) increases, more recombination can occur and
If, kinetic increases (Fig. 4-3d). The nozzle half-angle probably
should be kept near 15° to keepthe effects of kinetics (Fig. 4-3e) and
the nozzle divergence (cosine effect) loss down without leading to
excessive viscous loss due to nozzle length. Nozzle tailoring
would be worthy of considerable development effort for a hyper-
sonic aircraft application.

(4-2] DIFFUSER DESIGN

The diffuser decelerates the air, increasing P, and T, while
decreasing the kinetic energy of the stream. This section em~-
phasizes axisymmetric designs, Various other types [6Db, 6d, 8, 9]
enjoy advantages in certain applications; however, the principles
of external-compression limitations, compression-surface design,
and duct design in the vicinity of the cowl lip are fundamental and
apply to any inlet type. Mass capture, 7, and external drag must
be considered simultaneously, since a gain in one is often at the
expense of another. Many compromises may be made to achieve
acceptable performance throughout a range of M,’s, Reynolds
numbers, angles of attack (o), and atmospheric properties. For
missiles, the best compromise in fixed geometry usually is sought.
For aircraft or reusable launchers, a variable inlet may be worth
its complexity and expense.

Figure 4-4 shows various inlet operating conditions. At the
design Mach number, Mp, all of the flow approaching the cowl is
captured (sketch a, my = m;; A; = A). Below this design speed
(sketch b, My < Mp), or when the normal shock is expelled due to
excessive heat release in the combustor (sketch ¢, subcritical
operation), my/m, = Ay/A; < 1. I My = Mp but too little heat is
added in the combustor, full capture may be achieved, but reduced
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Fig. 4-4 Inlet operating conditions (illustrated for axisymmetric, external-compression
inlet).

‘‘back pressure’’ will allow the normal shock to be ¢“gswallowed,”’
causing a loss in 5, (sketch d, supercritical operation). The total
diffuser drag comprises wave drag (including drag due to any
blunting of the cowl lip) skin-friction drag, andthe ‘‘additive drag’’
D, due to spill over when A; < A;; D, isthe integral of the pressure
forces acting parallel to the axis along the streamline AB in Fig.
4-4b. When Aj = A;,D, = 0;D, is usually kept relatively small
in the supercritical regime (swallowed normal shock) by suitable
diffuser design, but in the subcritical regime (expelled normal
shock), it rises rapidly with increased spillover,

Theoretically, one could use a reversed de Laval (convergent-
divergent) nozzle for all-internal, isentropic diffusion. However,
such a diffuser would operate (without shocks) only at precisely
Mp; at My <Mp, a normal shock would be expelled, and at My > Mj,
the flow would still be at M > 1 at the throat and hence would
reaccelerate supersonically downstream., However, we could
not ‘“start’” the diffuser (establish the desired supersonic flow
field in the convergent section) without opening the throat to allow
the starting shock to pass through. The limiting A;/A; for starting
(curve B in Fig. 4~5) is found by assuming the normal shock is on
the lip, and A,/A; = (A, /A), is found from the Mach number behind

a normal shock at M, [10b, 11]:
1

1
2 -1
SCZS I (D At VI R (FVIC S 2 1
<At> A*> (y . 1>2<y—1) 2 2
B 2

A; A M0(7+1)/('y—1)
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~

(4-11)
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Fig. 4-5 Limitcurves forinternal contractionratios for starting (A) and operating (B) [23].

Once the flow is started, the area may be reduced to that given by
curve A in Fig, 4-5. To allow some operating margin, curve A
represents design for an internal normal shock at M > 1 (but as
near as practical to 1), which is stabilized in the divergent section
downstream of the throat. If a ramjet with A;/A; = 0.64 is accel-
erating, the shock will not be swallowed until the M, of point @ on
curve B is reached; upon deceleration, the shock will remain
swallowed until point P on curve A is reached. (The differences
between the theoretical curve A and experimental data [12-16]
give estimates of the supersonic viscous losses; the required 4,
exceeds the isentropic value by ~20% at M, = 2 and 100% at M, = 5.)
To alleviate this area-ratio problem, many ways of varying A,
have been devised. For axisymmetric designs, a translating
centerbody may be used [13]. In a two-dimensional design, flex—
ible walls might be used, but they are heavy, and pressure recov-
eries are limited by the thick boundary layers that develop in the
throat region [12], Improvement in 7,; can be achieved by bleeding
off the boundary layer [15], but bleeding arrangements are com-
plicated and cause losses themselves. These limitations have led
to a greater interest in inlets that depend primarily on external
compression, since a protruding centerbody (Fig. 4-4) eliminates
the starting problem.

[4-2.1] Inviscid Design of External-Compression Diffusers

The simplest design uses a cone for the forward part of the
centerbody. For such single-cone diffusers, theoretical 7, for
inviscid flow has been calculated as a function of M, and 6, the
cone half-angle [10b]. Properties of the conical flow field may be



Ramjets and Aiv-Augmented Rockels 245

found in tables [17]. There is an optimum 6, for each M,, but its
value is not critical, so long as it is small enough to avoid shock
detachment [18]. A double-cone inlet with two oblique shocks that
meet at the cowl lip is more efficient, Kennedy [19] computed flow
fields for several biconic bodies for a wide range of My’s. Much
development of double-cone inlets was pursued during the period
1950-1960 [18, 20].

For greatest external-compression efficiency, a spike may be
designed (in theory) for isentropic (Prandtl-Meyer) compression,
so that all shocks are reduced to Mach waves that coalesce at the
cowl lip, In practice, a conical tip is used in conjunction with an
isentropic compression surface (Fig. 4-6). For the conical tip,

_r 1

. y-1 —
Py (y + DMy%sin?90, vl v-1
Piy |Gy = DMy2 sin 6, + 2 2y Mg® sin® 0, - y + 1

4-12)

Associated values of M, 6,, and 6, may be found from tables [10b,
21, 22]. The choice for 0, depends upon mission requirements;
6. ~ 15 deg is typical for supersonic missiles,

St

Fig. 4-6 External flow field for cone-tipped ‘‘isentropic spike’’ centerbody [23].

Two compression-limit design criteria relate to (1) the inner-
body shock wave coalescence phenomenon and (2) shock waves and
resulting drag associated with the cowl lip, From point P, a vortex
sheet (running downstream) is generated and a wave usually is
reflected toward the surface. The vortex sheet adjusts until the
pressures and flow directions on its two sides are equal; P,/ P,
as a function of M, and ¢, is most easily obtained from graphs [22].
The limiting compression Mach number, Mp, and the limiting flow
angle, ¢,, are shown versus M, for 6;;, = 0 and 15 degrees in
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Fig. 4-7 Limits on compression flow angles and Mach numbers imposed by vortex-sheet
criterion, and corresponding total pressure recoveries for pure isentropic spike and 15-
deg-tipped isentropic spike [23].

Fig. 4-T7a; corresponding maximum (inviscid) 7,'s are shown in
Fig, 4-Tb for the cases of a normal shock occurring just inside
the lip (external compression only) and at the minimum ¢‘starting?®’
throat (curve B in Fig, 4-5). In a practical design, the cowl lip is
often placed on the bow shock line (6, for M, = Mp) but slightly
below point P to ensure that the vortex sheet does not enter the
diffuser [23].

To design the inviscid isentropic compression surface, the
method of characteristics [24] is used. Values of M and ¢ at P,
as well as along all rays emanating from the cone tip, are listed
in tables [17]. The left-running characteristic from P has an
inclination of (¢, +p, + 180) degrees, where i, is the Mach angle
at P, The upstream boundary curve, PQ, of the characteristics
net is constructed in short segments whose end points lie on ad-
Jacent rays in the conical field. The inclination of each segment
is made equal to the average of the inclinations of the two ends.
This construction is continued until the characteristic line meets
the cone surface at Q. Each subsequent characteristic line starts
from P, has an arbitrary increment of turning, and is continued
until it meets the streamline passing through . Behind the last
characteristic line, ¢ < ¢,, where ¢, is given in Fig. 4~7a.
The isentropic surface 1s followed by a length of tangent,
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noncompressing surface. The increase in M along this surface
and along all the streamlines of the non~compressing flow results
in an approximately constant M along a line from P normal to the
flow.

Next, the cowl lip angles (Fig. 4-8) [23] must be chosen. The
shock caused by the incoming flow must not detach from the interior
cowl lip surfaces. The minimum §; is evaluated at the lowest M
anticipated,

8; . = dp ~ (Oup (4-13)
where (8)y, is the limiting wedge angle for shock attachment at
Mp = Mp(My). For a given Mp, eachvalue of Mp uniquely determines
¢p, Byps and 3, (curves A). Curve B gives the limiting value of
Mp determined from the vortex~sheet criterion of Fig.4-7a., Curve
C indicates a small region at low M, where the shock detachment
limit is more restrictive. Values of 3§, to the left of curve B and
above curve C satisfy both the vortex-sheet and the attached-lip-
shock criteria. Along anycurveA, n,willincrease as M, decreases
(and hence the minimum &, increases), but a high 8, means a high
o, and high external drag. Upper limiting valuesof 5, for attached
shocks are of little interest since optimization of 7y and drag re-
quires much lower angles; (3, - 3, usually is defined by structural
requirements as about 2 to 4 degrees. Sinced, > §;, > 0, there is
always some minimum cowl drag for this type of diffuser; the opti-
mum value depends also on the allowable geometry of the annular
ducting.

Fig. 4-8 Minimum cowl-lip angles determined by vortex-sheet criterion and shock attach-
ment limits for various My's; 15-deg-tipped isentropic spike {23].

The flow must be turned to an axial direction inside the cowl
while negotiating the ‘‘normal shock’’ system. The pressure
gradient associated with the latter often causes separation of the
boundary layer from the innerbody just upstream of this critical
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turn; experimental evaluation usually is required. A slight con-
traction of the duct area gives increased 7, even under spillage
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