CHAPTER 2 DERIVATIVES

2.1 THE DERIVATIVE AS A FUNCTION

1. Step 1: f(x) = 4—x? and f(x +h) =4 — (x +h)?

Step 2:

f(x+h)”‘f(x)_[4—(x+h)2]—(4—x2)_(4——x2—2xh—h2)——4+x2__2xh_h2_h(—2x—h)
h - h - h =~ h -7 h

= 2x—hifh#0

Step 3: f'(x) = llinll) (-2x—h) = —2x; f'(-3) =6, {(0) =0

2. Step 1: g(t) = and gt+h) = @ —&h)z

11 ( (t+h)2)
Step 2: g(t +h) —g(t) =(t+h)2 t2= (t+h)2.t2 =t2—(t2+2th+h2)= —9th — h?
h h h (t+h)?-t2.h (t+h)%t?h
_h(=2t-h) 9t}
(t+h)%t2h  (t+h)?¢?

=2t —h -2t _ -2, ¢ ' 1
Step 3: g'(t lim == gd(-1)=2,¢(2)=—=
ep g() 10——T-(t h)t t2't2 tﬁag( ) g() 4

ifh#0

3. Step 1: s(t) =t3>—t? and s(t + h) = (t +h)® - (t +h)?

s(t+h)—s(t) _[(t+h)>—(t+h)?]-(t3—t?)
poa

Step 2: L
(3 +3t%h + 3th? + h3) + (42 + 2th + h?) — (1 — 1?)
- h
2 2
_h(3t +3thth -2 h) _ 32 94+ (36— h+h?ifh£0
Step 3: &= Jim (32~ 26+ (3t~ Dh+h?) = -2 98 =5
t=-1

4. Step 1: f(x)=x+?—{a,ndf(x+h) (x+h)+—== J

(x+h)
9) (x+h)?+9 (x2+9
Sten g, TOCFR) =10 _ c+w+ e+l T (=)
ep 2 h b = B

x(x2+2xh+h2+9)— (x+h)(x2+9)
xh(x + h)

(x + 2x2h + xh? + 9x) — (3 +x2h+9x+9h) h(x?+xh-9)
xh(x + h) xh(x +h)
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h
’—(-—-?;(ﬂ)—glfhyéO

2_
Step 3: £/(x) = lim sz;’fh)g xx29=1—%;f'(—3)=0

5. Step 1: p(f) = /36 and p(d +h) = /3(6 + h)
) (36 + 3h) — 36

(0+1h)—p(6) _ /30T~ /30 _ (\/30+3 - V39) (V3T +3h +V39) :
: ’ (VaoTom+/38) (V30730 +/30)

Step 2: P

3h _ 3
h(\/30+3h+\/@) V30 +3h++/30

Step 3: [ H 0.25
p3: p0)= 0\/30+3h+\/— \/—-1-\/— 2\/— p'(0:25) = V3
22
2 dr _ .. f(6+h)—1£(6) Vi—0~h /4-06
6. 1=16) = —Z= end f0+h) =~y = G = Jim —————= i B

g 2VA—0-2v4-9-h_ . 2v/4-6-2y/4-6-h (2/4-6+2\/4-6—h)

h—0 hy/4-6y/4—6—-h b0 h\/4—6/4—6-h (2v/4—-0+2/4—6-h)

lim 4(4-0)—4(4-0-h) lim 2

b0 2h\/4 67/4—0-—h(y/4—6+v4—6-h) h=0 \/I_6+/4—0—-h(/4—6+/4—0-h)
= 1 =dr -1

(4-9)(2\/4—0) (4—0)/a—6 dilyo 8

2y
7. y=x +x+8=>§ —2x+1+0—2x+1=>:—=2

3 a5, ds _ d(r,3) d(a5)_ 1r:2_ 1red A28 _ d(1r:2)_ d(1¢4) _ aps _ ane3
8. s =5t3—3t> = P = L(5¢%) - £(3t%) = 15¢ 15t=>dt2—dt(15t) £(15¢*) = 30t - 60

dt
_4x3 dy _d (4.3 gi_}j__d 2
0 y=H -1 g =2(30)-F@W=o > F=g) =5
3
SR SR S PP . -3
10 y==x5—=x"+7x"" = 7= 2x - Tx = 5z =2+14x

11 y=%x4—%x2—x:y’=2x3—3x—1 =>y"=6x2—3=>y”’=12x=>y(4)=12=>y(n)=0for alln>5

12. y:T%-st: =§l- :y”:%—x:’:y”’:-%xz=>y(4)=x=>y(5)=1=>y(“)=0foralln_>_6

18. () Fos?dmm=3 =30)?-4=8
x=

Therefore, the equation of the line tangent to the curve at the point (2,1) is y — 1 =8(x—2) or
y = 8x — 15.
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(b) Smce x2 > 0 for all real values of x, it follows that 3x% > 0 and 3x? ~ 4 > —4. In addition,
3x* —4 — 400 as x — =% oco. Therefore, the range of values of the curve’s slope is [-4,00).
The graph of the derivative is a parabola that opens upward and its vertex is at the point (0,—4).

(c) The equation of one such tangent line is found in part (a) when x = 2. Also, % =8=>3x2-4=8
»xl=4=3x=20rx=-2. Atx=-2,y= (—2)3 —4(-2) + 1 = 1. Therefore, the equation
of the line tangent to the curve at the point (—2,1) is y —1 = 8(x — (—2)) or y = 8x + 17.

(a) Set ﬁ—i: 0 and solve for x: 9%: 1—7— 0= \/_=§2— =g Atx = % the curve has value
y= 9 -3 9 3(3) = —%. Therefore, an equation for the horizontal tangent to the curve at the

point (%, —%) isy= ——%
(b) The domain of the function y =x — 3\/)_( is [0,00). The derivative, however, is undefined at x = 0.
Therefore, to determine the range of values for the curve’s slopes, consider 0 < x < co. As x — 00,

g—}}; =1- 2\/_ — 1 and, as x| 0, dx =1 —-2-7 — —oo. For all values of x between 0 and oo, the function

g—i =1 —-% is increasing toward 1 as x increases. Therefore, the curve’s slopes range from —oco near
X

x = 0, to 1 but never reaching 1, as x — oo. That is, —oc0 < g—}}—; <1 for 0 < x < oo.

Note that as x increases, the slope of the tangent line to the curve is first negative, then zero (when x = 0),
then positive = the slope is always increasing which matches (b).

Note that the slope of the tangent line is never negative. For x negative, f(x) is positive but decreasing as x
increases. When x = 0, the slope of the tangent line to x is 0. For x > 0, f’2(x) is positive and increasing. This

graph matches (a).

f3(x) is an oscillating function like the cosine. Everywhere that the graph of f; has a horizontal tangent we

expect f§ to be zero, and (d) matches this condition.
The graph matches with (c).

(a) f' is not defined at x =0, 1, 4. At these points, the left-hand and right-hand derivatives do not agree.

For example, liI(I)l_ f(x) f( ) = slope of line joining (—4,0) and (0,2) = 1 but li im_ w = slope of
X— x—0 -

N . ' . f(x) —-1(0) .

line joining (0,2) and (1,—2) = —4. Since these values are not equal, f'(0) = ’lcll'r(l) Ry does not exist.

(b) ¥

['on(~4,6)
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20.

21.

22.

23.

24.

(a) y (b) Shift the graph in (a) down 3 units

Left-hand derivative: For h < 0, f(0 +h) = f(h) = h? (using y = x? curve) = hli%l_ w

2
= lim_ h"-0_ lim_h =0;
h-0 h h—-0
Right-hand derivative: For h > 0, f(0 +h) = f(h) = h (using y = x curve) = lim+ f(0—+£%—_—f(-0—)
h—0
= lim B=0= lim 1=1;

h—ot h h—o7t

£(0 + h) — £(0)
- T h

Then lim £ fim - {0+R) =H0)

L => the derivative f'(0) does not exist.
h—ot

£(1 +h) — (1)

Left-hand derivative: Whenh<0,14+h<1=f(14+h)=+/1+h= hli%l' 5
. yT¥h-1_ . (y/14+h-1) (/T+h+1) (1+h)-1 . 1 1
= lim Y————= _lim_ . = lim ———t—-—= lim_ =5
h—0 b h—0 h (V1+h+1) h=0" h(y/1+h+1) b=0" /I4+h41 2
Right-hand derivative: Whenh>0,1+h>1=f(1+h)=2(14+h)-1=2h+1= lim+ gl_ﬁ_%z_—_f(_ll
h—0
= lim @ﬁﬁl-)-:—% lim 2=2;
h—ot h—oTt
Then lim_ fa+h) 1) # lim fA+h)-f1) => the derivative f'(1) does not exist.
h—0 h h—50+ h
(a) The function is differentiable on its domain —2 < x < 3 (it is smooth)
{(b) none
(c) none i
(a) fis differentiable on —2 <x< -1, ~1<x<0,0<x<2,and 2<x<3
(b) f is continuous but not differentiable at x = —1: xli)rr_xl f(x) = 0 exists but there is a corner at x = —1 since
lim_ f=1+h) - #(-1) = -3 and lim f(;libg—-il—) =3 = f'(—1) does not exist i
h—0 h h—oT

(¢) fis neither continuous nor differentiable at x =0 and x = 2:

at x =0, lim f(x) =3 but lim f(x) =0 = lim f(x) does not exist;
x—0 + x—0

X—

atx=2, ,1‘1_% f(x) exists but ’l(er12 f(x) # £(2)

L S
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25. (a) fis differentiable on —1 <x <0 and 0 <x <2
(b) f is continuous but not differentiable at x = 0: ,1‘1_% f(x) = 0 exists but there is a cusp at x =0, so

£(0 + h)

(0) = lim —f(0) does not exist
h—0 h

(c) none

26. (a) fis differentiable on -3 <x< -2, -2<x<2,and 2<x<3

(b) f is continuous but not differentiable at x = —2 and x = 2: there are corners at those points
(c) none
i) —f) . (o) 2 axhonZax?
. "(x) = _— ] =1 = 9% —h)=—
27. (a) f'(x) }llli% 5 Jim, 5 Jlim, 5 }lllir‘l) (—2x—h) = —2x

b
®) y : y'

1 1

y= -x2 y' =-2x
X X
1 -1 1
-1
(¢) y' = —2x is positive for x < 0, y’ is zero when x =0, y' is negative when x > 0
(d) y = —x? is increasing for —oo < x < 0 and decreasing for 0 < x < oo; the function is increasing on intervals
where y’ > 0 and decreasing on intervals where y’ < 0 ™

=1 =1
fx+h)—f(x) _ . (x+h X)_ g —XH&+h)
0

. : 1 _1
28. (a) f'(x) = lim 5 Jim, B~ hod X(X+h)h  hed X(x+h)  x2
(b) y y -
1
..l y'=
/ y X . 1 :2
. x
-1 1 X
B -] 1
<1 /

(c) y' is positive for all x # 0, y’ is never 0, y’ is never negative

@ y= ~1lis increasing for —oo < x <0 and 0 <x <00

(5-5)
X _c
29. (a) Using the alternate formula for calculating derivatives: f'(c) = lim M = lim —SY—-—?'—

X—=¢ X=¢ -C

) 3.3 . (x—c)(x®+xc+c?)
_ x3—c® _ it
- )I(I—I-DI}: 3(x — c) - )l(l-'—rz}: 3(x - c) - )l(l-I—)I}:

2 2
L’?;"'(:_=c2=>f’(x)=x2
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30.

31.

32.

(b) y y'

y-

y y'=x2
X

/ 1 3 T X

-1 -1

(c) y'is positive for all x # 0, and y’ = 0 when x = 0; y' is never negative

3
(d) y =X is increasing for all x # 0 (the graph is horizontal at x = 0) because y is increasing where y' > 0; y is

3
xt ¢
477

never decreasing
= lim “5—

a) Using the alternate form for calculating derivatives: f'(c) = lim
g X3¢

4_ct . (x—-c)(x3+cx2+c2x+c3) o X tex?4c? 3
— It X c - c“x+c®_ 3 , .3
=m ix-o~ A ix—¢) = Jim 1 =c’ = f(x)=x
(b)
Y ¥
3
:x4 1
1 o
x N
1 -1
-1 1 X -1

(c) ¥’ is positive for x > 0, y’ is zero for x =0, y’ is negative for x <0

4
d) y= XT is increasing on 0 < x < 0o and decreasing on —oo < x < 0

- 3_ 3 - 2 2
0919 _ iy =g = gy CoWEHXID i (24w p )=

y' = lim

X==C

The slope of the curve y = %3 at x = c is y’ = 3c2. Notice that 3¢2 > 0 for all ¢ = y = x3 never has a negative

slope.

2v/x+h—-24/x
h

Horizontal tangents occur where y’ = 0. Thus, y' = lim

1i

h—0
oy ARV (EFRRVE) L e 2
= R (Varh+vE) 20 b(Varh+ k) B0 Varhhyxo VR

Then y’ = 0 when % = 0 which is never true = the curve has no horizontal tangents.
X

A
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;o (2(x+h)?—13(x+h)+5)—(2x2—18x+5) . 2x?44xh+2h®—13x—13h +5—2x + 13x — 5
33. y _l{m}) % —}l‘mb I

= lim

4xh + 2h% —13h
h—0 h

= }llinb (4x + 2h — 13) = 4x — 13, slope at x. The slope is —1 wheﬁ 4x—-13=-1

>4x=12=>x=3=y=2-32-13-3+5=—16. Thus the tangent line is y + 16 = (—1)(x—3) and the
point of tangency is (3,—16).

(VEFE-vE) (VEFE44E)_ eamos
h (\/x+ +f) h—=0 (\/x+ +\/')
= }1111% JiT !11 - = 2\1/)_(. Suppose (a,4/a) is the point of tangency of such a line and (—1,0) is the point

Vic0 _ A

W Tl which must also equal

34. For the curve y = /X, we have y’ = }lll_l"%

on the line where it crosses the x-axis. Then the slope of the line is

a
—2\1/;, using the derivative formula at x = a = {1 —\1/= =>2a=a+1 = a=1. Thus such a line does

exist: its point of tangency is (1,1), its slope is \/_ 2, and an equation of the lineisy —1 = (x 1).

35. No. Derivatives of functions have the intermediate value property. The function f(x) = int x satisfies f(0) = 0
and f(1) = 1 but does not take on the value % anywhere in [0,1] = f does not have the intermediate value
property. Thus f cannot be the derivative of any function on {0,1] = f cannot be the derivative of any function

on (—o0,00).

36. The graphs are the same. So we know that
for f(x) =1x1, we have f'(x) = lx] 3 )

37. Yes; the derivative of ~f is —f' so that f'(x,) exists = —f'(x,) exists as well.

38. Yes; the derivative of 3g is 3g’ so that g/(7) exists = 3g'(7) exists as well.

39. Yes, hm 8(t) can exist but it need not equal zero. For example, let g(t) = mt and h(t) =t. Then g(O) = h(0)

o h(t)
(t) . mt _
=0, but lxm h(t) = tlll?) T= ln:% m = m, which need not be zero.
40. (a) Suppose |f(x)|< x? for -1<x < 1. Then |£(0)| < 02 = £(0) = 0. Then f'(0) = }llir% w
_ oy f(h)y=0_ . f(h) 2 2 f(h) _ e HR)
= }111_% —= }111_% = For |h|< 1, ~h? < f(h) < h?* = —hg-—}-l-gh=>f’(0)_ }1111% 5 =0

by the Sandwich Theorem for limits.
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(b) Note that for x # 0, |f(x) | = |x2 sin 51{-| =|x?|jsin x| <|x?|-1 = x? (since —1 <sin x < 1). By part (a),
f is differentiable at x = 0 and f'(0) = 0.

41. The graphs are shown below for h =1, 0.5, 0.1. The function y = 2\1/)_( is the derivative of the function

M. The graphs reveal Qat y = —-—'x+:_\/;{

l’-‘

y= \/)_( so that ﬁ = lim gets closer to y =

h—-0 2

=

as h gets smaller and smaller.

y

¥ y
heo.)

2

2

y = UQJZ)
! 1
/ N
= "
0 1 2"
42, The graphs are shown below for h = 2, 1, 0.2. The function y = 3x? is the derivative of the function y = x° so

3_.3 3_.3
that 3x% = lllin(l) (x_+_ht)l_x_ w gets closer toy = 3x% as h

—

. The graphs reveal that y =

gets smaller and smaller.

y
[ het J Ne0.2
{ >w ,."_*".':';/ ! }-.\:’ ,_c+nzl;x’
o 1 " -z a1 ] T e .2 g

43. Weierstrass’s nowhere differentiable
continuous function.

2\* 2\? )
2(x) = cos(wx) + (5) cos(9xx) + (3) cos(93xx) + G) cos(9'xx)

+eo s (-:-)1001(9'::)




44.
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/,’
N 1.2 27 fix)

x
0.4 -0.3 -0.2 -0.1 0.1 0.2 0.3 0.4

The function f(x) is differentiable at (0,1) because the graph of f(x) is smooth at the point (0,1). Tracing
along the graph of f(x), from left to right, the value of the function continually increases through the point
(0,1) with no sudden change in the rate of increase. The function g(x) is not differentiable at (0,1) because the
graph of g(x) has a sharp corner there. Tracing along the graph of g(x), from left to right, there is an abrupt
change at the point (0,1). To the left of the point the values of g(x) decrease at a constant rate and to the
right the values increase at a constant rate. There is no derivative at x = 0 because

O0+hj+1)-(l0]+1 0+h|+1)-(j0]+1

lim_ (l +hi+ ) (I I+ )= lim_ Zh_ _1and lim (t +hi+ ) (l I+ )= lim B=1. Consequently,
h—0 h h-0~ h h—ot h h—0

g'(0) = llnin(l) g_(g_i_h_g_—gﬂ does not exist since the right- and left-hand limits are not equal. )

45-50. Example CAS commands:

Maple:
fi=x -> x A 2%cos(x);
q:=h -> (f(x +h) — f(x))/h;
slope:=limit(q(h),h=0);
fp:=unapply(%,x);
x0:=Pi/4;
L:=x -> f(x0) + fp(x0)*(x — x0);
plot({f(x),L(x)},x=x0 — 2..x0 + 1);

Mathematica:

Clear [f,m,x,y]

x0 = Pi/4; flx_] = x A 2 Cos[x]
Plot[ f[x], {x,x0 —3,x0 + 3} ]
q[x—,;h_] = (flx + h] - {[x])/h
m[x_] = Limit[ qfx,h], h -> 0]

y = f[x0] + m[x0] (x — x0)

Plot[ {f[x],y}, {x,x0—3,x0 + 3} ]
m[x0—1]//N

m[x0 + 1]//N

Plot[ {f[x],m[x]}, {x,x0 —3,x0+ 3} ]
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2.2

In Exercise 63, you could define
x0 = 1; flx_] = xA(1/3) +x A (2/3)

However, Mathematica 4.0 uses a complex branch for odd roots of negative numbers (as does Maple 6), so the
above will only work for positive x. To get the real roots for all x, you could force it as below, but this form is
not good for taking derivatives:

x0 = 1; f[x_] = Sign[x] Abs[x] A (1/3) + Abs[x] A (2/3)

THE DERIVATIVE AS A RATE OF CHANGE

Ls=t2-3t+2,0<t<2

; — —As_ =2
(a) displacement = As = s(2) —s(0) = —2m, v,, = Z% =3 sg:l = —1 m/sec

(b)v—ds—2t—3|v(0)|=|—3|=3m/sec,lv(2)|=|1|=1m/sec,a:%‘% dt2 =2,

a(0) = a(2) = 2 m/sec?

() v=0=22t-3=0=>t= % sec. For0<t< %, v is negative and s is decreasing, whereas for

% <t <2, v is positive and s is increasing. Therefore, the body changes direction at t = %
s=6t—t2,0<t<6
(a) displacement = As =8(6) —8(0) =0-0=0, v,, = %—: = gs%:: =0 m/sec
(b) v —-—— 6 —2t, | v(0)|=161= 6 m/sec, [v(6)|=1—-61=6 m/sec; a—‘éz g:g = -2,

a(0) = a(6) = —2 m/sec? )

() v=0=>6-2t=0=>t=23sec. For0<t<3,vis positive and s is increasing, whereas for
3 <t <6, v is negative and s is decreasing. Therefore, the body changes direction at t = 3.

=-t34+3t2-3t,0<t<3

(a) displacement = As =s(3) —s(0) = -9 m, v, , = % 39 —3 m/sec

2
(b)v—(-l§ —3t2 46t —3 = |v( 0)|_|—-3|_3m/secand| 3)|—|—12|—12m/sec,a—gT=—6t+6
= a(0) = 6 m/sec? and a(3) = —12 m/sec?
() v=0= —3t2+6t—3=0=>t>—2t+1=0= (t—1)> =0 = t = 1. For all other values of t in the

interval the velocity v is negative (the graph of v = —3t2 + 6t — 3 is a parabola with vertex at t = 1 which
opens downward => the body never changes direction.
4

s=%-t3+t2, 0<t<2

(a) As=5(2)—s(0) =0m, v,, 2t =0 m/sec

(b) v=1t3—3t>+2t = |v(0)| = 0 m/sec and |v(2)|= 0 m/sec; a = 3t2 — 6t + 2 = a(0) = 2 m/sec? and -
a(2) = 2 m/sec? )
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11.
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() v=0=t3-3t2 42t =02 t(t —=2)(t—1)=0=>t =0, 1, 2 = v = t(t —2)(t — 1) is positive in the
interval for 0 <t < 1 and v is negative for 1 < t < 2 => the body changes direction at t = 1.

s = t3— 6t + 9t and let the positive direction be to the right on the s-axis.

(a) v=3t2—12t +9sothat v=0 = t2 4t +3 = (t —3)(t = 1) =0 => t = 1 or 3; a = 6t — 12 = a(1)
= —6 m/sec? and a(3) = 6 m/sec?. Thus the body is motionless but being accelerated left when t = 1, and
motionless but being accelerated right when t = 3.

(b) a=0=6t—12 =0 => t =2 with speed |v(2)|=|12—~24 + 9| =3 m/sec

(c) The body moves to the right or forward on 0 <t < 1, and to the left or backward on 1 <t < 2. The
positions are s(0) = 0, s(1) = 4 and s(2) = 2 = total distance = |s(1) —s(0) |+|s(2) —-s(1) | =|4{+|-2|
=6 m.

v=t?-4t+3=>a=2t—4

() v=0=>t2-4t4+3=0=t=1o0r 3 = a(l) = —2 m/sec? and a(3) = 2 m/sec?

(b) v>0=>(t—3)(t—1)>0=0<t<1ort>3 and the body is moving forward; v< 0 = (t-3)(t —1) <0
= 1 <t < 3 and the body is moving backward

(c) velocity increasing = a >0 = 2t —4 > 0 = t > 2; velocity decreasing => a<0=>2t-4<0=>t <2

S = 1.86t2 = Vi = 3.72t and solving 3.72t = 27.8 = t ~ 7.5 sec on Mars; s; = 11.44t% = v; = 22.88t and

solving 22.88t = 27.8 = t &~ 1.2 sec on Jupiter.

(a) v(t) = '(t) = 24 — 1.6t m/sec, and a(t) = v/(t) = s'’(t) = —1.6 m/sec?
(b) Solve v(t) =0 =24—1.6t =0 = t = 15 sec
(c) s(15) = 24(15) —.8(15)% = 180 m
9 30 +154/2 . .
(d) Solve s(t) =90 = 24t —.8t“ = 90 = t = ————— =~ 4.39 sec going up and 25.6 sec going down

2
{e) Twice the time it took to reach its highest point or 30 sec

1 _ — — _15 15 _
s=15t—§g3t2:>v_15—gst sothatv—0:15—gst_0=>t_g—s. Therefore-g—s_20$gs=%

=0.75 m/sec? )

Solving s, = 832t — 2.6t% = 0 => t(832 —2.6t) = 0 = t = 0 or 320 => 320 sec on_the moon; solving

s, = 832t — 16t2 = 0 = t(832 — 16t) =0 = t = 0 or 52 = 52 sec on the earth. Also, Vo =832-5.2t =0
= t = 160 and s,(160) ~ 66,560 ft, the height it reaches above the moon’s surf#ce; Ve =832-32t =0
= t = 26 and s.(26) ~ 10,816 ft, the height it reaches above the earth’s surface.

(a) s =179 — 16t? = v = —32t => speed =|v|= 32t ft/sec and a = —32 ft/sec?

(b) s=0=179-16t2=0 =>t=\/1-17gR13.3 sec
(c) When t = ‘/—Il 765 y V= —32,/—11 269 = —84/179 ~ —107.0 ft/sec

(a) lim v = lim 9.8(sin #)t = 9.8t so we expect v = 9.8t m/sec in free fall
s 9—-»12r-

(b) a= %—: = 9.8 m/sec?
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13. (a) at 2 and 7 seconds (b) between 3 and 6 seconds: 3 <t <6
d
(C) speed ( ) :
mN (i
Qs
t vt
2 4 6 8 10
_3\ -3[ Dl a-%—‘é

14. (a) P is moving to the left when 2<t <3 or5 <t <6; P is moving to the right when 0 <t < 1; P is standing
stil when 1<t<2o0r3<t<b

(b) v (cm/sec)
o F
velocity speed (cm/sec)
2 4 o—o
R T i 2 o—
-2 O ] ;—z‘ s t (sec)
-4 P S0
15. (a) 190 ft/sec (b) 2 sec
(c) at 8 sec, 0 ft/sec (d) 10.8 sec, 90 ft/sec

(e) From t = 8 until t = 10.8 sec, a total of 2.8 sec
(f) Greatest acceleration happens 2 sec after launch
v(10.8) —v(2)

T —32 ft/sec?

.

(g) From t =2 to t = 10.8 sec; during this period, a =

16. Answers will vary.

(=) S .

100

«100
=150

(®)

7 a
s
’m IN-&
ag T TN ™% s RS v TRl
«$ X -2
-
~10 - )




17.

18.

19.

20.

21.

22.

23.

24.
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s = 490t? = v = 980t = a = 980
(a) Solving 160 = 490t% = t = % sec. The average velocity was

s(4/7) —s(0)
477

(b) At the 160 cm mark the balls are falling at v(4/7) = 560 cm/sec. The acceleration at the 160 cm mark

= 280 cm/sec.

was 980 cm/sec?.
£ 17

(c) The light was flashing at a rate o /7

= 29.75 flashes per second.

C = position, A = velocity, and B = acceleration. Neither A nor C can be the derivative of B because B’s
derivative is constant. Graph C cannot be the derivative of A either, because A has some negative slopes while
C has only positive values. So, C, being the derivative of neither A nor B must be the graph of position.
Curve C has both positive and negative slopes, so its derivative, the velocity, must be A and not B. That
leaves B for acceleration.

C = position, B = velocity, and A = acceleration. Curve C cannot be the derivative of either A or B because
C has only negative values while both A and B have some positive slopes. So, C represents position. Curve C
has no positive slopes, so its derivative, the velocity, must be B. That leaves A for acceleration. Indeed, A is
negative where B has negative slopes and positive where B has positive slopes.

' 11,000
(a) ¢(100) = 11,000 = c,, = 100

(b) Marginal cost = c’(x) = the marginal cost of producing 100 machines is c’(100) = $80
(c) The cost of producing the 101%* machine is ¢(101) —c(100) = 100 —21—00—1 = $§79.90

= $110; c(x) = 2000 + 100x — .1x% = ¢/(x) = 100 — .2x

(a) r(x) =20,000(1-1) = r'(x) = 20}*{200 = r'(100) = $2/machine
(b) Ar ~1'(100) = $2
L, . 20,000 . . L .
(¢) lim r'(x) = Jim 57— = 0. The increase in revenue as the number of items increases without bound
X==00 X—00 X
will approach zero. (

b(t) = 108 + 10% — 1032 = b(t) = 10* — (2) (103t) = 103(10 — 2t)
(a) b’(0) = 10* bacteria/hr (b) b(5) = 0 bacteria/hr
(c) b/(10) = —10* bacteria/hr

Q(t) = 200(30 — t)2 = 200(900 — 60t + t2) = Q'(t) = 200(—60 + 2t) = Q’(10) = —8,000 gallons/min is the rate

Q(10)1— Q(0)

the water is running at the end of 10 min. Then 0 = —10,000 gallons/min is the average rate the

water flows during the first 10 min. The negative signs indicate water is leaving the tank.

- tVogl(1 ot 2 Yot
(“)Y—G(l“l—z)—ﬁ(l 6+144>=’dt—12 1

(b) The largest value of %{- is 0 m/h when t = 12 and the fluid level is falling the slowest at that time. The

smallest value of g—{ is —1 m/h, when t = 0, and the fluid level is falling the fastest at that time.
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(c) In this situation, ttilt < 0 = the graph of y is

always decreasing. As (cilt increases in value,
the slope of the graph of y increases from —1

to 0 over the interval 0 <t < 12.

2. (a) V=gm® s Y =am? > G V| =ar(2)? =167 £°/8t
r=2

(b) Whenr =2, dV = 167 so that when r changes by 1 unit, we expect V to change by approximately 16x.
Therefore when r changes by 0.2 units V changes by approximately (167)(0.2) = 3.27 ~ 10.05 ft3. Note
that V(2.2) — V(2) ~ 11.09 ft3.

26. 200 km/hr = 55% 500 m/sec, and D = 10 D2 V= 20t Thus V = 500 % = % = t = 25 sec. When

t = 25, D=1—J)-(25) =-6—§—m

%lo.o
Elo%

27. s = vot — 16t2 = v = vy — 32t; v_0=>t—§§,1900—v0t-16t sothatt_32=>1900=

804/19 ft i i
= Vg = /(64)(1900) = 804/19 ft/sec and, finally, —g¢ '?Onifg -62 r}rlxrm '5%81(1)11& ~ 238 mph.

8.
600
3 » 200t - 16¢°
-400
200N/ 45=200 )
F - 32t
0 - t
dzs ‘ \12
.-32
-2000  ae?

(a) v =10 when t = 6.25 sec

(b) v >0 when 0 <t < 6.25 = body moves up; v <0 when 6.25 <t < 12.5 = body moves down

(c) body changes direction at t = 6.25 sec

(d) body speeds up on (6.25,12.5] and slows down on [0,6.25)

(¢) The body is moving fastest at the endpoints t = 0 and t = 12.5 when it is traveling 200 ft/sec. It’s
moving slowest at t = 6.25 when the speed is 0.

(f) When t = 6.25 the body is s = 625 m from the origin and farthest away.




29.

30.

Section 2.2 The Derivative as a Rate of Change 151

10
2

s=tt-3t+2

VZ’Z 3 4
-2 ds
" 2t-3

(a) v=0 whent:%sec
(b) v< 0 when 0 <t < 1.5 = body moves left; v > 0 when 1.5 < t <5 = body moves right
3

(c) body changes direction at t = § sec
(d) body speeds up on (§’ 5] and slows down on [0,3)
2 2
(e) body is moving fastest at t =5 when the speed =|v(5) | = 7 units/sec; it is moving slowest at

t= % when the speed is 0
(f) When t =5 the body is s = 10 units from the origin and farthest away.

ds 2
5 a—t--3t =12t +7

/t.

4

-5

3

s=t -5t207t

-10

(a) v=0whent=

6:1:3\/1—55ec

(b)v<0when6_3" 15<t<6+3' 15 6_3" 150r6+

\/ig<t54

=> body moves left; v> 0 when 0 <t < 3

= body moves right

(c) body changes direction at t =

(d) body speeds up on (uﬂ)U(gj—g—lé,‘l] and slows down on [0,6 _3 15)U(2,——6 +3" 15),

3

———6 * 3\/1—5 sec

(e) The body is moving fastest at t = 0 and t = 4 when it is moving 7 units/sec and slowest at t = % V15 sec

(f) Whent = 6—+—3——-—— V15 the body is at position s & —6.303 units and farthest from the origin.
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31.

32.

P T

$e +12¢ - 3t

2

‘!’:’2-12-51
(a) v=0whent=6—:§§—— V15

(b) v<0when0_<_t<6_3' 15or6_*':;/6<t54=>bodyismovingleft;v>0when

6 _3" 15 <t< 8 +3' 15 = body is moving right

(c) body changes direction at t = 6 :h3“ 5 sec
(d) body speeds up on (6 — 15,2)u(L+3__ \’15,4] and slows down on [0,6 — 15)U(2,6 +3" 15)

3 3
(¢) The body is moving fastest at 7 units/sec when t = 0 and t = 4; it is moving slowest and stationary at
6++/15
t= —3

(f) When t = M

3 the position is s & 10.303 units and the body is farthest from the origin.

(a) It takes 135 seconds.
(b) Average speed = % = ,?—3_:-_0—0 = 75—3 ~ 0.068 furlongs/sec.

(c) Using a symmetric difference quotient, the horse’s speed is approximately

QA{- = %:—:2;3 = 7% = —1% 2 0.077 furlongs/sec.

(d) The horse is running the fastest during the last furlong (between 9th and 10th furlong markers).
This furlong takes only 11 seconds to run, which is the least amount of time for a furlong.

(¢) The horse accelerates the fastest during the first furlong (between markers 0 and 1).

2.3 DERIVATIVES OF PRODUCTS, QUOTIENTS, AND NEGATIVE POWERS

1.

2
y = 6x2 — 10x — 5x 2 :%: 12x — 10 + 10x~3 ¢3_§= 12-0-30x"4=12-30x"*
X




10.

11. fi

Section 2.3 Derivatives of Products, Quotients, and Negative Powers

w=38z3 -7 1=0W _ _9g;7%44 ;72 _9g,¢ + d =36z"5-22"3 = 36275 -2
dz d z°

=1-2_5 dr_ _2.-3,5.-2_-2_5 _dr_o-4_5-3_
r_3s 38 =5 = 3s +2s _383+282=>d82-2s hs™? =

A
|
Beoler

2
r=120"1-46"3 4+ 9~4 > 9 — 19072 4 12074~ 495 = =121 _eég = g?r = 246~3 — 486~5 + 200~

dg 9%
24 48

=L

s

. (a) y=(3-—x2)(x3—x+ 1)=> y':(3—x2)-£{—-(x3——x+1)+(x3—x+1)-%{(3—x2)

=(3-x2)(8x2 = 1) +(x® = x +1)(-2x) = —bx* + 12x> — 2x — 3
(b) y=x5+4x®>-x?—3x+3 =y = -5x? +12x2 - 2x -3

(x4 d)(s-h+1)

(@) y' =(X +x"1)'(1 +x"2)+(x—x'1 + 1)(1 —x_2)= 2x+1_é+

S

(b) y=x +x+l_l2=>y’=2x+1—$+f§

' /
y=:2,:(__"g; use the quotient rule: u=2x+5andv=3x—-2=>u'=2and v/ =3 =y =02V

_(3x=2)(2) - (2x+5)3) _6x—-4—6x—15__ —19
(3x —2)? (3x—2)% (3x —2)?

gx) = use the quotient rule: u=x*—-4andv=x+05=>uv'=2xand v =1= g'(x) = vu' —uv!
+05’ v

(x+05)(2x —(x? —4)(1) 2x2+x—x2+4:x2+x+4
(x +0.5)? (x +0.5)? (x +0.5)2

0 ==L - o) = (22 +t-2)2t) - (12— 1) (2 +1) _ (t=1)(t +2)(2t) = (t = 1)(t + 1)(2t + 1)
_t2+t-—2 - (t2+t-—-2)2 - (t—1)%(t +2)*
_t+2)@) -+ 126 +1) 2244622361 _ _ t-1 1

(t=1)(t+2)* T (t=1)(t+2)? t—1(t+2)2  (t+2)7

— 14t2)(=1) = (1 —t)(28)  —1—t2— 2 42 _9p_
M (RN LS EX NG T (L4 (=D -1 -t)2) _ -1t 24267291
T 14t (1+12) (1+12) (1+¢2)

U\ (oYL
(s)=\/§‘1¢ﬂ(s)=(ﬁ+l)(2ﬁ) Ve Gy _(WEAD-(VE-D) g
Vs (or 1) NI TS Y W e,

NOTE: d (\f ) = \/_ from Example 1 in Section 2.1

153
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12. r =

13.

2(%-}-\/5):1":2 7 2\/6

_ 1
TR x+1)

: use the quotient rule: u—landv—(x —1)(x +x+1)=>u =0 and

v =(x? —1)(2x+1)+(x +x+1)(2x) =23 +x?—2x—1+23+ 2% +2x =3+ 3x% -1

:_‘lz=vu’—uv'= 0—1(4x®+3x2 1) - —4x®-3x? 41
dx v2 (xr"—1)2(x2+x+l)2 (x2—1)2(x2+x+1)2
” (x+1)(x+2) x+3x+2 oy = (x?-3x+2)(2x+3)—(x®+3x+2)(2x-8) _ —6x? 412
Y= (x-1)(x-2) " x*-3x+2 (x-1)%*(x- 2)2 (x—1)?(x—2)*
—6(x2-2)

T - 1) (x-2)?

245t —1 5_1 _ “1_ -2 _,ds _q_5i—2 -3 _ =2 -3 ds -3 -4
15.5.—-—t?——1+—€—t—2—-1+5t -t == 0—5t7*4+2t7° = —-5t7“ 4+ 2t d2—10t‘. — 6t
(0—1)(92+0+1) g3 — L_1_p3 —4_gqg-4 o dir _ -5
16. © 3 Fl=1-=1-9 >$=0+307t =307t > Sr= 1%
143 - -1, 8 - -
17. w:(—gz—z)(&—z):(%z 1+1)(3-—-z)=z +3—z—z 1+§—z=>dw —z7240-1=-2"2-1

18.

19.

2 4 6 2 4
(?+3\a*-1)_®-q*+3q* -3 1 2 1 2 1_1_-4_4dp 1.3, -5
P‘( 12q )( 3 )“ T2q° =139 "139 *t1719 T 4q =gatga+a
1
)

u(0) =5, u'(0) = 3, v(0) = -1, v/(0) =2

(a) (—%E(uv) =uv' +vu' = d—‘i{-(uv) lx=o =u(0)v'(0) + v(0)u'(0) =5-2+ (-1)(8) =7
ay v —uv’ v(0)u’(0) —u(0)v'(0) _ (—1)(3) —(5)(2

(b) éi_x(v)z 5 :a_d;(v = 0 ((3(0))§ V() _( )((21)5 )2) _ 43
vy uv' —vu’ v _ u(0)v'(0) = v(0)u'(0) _ (5)(2) = (=1)(3) _

(C) -dgi(ﬁ) = T = %(ﬁ) =0 - ) (u(O))2 ) (5)2 - %

(d) éi—x(7v —2u)=7v-2u'=> d%—(—(7v -

=7v'(0)-2u'(0)=7-2-2(3) =8
x=0




20.

21.

22,

23.

24.

25.

26.
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u(l) =2, v'(1) =0, v(1) =5, v/(1) = -1

=u(V' Q) +v('(1) =2-(-1) +5-0 = -2

x=1

_ v(Du'(1) —u(1)v'(1) _5-0-2 (=1) _ 9

(@) £y

) £

x=1 (v(1))? (5) 25
© i(!) =u(l)v’(l)—-v(l)u’(l)=2-(—1)—5-0=__1_
dx\" x=1 (u(l))2 (2)2 2
@ Lav-20)| =w)-2)=7-(-1)-2-0=-7
x=1
y=-2X_ (—l—y—z(X2+ 1)(4) - (40)(2%) =4x2+4-—8x2 =4(—x2+ 1). When x =0,y =0 and y’ _A0+1)
x'+1 "o (2 +1)" @+1)  (@+1) ’ !

=4, so the tangent to the curve at (0,0) is the line y =4x. Whenx=1,y =2 = y’' =0, so the tangent to the
curve at (1,2) is the line y = 2.

2 - -
y= 28 =y =(x +4)(0) 28(2x) = _—16x 5. Whenx=2,y=1andy’ =—!6—(2-)§= —-%—, so the tangent
x*+4 (x? +4) (x2+4) (22+4)
line to the curve at (2,1) has the equation y —1 = -——é—(x —2),ory= —’2—‘+ 2.

y = ax? 4 bx + ¢ passes through (0,0) = 0 = a(0) + b(0) + ¢ = ¢ = 0; y = ax® + bx passes through (1,2)
= 2 =a+Db; y' = 2ax +b and since the curve is tangent to y = x at the origin, its slope is 1 at x = 0
=y =1lwhenx=0=>1=2a(0)+b=b=1. Thena+b=2=a=1, Insummarya=b=1andc=0so

the curve is y = x% + x.

y = cx — x? passes through (1,0) = 0 =¢(1) =1 = ¢ = 1 = the curve is y = x —x°. For this curve,
y=1-2xandx=1=y' =-1. Sincey:x—x2 andy=x2+ax+b have common tangents at x = 0,
¥y = x? +ax +b must also have slope —1 at x=1. Thusy' =2x+a=>-1=2-14+a=>a=-3

= y =x%—3x+b. Since this last curve passes through (1,0), we have 0 =1 —3+b = b = 2. In summary,

a=—3,b=2a.ndc=1sothecurvesarey=x2—3x+2andy:x—xz.
de g d(y.c)=u-94c.du_,. du_ . du
Letcbeaconstant=>a§._0=>dx(u c)=u ot = 0+cdx_.cdx. Thus when one of the

functions is a constant, the Product Rule is just the Constant Multiple Rule = the Constant Multiple Rule is
a special case of the Product Rule.

0~1.9v _j.dv
v-0 ldx_ ldx
2 - 2

(a) We use the Quotient rule to derive the Reciprocal Rule (with u = 1): (fl—x(%,-) =
v v

—_1.dv
=T
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(b) Now, using the Reciprocal Rule and the Product Rule, we’ll derive the Quotient Rule: %(% = ad;(u ‘17)
dv du
_.d(1), 1 o f=1\dv . 1du pec duy_"dxTVdx
= T(V)+V I Y (Product Rule) =u 2 )dx TV ax (Reciprocal Rule) = dx(V) = 7

ydu_,dv
dx ~"dx
= —2—-—==, the Quotient Rule.
v?

27. (a) d—‘;—(uvw)=a‘i}z((uv)-w)=(uv)%¥+w-%(uv)=uv ((ii—v;-+w( g; %%):uv ?i—¥+wu a—-+wv g:

=uvw’ +uv'w +u'vw
d = du d
(b) d—‘i{-(nluzusu‘l) = gx((v1ugu3)uy) = (“1“2“3)'&;4“’ uy g (Mugus) = ad;c(uluzuau‘i)
du, du, .
=uyugly 4 4 u,l vy, -a-— + uguy T+ ugu,y dx (using (a) above)

du, duy du, du,
(u1u2u3u4) = u,uyuy -d—- +uugy - 34 Uy Uzl == +uguguy
= u1u2u3u4 + “1“2“3‘-‘4 -+ u1u2u3u4 + u1u2u3u4

(c) Generalizing (a) and (b) above, Hg;_c(ul' Sl ) = Ugllge U U o Uplp Uy gl gl ..Uy

28. In this problem we don’t know the Power Rule works with fractional powers so we can’t use it. Remember

%(\/)_() = 2—1\7; (from Example 1 in Section 2.1)
@) £6) = Lxx/) = x- (VD) + VR L 00 =x- “17 1=V =Y gan
) F6) =l = %(\/i)h/i%(x —x
() (;i—x(x-’/z) d(x xM?) =3 d(\/_)+\/_ (
-

2%

(d) We have %(XWZ) = %xl/z, d—‘i—(xs/z) ] 3/2 d (x7/2)

)-}-\/— 2x—..x3/2+2x3/2 5 3/2
>+ Vx-3x2 = %xs/z +3x5/2 = %x5/2
5/2 g0 it appears that d ( n/2) _ Bx (n/2)-1
whenever n is an odd positive integer > 3.

2
29. P= nRT __an_  yye are holding T constant, and a, b, n, R are also constant so their derivatives are zero

~V-mb y%'
L dp_(V-nb)-0-@RT)(D) _VX0)-(an®)(2V) ___nRT __ 2an?
V= (V —nb)? (v2)! T (V-nb)? V3

30. A(q) = km A8 +em + — = (km)q~! +cm + (%)

dA -2 h km h

d——- = 2(km)q~3 = 2k
dq? q
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2.4 DERIVATIVES OF TRIGONOMETRIC FUNCTIONS

1.

10.

=-—10x+3cosx=>i‘i =-10+3 &= (cosx) —10 - 3 sin x

y=§$—(+5smx=>a1 —3+5d(smx) 2+5cosx

. y=cscx—4\/>_c+7ﬁ%:—cscxcotx—ﬁ+0=—cscxcotx—%
y = x? cot x—%:ji_xz d =+ (cot x)+cotx ( 2)+—=-—x2 csc? x + (cot x)(2x)+_
= —x? csc x+2xcotx+%—
X
= (sec x + tan x)(sec x — tan x) :g—i:(sec X + tan x) f—x(sec x — tan x) + (sec x — tan x) ad;(sec X + tan x)

= (sec x + tan x) (sec x tan x —sec?x)+ (sec x — tan x) (sec x tan x + sec?x)

3

= (seczx tan x +sec X tan? x — sec®x — sec?x tan x)+(sec2x tan x —sec x tan2x+sec3x-—tan x sec? x) =0.

(Note also that y—seczx—tan x—(tan x+1) tan’x =1 = 3% dy 0)

dy

= (sin x + cos X)sec x => i (sin x + cos x) %(sec x) + sec x i(sin X + cos X)

sin x + cos x)sin x — i
= (sin x + cos x)(sec x tan x) + (sec x)(cos x —sin x) = ( > ) L8 XX
cos”x
_sin?x +cos x sin x +cos’x—cosxsinx _ 1 _ sec? x
cos?x cos?x

(Note also that y =sin x sec x+cos xsec x =tan x+1 = g—i = seczx.)

d
cotx dy _ (1 + cot x) a(cot x) — (cot x) adi(l + cot x) (1 +cot x)(—csc x)— (cot x)(—csc x)

Y=T+¥cotx ~dx (1 + cot x)? (1 + cot x)?
— —csc? x — csc? x cot x +csc’x cot x _ —csc’x
(1 + cot x)? (1 + cot x)?
: d d

_ co8'x =>d_y_(1+5mx)K(COSX)"(WSX)H‘O"’S“‘X) (1 +sin x)(—sin x) — (cos x)(cos x)
Y =THsinx ~dx " (1 +sin x)? (1 +sin x)2
_ —sin x—sin?x—cos?x _ —sinx—1 _—(1+sinx)

(1 + sin x)* (1+sin x)2~ (1+sinx)? ~ 1+sinx
y=w3x+tarllx__.4secx+cotx=>3—i=4secxtanx—csc2x

cosx | x_._, dy _ x(—sin x) — (cos x)(1) + (cos x)(1) —x(—sin X) _ _y gin x —cos x 4 co8 X +x sin x
y= cos X7 dx x* cos?x - x? cos?x
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11. y = x* sin x + 2x cos x — 2 sin x = %{— = (x? cos x + (sin x)(2x)) +((2x)(—sin x) + (cos x)(2)) -2 cos x

= x2 cos x + 2x sin x — 2x sin x + 2 cos x — 2 cos x = x? cos x

12. y = x% cos x — 2x sin x — 2 cos X = g = (x?(~sin x) + (cos x)(2x)) — (2x cos x + (sin x)(2) ) — 2(—sin x)

= —x? sin x4+ 2x cos x —2x cos x — 2 sin x + 2 sin x = —x? sin x

13. s=tant—t =98 = d(tant)—l_sec t—1

dt ~ dt
14. s=t2—sect+1 = gz—Zt———(sec t) =2t —sect tant
l4esct (1 —csc t)(—csc t cot t) — (1 4 csc t)(csc t cot t)
15. s = =>
1 —csc t dt (1 — CSsC t)2
_ —csc t cot t+csc t cot t —csc t cot t —csc?t cot ¢ -2 csct cot t
(1 —csc t)? (1 —csc t)?
_ _sint (1 — cos t)(cos t) — (sin t)(sin t) —cost —cos?t —sin®t _ cost—1 _ 1
16. s =—Sint . d =—
I—cost dt (1 - cos t)? (1 - cos t)? " (1—cos t)? 1—cost
=1
cost—1

17.r=4-6%sin 6 = :ji; (02 d (sin 8) + (sin 0)(20)) —(6% cos 6+26 sin 6) = ~0(6 cos 6 + 2 sin 9)
18. r =0 sin  +cos 4 => = (0 cos 8 + (sin 8)(1)) —sin § = 6 cos 6

19. r =sec f csc 6 #' = (sec §)(—csc 6 cot 6) + (csc )(sec 6 tan 6)
= (c;sle)(si; 9)(2;); z) + (sir{ 0)(coi 0)(2)1; 199) = si;2l6 + coi2 9 = sec’§ — csc? 0

20. r = (1 +sec 8)sin 6 : = (1 + sec 0) cos 8 + (sin )(sec 8 tan 8) = (cos 6 + 1) + tan® § = cos 6 +sec?§

dp

21. 1q=5+tanq=>E=sec2q

22. p=(1+cscq)cos q = g—g = (1 + csc q)(—sin q) + (cos q)(—csc q cot q) = (—sin q— 1) —cot?q = —sin q — csc?q

93. p = sin q +cos q N dp _ (cos g)(cos q —sin q) — (sin q + cos q)(—sin q)

P=—"Cosq — ~ qq cos’q
cos q —cos q sin q+sm Q+c°Sq81nq 12 =sec’q
cos? q cos“q
g4 o tenda _ dp_ (1+tan q)(sec?q)—(tan q)(sec?q) _sec’q+ tan q sec’q—tan g sec®q _ __sec’q

“1+tanq T dq (1 +tan q)? (1 +tan q)? (1 +tan q)?




25.

26.

27.

28.

29.

30.
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(a) y=cscx =y = —cscxcot x =y = —((csc x) (—cse?x) + (cot x)(—csc x cot x)) = csc3 x + csc x cot®x

= (csc x) (csc?x +cot?x) = (esc x) (cse?x +csc?x—1) =2 csc®x —csc x
(b) y = sec x = y’ = sec x tan x = y"’ = (sec x)(sec?x)+ (tan x)(sec x tan x) = sec3x + sec x tan®x

= (sec x)(sec2 X +tan?x) = (sec x) (sec?x +sec?x — 1) = 2 sec3x — sec x

(a) y=—2sinx=>y'=——2cosx=>y”=—2(—sinx)=2sinx=>y’"=2cosx=>y(4)=—2sinx
(b) y=9cosx:}y'::—gsinx=>y”=——9cosx:>y"'=—9(—sinx)=9sinx=>y(4)=9cosx

y = sin x = y’ = cos x = slope of tangent at
x = —m is y'(—7) = cos (~7) = —~1; slope of
Y=Xx
tangent at x = 0 is y'(0) = cos (0) = 1; and yo-x=x 1
slope of tangent at x = 3_7r isy (371') = cos 3—" y=sinx
=0. The tangent at (-—7r,0) isy—0= —1(x + ), T\ M2 ®/2 R\ 3x/2
or y = —x — m; the tangent at (0,0) is -1 Y
—~0 =1(x—0), or y = x; and the tangent at
(7’_1) isy=-1.
y =tan x = y’ = sec?x = slope of tangent at x = —% \ y
is sec2(—%) = 4; slope of tangent at x = 0 is sec?(0) = 1; lyadxse -V .5 | -
and slope of tangent at x = 3 is sec2(3) 4. The tangent : |
1 ;x
t (=Tt (—1»: —I \/3)i =4(x+Z); 12
(- Fen(-5) =(-§-vD)r+Vi=s(e ) /. s
v o= e T T

the tangent at (0,0) is y = x; and the tangent at (3,tan(3)) 1
(7 is v — = T

—(3,\/5)1sy 3—4(x 3).
y = sec x = y’ = sec x tan x => slope of tangent at x = —% v

y=secx

is sec ( 3) tan( 3) = —-2\/_ slope of tangent at x = Z
is sec( 4) tan( ) \/_ The tangent at the point 4'“

- 3
(D)= (5o -=-ai(enpue TN

tangent at the point (4,sec("’)) (4,\/_) isy— \/— y=-2V3k e x3)+ 2
—Va(x-5).

y =1+cos x = y' = —sin x = slope of tangent at x = —%
by

/
is —sin(—%) = —\—/Q—E; slope of tangent at x = -3—75 is ——sm(%—) (-%\uey
3n2,1
= 1. The tangent at the point ( 3,1+00s(——3-)); (_%’%) >—n / ( :
-1
2-3x

\/g(x +§); the tangent at the point ,.)25(,‘5_) .2 yexe 233

. 3__
sy-3="
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31

32.

33.

34.

35.

36.

37.

38.

3 3r\)=(3z ) —1=x-3T

(2,1+cos(2))_(2,1 isy—-1=x 5

Yes, y = x +sin x = y’ = 1 + cos x; horizontal tangent occurs where 1 + cos x =0 => cos x = —~1
=>X=T7

No, y = 2x +sin x = y’ = 2 + cos x; horizontal tangent occurs where 2 +cos x = 0 => cos x = —2. But there
are no x-values for which cos x = —2.

No,y=x—-cotx=>y =1+ csc? x; horizontal tangent occurs where 1 +csc?x = 0 = csc?x = —1. But there
are no x-values for which csc?x = ~1.

Yes, y = x+2 cos x = y' =1 — 2 sin x; horizontal tangent occurs where 1 —2sin x=0=1=2sinx

1 _ g -I 57
>5=snx=>x=gorx=%
We want all points on the curve where the tangent ry -
=tanyx
line has slope 2. Thus, y = tan x = y’ = sec?x so X (% ) !
. ' -' \
that y/ = 2 = sec’x = 2 = sec x = £ /2 ) 1\ !
t
— 4T : T )
=>x=*7 Then the tangent line at (Z’ 1) has ! : ya2x-E,1
LI
equation y — 1 = 2(x —-%); the tangent line at -%: ! 1 T;”
|
| -1 ®
T _ ; = ™ ye2xs oy
( D l)has equation y +1 2(x+4). : -(-E . : 2
) 4*
! |

We want all points on the curve y = cot x where

the tangent line has slope —1. Thus y = cot x

2

=y = —csc? x so that y=-1= —csc®x=-1

=>csclx=1=>cscx= ﬂ:l:)x:%. The

tangent line at (Z,0)isy = —x +%.
2 2

— _ P pael —_(_1 1-2cosx
y=44cot x—2cscx =>y = ~csc“x+2csc xcot x= (sinx)( e )

(a) When x = %, then y’ = ~1; the tangent line is y = —x +%+ 2.
(b) To find the location of the horizontal tangent set y' =0 = 1-2cosx=0=> x = % radians. When x = %,
then y =4 — \/5 is the horizontal tangent.

1 )(\/5 cos x+1)

-— LR —_ 2 = -
y._1+\/§cscx+cotx=:>y_- 2 csc x cot x —csc“x (sinx e

a) If x =T, then y' = —4; the tangent line is y = —4x + 7+ 4.
1




39.

40.

41.

42,

43.

44.
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(b) To find the location of the horizontal tangent set y' =0 = V2cosx+1=0=>x= 37 radians. When

1
X= 3: , then y = 2 is the horizontal tangent.

s=2—2sint=>v=g§_—2cost:a:%%:Zsint:n d_a 2 cos t. Therefore,veloclty_v('g)

= —\/5 m/sec; speed = l— 2 m/sec; acceleration = a(-’:{-) \/5 m/sec?; jerk = j (-7;4"-) = \/5 m/sec3.

ds dv _

_ da _
s_s1nt+cost=>v_.dt—cost s1nt=>a-dt

=—sint—cost =j= ¢ = —cos t +sin t. Therefore

velocity = v( 4) 0 m/sec; speed =

jerk =j (%) =0 m/sec3.

l: 0 m/sec; acceleration = a(%) = —\/5 m/sec?;

: — Jim 8D 3x — sin 3x\(sin 3x\ _ : : - : —

,1(13(1) f(x) = lim . lim Q(T)( 35 )_ 9 so that f is continuous at x =0 = }(E’I(l) f(x) = 1(0)
=c=0.

lim_ g(x) = lim_ {(x+b)=b and lim+ g(x) = lim cos x =1 so that g is continuous at x =0 = 11151 g(x)

x—0 x—0
11m g(x) = b =1. Now g is not differentiable at x = 0: At x =0, the left-hand derivative is
x—o0t
a—;(x +b) . = 1, but the right-hand derivative is %(cos X) . = —sin 0 = 0. The left- and right-hand
X= x=

derivatives can never agree at x = 0, so g is not differentiable at x = 0 for any value of b (including b = 1).

999 4
-dw(cos x) = sin x because —d—z (cos x) = cos x = the derivative of cos x any number of times that is a
dx dx

multiple of 4 is cos x. Thus, dividing 999 by 4 gives 999 = 249-4+3 = d 555 (cos x)

249 -4 3 .
= g;[&m (cos X)] = ad—s(cos x) = sin x.

_ 1 (eos )0~ ()(=sin®) _sinz _( 1 Ysinx)_

(a) y =sec x = go5x = dx (cos x)? :;22); = (cos x)(%lﬁ%%({) = sec X tan x

= dg-x(sec X) = sec X tan x

_ — 1 (sm x)(0) = (1)(cos x) _—cosx _[ =1 \fcosx\_ _

(b) y=cscx =0 = dx (6in x)? =lie - (_sin x)(—_sin x) = —csc X cot X

= ad;(csc x) = —csc X cot X

- s 2 2
(c) y=cot x= o8 X => (sm x)(—sin x) — (‘2305 x)(cos x) — =sin ?c;cos X _ -—21 = —csclx
sin x dx (sin x) sin®x sin®x

d — —csc?
=>dx(cot X) = —csc‘x
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sin (x + h) —sin x
h

As h takes on the values of 1, 0.5, 0.3 and 0.1 the corresponding dashed curves of y = get

. h — s
sin (x + h) —sin x = cos x. The same

closer and closer to the black curve y = cos x because %(sin X) = ]gir%
is true as h takes on the values of —1, —0.5, —0.3 and —0.1.

46.

cos (x + h) —cos x

As h takes on the values of 1, 0.5, 0.3, and 0.1 the corresponding dashed curves of y = get
. d . cos(x+h)—cos x .
closer and closer to the black curve y = —sin x because -a—i(cos X) = }llmtl) : i = —sin x. The

same is true as h takes on the values of —1, —0.5, —0.3, and —0.1.

47. This is a grapher exercise. Compare your graphs with Exercises 45 and 486.

48, lig [OFRI=10=R]_

[hi—|h]
h—0 2h x—0 2h

= 1111_1.,110 0 = 0 => the limits of the centered difference quotient exists even

though the derivative of f(x) = x| does not exist at x = 0.

2 y

L -

49. y = tan x = y’ = sec®x, so the smallest value
y' = sec?x takes on is y’ = 1 when x = 0;

y' has no maximum value since sec?x has no

»

- R/ ﬂz
largest value on (—%,%); y’ is never negative tanx
since sec?x > 1.
50. y = cot x = y’ = —csc?x so y’ has no smallest ! ;
|
value since —csc?x has no minimum value on & !
i
(0,7); the largest value of y’ is —1, when x = %; , =2 tx
. i
the slope is never positive since the largest 2 [
! . . y=~cscx 1
value y' = —csc x takes on is the negative :
value —1.
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sin X

51. y = =532 appears to cross the y-axis at y = 1, since

lim sin X __

sin 2x
X - ==

1;y= appears to cross the y-axis

x—0

at y = 2, since )1(1_13%) §11_1}_E2_x =2y= ﬂ%g appears to

cross the y-axis at y = 4, since lin(l) -8%4’{ =4,
X—

However, none of these graphs actually cross the y-axis
since x = 0 is not in the domain of the functions. Also,
sin (—3x) _ sin kx

X - -

: sin (—3x
smx5x, y = (x )’ and

lim S$3X =5 lim -3, and lim
x—0 x—0 x—0

=k => the graphs of y =

sin kx

y = 252 approach 5, —3, and k, respectively, as

Ly =(sindx)/x

/y_-(sin 2x)/x

y=(sinx)/x

x — 0. However, the graphs do not actually cross the y-axis.

sin h sin h{ 180
won ||
1 .017453283 999999492
0.01 .017453292 1
0.001 017453292 1
0.0001 .017453292 1
inf(h T T _gin(h--T- o
lim S0b_ sin(b- 1) = lim 8¢ sin(b-1) i B a1y
h—0 h x—=0 h h—0 '118+0 -h 6—0 [ I — 7180
(converting to radians)
cosh—1
(b) h h
1 —0.0001523
0.01 —0.0000015
0.001 —0.0000001
0.0001 0
}llin:(x) % = 0, whether h is measured in degrees or radians.
d _ .. sin(x+h)—sinx . (sin x cos h +cos x sin h) —sin x
(c¢) In degrees, ax (sin x) = }l‘% = }lll_l_"x}) 5

lim
h—0

(sin x)(0) + (cds x) (178r_0) = ﬁ cos X

(sin x-———°°sﬁ_1)+}lliirb (cos x-%):(sin x)-l}lil% (c~——°s}}:“1)+(cos x).llli—I»I(lJ (sin h)

h

163
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cos(x+h)—cos x (cos x cos h —sin x sin h) — cos x

d =
(d) In degrees, &(cos X) = fim T = 1111_1)% 5
_ g (cosx)(cosh—1)—sinxsinh . cosh—1 . . sinh
- jim, ; = fim (cosx- 24 =1) - i (sn .25

= (cos x) llxl—% ( cos }}:— 1)— (sin x) 1!ll_r.n0 (SITH-}-I-) = (cos x)(0) ~ (sin x) (ﬁ) = _l_gﬁ sin x

(e) di:—f(sin X) = dilx_(Tgﬁ cos x) = _(%6)2 sin x; d—‘i{%(sin x) = %( ( 180 ) sin x) (——78r—) o8 X;

g(cos x) = (ii—x(__l% sin X) = ~(ﬁ)2 Cos X; %(cos x ( (%) cos x) = (.%)3 sin x

2.5 THE CHAIN RULE

L f(u) =6u—9 = f'(u) =6 = f'(g(x)) = 6; g(x) = —x = g'(x) = 2x3, therefore —- =f'(g(x))g(x)
=6-2x3 = 12x

2. f(u) = 2u® = f'(u) = 6u? = f(g(x)) = 6(8x — 1)% g(x) = 8x— 1 = g'(x) = 8; therefore = f'(g(x))g(x)
= 6(8x —1)%-8 = 48(8x — 1)?

3. f(u) =sin u = f'(u) = cos u = f'(g(x)) = cos (3x + 1); g(x) = 3x +1 = g'(x) = 3; therefore = f'(g(x))g'(x)
= (cos (3x+1))(3) =3 cos(3x + 1)

4. f(u) = cos u = f'(u) = —sin u = f'(g(x)) = —sin (sin x); g(x) = sin x = g'(x) = cos x; therefore
= = f'(g(x))g’(x) = —(sin (sin x)) cos x
5. f(u) = tan u = f'(u) = sec®u = f'(g(x)) = sec? (10x — 5); g(x) = 10x — 5 => g’(x) = 10; therefore

3= = f'(g(x))g'(x) = (sec? (10x — 5)) (10) = 10 sec? (10x — 5)

6. f(u) = —sec u = f'(u) = —sec u tan u = '(g(x)) = —sec(x? + 7x)tan(x? + 7x); g(x) = x% + 7x
=>g/(x) =2x+T; thetefore = f'(g(x))g/(x) = —(2x + 7) sec(x? + 7x) tan(x2 + 7x)

7. Withu=(4-3x), y=u® 3 jlyl du _ gy8.(—3) = ~27(4 - 3x)®

8. Withu:(l—%‘-),y uT: SX d_Y_d_u__7u~8.(_%)=(1_§)‘8

x ~ dudx 7
3
. 2 dy d 2
9. W1thu=(x§+x—%),y_ 4 a—% dig; 4u3-(§+1+$)=4(%+x—%) (%+1+;1§)
dy _dy du_

10. With u = tan x, y = sec u: %= du dx = (sec u tan u) (sec?x) = (sec (tan x) tan (tan x))sec?x

dx ~dudx 2 x

11. Withu = w—%, y = cot u: d_y dy du _ (—csczu)( 1 ): —-1—2 cscz(r—l)
X X
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12. With u =sin x, y = u%: % %g; 3u? cos x = 3(sin?x) (cos x)
1/2 ~1/2 -1/2 :
— 2 _ 2 —_1(o. _ A(on_2Y_1(o._,2 _9n__1-—r
13. q=v2r—r —(21' r ) =>d (2r ) dr(Zr T )—E(Zr T ) (2 21:)_—\/2‘:71.2
— sin( 32t 3mt) _, ds dmt). d (3wt _ g, (3nt). d(3xt)_ 37 3rt)_3nm 3mt
14. s_sm( 5 )+cos( ) )=>dt._cos( ) ) dt( 2 ) sm( ) ) dt( D) ) cos( D) ) T sm( 5 )
= 3—2—(cos 3Tt _ gin 3—2—2)
_ -1 dr_ _ -2d __csc 6 cot 6 +csc?@ _ csc 8 (cot 8 + csc §)
15. r = (csc 6 +cot 0)™" = 5= (csc 6 + cot 9) a6 (csc 0 +cot §) = (co 0t oot 6)F — (emc 0.7 cot 0)7
- csc 8
“esc B +cot 6
- _ 2p sec 0 (tan 0 +sec )
16. 1 = —(sec 0+ tan 6)1 = 9L = (sec 0+ tan 0)~2 & (sec 6 + tan §) = Secf tan O +sec §
T (sec 0 + tan 6) (sec 6 + tan 6) de(sec + tan 6) (¢ 6.+ tan 6)? (oec 6. tan 6)7
sec 0
“secO+tan §
17. y=x2 sin4x+x cos™ x:gy—xz (;ix(sm x)+sm4x-——(x )+x d (cos x)+cos 2x----—(x)
= x2(4 sin®x d%z(sin x))+ 2x sin?x +x(—2 cos_sx-d—,)-c-(cos x))+cos‘2x
= x2(4 sin3x cos x) + 2x sinx +x( (-2 cos™3x) (—sin x))+cos'2x
= 4x? sin®x cos x + 2x sin? x + 2x sin x cos ™3 x + cos ™% x
18. y=§sin‘5x—§cos3x=>y'=31(-%(sin'SX)+sin_5x-§—x(—)———-(OOS x)—cos®x - gx(%)
= %(—5 sin~%x cos x)+(sin_5x (——15)—%((3 cos2x)(—sin x))—(cos%c)(%)
X
=-—55(-sin’6x cos x——li sin~%x + x cos®x sin x—%cosax
X
10. y=d axo+fa-L) »¥-1 T 3x-20- L 3x-2) +(-1)(4-L; a1
)| 22 dx = ) Tdx\" T2
-2
=§7T(3x-2)6.3+(-1)(4’-é)l(5) (#):(3;:—2)6— L
?(4-2)
)
2x
2. y = (4x+3)*(x+1)3 = QX = (4x + 3)*(-3)(x+1)~* --i-(x + 1)+ (x+1)"3(4)(x + 3)3-1(4x+ 3)

= (4x + 3)4(=3)(x + 1)™4(1) + (x + 1) 73(4)(4x + 3)3(4) =

_ (4x +3)°
T (x+1)*

[-3(4x +3) +16(x+1)] =

(4x + 3)3(4x +7)
(x+1)*

—3(4x +3)4(x +1)7* + 16(4x + 3)3(x + 1) 3
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21.

22.

23.

24.

25.

26.

27.

28.

29.

h(x) = x tan(24/X)+7 = h'(x) =x ——(ta.n(2x1/2))+tan(2x1/2) d x)+0

=x secz(2x1/2)-%(2x1/2)+ tan(2x1/2) = x sec2(2\/)_< -$+tan(2\/§) = /x sec?(24/x) + tan(2,/x)
k(x) = x2 sec(}l() =>k'x) = x? (ii—x(sec %) + sec(,l—{)-(ii—x(xz’) = x2 sec(,l—{) tan(%) cf—x(%)+ 2x sec(}l{)
=x2 sec(l) tan(l) (—;15)+ 2x sec(%) =2x sec()l()—sec(,l—() tan()l—()

_(_sing \? 1(0) — sinf \ d( sinf \_ 2sinf (1 + cos 6)(cos ) — (sin 9)(—5"1 9)
f(6) = (1 + cos 0) = f(0) = 2(1 + cos 9) dG(l + cos 0) TFcosf’ (1 +cos 6)2

(2 sin 0) (cos 6 + cos? 8 + sin 0) (2sinf)(cosf+1)  9ging
(1 +cos 6)3 (1 +cos 6)3 " (14cos 6)?

r = sin(62) cos (26) => = 51n(02)(—31n 20) 5 (26) + cos (26) (cos(ﬂz))-a%(az)

%ID-

= 51n(92)(—s1n 20)(2) + (cos 20) (cos(62)) (26) = —2 sin{62) sin (26) + 20 cos (26) cos(62)

r= (sec \/_)tan( ):> T i sec \/-)( sec? -;—)(—el)+tan(%) (sec \/5 tan ﬂ)w

ta.n\/_tan sec 1
e Vo) = v el )

~—

(i)~ (i) b))

ViFl-—t
=°°s(\/tt+1>' t+21 = (\/tt+1)(2(tt:11))3—/;) (2(tt++1§3/2) (\/tt“)

y = sin? (7t — 2) >3 d = 2 sin (7t —2) - éii sin (7t — 2) = 2 sin (7t — 2) - cos (7t — 2) -%(wt -2)
= 27 sin (7wt — 2) cos (7rt—2)

y=(1+4cos 2t)™% = j—{ = —4(1 +cos 2t)~° dit(l + cos 2t) = —4(1 + cos 2t)~>(—sin 2t) -%(2(:) = ﬁi—%‘{)?
y= (1 + cot (%))_ = 3—{ 2(1 + cot (—5—)) di(l + cot (%)) = —2(1 + cot (%))_3 -(—csc2 (%))%(%)




30.

3L

32.

33. ¢

34.

35.

36.
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y =sin(cos (2t — 5)) = dt = cos (cos (2t — 5)) 3 co8 (2t — 5) = cos (cos (2t — 5)) - (—sin (2t - 5)) z% (2t —5)

= —2 cos (cos (2t — 5))(sin (2t — 5))

y=[1+tan l2 r=> —3 1+ tan (th)] di[l +tan (-t—2)]=3[1+tan4(-i%)]2[4 ta,ns(-l%) éittan(%)]

=12[1+ tan’ (12)] [tan® (1t—2) sec? ()73 =[1 + tan’ (t2)]2[““n (1) =*(1)]

y= (1 + cos;(t'?))1 /2 = i)t, %(1 + cos(i:z))—ll2 él_t(l + cos(t2)) = %(1 + cos(tz))_llz(—sin(tz)-adz(tz))

=~ L1+ cos(e2)) (i (12)) -2 = sin (+?)

Vi+ cos(tz)

dy _dy/dt _ 2 cost
t== — _ - cost _ _
_4=>x_2cos -\/_y 2sm \/_’dt 2smt,dt ZCot: dx/dt 5t cot ¢
2% ﬂ_:-—cot%:—l;tangentlineisy—\/—=—1(x—\/§)ory=—x+2\/§;d—i:csczt
t=z /

dz)’_dyl/dt__ csc?t  _ 1 d?y

m_dx/dt*—2sint—~2sin3t=>dx2t=% V2
t=2" 5 x=cos 20 =-1 —\/gcos&r-——ﬁ'd—x——sintd—y=— 3sint=>d—y————m—\/§
=3 3 - YT 3T T dt T ' at dx = —sint

2
é%lt_g_=\/§;tangentlineisy—(—@-):ﬁx—(—%)]ory:ﬁx;%:Obd—yz L

= dx —sin t
3 /
2
:i—% =0
dx|, 2=
-3
_1 _1 ,_l.dx_,9dy_ 1 dy dy/dt _ 1 dy _ 1 . o
t=2=>X=3, V=5 G = l’dt 2\/- = H/d \/_ 2 l--1,tangenthnels
4

l.d_Y'__lt—a/zédy dy'/dt _ 1,32 _ d%

t=3=x=-y3F1=-2y=/30) =3 L= —%(t+1)-1/2,j—{=%(3t)'1/2=>dy

dx/dt ~ 4 dx2

o

= _3 V\;f;_: dx s —\/—;E%)——l = —2; tangent lineis y —3 = —2[x — (-2)J ory = -2x—1;
3 -1/2 3 -1/2 S
oy VI[-3+D) J+3vEFifien™?] 3 L&y wEVitl) 3
a 3t St ial A -1 VA
‘W 2,/t+1)
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d?y 1
= — =—x
2
dx®l, _ 4 3
dy dy/dt 3 d .
37.t=-—1:x=5,y-1,‘(11’;—4t,dt_4t3 y dx?dt 4t’ = t2 =>aT);t=_1=(—1)2=1;tangentllnels
—-1=1-(x—5)or __X__4_dy'_2t=>d2y_dy’/dt 2t :d2 =1
y=r= y=x-%g= ax? T /At T 4T2T gl T2
=T r_gnror V3w 1_1.dx_ - dy _ dy/dt
38.t..-3—=>x._§ sin g =3 —=5 yy=1 cos3_1 2_2’dt_1 cost,dt_smt=>d —Txd

. sin( X (ﬁ) |
=.__§.1!l_t__.$d_y‘ = (3) =\2 =\/5;tangentlineisy—%:\/g(x—1+—\é—§)
=3

T—cost ~ dxly= 1_005(1) (%) 3
/ : : 2 ) ____1__
oy ax T 3+2.di_(l—cost)(cost)—-(smt)(smt)_ -1 dy _dy’/dt \T—cos ¢
y= 3 T dt T (1 —cos t)? T l-cost T (x2  dx/dt ~ I-—cost
2
~1 d“y
= = —5 —4
(1 —cos t)? dx2t=%
V. t=5=>x= cos =0 1+sm d— snntdy cost::'dy LSt — ot t
: _2 - =hy= d T dx ™ —sint
dy _ T _ Q0. e ie v — .d_y’_ 2 d2Y_ csc?t 3 dzy —_
=>-(-Et=%_—cot-2-—0,tangenthnelsy—2, dr = cs¢ t:Q—-———_Sint——CSC t:aFt_z__l
-2
T v —sec?( =T\ 1=1 v=tan(—T)= _1. dX dy _ .2
40. t = 4=>x_sec( 4) 1_1,y_tan( 4)_ 1d _23ecttant,dt sec“t
dy sec?t —_1 _1 d)’l 1 m\_ _1. P
> = Zseczttant—2tant—§mtt=>-; t=_%._§cot(—z>__—§,ta,ngent; line is
1 ...2
1, 1.4y 1 dly _ _—pesct 1,3
-(-1)= x-1 = —5X—5; = csc? t=> 5 =—H——— =2 cot”t
y-(-1)= ( Jory 2772 dt T 2 dx? 2 sec’t tan t 1
N _1
dx2t__z—4
=-3

R SO

2. y=(1- R =y == (1= Va) (B ) = (- VR
>y = %[(1 _ \/i)_2(_%x‘3/2)+x"1/2(-—2)(1 _ ﬁ)_a(—%x“l/z)]




43.

44,

45.

46.

47.

48.

49,

50.
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=4[ - R (= R = e (= VR T (- vR) 4
=21_x(1_ﬁ)—3(-2—7+2+1) A1~ \/')-3(.2__2—\7)

y= %)- cot(3x-1) =y = —% csc (3x —1)(3) = —% csc?(3x-1) =y = (—%)(csc (3x—1) ad_x cse (3x — 1))

= _';2),_ csc (3x — 1)(—csc (3x — 1) cot (3x — 1) -(—%{-(I}x —1))=2csc?(3x—1) cot (3x—1)

y=9 tan(g) >y = g(sec2 (g))(%) = 3 sec? (g) =y =3.2 sec(g)(sec(g) tan (g))(%) = 2 sec? (g) tan(g)

gx)=x=>¢g'(x) = ‘/- = g(1) =1 and g'(1) =% f(u) = u® +1 = f'(u) = 5u* = f(g(1)) = (1) =
therefore, (fog)'(1) = #(g(1))-¢/(1) = 5-4 =3

gx)=(1-x)"1=gx)=—-1-x)"%-1)= (T—l_)? = g(-1)= l and g'(-1) = %; fluy=1-4

= fi(u) = 2 = f(g(~1)) = f'( )=4; therefore, (£0g)'(~1) = '(g(~1))g/(~1) = 1=

g(x) =5x=>g'(x)= \/_:>g(1)—5and g'(l):% f(u )._cot( )=>f’(u) —esc (10)(10)

=g ¢s¢ (10) = f'(g(1)) =f'(5) = — {5 cch(%) 10, therefore, (fog)'(1) = f'(g(1))g'(1) = —{5- -g—

0
T
4

gx)=mx > g'x)=r= g(%) Fandg (211-):#; f(u) = u +sec?u = f'(u) = 1 +2 sec u-sec u tan u

=1+2sec?u tan u = f’( (%) f'(Z) =142 sec? Z tan 7 = 5; therefore, (fo g) ( ) f'(g(i—))g'(%) =57

g(x) = 10 +x+1 = g'(x) =20x+1 = g(0) =1 and g'(0) = 1; f(u) = *— = f'(u) = (1)) - (2u)(2U)
+ Wil (u?+ 1)
———“2“ 12 _, #/(g(0)) = £/(1) = 0; therefore, (fog)'(0) = f'(g(0))g'(0) = 0-1=0
(u2 + 1)
g(x) = ——1 =>g'(x) = ——=> g(—1) =0 and g'(-1) = 2; f(u) = ( +1) = f(w) = 2(3:—})%(3:—})

2(u 1) (u+1)(1) - (u 1) _2-1)(2) _4u-1)
RS (u+1)? (w+1)° " (u+1)®

(fog)'(-1) =f(g(-1))g'(-1) = (-4)(2) = -

= f'(g(—1)) = f'(0) = —4; therefore,
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51. (a) y = 2f(x) = gl =2f(x) = g—)y(i L= 2f(2) = 2(%) =%

() y =10 +500 = F=I@+00) = | =) +8(3) =27+5

(©) v =180 = G = (00 +80F() = T _ =L+ () =35+ (~(2m) = 15 -8

_s@r@) -t _@F)-O6) 4
=2 [g@)P 22 -6

_f(x x)f f(x)g'(x
@ =10 SO0 0

(&) ¥ = f(g(0) > W = p(g(x))g'(x) = %lxﬂ =1'(g(2))g'(2) = F'(2)(-8) = 3(-3) = -

e B _ ., v
NP R R Tk

® v= @) = P =Ja) 10 = o

© v =60 = F= -2 EW > P =20 = -2A-0 5=

n/2

(h) vy = ((f(x))* + (g(x))?) = 5((E))* + (g(x))? ) *(21(x) - (x) + 28(x) -€'(x)

:j—iim=%((f(z))z+<g<2>)2)"’2(2f(2>f'< )+2828/(2) =4 (82 +29)7(2:8- 1 42-2-(-9))

52. (a) y = 5f(x) — g(x) = T¥ = 5¢'(x) — g'(x) =>dx ORI LC) =5(-3)-(3%)=1

d
(b) y = f0)(8(0)° = T = 1x) (3(e(x))’ 'x))+(g(x))3f’() a— _, = 31(0)(8(0))°8'(0) + (g(0))°F (0)

=3(1)(V(3)+ (1°6) =6

© y= fx) dy _ (6 + D) —f(x)g'(x) | dy| _ (&) +1FI(1) - f(1)g'(1)
gx)+1 7" dx (g(x) +1)2 dxi,_, (g(1) +1)2

_ctn(-D-0(-)_

(-4 +1)?

(@) v = fg) = 2 = (g(x)g'(x) = &

=00 =k (})=(-$)(})= 4

(&) ¥ = 8(f(0) = L = g (f)F(x) = |x=o=g'(f(0))f'(0)=g'<1>(5>=(—%)(5)=—%,,9

O y=(+109)" 3 P = 2+ ) (10 +000) = F| = a1+ 1) (114 £()
x=1

--a0+9(u-)~(-3)B)=-}




(8) v = fx +8(x)) = L = Flx+g(0) (1+2/(0) = & Lo:

=(-1)(4)=_4
=(-3)(8)=-3%
ds _ds db. . _ ds ds
53. il M T s_cos6:>d0 s1n€:>d‘9
dy _dy dx, dy
54. It - ax dt y—x +7x— 5=>Cl —950

55. With y = x, we should get dy _ =1 for both (a) and (b):

= —sin(3%)=1s0 tha.t ds
(%)=
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£(0+8(0)(1+8'0) = (1) (1+3)

ds dé
= ag—15="5

dy _dy dx _ 1_
that == =3 dt = =9- 3

dx
(a) y:-%+7$£1—)i 5,u—-5x——35=>gu—5; therefore,?:i—ﬁ-‘é—i:%n‘i:l, as expected
d - — dy d
(b) y=1+%=>ag-=—%;u_(x——l) —(x-1) 2(1)— )2,therefore dy al %—
-1 -1 -1 -1 2 :
—_—i, — . =(x—-1)- =1 ted
AR [ G D gy e e et

56. With y = x3/2, we should get 3 El-z = §x1/2 for both (a) and (b):

(a) y=ud =>j——3u u_.\/_$ 2\/_ therefore,g
as expected.
3 _ du dy _
(b) y=4/u => 2 =X = = = 3x%; therefore, Vax =
again as expected.
57. y=2tan(ZX} = dy (2 sec? 1rx)(7r) =T gec?TX
Y= 4) dx i \4)=2 4

=T
-2

givenbyy-2=n(x—-1)=>y=mx+2~-7

dy .du

2 1 3
= =3’ 57—3(f) 7—5\/_
S_i_)_’_ _(il:l_ 1 _3X2__ 1 .3 _3 1/2
du dx 2ﬁ —2 3 =3X

sec?(Z) = r = slope of tangent is 2; thus, y(1) =2 tan(Z)= 2 and y'(1) = = = tangent line is
4 4

(b) ¥y = sec2 (ﬂ%) and the smallest value the secant function can have in —2 < x < 2 is 1 = the minimum

value of y' is T 5 and that occurs when

gsecz(4):>l_sec2(4)=>:|:1_sec(4)=>x_0.

58. (a) y =sin 2x = y' = 2 cos 2x = y/(0) =2 cos (0) = 2 => tangent to y = sin 2x at the origin is y = 2x;

y= —sm(2) =y = —% cos(§) = y'(0) = —— cos 0 = —-%

y=-1

-1.
(b) y = sin (mx) = y’ = m cos (mx) = y'(0) =

1

e

= ¥(0) = — g cos (0) = :

mcos 0 =m;y=—sin(F)=>y =

= tangent to y = —sm(2> at the origin is

5X The tangents are perpendicular to each other at the origin since the product of their slopes is

-m cos(m)

Since m -(—-m—) = —1, the tangent lines are perpendicular at the origin.
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59.

60.

61.

62.

63.

64.

65.

(¢) y =sin(mx) = y’ = m cos (mx). The largest value cos (mx) can attain is 1 at x = 0 = the largest value

y’ can attain is |m| because |y'l=|m cos (mx)|=Imlicos mx|<|m|-1=|m|. Also, y = —sin(Z)
=y = - cos(X) =y |—l i cos(&) |<|m||cos(m)|<lm|=> the largest value y’ can attain is|%|.

(d) y = sin (mx) = y’ = m cos (mx) => y’(0) = m = slope of curve at the origin is m. Also, sin (mx) completes
m periods on [0,27]. Therefore the slope of the curve y = sin (mx) at the origin is the same as the number
of periods it completes on [0,27]. In particular, for large m, we can think of “compressing” the graph of-

y = sin x horizontally which gives more periods completed on [0,27], but also increases the slope of the
graph at the origin.

s = A cos(27bt) = v= % = —A sin (27bt)(27b) = —27bA sin (27bt). If we replace b with 2b to double the
frequency, the velocity formula gives v = —4wbA sin (47bt) = doubling the frequency causes the velocity to
double. Also v = —27bA sin(27bt) = a = :ii: —472b2A cos (27bt). If we replace b with 2b in the
acceleration formula, we get a = —1672b%A cos (47bt) = doubling the frequency causes the acceleration to
quadruple. Finally, a = —47%b2%A cos (27bt) = j = g—‘:‘ = 873b3A sin (27bt). If we replace b with 2b in the jerk

formula, we get j = 647°b3A sin (27bt) => doubling the frequency multiplies the jerk by a factor of 8.

(a) y =37 sin[gﬁl5 (x— 101)]+ 25 = y' = 37 cos[-:,%(x—- 101)](52&) =l cos[gzé% (x—101)].
The temperature is increasing the fastest when y’ is as large as possible. The largest value of
008[365 (x- 101)] is 1 and occurs when -T (x—101) =0 = x = 101 = on day 101 of the year
( ~ April 11), the temperature is increasing the fastest

(b) ¥(101) =TT cos| Z& (101 - 101) | = T3T cos (0) = 74T ~ 0.64 'F/day

365

s=(1 +4t)1/2 = v= % = %(1 +4t)" 2 4) =201 +4t) V2 = v(6) = 2(1 + 4 6)"V2= % m/sec;

v=2(1+4t)"?= a= ‘31—= ~1-2(1+46)73/%(4) = —4(1 + 4) /2 > a(6) = —4(1 +4-6)™/% = — ;7= m/sec?
_dv: —dv_dv ds dv - a=dv.ds _dv,
We need to show a = It is constant: a = Tt =ds dt @ nd 5~ (k\/_) = —-—\/_ =S dt—ds "
=3 \/_ k\/- — whlch is a constant.
v proportional to \}_ =>v= 7; for some constant k = ?:l: ﬁ/i' Thus, a = %‘ = %l%% = d—v--v
=k .k _ _K => acceleration is a constant times < Lsoais proportional to Ll
253/2 /s 2\ 2 52 g2

Let $X = f(x). Then,a=$ =4 &=V q(x) = Edi(d‘%) (x) = £ (6(x)) -1(x) = #(x)£(x), as required.

T= 27r\/r=> =or.l_l__T__ FL' Therefore,g—T— dT .dL ——”——-kL:"-k\/i:%-%rk\Fg

du = dL du T /gL Ve
_kT

=g, as required. -




66.

67.

68.

69.

70.

71.
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No. The chain rule says that when g is differentiable at 0 and f is differentiable at g(0), then fog is
differentiable at 0. But the chain rule says nothing about what happens when g is not differentiable at 0 so
there is no contradiction.

The graph of y = (fo g)(x) has a horizontal tangent at x = 1 provided that (fog)’(1) =0 => f'(g(1))g'(1) =0
= either f'(g(1)) = 0 or g'(1) = 0 (or both) = either the graph of f has a horizontal tangent at u = g(1), or the
graph of g has a horizontal tangent at x = 1 (or both).

(fog)'(—5) < 0 = f'(g(—5)) -g'(—5) < 0 = f'(g(—5)) and g'(—5) are both nonzero and have opposite signs.
That is, either [f'(g(—5)) > 0 and g'(—5) < 0] or [f'(g(~5)) < 0 and g/(~5) > 0].
sin 2(x + h) —sin 2x

h
approaches the graph of y = 2 cos 2x because

. sin 2(x+h) —sin 2x
lim
h—0 h

As h — 0, the graph of y =

= (;i—x(sin 2x) = 2 cos 2x.

cos[(x + h)z]—cos(x2)
h

As h — 0, the graph of y =

approaches the graph of y = —2x sin (xz) because

lim
h—0

cos[(x + h):ll . cos(xz) = d—dx-[cos(x2)] = -2x in(x2).

dx __ dy _ dy _dy/dt _ 9 cos 21;_2(2 coszt—l). dy _ ‘2(2 coszt—l)__
Hi-_costanda—2cos2t=>a;—dx/dt—- cost — cos T ,then&—O:—cos—t——O

. 2
=2cos?t—1=0=>cost= iﬁ:t:%,a—f,%,%. In the 1st quadrant: tz%:xzsm%ziz_-and

y =sin 2(%) =1= (é, 1) is the point where the tangent line is horizontal. At the origin: x=0andy =0

=>sint=0=>t=00rt=7randsin2t=0=>t=0,%,7r,§27£;thust:Oandtzwgivethetangentlinesa.t

= = dy - -
_2=>y—2xand& =-2=y=-2

the origin. Tangents at origin: %X‘
X t=1m

t=0
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dx dy dy dy/dt _ 3 cos 3t _ 3(cos 2t cos t —sin 2t sin t)
72. 2cos2tanddt—3co 3t=> = &x/dt = Zcos 26 2(2cos Ay

3[ 2 cos t——l)(cos t) —2 sin t cos t sin t] (3 cos t)(2 cos?t—1—2 sin’t) _ (3 cos t)(4 cos t—3)

= ; then
2(2 cos?t —1) 2(2 cos?t—1) 2(2 cos?t —1)
dy =0= (3cost)(4cos t-_3)=0=>3cost=00r4coszt;—3=0: 3cost=0=>t=%,3—27£and
2(2cos2t—1)
3 ' . 3
4cos’t—3=0=>cost= i%:t:%,%ﬁ,%’,%’-. In the 1st quadrant: t:%:>x=sm2(%)=4

andy=sin 3(L)=1= ﬁ, 1 ) is the point where the graph has a horizontal tangent. At the origin: x =10
6 2 g

andy=0=>sin2t=0andsin3t=0=>t=0,72",1r, 5 andt_O,g 2;",#,4?:",537r=>t__0a.ndt_7rglve

_3cos0_3 _3 dy
"2c050_2=>y_2x’a'nddx

the tangent lines at the origin. Tangents at the origin: :—i

t=0 t=mx
_3008(311)_ 3 _ 3
_2cos(27r)_ 2=>y_ 2x

73. (a) da/dt

(b) 4L = 1.27324 sin 2t +0.42444 sin 6t +0.2546 sin 10t +0. 18186 sin 14t

df dg

(c) The curveof y = approx1mates Y=g

df/dt

e
A

the best when t is not —, —%, 0,z 7» oL 7.

74. (a)

(b) %% = 2.5464 cos (2t) + 2.5464 cos (6t) + 2.5465 cos (10t) + 2.54604 cos (14t) + 2.54646 cos (18t)
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() dh/dt

75-80. Example CAS commands:

Maple: :

xi=t -> exp(t) —t2;

yi= t -> t +exp(—t);

plot([x(t), y(t), t = —1..2]);

diff(x(t),t);

dx:= unapply(%,t);

diff(y (t),¢);

dy:= unapply(%,t);

dy(t)/dx(t);

dydx:= unapply(%t);

diff(dydx(t),t);

simplify(%): dyl:= unapply(%,t);

dy1(t)/dx(t);

d2ydx2:= unapply(%,t);

t0:=1: evalf(d2ydx2(t0));

tanline:= t -> y(t0) + (dy(t0)/dx(t0))*(t — x(t(0));
plot({[x(t), y(t), t = —1..2], [t, tanline(t), t=t0—1..t0+2]});

Mathematica:
Clear[x,y,t]
{a,b} {-Pi,Pi}; t0 = Pi/4;
x[t_] t — Cosft]
yit_] 1+ Sin[t]
pl = ParametricPlot] {x[t],y[t]}, {t,a,b} ]
yplt_] = y'[t]/x'[t]
ypplt—] = yp'[t]/x'[t]
yp[t0] // N
ypp[t0] // N
tanline[x_] = y[t0] + yp[t0]*(x—x[t0])
p2 = Plot[ tanline[x], {x,0,0.2} ]
Show[ {p1,p2} ]

o

2.6 IMPLICIT DIFFERENTIATION

dy _9,5/4

=¥ Y
l. y=x =>dx )

91/3
3.2/3

2. y=32Zx=20)"=> %:%(2::)‘2/3-2 =
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_ _ 12 _ dy _7 -1/2_ 7
3. y=TVx+6=T(x+6)"" = 3= =5(x+6) =T

i

4. y=(1-6x)?°> j_}’; = %(1 —6x)"1/3(—6) = —4(1 - 6x)1/3

5. y=x(2+1)" 5y = )2+ 1) +(3)+ 1) (ox) = 2oAL

\/x7+1

. y=x(+ 1) 5y = 0+ @ (=10 + 1) 0 = (4 1) 41) -2
=1
(2 +1)"?
7. s=W-t2/7 dt %t_sﬁ 8. r=€/9_3=0_3/4=>g—;-=—%0-7/4

9. y = sin((2t+5)7/%) = & = cos( (264 5)2/%). ((=8)(2t+5)75/%.2.= — 4 (2t 4+ 5)5/3 cos( (26 + 5)723)

10. f(x) = ,/1_\/'=(1-x1/2)1/2 =>f'(x)=%(1—x1/2)-1/2(—2x 1/2)

)-1 /3

(\/1 - ) % 4\/x(Il_ /%)

4/3 —1)x32 = %(2)(—1/2 + 1)“‘Vax—a/z

1. 500 = 20062+ 17 ) = 3o/ 1)

12. b(6) = ¥/T+ cos (20) = (1 +cos 26)'/° = 1'(6) = (1 + cos 26)™/*- (~sin 20) -2 = ~ 2 (sin 26)(1 + cos 20)~%/°
13. xzy +xy2 = 6:

Step 1: ( gx+y 2x) (x-2y%+y2.1)___0

Step 2: gx + 2xy g = —2xy —y?

Step 3: g—i(x2 + 2xy) = —2xy — y?

dy —2xy-— y2
St 4: —_—_— et
°p dx = x%4 2xy

14. 2xy+y2=x+y:

. dy - dy
Step 1: (2x ax +2y)+2y = 1+

. dy dy dy -
Step 2: X Ix t2y Yax " dx 1-2y

Step 3: E(2x+2y— 1)=1-2y

dy  1-2y

Step & Ix=w¥ay -1
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2

d d d d -3
15. x3—xy+y3=1=>3x2—y—xa—)—};+3y23%=0=>(3y2—x)zgz=y-3x2=>a%=§y2_xx
16. x}(x —y)? =x%? - y%
Step 1: [2(x y)(l—-d—)]+(x ¥)4(2x) = 2x - i dy
2 dy dy 2 2
Step 2: —2x(x—y)a+2y&=2x—2x(x—y)—2x(x—y)
Step 3: %[—2x2(x— y) +2y]=2x[1 —x(x—y) - (x —y)?]
Step 4; I 2x[1-x(x=y) ~ (x=y)*]_ x[1-x(x=y) = (x=y)"]_ x(1-x? +xy —x? + 2xy —y?)
P T k- + 2y y —x*(x—y) Ky —-x+y
_X— 2x +3xy xy?
Xy -x3+y
2_x-1 +D)-(x-1)__ 2 dy __ 1
. = 2 =>_ —_—
.y =it - x+1)? x+DP Tyt 1)?
2_X—Yy 2 2,0 ' 2 ' 2 ) _1-3x%—2xy
18. x _T=>x +xly=x-y=>3x’+22xy+x%y =1-y :»(x +1)y =1-3x*-2xy =y =T

dy L dy _ L

2
= COS8
dx 7 dx ” gecly y

19. x_tany=>1..(sec y)

dy _ y—-1

. d d d
20. x+smy=xy$1+(cosy)-(%=y+x$-};=>(cosy-——x)a%zy——l=>d = Wy =%

2l. y sin(%): 1-xy = y[cos(%)-(-—l) #-g—i]+sin (%):—i =—-x ?Ey—y = 3—}{[—% cos(%)+sin(31;)+x]= -
N -y _ -y?
dx -—-%,-cos(l)+sm(%,~)+x y sin(%)—cos(%)+xy

22. y? cos(%) =2x+2y=> yz[—sin(%‘;)-(—l) #g—i]+ cos(;l,-)-2y gy =242 g)}; =3 [sm(%)+2y cos(%;) ]

dy _ 2
dx ™ sin (-}7) + 2y cos (-137) -2

23. 012 4: /2 =1 L1211 s 1 Ldi_ 2T

d0_0=>d€[2\/'] W AW A

2. r_z\/— 02/3 403/4 dg 0—1/2 0—1/3+0—1/4 dg 0-—1/2+6-—1/3+6—1/4
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i 1 dr dr _ _ ~rcos (9
25. sin(16) =1 = [cos(ra)](r+a ) =0 = 4516 cos (x6)] = —r cos (16) = $ =20 = h
cos (r6) # 0
26 cosr+cosB-—n9=>(—sinr) —sin § = r+0dr L— 0-s1nr]_r+sm9$ —(r +sin 6)
' - B dg dﬁ_ 6 +sin r
o7 X234 g3 =1 5 2x 1342y 13 _ g, Iy [2 —1/3] —2y-13 o dy —1/3‘—(1)1/3.
: =Ty T3 X dx13Y 3 V== BT T\

x1/3. (‘gy 2/3)y'+y1/3(-:1§x—2/3)—X1/3-(—%y—z/a)(—ii—;z>+y1/3(%x_2/3)

Differentiating again, y"’ =

x2/3 - 23
= _<12_y — lx-2/3y-l/3 1/3 -4/3 _ 1/3 + 1
dx2 3 t3Y 3x4/3 3y1/3}(2/3
2x+2 _x+1 - (x+1)y’ y'(x+1)(x'—-y+‘-“l)
28 y2=x?+2x=> 25y =% +2=2y' = Sy =Y ; then y'/ = 5 = >
y y
d?y " yi- (x+ 1)2
= = —_—
a7 v
2. 2 =x-y =y =1y 5y (y+1)=12T=y=d = VW _gecan
' i TRV A

differentiate the equation y'(y“ll2 + 1) =1 again to find y'’: y'(—%y"zs/zy’)+(y‘1/2 + 1)y” =0

%( /1 ) -3/2

~1/2

-1/2 n__ 11 1R, —3/2 ddy _ o, _“\y +1 — 1 1
>y 2+ )y =5y [y = =y

( =3 dx’ (741)  apr(yregn) 20V

Q.

-y y

30. xy+y =1=xy+y+25y =0=2>xy' +2yy = -y =2y (x+2y)=-y =y “51%) 4 -———i=y

-y
_—(x+ 2y (L +2y) _ —(x+ y)[(x+2 )]”'[ +2((x+2y))] (x+2y)[Y(X+2y)+y(X+2y) -2y?%]
(x +2y)° (x +2y)? (x +2y)°

_2y(x+2y)—2° _ 2y +2xy _ 2y(x+y)
(x+2y)° (x+2y)*  (x+2y)°

2
31 C+y3 =16 =32 +3y%y = 0= 3yy =32 = y' = —?i; we differentiate y2y’ = —x? to find y'":

vy +y'[2y -y'] = —2x = vy _—2x—2y[y’]2:y”= > AV >

ottt Ay _s2-32_
v’ gy
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n_ (x+2y)(=y")—( y)(1+2y)

32 xy+yi=l=xy+y+2yy =02 y(x+2y) = -y =y _(x-{_-2y)=>y = (x+2y)2
o . y 2(3)-mo |
since y |(0' _)= 5 Wwe obtain y |(0’_1) =———=—3
2 dx dx — dx _ 2x—4t _ x—2t,
33 x2-2tx+2t2 =4 = 2x & To o2 A =0 (2x— 2t) S R Tl ra nh ke o

t
d d dy _dy/dt _ <y"’) t(x —t)
—3t2 = Y _ 6t = Yot y y - :
=t
2 x*-22)x+202)? =4 =22 -4x+4=0=> (x-2) =0=>x=2t=2= 2> - 3(2)* =4

dy 2(2 - 2)
=23 =16 = 3=8=>y=2;(5herefore—! =—m———=10
Y Y Il _, ~ @72 —2)

S A Che G o S v v AR SR UL

2

—y -
»(-1-f)F=v=>F= (t__ly_;)=ty:§2 ; thus ¥ = (ty—_yl—_l) :4y2t\yﬁ_\{5:17;
y (4\/5,/5_\ﬁ>
VIV -VI

ooy (DM -1-1

t=1=>y(l-)=hy=>0=hy=>y=1 thereforegy

3/2 _ .2 dx 1/2dx _ 1/2)dx _ dx 2t+1
35. x+ 2 =t 4o = Lo P R =2t+1=(1+3x )d 2+1=> L= Z,y\/t+ +2t/y =4

\/tT+y( )t+1_1/2+2\/—+2t(1 _1/2)dt_0:>dy t+1 +2\/__+ \/‘+(\/_) =0

(\/tTJr\/—)dt 2\/_(4?“ \/—z” ((';T_l_ﬁ))—%/_j’({l-l)‘liﬁl

-y /Y —4yvt+1
2/¥ (t+1)+2ty/t +1
dy _ dy/dt _ e 3/2 _ 1/2) _ e
o= 2H_1) it=0=>x+2x*2=0=x(1+2x1/2)=0=x=0;t=0
1+3x1/2

( —4y/—4(4)0¥1 )
v - — 4 dy \2v2(0+1) +2(0)y/0 +1
=y 0+1+2(0)\/_—4=>y—4, thereforea|t=0_ ( TOFS] )

1+ 3(0)/2
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36.

37. y

38.

39.

40.

41.

42.

‘(ii’:smt+xcost+2dx—1:(smt+2)

xsint+2x=t=>
dy thus dy _sint+4t

tsint—2t=y=>sint+tcost—2=dt,

dx
==

cost—2,
Sqx (l—xcost) !

sin t + 2

dy
P (o
> x=5; therefore == P

xt=1r_ [1—(%)cos7r] T 24w
sin 7+ 2

24x?2=y*—2xat (-2,1) and (- 2—1)=>2ygy+2x_4y

y(zy 4y%) = —2— 2x:>dy x+1 ég

=-1
dx 2y° -y dx'(—2,1)

_sinm+mcosm—2 _ —4r—8 _

-4

dx _1-—xcost.
xcost::dt simt+2 "’

t=r=>xsinnt+2x=7w

dy d d
p-2ay -4t d=2-2

and %Xl

dx

=1

X (_2"‘1)

(x? +y2) = (x—y)? at(1,0) and (1,-1) => 2(x? +y2)(2x+2y§ )— 2(x — y)< dy)

d
bg—i[2y(x2+y2)+(x—y)] —2x(x2 +y?) + (x—y) édi
nd ¥
=1
dx|(1 -1)

Zxy—y?=1=2+y+xy -2y =0= (x-2)y = -2x—-y =y =

(a) the slope of the tangent line m = y’| 2,3) = =7 7 = the tangent lineis y —3 =7 (x ) =>y=

(b) the normal lineisy —3 = (x =>y= —7x+ 279

2y2=9= %yl + %%y = 0= xlyy' = —xy?l =y = —%;

(a) the slope of the tangent line m =y’ |(—1,3) = —% (<1,3)
=>y=3x+6

(b) the normal lineisy —3 = —%(x+1) = y=—%x+%

—2::()(2

+y?)+(x-y)

(2 +y?)+(x—y) I

1,0

2x+y.
2y —x’

.M-q
B

= 3 = the tangent lineisy —3 =3(x+1)

Vio2x—dy—1=0=>2yy'—2-4y' =0 2y-2)y' =2 =y =1

(b) the normal lineisy-1=1(x+2)=>y=x+3

6x2 +3xy +2y2 + 17y —6 = 0 =12x + 3y + 3xy’ +4yy' + 17y =0 = y'(3x + 4y + 17) =

_ =12x-3y .
>Y =y
. —12x — 3y
(a) the slope of the tangent line m =y’ I(_l’ 0) =Ty 17
6,48
=>y= 7x+ 7

(b) the normal lineisy — 0 = -——-(x+ D=y= —%x—

[ 1B

y

("LO)

—gi
(a) the slope of the tangent line m =y’ |(_2 = —1 => the tangent lineisy—1=-1(x+2)=>y=-x-1

—-12x -3y

6

=7 = the tangent lineis y — 0 = g(x+ 1)

Do



