43.

44.

45.

46.

47.

48.
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. _ ' ’ ' — ' -2y .
2xy+msiny =27 = 2xy' + 2y +7m(cos y)y' =0 = y'(2x+ 7 cosy) = -2y = y = X¥rcosy’

2y _

: — ! __—2y o
(a) the slope of the tangent linem =y |(1’§) = X Trcosy (1 1) =-5= the tangent line is
'2

y——%:—-%(x—l) =>y=-—12r-x+1r

(b) the normal line is y—-%:%(x—l) = y=%x—%+

noln

x sin 2y =y cos 2x = x(cos 2y)2y’ +sin 2y = —2y sin 2x +y’ cos 2x = y’(2x cos 2y — cos 2x)

sin 2y + 2y sin 2x
cos. 2x — 2x cos 2y’

=—sin2y—2ysin2x = y' =

_ sin 2y 42y sin 2x
T T —_—
T5) cos 2x —2x cos 2

(a) the slope of the tangent line m =y’ |( -%—: 2 = the tangent line is

y-—12r-=2(x—%)=>y=2x

T 1 5w

(b) the normal line isy—-5= -—%—(;ﬁ-%{-)ﬁ y=—gx+F

y=2sin(rx—y) =y’ =2[cos(mx—y)] (7 —y') = y'[1+ 2 cos (7x — y)] = 27 cos (1x —y)

21 cos(mx —y)
L .
=Y =153 cos(mx—y)’

27 cos (mrx —y)
142 cos(mx—y) (

(a) the slope of the tangent line m = y'|(1‘o) = = 27 = the tangent line is
1,0)

y—0=27(x-1) = y=2mx-2x
(b) the normal line is y — 0 = —2—17r-(x—1) = y= _2L1r+ﬁ

x2 cos?y —sin y = 0 = x%(2 cos y)(—sin y)y’ + 2x cos’y —y’ cos y = 0 = y'[—2x? cos y sin y — cos y]

2x cos? y

=-2x cos’y = y' =
y=y 2x% cos y sin y +cos y’

2x cos? y
2x2 cos y sin y +cos y (0,7)

(a) the slope of the tangent line m =y’ I ©,7) = = 0 = the tangent lineisy =«

(b) the normal line is x =0

Solving x? +xy +y? =7 and y =0 = =7T=2>x=% \/7 = (—-\/7,0) and (\/'7,0) are the points where the
curve crosses the x-axis. Now x2+xy+y2=7 = 2x+y+xy' +2yy =0 = (x+2y)y' = -2x—y

=y = —’%x_—’_% =>m-= _)2(x++2§ = the slope at (—\/’7,0) ism= —%—f: —2 and the slope at (\/’7,0)is

m= —% = —2. Since the slope is —2 in each case, the corresponding tangents must be parallel.

d d d
x2+xy+y2=7=>2x+y+xé+2y%=0=>(x+2y)a—§=—2x—y=>

dy —2x-y dx _ x+2y |
dx ~ x+2y a‘nda_-&x-—y’

(a) Solving %{- =0 =2—2x—y =0 = y = —2x and substitution into the original equation gives
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2 x(-2x)+(-2x)2=7T=232=T=>x=% \/% andy= F 2\/% when the tangents are parallel to the
X-axis.

2
b) Solving dx—0=>x+2y=0=>y=—5and substitution gives x? + x{ —-X)+(-% P73 g
2 2 2 4

> x= = 2\/§ and y = F \/—Z- when the tangents are parallel to the y-axis. ‘

49. yr=y?—x? = 43y = 2yy —2%x = 2(2y° —y)y = —2%x = ¥/ =

x2 = the slope of the tangent line at ‘
— y -

« ——

(L) I

= = =5-3= —1; the slope of the tangent line at (\/— 1)

is —% -3 3| T 3-4-
= (ﬁ;) 278

42

50. y2(2—x) =x% = 2yy/(2-x)+y¥A(-) =3kl =2y = —}’—(;3—5 the slope of the tangent line is

y2 4 3x*

Y rox 4
2y(2-x)

m= =3 = 2 => the tangent line is y — 1 = 2(x — 1) = y = 2x — 1; the normal line is

(1,1)

3N

y—1=—%(x—1)=>y=—%x-{—2

3
5l. y'—4y? = x?—9x? = 4y%y - 8yy' = 4x®> — 18x = y/(4y® - 8y) =43 - 18x = y' = 4x° — 18x _ 2x3 —9x
4y’ -8y  2y° -4y

_ x(2x2 —9)

el LSl 2 L= U89 a7, 9 e 2T o
_y(2y2_4)=m; (-3,2): m_.—_—T,(~3,—2). m_?’?,(3,2)_ m_—SZ’ (3,~2): m=_27

2(8 —4) 8

52. x34+y3—0xy =0 = 3x2+3y%y/ —9xy' -9y =0 = y/(3y? —9x) =9y - 3x? = y' =

(a) y'|(4’2)=§and yll(2,4)=%; N

3
2 2 2
(®) ¥y’ _0=>3y X —0=>3y—x2=0:»y=3(3—=>x3+(%) —9x<%)=0:x6—54x3=0
y - 3x

= x3(x3 - 54) =0=>x=0o0rx=/54= 3% => there is a horizontal tangent at x = 3{’/5. To find the

correspondmg y-value, we will use part (c).

(©) g}; 0=>3 =X 0= y2-3x=0=y= 3%y = V3x = B +(v/3x) ~9xy/3x =0
Yy = x_

= x3-6/3x2=0= x3/2(x3/2—6\/§)= 0=x?2=00rx*2=64/3=x=0o0r x=¥108 =3%/4.

Since the equation x® + y® —9xy = 0 is symmetric in x and y, the graph is symmetric about the line y = x.
q y

That is, if (a,b) is a point on the folium, then so is (b,a). Moreover, if y’ =m, then y’ =
(a,b) (b,a) — M

Thus, if the folium has a horizontal tangent at (a,b), it has a vertical tangent at (b,a) so one might expect




53.

54.

55.

56.

57.
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that with a horizontal tangent at x =/54 and a vertical tangent at x = 3\3/&, the points of tangency are
( {"/54,3% ) and (3\3/1,\3/ 54 ), respectively. One can check that these points do satisfy the equation

B +y3—9xy =0.
(a) if f(x) = —x2/3 — 3, then f'(x) = x~/3 and "'(x) = ——x ~4/3 50 the claim £'(x) = x~1/3 is false
b) if f(x =-9—x5/3—7, then f/(x) =3x%/3 and '(x) = x /3 is true
10 2
(€) £/(x) =x7/3 = £/(x) = — 1x~*/% is true

(d) if f'(x) = %x2/3 +6, then f(x) = x /3 is true

2 2 _ ’_ r_ _2x ’ — _2x =_2 / — _2x 2.
2x +3y =5 =>4X+6yy =0 ﬁy = W:y |(1,1) 3y|(1 1 3 ndy I(l,—l) 3y (1’—1)"3)
2 2
also, y? =x3 = 2yy' =3x? = y/ = 3’; =y I(l )= 32—);- w1 =%and y'l(l’_l) =32—};; (1.-1) = —%. Therefore

the tangents to the curves are perpendicular at (1,1) and (1,—1) (i.e., the curves are orthogonal at these two
points of intersection).

x? 4+ 2xy —3y2 =0 = 2x + 2xy’ + 2y — 6yy’ =0 = Y(2x—6y)=—2x-2y = y' = ;yt);[ => the slope of the

tangent line m = y’| =X+y =1 = the equation of the normal line at (1,1)isy —1 = —1(x—1)
(1,1) " 3y —-x 1,1

=y =~-x+2. To find where the normal line intersects the curve we substitute into its equation:

X24+2x(2-x)=-32-x)2=0=> x>+ 4x - 2* - 3(4—4x+x?) =0 = —4x®+ 16x—12=0=> x> —4x+3 = 0
= (x—3)(x~1)=0=x=3and y = —x+ 2 = —1. Therefore, the normal to the curve at (1,1) intersects the
curve at the point (3,~1). Note that it also intersects the curve at (1,1).

dy

xy+2x——y=0:xd +y+2- dy

=0= gy )1’+ 2. ; the slope of the line 2x +y = 0 is —2. In order to be

parallel, the normal lines must also have slope of —2. Since a normal is perpendicular to a tangent, the slope of
the tangent is % Therefore, )ll—i_—i = % =>2y+4=1-x=x=-3-2y. Substituting in the original equation,
y(-3-2y)+2(-3-2y)-y=0=>y?+4y4+3=0=y=-3ory=—1. Ify=—3, then x =3 and
Yy+3=-2x-3)=>y=-2x+3. Ify=-1,thenx=-landy+1=-2(x+1) = y = —2x—3.

. . -0
yl=x=>2 dy _ = L. If a normal is drawn from a,0) to (xy,y,) on the curve its slope satisfies yl—_—— = -2y
dx ~ 2y 1:Y1 X, —a 1

=y, =—-2y,(x; —a)ora=x, +-%—. Since x; > 0 on the curve, we must have that a > % By symmetry, the

two points on the parabola are (xl, \ /xl) and (xl, - /Xl)' For the normal to be perpendicular,

‘/xl ‘/Xl X 1 2
(m)(a_’—‘if)':_l =>(—-1_= 1 =>x1 =(a—x1)2 =>X1 =(X1+§—Xl) =>X1 -.—a.nd 1= :i:2

a— xl)2

+1

1
Therefore, (— 5

T )anda:ﬁ.

4
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58.

59.

60.

61.

Ex. 5a.) y= %1/2 has no derivative at x = 0 because the slope of the graph becomes vertical at x = 0.
Ex. 5b.) y = x2/3 has no derivative at x = 0 because the slope of the graph becomes vertical at x = 0.

1/4
Ex. 6a.) y= (1-x2) / has a derivative only on (—1,1) because the function is defined only on [—1,1] and
the slope of the tangent becomes vertical at both x = —1 and x = 1.

2 dy 2 dy dy 2 dy _ —y*—2xy
xy3 + x? 6¢x(3 )+ +x + 2x —0: 3xy? +x%)=-y3—2xy = —
y® +x%y = v g )+ 2 S +x) =y -y = 5o = T
y_+2x_y_ ; also, xy® +x%y =6 = x(3y2)+y3 gx+x +y(2x gx> =0= g—x(y3+2xy) = —3xy? —x?
3xy? + y
= g—’; = —3;?’—_‘_-;—;7; thus g—; appears to equal % The two different treatments view the graphs as functions

dx
symmetric across the line y = x, so their slopes are reciprocals of one another at the corresponding points
(a,b) and (b,a).

dy _ —3x?
dx 2y —2sinycosy

X +y?=sin’y= 3x*+2y j—i = (2 sin y)(cos y) :11 dy (2y 2 sin y cos y) = —3x°=>

3x?

dx _ 2sinycos y—2y, thus 9%
=3 sin y cos y — 2y

; also, x3 +y% =sin y=>3x +2y 2smycosy§dy ™ ; dy
X

appears to equal dLy . The two different treatments view the graphs as functions symmetric across the line
dx
¥ = x so their slopes are reciprocals of one another at the corresponding points (a,b) and (b, a).

xt+4y?=1:
4 —1/2
(a) y*= 1-x" y= +1/1-xt > dy = ':l:—l-(l - x4) / (—4x3) = —i}—, differentiating implicitly, we
4 2 dx 4 1 )1 /2
X
dy dy —4x3 + X

find, 4x3+8yd =0= =

dx ~ 8y ( 1\/’1_;) 1_){ N2

(b) y




62. (x—2)%+y?=4:

(a)

y=£/i-x-2?2 = 14— x-29?) (—2x-2) =
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+(x-2)

———————— differentiating implicitly
2 ) ’
[4 - (x—2) ]1/

2(x_2)+2y%:’_{=0:%:'_(_:__—2(;(y—2)=—(xy—2)= _(X—2)2 = i(x~22)1/2'
+[4-(x-2)?] [4-(x—2)?]
(®)
10
¥
5
(x- 2)2 -oyz [Y )
d- } 4
-5
yl
-10
63-70. Example CAS commands:
Maple:
with(plots):

eql := x +tan(y/x) = 2;

x0 := 1: y0 := Pi/4:

subs({x=x0, y=y0}, eql);

implicitplot(eql, x=x0 — 3..x0 + 3, y=y0 — 3..y0 + 3);
subs(y=y(x),eql):

diff(%,x);

solve(%,diff(y(x),x));

m:=subs({x=x0,y(x)=y0},%);

tanline := y = y0 + mx(x-x0);

implicitplot({eql,tanline}, x=x0 — 2..x0 + 2,y=y0 — 3..y0 + 2);

Mathematica:

Graphics "ImplicitPlot’

Clear[x,y]

{x0,y0} = {1,Pi/4}; eqn = x + Tan[y/x] == 2
ImplicitPlot[ eqn, {x,x0 — 3,x0 + 3}, {y,y0 — 3,y0 + 3} ]
eqn /. {x -> x0, y -> y0}

eqn /. {y -> y[x]}

D[%,x]

Solve[%, y'[x] ]

slope = y'[x] /. First[%)]

m = slope /. {x -> x0, y[x] -> y0}

tanline = y == y0 +m (x —x0)

ImplicitPlot[{eqn, tanline}, {x,x0 — 3,x0 + 3}, {y,y0 — 3,y0 + 3} ]
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2.7 RELATED RATES

1. A=7r1-2=>—d—_21rrdr

2. S =4m? =>ds_81rrdr

dt dt
3. (a) V=nr’h = %‘tl = 7r? %% | (b) V=nr’h = ((ii\t/ = 2nrh g:
— 2 dv _ _2dh dr
(¢) V=mnr‘h = qt = "r dt+2nh at
4. (a) V= %—wrzh = %\t, —7rr % (b) V= §1rr2h = %Y gﬂ'rh dr
a2 db dr
OF T3
5. (a) d—V =1 volt/sec (b) =—3 amp/sec
dV_ di dRY_ dR _1(dV diy_.dR_1 ﬂ_yg
© $=R(§)+1(F)= I(dt =% —I(dt &0

at/)= dt ~
(d) E = %[ _T( %)] (%) =3 ohms/sec, R is increasing

dP _;2dR di
6. (a) P=Ri’= Ty + 2Ri 5 a&t

P
21 =~
— 32 .dP_2dR dR 2Ri di _ (i)di___ 2P di

7. @) s=vValry?=(x+y?)/ >3- \/‘z—‘zdt

1/2 ds X dx Yy dy
b = + =(x2 -+ ::> + —
( ) s = Vx y (X y ) \/x +y2 dt \/x2+y2 dt

(©) s=vVX+y =>st=x2+y’ =>2sgi—2x(31’,:+2ydy

dt dt

8. (a) s=VX+y 4 2> =xt+yi+22 =>2s§i_2xdx+2ydy+2z

dt
o ds X dx y dy 2 dz
dt 1/;(74.},2_'_22 dt \/x +y T4 42 dt \/x Ty +szt

(b) From part (a) with 5= dx =0=>% dS y dy z dz

T VX yta gt & Vxi+y 124

. d d
(c) From part (a)w1th%=0=>0=2xg’:+2y y+2z ?1: (é’t(+%d{+-,-z(-g—z=0

9. (a) A=3 a.bsm6=> dt —a.b cosagz (b) A=53 absm0:>‘(1i“: —a.b cos

0 — 9y dX = dx — _
=25-0=2x5> +2ydt

do ,
Ot

y dy

Xdt

1y, . gda
ib sin @ at




10.

11.

12.

13.

14.

15.
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(c) A=%absin0=>—(r —abcosed9+ bsmﬁdt+%asin6db

dt dt
Given A = mr? % = 0.01 cm/sec, and r = 50 cm. Since %13 = 27t gz, then (31? o = 27(50) (1(1)—0)
= 7 cm?/min.

leen d = —2 cm/sec, ((iit =2 cm/sec, £ =12 cm and w =5 cm.

t
(a) A=tw = %’:‘ =¢S% dw —l-w dt % = 12(2) + 5(—2) = 14 cm?/sec, increasing

(b) P=2¢+2w = dP =246, 9 gl_vg = 2(—2) 4+ 2(2) = 0 cm/sec, constant

dt " “dt

(© D=Vl 1 C=(w24 ) 5 dD _1(y2 4 @)/ (2w 4 + 20 ‘”) db _ gty

- - dt ~ 2 dt Ry B

G)2)+12)(-2) _ 14 :

=t 2 = — 222 cm/sec, decreasing
V25 + 144 13
dy

@) V=xyz ==y j‘i’;+ a2 Frxy ‘ji‘t’ woy™ (3)(2)(1) + (4)(2)(~2) + (4)(3)(1) = 2 m3/sec
(b) S =2xy +2xz +2yz => =2y + 2z) + (2x + 2z) It Y 4 (2x+ 2y)

%(4 .z = 100 +(12(-2) +(19(1) =0 m?/sec
(c) e=m=(x2+y2+z)/ gf X dX y dy+ Z dz

\/xz+y2+z2 dt Vxi4y +Z2T Vx* 4yt 422 dt

#3—1(432) (f)( >+(\/—9)<—2>+(ﬁ)(1)=0m/sec

Given: d_x =5 ft/sec, the ladder is 13 ft long, and x = 12, y = 5 at the instant of time

(a) Since x? +y? =169 = j{ ;—(%% = —(Q) (5) = —12 ft/sec, the ladder is sliding down the wall

(b) The area of the triangle formed by the ladder and walls is A = xy = ‘3112 ( )( 3{ +y dt) The area

is changing at %[12(—12) +5(5)] = —% = —59.5 ft?/sec.

dd . 1 dx _, df _ 1 dx_ _(1 _-—
(c) cosb=f5=—sin 0 =g B> ="TTsm9 &~ (5)(5)— 1 rad/sec

ds dx

— = ds _1(, dx ds_ 1 _ _
s =y? +x? =2 5 =2x dt+2y Pl i s( dt+ydt) dt——-\/m[5( 442) + 12(—481)]

= —614 knots
Let s represent the distapce between the girl and the kite and x represents the horizontal distance between the

400(2
girl and kite = s? = (300)2 +x? = =2 dx = l’% = 20 ft/sec.
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16. When the diameter is 3.8 in., the radius is 1.9 in. and 4L dt = 3000 in/min. Also V = 6mr? = %Y = 127r gz

%\t, = 12=(1. 9)(3000) 0.0076m. The volume is changing at about 0.0239 in®/min.

_1._ 2 v _39n_3r_ . _4h _1_(4h\, _ 16xh® _ dV _ 167h® dh
17.V_37rrh,h—8(2r)—4=>r—3=>V-37r(—3—)h 57— = I =9 dt
dh _(_9 _.90 . —
(a) T.hz,; = (m)(lo) = 790 % 0.1119 m/sec = 11.19 cm/sec
(b) r—%é%_%%:%(igo—)zzs—f’—zﬂ1492m/sec—1492 cm/sec
_1_2 _15h _1_(15h\%, _ 75mh3 _, dV _ 2257h? dh _, dh 4(-50)
18. (a) V= —rrhandr 5 :>V—37r(2)h- 7 7 -d—t=>ahs 225”(5)2 225”
~ —0.0113 m/min = —1.13 cm/min
B r=lhdr_1odhdif  _(15)( 8 ) T4 ~0.0849 m /sec = —8.49 cm/sec
h=5
19. (a) V=Zy(3R—y) = ¥ = T[2y(3R —y) + y¥( 1) =[Z(6Ry - 3y?) d—‘i=>at R =13 and
3 dt =3 3
y = 8 we have (clly 1447‘,( —6) = m/mm

(b) The hemisphere is on the circle 12+ (13 - y)2 =169 = r = /26y — y2 m

1/2 ~1/2 d 13-y d _8 (-
(© r=(26y-y2) "> L =126y -y (2-m) Fo =55 |  __13-8 (_1)

T 26y —y° = tly—g  1/26-8 —64\247

= % m/min

2. ¥V =23 , S = 4mr?, and $¥ dt = kS = 4knr?, then Qd—\{- = 4nr? gz = 4kmr? = 4mr? g: = % =k, a constant.

Therefore, the radius is increasing at a constant rate.

21. £V = %rr3, r=>5, and %\t—/ = 1007 ft3/min, then ?l\t, = 41rr2 dr E =1 ft/min. Then S = 4mr? => 3%

=8rr 3 dr = 8n(5)(1) = 40~ ft?/min, the rate at which the area is increasing.

22. Let s represent the length of the rope and x the horizontal distance of the boat from the dock.

(a) We have 62 = x2 + 36 - & dx %(dl_ —s\/_z’—s-__—3_6 %%. Therefore, the boat is approaching the dock at

10 (2) = 2.5 ft/sec.

=10 V10% - 36

(b) cos0—r=>—s1nea—_ %—-=>—=

dx
dt

€L Thus, r =10, x =8, and sin § = -%
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24.

25.

26.

27,

28.

29.

30.
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Let s represent the distance between the bicycle and balloon, h the height of the balloon and x the horizontal

distance between the balloon and the bicycle. The relationship between the variables is s? = h? + x2

ds_1 ds —
>$E=(hg+x dx) = 99 = - (68(1) +51(17)] = 11 ft/sec.
(a) Let h be the height of the coffee in the pot. Since the radius of the pot is 3 the volume of the coffee is
V =97h = %Y =97 5 dh => the rate the coffee is rising is ((illt-;l 917r %‘{ 1n/mm
(b) Let h be the height of the coffee in the pot. From the figure, the radius of the filter r = % =>V= 31~7rr2h
lg , the volume of the filter. The rate the coffee is falling is :li}tl L P 257r( 10) = —— — in/min.
=QD 1= dy =p! (—ig— QD 2¢Y dD (0) 233 (-2) = 466 L/min = increasing about 0.2772 L/min
y= at = =31 (41)? 1681 g
d
(a) 98 =(3x? — 12x +15) & = (3(2)? - 12(2) + 15)(0.1) = 0.3, T =9 F =9(0.)) = 0.9, P =09-0.3 =06
(b) 96 = (3x? - 12x - 45x2) § = (3(1.5) - 12(1.5) 45(1.5)-2)(0.05) = ~1.5625, 9L = 70 4 = 70(0.05) = 3.5,
‘;‘t’~35 (~1.5625) = 5.0625
Let P(x,y) represent a point on the curve y = x? and 6 the angle of inclination of a line containing P and the
2
origin. Consequently, tan ¢ —-i => tan 0 = “x' =x = sec?f 32 T ?12 = cos?§ g—’; Since % = 10 m/sec
2 2
2 —_x* 3 _1 dé =
and cos el"=3—y2+x2_92+32_10’ w t x=3..1 rad/sec.
1/2 (=972 (=1)x = (=%)'/*(1)
. —X
y=(—-x)1/2andta.n9:{—(=>tan0=( ,Z 2030 ( ) 2 ‘3“
2/—x
dt ( )(c0520)(%). Now, tan 6 = :22 = —% = cos § = —% = cos? 9 =%. Then
= 2
=115 )(3) -8 = rad/sec.
The distance from the origin is s = ¢/ x2 +y? and we wish to find ds )
5,12
2(x +y?) T e e (5’12) \/25 TTid —b m/sec
When s represents the length of the shadow and x the distance of the man from the streetlight, then s = % .
(a) If I represents the distance of the tip of the shadow from the streetlight, then I=s+4+x = cdl{ g: +3t
(which is velocity not speed) = | l— Ig 3}‘ dx | | &= 8| —5|=8 ft/sec, the speed the tip of the

shadow is moving along the ground.
(b) g (cll)t{ 3 (-—5) = —3 ft/sec, so the length of the shadow is decreasing at a rate of 3 ft/sec.
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31.

32.

33.

34.

35.

36.

37.

Let s = 16t? represent the distance the ball has fallen, .
h the distance between the ball and the ground, and I L
the distance between the shadow and the point directly
beneath the ball. Accordingly, s +h = 50 and since

the triangle LOQ and triangle PRQ are similar we have

30(50 — 16t2)
50 — (50 — 16t2)

0

I= 30hh=>h—50—16t2a di=

=1500 a9, dl _ 1500  dI

= = —1500 ft/sec.
T 16t2 dt ™ g3 T dt e=1 /

Let s = distance of car from foot of perpendicular in the textbook diagram = tan ¢ = 132 = sec?6 g@ —15 g—

= % 1320 ?ii gi —264 and 4 =0 = gz —2 rad/sec. A half second later the car has traveled 132 ft

1
right of the perpendicular = |4 |= 4, cos?f = %, and gi = 264 (since s increases) = ?if g32 (264) = 1 rad/sec.
The volume of the ice is V = %rrs —?‘§-41r43 = i}t’- = 4mr? d—: = d—; e = 73 in/min when %Y = —10 in®/min.
The surface area is S = 47r? = ﬁ% = 87t gz =T = 48#(—72%) = —13—0 in?/min.

Let s represent the horizontal distance between the car and plane while r is the line-of-sight distance between
ds T ds
V2 dt

= speed of plane + speed of car = 200 mph = the speed of the car is 80 mph.

the car and plane = 9+s =12 =Tt

5
—==(-160) = —200 mph

_w dd _ _80dx dx _ —x? sec?9 df
When x represents the length of the shadow, then tan 8 = sec2g &Y T o2 dt =80 at

We are given that 5> d0 =0.27= 2%6"0 rad/min. At x = 60, cos 6 = -31

2
|d_x |—x sec” § dOH da ?—g ft/min = 0.589 ft/min =~ 7.1 in/min.

80 a,nd sec 0 =§)
tan 6 = %:}sec 0d0 %%—%%—?éat A=10m and B=20 m we havecosezﬁg:%and
dé _[(1\,_ 1_1Y/4\_ __18 _
3t _[(20)( 2) - (400 (1))]( ) (10 40)(5) = 10 rad/sec = /sec ~ —6°/sec
Let x represent distance of the player from second base and s the distance to third base. Then ?i’: = —16 ft/sec
(a) s =x% 48100 = 2s g: =2x i’; = i’i =% %—% When the player is 30 ft from first base, x = 60
ds —32
=5 =304/13 nd = —z= = —8.875 ft/sec
5= 30V and 2= 200 (16 = =2 /
. _90 ds_ 99 90 90 d
(b) cos 8, =90 = _sin 6, —# =-3 i 3—1 Teind. g‘: 9 -3t Therefore, x = 60 and s = 30/13

_ =32\ _ -8 cw 90 49, 90.ds_. 992 _ 90 . ds
T (:s—om (\/_) 5 ra.d/sec, sin 02———5——=>COS 92 T = 32 a—=> at m at
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dé,
=3 gt Therefore, x = 60 and s = 304/13 = dt 685 rad/sec.
46, _ 90 ds_ _90 dx 90 \dx_, df,
© %= s? sin 6, at (2)sc) (3)- ( ) ( )(dt) (x +3100) = lim 3

o 90 _ df; _ _—90 —90\(x =90)(dx
- }(1_35(1) (x2+8100>( 15) rad/sec, dt —S COSG dt ( )( )( ) ( 52 )(dt)

(=90 \dx _ .. 99 1
_(m)aﬂ}(&% dt—6rad/sec

38. Let a represent the distance between point O and ship A, b the distance between point O and ship B, and

D the distance between the ships. By the Law of Cosines, D? = a2 + b% — 2ab cos 120°
dD

db,.db, da da db dD _ 413
=»dD - 2D[2 daopdbya t+bdt] When a = 5,42 =14, b = 3, and 42 = 21, then 4D = 413
dD

where D = 7. The ships are moving dt = 29.5 knots apart.

2.8 DERIVATIVES OF INVERSE TRIGONOMETRIC FUNCTIONS

1. y=cos 1(x2) => = —2x 2. y=cos™! )= sec”!l x = dy — L1
v= 1/ ‘\/ (X) dx le‘/x2_1
3. —sm'l\/_t=>dt V2 = V2 4. y=sin 1(1_t):>dy -1 —1

\/1——(\/§t)2 V1-2t2 dt \/1_(1_t)2 N

dy _ 2 2 1
ds |23+1[\/(25+1)2_1 |2s+1|\/4s +4s |2s+1|\/s +s

5. y=sec }(2s4+1) = =

dy _ 5 1
ds = |5s|\/(5s)2—-1 Isl\/255 -1

6. y =sec “lgg = =L

7. — -1 2 1 iil=_ 2x —2X
y C8C (X + )=>dx Ix2+ll\/(x2+1)2— (X +1) \/X +2X
8 y=ccl(§)=> E= (%) =1 =2
2 dx — | |\/ _1 |x|\/x 4 |x|\/x -4
4

dy_ -1
dt l_tz

9. y =sec™! (%) =cos 1t =
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

2t
-l 3)_ —1(1;2) dy _ (? _ =% —6
y =sin = ] =csc = == =
(t2 3 dt +2 tzz 12 t1-9 t\/t4—9

?l 3) 1 J
1)\,~1/2
5]t

y = cot™ lf—cot_1t1/2 (2) =

-1
dt 1+(e72) 2V +Y)

1 -1/2
y = cot 1\/t—1=cot 1(t—1)1/2=>-d-€=—
1+[(t—1)1/2]2 2\/t—1(1+t-1) T a1

2 -
y=s 1—-52+c0s"ls=s(l—-s2)1/ +cos™ s=>d =(1-¢2 )/ +s(%)(1—sz) 1/2(—23)--- 1
P8 1 fiTa_ 4l _1-82-?-1_ -2
\/1——52 \/1-—52 \/1—32 \/1—52 ;1‘--82
_ 1/2 dy 11 /2 1 1
y = Vs?—1—sec lg=(s2-1)"" —gec~ls = 1Y(s2 —1) 28) — =S
ds (2) (2) lsl\/sz—l \/s2—1 |s|\/s2—1
- sis|—1
15| Vst—1

1/2 (l)(x2 - 1)_1/2(2x)
y = tan™! \/x2—1+csc”1x=tan“1(x2—1) +eselx = ji 2 —— \/12
L4|Ge o) ?] vl

X 1 1 1
= - = - =0,forx>1
\/x2—1(1+x2—1) lxl\/;{z—l X\/X2-1 |x|\/x2—1
y::cos_l(l)—tan_lx=£—tan_1(x"1)—tan x=>d =0~ —x? 1 __ 1 1 =0
X D) dx 1_'_()(-1)2 1+x2 x%2+41 1+4x°

y=xsin'1x+\/1—x2=xsin_1x+(1—-x2)l/2:3—1=Sin‘1x+x(ﬁ> (—%-)(1' )1/2(—2)()

=sin"lx+—= - X =sin"1x

Vi-x2 V1-x2

y=-=

1 = [sin~1 (2x)]~ -—X=— sin™! (2x —sm'1 x) = —[sin~1 (2x -2
s—l;_l(—zx)—[sm (2] = 35 = —[sin 7 (2 )] (2x) = - (2%)]

\/1i4x2 @

_ 2
[sin~? (2x)]2 V1 - 4x?

: dy _ 2 . ; 2({m\ tha te gl — iy
(a) Since E = sec“x, the slope at (Z’ 1) is sec (Z) = 2. The tangent line is given by y = 2(x —Z)+ 1, or

o dy 1 N1 1 C 1 T
(b) Smce-—)—(-_1+x2, the slope at(1,4)1s1+12_2. The tangent line is given byy_i(x—l)+z, or

s
+7

D=

y=gx—




20.

21.

22.

23.

24.

25.

26.
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(a) Note that f'(x) = 5x* +6x? + 1. Thus f(1) =3 and f'(1) = 12.

(b) Since the graph of y = f(x) includes the point (1,3) and the slope of the graph is 12 at this point, the graph
of y = f~1(x) will include (3,1) and the slope will be Tlf Thus, £1(3) =1 and (f1)'(3) = 1—12- (We have
assumed that f~1(x) is defined and differentiable at x = 3. This is true by Theorem 5, because
f(x) = 5x* 4 6x2 + 1, which is never zero.)

(a) Note that f(x) = —sin x + 3, which is always between 2 and 4. Thus f is differentiable at every point on
the interval (—oo,00) and f'(x) is never zero on this interval, so f has a differentiable inverse by Theorem 5.
(b) £(0) = cos 0+ 3(0) = 1;
f(0)=—sin0+3=3
(c) Since the graph of y = f(x) includes the point (0,1) and the slope of the graph is 3 at this point, the graph

of y = f~}(x) will include (1,0) and the slope will be % Thus, ~3(1) = 0 and (f71)'(1) = %

(a) v(t) = %% = 1—_—{_1-? which is always positive.

(b) a(t) = %‘é = _Gﬁ)i which is always negative.
CE:
d Ay _dfr -1 N_g_d gl = ___1
P (x) = dx(2 sin x) =0—g;sin (x) = —
- - - 1
ad;cot 1(x) =d—dx-(%—tan 1(x)):O—-(id;ta.n lx) = e
d .- _d(m_ _..-1 —0 -4 gec? - _ 1
Iz s¢ (x)= dx(2 sec (x)) 0 — 5 sec (x) l——x| =
(a) (b)
1
x
A
* 1
a=cos"lx, f=sin"1x a=tan"'x, f =cot™x
Socos lx+sin"lx=a+8 =%. Sotan lx+cot"lx=a+p =%.
(c)

1

a=seclx, B =csc™lx

Sosec lx+csclx=a+8=

ol
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21. (@) y=5 28. (a) y=0
b)) y=-% b)) y=n
(<) None‘, since a-d; tan"1x = ] —:xz #0. (c) None, since (ii_x cot7lx=— 1 -:xz #0.
29. (a) y=% 30. (a) y=0
(b)y=7 (b) y=0
: d en-l 1 ; d .1 1
(¢) None, since 5—sec™ X = ——a=0xu# 0. (c¢) None, since m=csc™ " x = — 0.
dx Ix1vVx?~1 dx 7 Ix1Vx2 -1
3l. (a) y=2x+3=>2x=y—-3 (b) y
3 y=flx)m2e+ ]
:x:%—%:f‘%x):%-i s r=finm2esd
yaftwat-3
() 4 =g dft  _1 -y
dx| __4 dx |y 2

32. (a) y=%x+7=>%x=y;—7 (b) y
= x =5y —35 = f1(x) = 5x— 35 Y"""'%”
]
df 1 g 5 ’
c) 5= =% F= =
(©) dxi __; 9% dx x=34/5
Y=t =5x-35
[
33. (a) y=56—-4x=>4x=5-y (b)
_H_ Yy 1y D _ X A
=>x—zl-—z=>i_(x)-4 1
() df . df_l 1 yuf(x)=m=—4c+S
c) 5 = -4, =— = —=
dxx=1/2 dx x=3 4

yoftw=-§43
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3. (a) y=22 > x* =1y ®
2
_ 1 1y [X Y =) =2x
éx—wﬁ:f’(x)_\/% 1
(c) g—f—; = 4x|,_5 = 20,
x=5 -1 X
05 Y=t \/;
et 112 1
dx [, _so 2‘/5 5o 20
05 1 X
3. (a) fe) =(V5) =% gl) =VS=x  (b)

(c) f'(x) =3x? = (1) = 3, f'(~1) = 3;
gx) =1xP = g(1)=3,¢(-1) =

(d) The line y = 0 is tangent to f(x) = x° at (0,0);
the line x = 0 is tangent to g(x) = 3/x at (0,0)

oj—

_ 1 41/3) =«
3. (a) hk(o) = 3(@07°) = x, (b) Y
1/3 =7
k(h(x)) = ( ) z y=(4x)"?
(¢) h'(x) = 3" = h/(2) = 3, h'(~2) = 3; T
K(x) = 4(4x)—2/ S5 k() =1, K(-2) =1

3
(d) The line y = 0 is tangent to h(x) = ’-fT at (0,0);

the line x = 0 is tangent to k(x) = (4x)1/ 3 at
(0,0)

37. (a) y=mx=>x::%y=>f'1(x)=l
(b) The graph of y = f~1(x) is a line through the origin with slope %

38. y=mx+b=>x= % —% = l(x) = %x — s the graph of f~}(x) is a line with slope and y-intercept —L

39-46. Example CAS commands:

Maple:
identity:= z -> z;
eq:= y=(3*x +2)/(2+x — 11);
solve(eq,y);
simplify(%): f:= unapply(%,x);
diff(f(x),x);
simplify(%): df:= unapply(% ,x);
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plot({f,df}, —5..5, —5..5);

solve(eq,x);

g:= unapply(%,y);

finvi=y -> g(y);

plot({f,finv,identity}, —1..1, —2..1);

x0:= 1/2; y0:= f(x0):

ftan:= x -> f(x0) + df(x0)*(x — x0);

finvtan:= y -> x0 + (1/df)(x0)*(y — y0);
plot({f,finv,identity,ftan,finvtan,[x0,y0,y0,x0]}, —1..1, —1.5..1, scaling=constrained);

Mathematica
Clear[x,y]
{a,b} = {~2,2); %0 = 1/2;
flx_] = 3x+2)/(2x - 11)
Plot[ {f[x],f'[x]}, {x,a,b} ]
Solve[ y == f[x], x ]
gly_]=x /. First [%]

= f[x0]

ftan[x_] = y0+ f'[x0] (x —x0)
gtanly_] = x0+ (1/f[x0]) (y —y0)
Plot[{f[x],ftan[x],g[x],gtan(x],Identity(x]}, {x,a,b},
Epilog -> {Line[{{x0,y0},{y0,x0}}]},
PlotRange -> {{a,b}, {a,b}},
AspectRatio -> Automatic]

Remark:

Other problems are similar to the example, except for adjusting plot ranges to
see both source and inverse points. (Note: functions involving cube roots
only show the positive branch.)

47-48. Example CAS commands:

Madple:
identity:= z -> z;
eq:=y(1/3) -1 = (x+2)3
solve(eq,y);
f:= unapply(%,x);
diff(f(x),x);
df:= unapply(%,x);
plot({f,df}, —2..0,—5..5);
solve(eq,x);
g:= unapply(%[1],y);
finv:= y -> if (1<=y) then g(y) elif (0<=y) then —(1 —y"(1/3))7(1/3) — 2 elif (—1<y) then —(
1H(—y) (1/3))(1/3) = 2 else ~((=y(1/3) +1)(1/3) ~2 f
plot({f,finv,identity}, —2..2, —5..5);
x0:= —3/2: y0:= f(x0):
ftan:= x -> f(x0) + df(x0)*(x — x0);
finvtan:= y -> x0 + (1/df)(x0)*(y — y0);
plot({f,finv,identity,ftan,finvtan,[x0,y0,y0,x0]}, —5..5,—5..5, scaling = constrained);

Mathematica:
Clear([x,y]
{a,b} = {-5,5}; x0 = -3/2;
ean = y(1/3)— 1 == (x+2)'3

Solve[ eqn, y ]
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flx_] = y /. First[%]

Plot[ {flx],f'[x]}, {x,a,b} ]

Solve[ eqn, x ]

gly_] = x /. First{%}

y0 = f[x0]

ftan[x_] = y0+f'[x0] (x —x0)
gtanly_] = x0+ (1/f[x0]) (y - y0)
Plot[{f[x],ftan[x],g[x],gtan[x],Identity[x]},{x,a,b},
Epilog -> {Line[{{x0,y0},{y0,x0}}]},
PlotRange -> {{a,b}, {a,b}},
AspectRatio -> Automatic]

2.9 DERIVATIVES OF EXPONENTIAL AND LOGARITHMIC FUNCTIONS

___.él_x(2ex)=2ex 2. ——‘& x+\/_ x+\/-2-_a(%[_(x+ﬁ)___ex+\/§
dy _d -ax/2_ _-3x/2.d(_3, \_ _3.,-3x/2 dy _d -5 -5x d o5
T=gemoer L Sx)=-3e/t 4 F=femt = e (b0 = —5e T
Y _d 2x/3 _ 2x/3 d (2x)_2.2x/3 dy _d —x/4_x/4d(_x 1 —x/4
=& 2(&)=3" 6. dx .o «(-%)=

g—xx = Edi(xex) —%(e") = xe* + e* — e* = xe*

97 _ 4 (x2e%) - & (xex) = (2)(e¥)+ (%) 2) — [ 09 (&) + () (1) = e 4 xe* - =

d
AR TOVIRS.

3 3
10. %:&i—xe(x ) = e -a'%-(-(xs)= 3x%e

dy -
11. E__c-ld_( )= mx"1
1+4/2-1
12, 8= 4 (V) = (e vV 2 (v
d -2 -y/2-1 d - —e— -
3. F=4x Vi__ faxV? 14 F=dx o=t = (1o
d d - - -
15 F=Le=8In8 16. =297 =9 9L (—x)=-97n9
17. 3:: c?x 3o8C X = 38 X(In 3) 4 (csc x) = 3¢ X(In 3)(—csc x cot x) = —3°*° *(In 3)(csc x cot x)
d_):__gi__ cot x _ acot x d __ qcot x rcel ) — _qcot x 2
18. o= = dx3 = 3 *(In 3) Ix (cot x) = 3% *(In 3)(—csc*x) = —3°° *(In 3)(csc” x)
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19. Y _d __¢ =(e_x+1)ex"ex(—e—x)____ l+e*+1 eX 42
dX dxe ™™ +1 (e—x+1)2 e X 42 X411 e 42 X41
g0 ¥ _d e _(F+1)(—e®)-e™X(X) __j_ex_1___ eX42
dx “dxef+17 (ex+1) e 2 +1  eX42e5 1
d dy
21. -(%:f—xln(xz)=)—(1§ad;(x2)=}:—2(2x)=,2—{ 2 F=fnx?=2mxgny=2lx
dy _d - dy _d (1
23. %:a—i In(x™1) = d( lnx)—-—-,x>0 24, &=H}—(ln(yo)=%(ln 10—lnx)=0—%=—%,x>0
dy _d 1 _d
25. & In(x+2) = 2(—1-—(x+2) x_*_2,x> -2
26 dy _ ln(2 +2)= (2x+2) x> -1
Tdx T 2x+2dx 2x+2 x+1’
d
27. d)yc (;1 In(2—cos x) = —goﬁdx@—-cos X) = %
28 ‘_il_—_i]n(xz.q.l): 1 d( +1 )— 29 dy _ ln(lnx) =l djpy=1.1__1
Tdx T dx X2 +1dx +1 Tdx T In x dx Inx X7 xInx
d
30. E=fximx-x=@(L)+Ux)@)-1=1+hx—1=lx
dy _d _dlnx®_dff 2 -2 1__2 _ 1
3 = &los ) =& By = &) W)= Bark= e =1

1
dy _d _ lnxllz__d_§ln 1 11
2 H=dloss V)= s = S s a0 =g k=g x>0

dy

33. F=Llog, (3x+1) = (3x+1) =

14 S S |
Bx+1)In2dx Gx+DIn 2 3

d
34.E=%logm(x+l) /2 %dilogm(x+1 —%— (x+1)

(x+1)ln 10 dx 2(x+1)ln 10 %>~ -1

d 1 d 1
35. EZE logz(f)za;(-—logz X) = ~XIn 2 x>0

dy _d 1 1 d 1 1 1 In 2
36- T =5 = - - l = - = - —
&~ Aoy X~ (logy 2 Ax B2 Y T T g S R T T K 2 (om0 x(ln w)?

d
37. =4 (in 210, ) = (1n 2) & (log, x) = (In 2)($)= lx>o0

dy In 3

1 _ d = = 1 .
B = dxlog3(1+xln3) (1+xln3)ln3dx(1+x}n3)“(1+xln3)ln3—1+xln3’x> In 3
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dy _d

3. =& < 10810 e* = -—-(x log,o €) = logyg e = an 160 = ln110
d

0. F=Lm 10° =4 (xn 10) =1 10

2

41, y=x"% x>0 = lny=ln(x1“x)=>1ﬂ y:(]nx) = Yd——2(ln )(%):g—iz(xlnx)(lnxx )

42.y=x(1/ln"):>lny=ln(x(1/1“x))=>lny:}%ﬁZI:>d_dx'(l“}’)=0=>%g (1):> =0

43, y=(sinx)*=>hy=In(inx)*=>hy=xln (sm X) =35 d Sy = (;1 {x In (sin x)]
= 31, gi = (x)(Si )(cos x) + In (sin x)(1) => <= y[x cot x + In (sin x)] =3 d = (sin x)*[x cot x + In (sin x)]

44, y=x*"%* = In y = In (x*** *) = In y = (tan x)(In x) = K ln y= di[(ta,n x)(In x)]

d d d
= % a]—); = (tan x) (31{-)+ (In x)(sec?x) = a% = y[ﬁlﬂ—x+ (In x)(sec? x)] = dy = xtan x[gg,_nx_x_+ (In x)(sec?x)
1/5 1/5
5/(x=3)'(x2+1) _((x-3)*(x*+1) (x=3)*(x2+1)
45. y = 3 3 S>hy=h|—~—Fm—
(2x +5) (2x +5) (2x+5)
_ 1, =342 +1) _1 2
=In y—s-lnw: Iny —3[4 ln(x—3)+ln(x +1)-3 In (2x + 5)]
d —4d ) (x-3)+ld(x41)-3 4 1dy 4 1 1 1
>4y =f £ 3)+5dx(x +1) 2L ln(2x+5):Yd =g+ +3-X2+1(2x) 52x+5(2)
L 4 2% 6\ dr (G- e+ D))" 2% 6
dx 5(x—3)  5(x241) B(2x+5) (2x + 5)° 5x-9 1502 11) 5@x+9)
1/2 1/2
V1 _x(x®+1) x(x?+1) 1, (2 2
46.y=x X = :>lny=ln———:>lny=lnx+—ln(x +1)——ln x+1
(X+ 1)2/3 (X+ 1)2/3 (X+ 1)2/3 2 3 ( )
d
=>-(;i—xlny ;l 1nx+ ln(x +1)—————ln(x+1) =>)1’di % % 71 (2x) 3x+l(1)
> oyl -2 LAy _xvxtlil, X
dx X2+1 3x+1)) 7 dx~ (x+1)2/3\x x? 41 3(x+1)

47. The line passes through (a,e®) for some value of a and has slope m = e®. Since the line also passes through the
origin, the slope is also given by m = e:_—é) and we have e = %i-, so a = 1. Hence, the slope is e and the
equation is y = ex.

48. Fory = xe", we have y' = (x)(¢*) + (¢¥)(1) = (x + 1)e¥, so the normal line through the point (a,ae®) has slope

m=— T 1) 5 and its equation is y = —(a—+1—1$e—5(x —a) +ae*. The desired normal line includes the point
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49.

50.

51.

52.

53.

54.

55.

f 0= > (0 a = =
(0,0), so we have: 0= (a+1)e°‘(0 a)+ae* = 0= (a+1) —2stae’ = 0= a(( +1)ea+e)

=a=0or =z +e® = 0. The equation 5 + €® = 0 has no solution, so we need to use a = 0. The

(+1) (+1)

equation of the normal line is y = —(0—+11)—5(x —0)+0e% ory = —
~ e

dA _oq d ¢/140 4 o—t/140 _ —t/140 d t
B-0g() =ngr =200 L(-L)

( _t/l‘m)(ln 2)
140) I A

2=1/70)(1n 2 ‘
At t = 2 days, we have ‘(11‘:‘ (——-——#1——) —0.098 grams/day. This means that the rate of decay is the

=20(27/1)(in 2) (-

positive rate of approximately 0.098 grams/day.

(@) ¥ = yoe*t = 0.99y, = ye!%% = k = 10099 o _¢ 0001

1000
_ o(=0.00001)t _, = _ 1n(09)
(b) 0.9 =e = (—0.00001)t =1In(0.9) = t = ~0.00001

{20,000)k

= 10,536 years

(¢) y=yee ~ yoe~%% = y,(0.82) = 82%

(a) There are (60)(60)(24)(365) = 31,536,000 seconds in a year. Thus, assuming exponential growth,

— kt _ (14k/31,536,000) 257,313,432 14k
P = 257,313,431e** and 257,313,432 = 257,313,431e = ln(—-————257,313"4:31 = 31536,000
= k = 0.008754168326

(b) P= 257,313,431e<0008754168326)8 ~ 275,979,963 (to the nearest integer). Answers will vary considerably
with the number of decimal places retained.

~0)(3/K) _ y o3 Yo Yo

y= yoe"‘kt = yge = —3 50 = = (0.05)(y,) = after three mean lifetimes less than 5% remains

oy — ey — 1o B(x+h) —g(x) o 80+h)—g(0) _ o 80 —8(0)

(a) g'(0) =L because g'(x) = }llli% = =e0)= h—» I h—»o i

e 0501

= ll:_rg 5 =L.
(b) h 0.1 0.01 0.001 0.0001 0.00001

0.5"—1 06607 —0.6008  —0.6929 —0.6931  —0.6931

. X . . . .
L ~ —0.6931

g—x(—%xz + k) = —x and %(ln x+c¢)= % Therefore, at any given value of x, these two curves will have
perpendicular tangent lines.
Recall that a point (a,b) is on the graph of y = ¢* if and only if the point (b,a) is on the graph of y =In x.

Since there are points (x,e*) on the graph of y = ¢* with arbitrarily large x-coordinates, there will be points
(x,1n x) on the graph of y = In x with arbitrarily large y-coordinates.




56.

57.

58.
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The command solve (x2 = 2x,x) on a TI-89 calculator gives three solutions. They are: x =4, 2, and
—0.766665. Another way to find the solutions is to graph y = x2 — 2% and then use trace and zoom or use the
zero function that is available on some calculators.

(a) Since the line passes through the origin and has slope %, its equation is y = %.

(b) The graph of y = In x lies below the graph of the line y = % for all positive x # e. Therefore, In x <%
for all positive x # e.

(c) Multiplying by e, e In x <x or In x% < x.

(d) Exponentiating both sides of In x® < x, we have en X° < X or x° < e for all positive x # e.

(e) Let x = 7 to see that 7° < e™. Therefore, e” is bigger.

The functions f(x) = x*2 and g(x) = 2InX appear to

have identical graphs for x > 0. This is no accident,

because xlni.’___eln2-lnx=(elx)2lnx=2lnx n2

CHAPTER 2 PRACTICE EXERCISES

1.

y = x® — 0.125x2 + 0.25x = % =5x*—0.25x + 0.25
_ .3 2,.2 dy _ .2 a2 pe _
y=x®—-3(x?+7?) = 5L =3x" - 3(2x+0) = 3x* — 6x = 3x(x - 2)

y=x7+\/'7x—7r_ll_1:3—§:7x6+\/'_i

y=(2x-5@4-x"!= g_)y( = (2x—5)(-1)(4—x)"X(-1) + (4 -x)"1(2) = (4 —x)2[(2x - 5) + 2(4 —x)]

=3(4-x)"2

3 2
. y=(02+sec 9+1) :%:3(02+sec 0+1) (26 + sec 6 tan 6)

1
v e MY Yea) aevevi
REX (144 2E1+VA)  2vA(1+VE)

- 1L
L :QZ(\/E 1)(0) 1(2\/€)= y
Vi1 db (Vi-1F  2vA(vE-1)
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8.

10.

y =2 tan?x —sec’x = g% = (4 tan x) (sec?x)— (2 sec x)(sec x tan x) = 2 sec?x tan x

= ;2—- 2_ = csc?x—2csc x> 3 = (2 esc x)(—csc x cot x) — 2(— csc x cot x) = (2 csc x cot x)(1 —csc x)

sin® x sin x

s =>cos4 (1-2t) = -g% =4 cos? (1 - 2t)(—sin (1 — 2t))(—2) = 8 cos® (1 — 2t) sin (1 — 2t)

3 ds _ 2(2 2\ =2 6 2(2 2(2
11. s =cot ( ):d—: 3 cot (-t—)(—csc (f))( tz) " cot (t)csc (f)
12. s = (sec t + tan t)° = % = 5(sec t + tan t)*(sec t tan t +sec?t) = 5(sec t)(sec t + tan t)°
13. r = 1/26 sin 6 = (26 sin 0)1/2 1(26’ sin 0)_1/2(20 cos § 42 sin ) = 0 coszg +51; 9
sin

. dr _ 1 _ 2404141
4. r=sin(04+/0+1)=> a—-é-—cos(9+\/0+1)(l+2\/o+l)— ENES] cos(6+ /B +1)
15, y = %x2 csc % = g—:'z = %x2(_csc ,2—( cot %)(;—22)+(csc %)(%2;:) = csc % cot %+x csc 32{
16. y =x"1/2 sec (2x)? = g—i =x"1/2 gec (2x)? tan (2x)2(2(2x) - 2) + sec (2x)2(—:,1l-x_3/2)

= 8x'/? sec (2x)? tan (2x)2 —%x_s/z sec (2x)% = %xllz sec (2x)?[16 tan (2x)2 -x72]
17. y =5 cot x% = % = 5(—csc x2)(2x) —10x csc?(x?)
18. y = x2 sin2(2x2) = g—i = x2(2 sin(2x2))(cos(2x2))(4x) + sin2(2x2)(2x) =8x3 sin(2x2) cos(2x2) +2x sin2(2x2)

(4t Y% ds 4t \BE+D@O-@O)M)Y_ o 4t Y34 (41
19’8‘(1;+1) dt 2(t+1) ( (t+1)? - 2(t+1) t+1)2" 83

(x+ 1)( ) %) (1)
20. y = (‘/_> 2(ﬁ) 2y W D ks U
x+1 dx x+1 (x+1)? (x+1)° (x+1)3
1/2 -1/2 2
21, y =4xy/x+ \/_ = 4x(x+x1/2) / = %Z = 4x(l)(x+x1/2) / (1 +%x'1/2)+(x+x1/2)1/ 4)
- 6x+5
=(x+ VB ox(14 gl ) ol VR = (o VR Ak R i ayR) = S
\/- X+ \/)—(

_(_sing 2 _ dr_ sin § (cos 6 —1)(cos 6) — (sin 6)(~sin 6)

22. 1-_(cos 0—1) =='@_2(cos 0—1)[

(cos 6 —1)?
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=2( sin 8 ) cos? @ — cos 0 + sin? 4 — (2 sin 6) (1 —cos 6) —_—238in#d
cos §—1 (cos 6 — 1) (cos 6 —1)3 (cos 6 —1)?

23, y = 20(3x — 4)/4(3x - )7/ = 20(3x - )1/% = T = 20 (k) (3x - 9713 = (T—W
X
- —5/2 —
24. y = 3(5x% + sin 2x) 3/ = % = 3(—%)(5x2 +sin 2x) / [10x + (cos 2x)(2)] = _&jﬁ(&s}{/)z
: 5x2 + sin 2x)

25. y = %xe4x —-116e4" = 3——3; = %[x(4e4x)+ e4"(l)]— 11—6(4e4x) = xe?* + %e“x —%e“" = xe*
26. y = x%e —2/x = "’e_2"—1 = g—i = xz[(2x“2)e_2"— ] e~ (2x) (2+ 2x)e_2"—1 = 2e_2/x(1 +x)

_ s 2 dy _ 2(sin 9)(‘305 6) —2cosf
27. y= ln(sm 0) =95 “nZ0 0 0 2 cot 4

2
In{ %

= x2) - ___( 2 ) dy _ 1 .- 2

28'Y—1°82(7 STh? T & W32\ dx
2

- _InBx-7) dy_/ 1 3 \_ 3
20. y=logs (3x~7) === = (g5 )z =7) = W B)(3x=7)
30. y=8"t= ‘i—{ =87%(In 8)(—1) = -8~ %(In 8) 31 y=5x36 = fiﬂ = 5(3.6)x*% = 18x26
32, y = vEx V2 5 Lo (B)(—ya) VI 2 a-Ve)
33 y=(x+2*? = Iny=In(x+2**2 = (x+2) In (x + 2) = %d—y = (x+2)( )+(1) In (x +2)

= gy (x+2**?[In(x+2) +1]
1
4. y=2nx*?=>Iny= 1n[2(1n x)x/z] =1n(2) +(§) In(lnx) = } %}yz =0 +(§) li)]+ (In (In x))(%)
= di [2 T (%)ln (In x)]2 (In x)*/? = (In x)*/? [ln (In x) +ﬁ]
11—y (2 )
1/2 u u

35. y=sin_1\/1—-u2 =sin"1(1—u2) / =>i):=2

" \/1—[(1_112)1/2] \/1_—7\/1—(1—2 '“"/—1‘“2

203
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36.

37.

38.

39.

40.

41.

42.

43.

44.

45.

46.

47.

48.

=)
d_y= 1—x? _ -1

=1 -1 = =
Y a(eos”) dx cos™ ' x V1-x2 cos1x

1/2 -
y=zcostz—v1-22 =3 cos lz—(1-122) / ji:cos—lz————z————(%)(l—zz) l/2(--2z)

=cos~lz— z + Z =cos 1z

Vi-22 V1-22

y=t tan'lt—(—%—)ln t:%:tan"ltﬂ(litz)——(%)(%):t;a.n“lt+1it2_%

y= (1+t2)cot"12t=> L =2t cot_12t+(l+t2)( +4t2>

1/2 4 —1/2
-1 2 -1 2 y 1 -1 1(.2
y=zsec ' z—Vz‘—1=zsec z—(z —1) = =5 = g ———mm——— +(sec z) 1 ——(z —1) 2z
N (1) -5 (22)
z VA -1 l—12z -1
= - +secT z = +sec™z,z>1
|z|\/z2—1 \/22-—1 221 ’
dy __ —secftand tan §
-1 sec f tan an
y =csc” (sec §) = = -1, O<9<
ds— Isec 6|v/sec?6 —1 “tan 61~
-1
-1 t -1 -1
y=(1+x2)e"‘ ﬁsll—-2xe“m x+(1+x2)(em ;):2}&“m X petan "X
1+x
_ dy dy dy . dy dy dy  y+2
xy+2x+3y—1=>< X3 +y)+2+3d =0=>x X1 +3d =-2- Y= 3% (x+3) -2 Y= x = "x¥3

x2+xy+y2—-5x=2=>2x+(xg—§+y)+2yg—i—5=0:x%+2ygi—5 2x — y=>§ (x+2y)
dy 5—2x—-y
=l -Y S T Txyoy

dy

3 a2 4/3 _ 2 dy _ay1/3 9y _ <y
x> +4xy—3y /" =2x = 3x +(4xdx+4y) 4y dx—2=>4xdx

—4y1/33—§=2—3x2—4y

dy 2-3x%—4y

dy 1/3) _ 7o =4
d(4x 4y ) 2 —3x? —4y=>dx 4x-—4y1/3

4/5 6/5 _ -1/5 1/5dy _ 159y - gy 5 & _Ly-tfsy-ifs 1
w10y =15 = a1y PR =05 1y PR = T s = T = 3(xy)'/?

- dy 1/2.-1/2 dy -1/2_1/2 __dy - dy y
(XY)1/2:1:>%(XY) 1/2< Ix +Y)=0=>X/Y /&=—X 1241/ > X=X 1y=>E=—)‘c

x2y2=1=>x2(2 gy)+y2(2x)—0=>2xyg —2xy2:>g—i=—§’—(




49.

50.

51.

52.

53.

54.

55.

56.

57.

58.
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-

d d
x+2y x+2y ay ) av__1
e =1=e (1+2dx)_0=> 5

_ d _ _ -1/x d -1/x
y2 = 2e 1/x=>2y£=2e de%i(_x 1)=2ex2 =>$);=eyx2
dy
1)-x
x\ 1o 1 dxy_oo W T E (L dy_y
m(§)=1=r&F)=0= =0 =¥
dy

xsinTly=14x?=>y= sin(x‘1 +x) > cos(x‘1 +x) %(x—1 +x) = (1 —x‘z) cos(x‘1 +x)
2
= (£71) eoa(=32)
X
-1

-1 -1 -1 -1 -t
yeta.n X0 y= 9e—tan” X ‘ﬂ= 9e—tan” x ad}(_w‘n—lx)= _9e—tan x( 1 )= _9e tan x

dx 1+ x? 1+ x?
x¥=/2=3n(xY)= in(21/2) = lnx—ln2 4 (ylnx)= 0=>y(l)+lnxdy—0=>dy A
- y = dx X dx~ xInx
—__In2
2x(In x)?

205

r cos 28 +sin?s = 7 = r(—sin 25)(2) + (cos 23)( )+ 2sinscoss=0 = 3s dr (cos 2s) = 2r sin 2s — 2 sin s cos s

dr _ 2r sin 2s —sin 25 _ (2r—1)(sin 28) _,
= ds= cos 7s o5 Js = (2r — 1)(tan 2s)

s —r—s+52 ——3=>2(r+sdr) It =0=>LEs-1)=1-2s-2E=15280

d ds ds 2s—1
2
(20 - (=) 2 &)
3, .3 _ 2, q,24dy dy 52 _ d% _ dx
(a) x>’ +y°=1=3x +3° & =0=> = ?:a_ 7
2
—2xy? +(2yx?)( - %5 4
@y T (2y )( ) I
b&'i— 1 = 1 = 5
y y Yy
d d -1 d¥y d
(b) y? —1——=>2yd %:}-—‘E:#ﬁ%:(yxz) =>(—1—x——=—-(yx) [y(2x)+x2ﬁ]
1
—-2xy—-x2
=>d2y_ (yxz)_—2xy2—1
dx2_ y2x4 y3x4
dy d d
(a) x2-y?=1=>2x~— 2yd --0:>—2ydy —2x:>a§'—(:’}§
dy _x(%
2y _YW-xg v=x(F) o 2

(b) T:’{:;,—‘=>-—---= 3 = == :——}31 (since y2 —x? = —1)

dx y y? y
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59.

60.

61.

(a) Let h(x) = 6f(x) —g(x) = h'(x) = 6f'(x) —g'(x) = h'(1) = 6f'(1) - g’(l) = 6(1) —(—4) =7
(b) Let h(x) = (x)g’(x) = h'(x) = £(x) (2g(x) )g'(x) + g*()F'(x) =h(0) = 26(0)(0)2(0) + £X(0)¢'(0)
=2(1)(1)(})+ (V*-3) =2

) Lot hi) = T ey 2 B0+ I~ T _ ) (60 + DF() — )
R e N PO ES
_6+D(})-3¢-9
- (5+1)2 12

(d) Let h(x) = f(g(x)) = b'(x) = £(g(x))e'(x) = b'(0) = £(g(0))&'®) = £(1)(})=(3)(3) =%
(e) Let h(x) = g(i(x)) = b'(x) = g'(E(x))F'(x) = W'(0) = g/(FO)F(0) = g'(1)F'(0) = (—4) (~3) = 12
(f) Let h(x) = (x +£(x))*/2 = b'(x) = 3 (x +£(x)) /2 (1 +£'(x)) = 1'(1) = 3(1 +EL))2(1+£(1))
:%(1 +3)1/2(1 +§) =%
(8) Let h(x) = f(x +g(x)) = h'(x) = /(x + g(x)) (1 + g'(x)) = 1'(0) = F(g(0)) (1 + g'(0))
-coo(s+4)=(HE) =3
— 1o — 7 1 101y —
(a) Let h(x) = \/Zf(x) = h'(x) = \/x'(x) +f(x) TR H D= V(1) +1(1) ﬁi =L+ -9(})=-8

(b) Let hx) = ({(x))"/? = b'(x) = §(H(x)) ™/*(£'(x)) = W'(0) = 3 (50))/*(0) = (9)/%(~2) = -4

(c) Let h(x) = £(y/x) = h'(x) = (/x)- \/_=>h(1)— (ﬁ)-ﬁ:% =%
(d) Let h(x) = f(1 -5 tan x) = h'(x) = /(1 -5 tan x)(—5 sec?x) = h/(0) = (1 — 5 tan 0)(—5 sec?0)

=f'(1)(-5) = %(-5) =-

(€) Let h(x) = 2 -If(:o)s X h(x) = - }E);I—f-xc)os ;f.:());)( sin %) = b'(0) = = 1)(2(-?-)1);(0)(0) (9 :

(f) Let h(x) =10 sin(ﬂ)f2 (x) = h’(x) = 10 sin (ﬂ)(h’(x)f'(x)) + f2 (x)(lO cos(%))(%)
= h'(1) =10 sm( )(2f(1)f’(1))+f2 (1)(10 cos(2))(%) = 20(—3)(%)+ 0=-12

[

x=t’+r=> dx _ 2t; y = 3 sin 2x = 3 = 3(cos 2x)(2) = 6 cos 2x =6 cos(2t2 + 27r) 6 cos(2t2); thus,

dt ~
dy dy dx 6 cos(2t2) j{

qdt dx dt 2t =

_6 cos(0)-0=0

62. t =(u? +2u)1/3 d 1(u +2u) 23 (2u+2) = 2(11 +2u) /(u+1),s—t2+5t$ds—2t+5

dt

= 2(u?+2u)""° +5; thu sfe=ds.di [2( +2u) +5]( )(u +20) Pt




63.

64.

65.

66.

67.
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=>§_S' =[2(22+2(2))‘/3+5](-§-)(22+2(2)) oy =202 2-8°15)(87/%) = 2(2-2+5)(})=§-
Uly=2

6

%_w = -ddﬂ- gi = [cos(e\/;)(e\/; 5—%)][3 cos(s +%)] ats=0,r=3sinZT =%

w 72 )( V32 - Vﬂ§e\/§7§ 3/2 3\/5e‘/§7E 3/2
= (31_3 = cos(e‘/T)<2\/3/_2)(3 cos(g)) = ZW cos(e\/T) =—— cos(e‘/T)

F=grdldr_1(e?+7) /(20),02et+0—1=> (Gzet+9):a@£(l)=>02e"+20d0et 4 -

tat
df _ g2ty df_ 6%t dr [ 20 __f% 26%"
( 7)2/3

] T 3(1 +26et)(62 + 7)2/3.

t dt ~ 14+28et  dt 1+ 206e*

145Y
Att=0,02+0-1=0=0= H:\/_ dt 2( 1§ 5) . /3
(3(1+(—1¢\/5))((i"2:—‘/5)) +7)

dy — d
Y2 +y =2 cos x = 3y? dy+d =-2sinx = y(3y +1)-——2s;1nx=>dx %—1’—‘:%

(0,1)

TN (1)
:ﬂ (3+1)( ~2 cos 0) — (225111 0)(6 - 0) _%
2/3 2/3
1/3 . 1/3 _ 2/3 , 1,-2/39Y dy _ _y*”° dy' dy _ -y
x1/3 4 y1/ 4=>3x +ay =0 = x/=>dx(88) -1 35 70
_1/3d - - -
&y (x2/3)( Z2y1/3 y) (- y2/3)(%x 1s) a2y (82/2)]-%-871/3. (-1)|+(82/2)(%-87212)
= =>— =
ax? - (x2/3) dx?|(g g %
1.1 2
_373_3_1
T g3 T 476
; ) . | ( h+1)
1 f(t+h)—f(t) 2(t+h)+1 2t+1 2t+1—(2t+2h+1
() =gy and {4 +h) =gy =~ = B = @+ BT Dh
—2h -2 = f(t) = lim f(t+h) f6) _ i —2
“@t+2h+1)(2t+ Db (2t+2h+1)(26+1) hes0 h—0 (26+ 20+ 1)(2t+1)
~2

TR+ 1)?
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68. g(x) =2x?+1 and g(x+h) =2(x+h)2+1=2x2+4xh+2h2+1 ﬁw

2 2 (942 2 _
_(ex?taxh4om’ 4+ 1) +1) _axh+2h% 4 on o () = lim BTN ZE) iy (ax 4 2m)
h h h—0 h h—0
= 4x
69. (a) ¥

-1 o\ x
-1

. T 9 _ . e _e2 . _ . . — 0 — .
(b) xl_lgl_ f(x) = x1_1’161_ x*=0and 11m+ f(x) = hm+ x“=0= ’1(1_% f(x) = 0. Since }(1_1’% f(x) = 0 =1(0) it

x—0 x—0
follows that f is continuous at x = 0.

(¢) lim_f'(x) = lim_ (2x)=0and lim f(x)= lim (-2x)=0= lim f/(x) = 0. Since this limit exists, it
x—0 x—0 x—>0+ x—-r0+ x—0

follows that f is differentiable at x = 0.

Y
bt

70. (a)

K x, -15x<0
* X = anx, OsxsR/4

-t w4

-1

(b) x!ilg_ f(x) = xl_l{(r)l_ x =0 and hm+ f(x) = hm+ tanx =0 = ili% f(x) = 0. Since )1‘13(1) f(x) = 0 =1(0), it

x—0 x—0

follows that f is continuous at x = 0.

(¢) lim_f(x)= lim_1=1and lim f(x)= lim sec2x =1 = lim f'(x) = 1. Since this limit exists it
x—0 x—0 x—0 x—0t x—0

follows thal f is differentiable at x = 0.

71. (&)

- O0sxcs1
y -1 1<x=2

(b) x{lj{l_ f(x) = th x=1and hm+ f(x) = 11m+ 2-x)=1= ’ltlgi f(x) = 1. Since )lgnl f(x) =1 =1(1), it

-1 x—1 x—1

follows that f is continuous at x = 1.
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. Y = L = . ' — I -1 =-1 . 7 . Y] .
(c) xl_l_gx_ /(x) xl—lgl_ 1=1and xl_l_gl+ f'(x) x]_l'l’:l+ 1 = xl_lgl_ f'(x) # xl—l'r{l_l_ f'(x), so lim f/(x) does
not exist = f is not differentiable at x = 1.
72. (a) lim_f(x) = lim_sin 2x =0 and lim f(x) = lim mx=0 = lim f(x) = 0, independent of m; since
x—0 x=—0 x__,0+ x_,0+ x—0

f(0)=0= linb f(x) it follows that f is continuous at x = 0 for all values of m.
xX—!

(b) lim_f'(x) = lim_ (sin 2x)’ = lim_2 cos 2x =2 and lim f'(x) = lim (mx)' = lim m=m =fis
x—0 x—0 x—0 x—0T x—0T x—0
differentiable at x = 0 provided that liI(I)l_ f(x) = lim+ f'(x) > m=2.
x= x—0
- d - .
73. y =§+2x1—-4 =-$—x+ (2x-4)"' = %: %—2(2x—4) 2 the slope of the tangent is —% = —%
=l ox—4)?= 2=-202x-4)=1=—1 = (2x-4?=124>-16x+16=1
2 (2x —4) -

= 4x?-16x+15=0=> (2x—-5)(2x—3) =0 :x:%orx:%ﬁ(%,%)and (— —%)are points on the

curve where the slope is —%.

74, y=x—e™ % % =14+e®=2=>eX=1=>x=0=y=0—e"=—1. Therefore, the curve has a tangent with
a slope of 2 at the point (0,—1).

dy

75. y=x3$d—y=3x2:>.d_
X (_27-8)

dx
= y = 12x + 16; x-intercept: 0 =12x+16 = x = ——% = (—%,0); y-intercept: y = 12(0) + 16 = 16 = (0,16)

=12; an equation of the tangent line at (—2,—8) is y +8 = 12(x + 2)

76. y=2x3—3x2-12x+20=>§—f(=6x2—6x—12

= -

Sx2—x-2=4=>x>-x-6=0=> (x-3)(x+2)=0=>x=-20rx=3 = (—2,16) and (3,11) are

a) The tangent is perpendicular to the line y = 1 — % when dy _ _(_1 _ =24; 6x2 —6x—12 =24
g 24 ~

points where the tangent is perpendicular to y =1 —2"—4.
(b) The tangent is parallel to the line y = /2 — 12x when %}y—{ =-12=>6x*—6x—12=~-12=>x2-x=10

= x(x—-1)=0=x=0o0rx=1=(0,20) and (1,7) are points where the tangent is parallel to

y=\/§-—12x.

.y =7rs)i(nx N dy=x(7r cos x) — (7 sin x)(1) -m

dy
& xz l_d_ =?=—-1a.ndm2=E ——2-: .

Since m; = —mlz the tangents intersect at right angles.
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78. y=1+cosx:>(—(i---s—s.inx-_—>gd§

T
T
(2 ) ymi+cosx
=> the tangent at (2, )is the liney—1= —(x—%)
=>y=—x+5 T +1; the normal at { T,1
y (2 ) 32 i
y—1=(1)(x—%)=>y=x—-—725+1 ‘ »Y"'x";""‘
dy dy 1 1
79. y = x* +C=>d——2xandy—x=>d =1; theparabolalstangenttoy—xwhen2x—1=>x...§ =5
1_ (1Y _1
thus;@—(i) +C=>C—-4
80. Let (b,i\/az——b2)beapoint on the circle x? + y2 = a%. Then +y?=a?= 2% +2 gy_O:gi -—;,—(
/a2
gy =—=b___— normal line through (b, ++va? - bz) has slope i_at;_—b_ => normal line is
x —b :I':‘/ 2_ 2 )
\/ —b? A TR
(:F\/ b2) Fvea -2 (x b) = y+va’-b?= ¥ a bx:i:v lay= aTbx
which passes through the origin.
81. x% 4 2y? —9:2x+4y —0=> =>d_y = —1 = the tangent line is —2—l(x—1)
: y dx o= x|y, - 4 & y=471g
=—;11-x+g-andthenormallineisy:2+4(x—1)=4x—2.
X, .2 _ d d dy _ dy _d_yl I A
82. 4y’ =2= (e +y)) =) > S+ g =03 = 2y:>mtan‘dx(01)" TR
ml:—m1m=2;tangentline: y—l———(x 0) = y =1~-% normal line: y—1=2(x—-0)=>y=2x+1
_ dy dy dy dy -—-y-—-2 dy| _
83. xy+2x—5y_—2=>(x&+y)+2 5d —0=> (x 5)=—y-— 2$dx =5 =>-a-i(32)-
= the tangent line is y = 2 4+ 2(x — 3) = 2x — 4 and the normal lineis y =2 + 5 1(x 3) = —— +%.
84. (y—x)?=2x+4 = 2(y—x) d—y—l =2=>(y—x)—y- 1+(y- x)=> y Lt_)_'_xﬁdy =3
= the tangent line is y = 2+4(x 6) = x-—éand the normal line is y = ——(x 6) = ——x+10
1 dy _ it __| _ =5
85. 2\/x_y(x ) 0-—->xd +y= 2,/y=> dx(41) vy

= the tangent lineis y =1 —-—(x 4) = ——x+ 6 and the normal lineisy =1+3 (x 4) = —1—51-.




86. x3/2

87.

88.

89.

90.

91.

93.

94.

95.
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/24 9y302 =17 = 3,1/2 3 0/29Y _ g dy _ x!/2 _ dy|  _ 1 ine i
+2y =17 > 5X + 3y p 0= Ix = 2y1/2 > X 0.0 =-z= the tangent line is

y =4-—i(x-1) = -—%x-{-l‘{- and the normal line is y =4 +4(x — 1) = 4x.

d
x3y‘°’+y"’=x+y=>[x3(3y2 E{-)+y3(3x2)]+2y 3"_1+g = 3x%y? di+2y3—y—g—¥-—l—3x2y3

dy (o 3 2 V.23 . dy _ 1-3x%° dy _ dy .
=>dx(3xy + 2y 1)—1 3x“y ﬁdx—m},—_—l—‘—'}dx (1,1)— 4, but pron (1’_1)1sundeﬁned.

Therefore, the curve has slope -—% at (1,1) but the slope is undefined at (1,-1).

y = sin (x —sin x) = gx [cos (x —sin x)}(1 ~cos x); y =0 = sin (x —sin x) = 0 = x——sm x = km,

k = -2, -1, 0, 1, 2 (for our interval) = cos (x —sin x) = cos (kr) = £ 1. Therefore, K =0 and y = 0 when
1—cos x =0 and x = kr. For —27 < x < 2, these equations hold when k = —2, 0, and 2 (since

cos (—m) = cos ¥ = —1). Thus the curve has horizontal tangents at the x-axis for the x-values —27, 0, and 27
(which are even integer multiples of 7) => the curve has an infinite number of horizontal tangents.

B = graph of f, A = graph of f'. Curve B cannot be the derivative of A because A has only negative slopes
while some of B’s values are positive.

A = graph of f, B = graph of f'. Curve A cannot be the derivative of B because B has only negative slopes
while A has positive values for x > 0.

v 92. y
y=ix) w3 y=1x)
-1.2) _ “.0)
1) 1.0 /\\ x
. . . w ©-1)
1.2
(2) 0,0 (b) largest 1700, smallest about 1400

rabbits/day and foxes/day

(a) S = 27r? + 27rh and h constant adrry S = 41rra—+ 27rh = (4nr + 21rh)

(b) S = 2nr? + 27rh and r constant = :11% = 27r ((1]};

(c) S=2mr?+27th = ﬁ% = 4mr dt+27r( g}g+h ) (47rr-+—21rh) L 4 27r g{l

(d) S constant = 52 dS =0= 0= (4nr +27rh) oL 4 27r (ciiil = (2r +h) ﬂ ?j{l =3 dt 2r_—|1:h ((illt?
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dh
+h
96. S = mry/r? +h2=>d =7r- ( d " clt)-i-7r\/r§+h2 dt’

Vi +
dh as_ ™ gr [ErEd [T 12 2
a) h constant = 5= =0 = 5= b 5+ 7TV —i-h2 [” r +h2+—m—]ﬁ
(2) dt dt ~ /22 /2 4 n2 | dt
dS _ath dh

b) r constant = 4L =0 = dqt
( ) dt /r +h2 dt

ds _ ) 2 |dr 7th _ dh
(c) In general,a_[r r“+h +m dt+\/172_+_h_§dt

97. A=m? = %’: = 27t :-11:’ sor =10 and g: —-% m/sec :> (2%)(10)(——72;) = —40 m?/sec

_3_.dV_a,2.ds_,ds__1 dV _ dav _ 3/ ds _ 1 — :
98. V=g" = "r-=3"-F =g 362 dt j s0 s =20 and ‘3~ = 1200 cm /m1n=>dt———3(20)2(1200)_1cm/mm

dR,

= dR. =1 .1 ~1dR_-19R; 1 dR,
9. 7 =-1 ohm/sec, dt = 0.5 ohm/sec; and % R = ﬁ;

2:>?d_t=‘ﬁ¥_dt__-R—gW‘ A].SO,

R, = 75 ohms and R, = 50 ohms = Ill, 71—5+L = R = 30 ohms. Therefore, from the derivative equation,

50
-1 dR _ 1 1 \_ dR__g0o(5000—5625Y_ 9(625) _ 1
(30)% dt ~ (75)? (=1~ (50)2 (05) = (5525 5000) = e = 900) (4o 0 )= 50

50(5625) ~ 50
= 0.02 ohm/sec.

100 dR 3 ohms/sec and 94X = 2 ohms/sec; Z = VR? + X2 = &£ dz _ ﬂu so that R = 10 ohms and
: - dt Ve dt — /R4 X2 -
=20 ohms = 42 _ (10@) +20)(=2) ==Ll~-045 ohm/sec.
dt V102 + 20*

101. Given ?i)‘: =10 m/sec and :iit = 5 m/sec, let D be the distance from the origin = D?=x%+y?=2D %l't)_ .

d d
= $EioyFT oD dD = x g>t‘+y ¥, When (x,y) = (3,-4), D = /32 + (—4)% =5 and
5 ‘-12 = (5)(10) + (12)(5) => 1—‘})0- = 22. Therefore, the particle is moving away from the origin at

22 m/sec (because the dlstance D is increasing).
102. Let D be the distance from the origin. We are given that 4D dt = 11 units/sec. Then D? =x?+y?
=X +(x3/2) =x%+x3 = 2p 4D rr —2x3’€+3x2 dx---x(2+3x) dt’x_3 => D= \/32+3§=6

and substitution in the derivative equation gives (2)(6)(11) = (3)(2 +9) & = dx = 4 units/sec.

¢
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103. (a) From the diagram we have TO = % % h.
dV _ 4rh? d ,
() V=4mh=1r(2 h) h= 47 »dV=drhdh o4V = 5andh=6= 8= 12 f/min
104. From the sketch in the text, s =rf => 32 + g dr d T Also r = 1.2 is constant = g: =0
= %:— =r g—f =(1.2) %% Therefore, gt =6 ft/sec and r = 1.2 ft = gz =5 rad/sec

105. (a) From the sketch in the text, 4 dt = —0.6 rad/sec and x = tan 6. Also x =tan 6 = dx dt =sec?d %%; at
point A, x=0=0=0= (éx (sec?0)(—~0.6) = —0.6. Therefore the speed of the light is 0.6 = % km/sec

when it reaches point A.

(b) (3/5) rad 1 rev .60 sec _ 18

S€C ‘Ix rad min 7 Tevs/min
106. From the figure, ¥ = Eb(_j =2= —b . Weare given
b? —r? y
that r is constant. Differentiation gives, 8
c
Sz db

(Vb r)( ) ()( _2>(dt) b .
1.da_ ! Then
T dt b2 2 ' '

0 . e

b =2r and % =—0.3r

(2)2 — 2% (—0.31) — (2:)(M—’)~)

\/ (2r)% 12

da __
=>a'€-—-l‘

(2r)2 — 12

3 (_or 4r%(0.3r)
—\/37( 0.3 )+—ﬁ2— (3:2)(=0.3r) +(4r2)(0.3r) _ g.3r _

m/sec. Smce is positive,
3r 3\/5 I T 3V3 10\/' / diisp

the distance OA is increasing when OB = 2r, and B is moving toward 0 at the rate of 0.3r m/sec.

_ dy 1. dy _dydx 1 _1 dy‘ _1
107.y_-lnx=>d— xd— d——a—:?E ()\/_—xﬁagez—em/sec

1
— g_y
—Q.—X/3 dy - —x/3. dx _ (dy/dt) dx _( 4) v — — OQa—
108. y = 9e =>—dx— —3e i —(dy/dx)#_dt_——_3e—X/3 i x=9=>y=09e

=1 \/_\/e — 1~ 4.873 x5 ft/sec (taking €3 to be 20)
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109. The two functions differ by In % because K = In (5x) — In (3x)
110. (a) No, there are two intersections: one at x =2
and the other at x = 4. 0.3

VA
| I 2 3 4
(b) Yes, because there is only one intersection. . ya X
e X
2 4 6 10~
N ys=-2in2
-2
=3
-4
In x
111 1°g4 (l 4) l____..l___2=1_2= In2 _1
" Tog, x (1_}5) n4 In In4”2In272
2
~In2 —Ilnx
112. (a) f(x) = Inx' g(x) = in 2 y

b) f is negative when g is negative, positive when g is

( g g is neg g
positive, and undefined when g = 0; the values of f
decrease as those of g increase

113. y'(r) = ad;(ﬁ \/rl;) = (2l1 F&‘)
)

y(T) = (2rl \/T) <2r1 \/1—)% ﬁ)=%\/%<2\1ﬁ)=4r1\/1w dT

Since y'(r) < 0, y'(1) < 0, and y'(d) < 0, increasing r, 1, or d would decrease the frequency. Since

y'(T) > 0, increasing T would increase the frequency.

5

=lnd+Inx—-ln3—-Inx=ln 5—1n3=ln§.

Yo
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114. (a) P(0) = 12_8‘15 ~

. o 200 _ 200 _
(b) tlirglo P(t) = tlir{.lo Trest— 1 = 200 students

(© P'(t) = S200(1 45" = —200(1 +¢574) 7 (e5t) (-1) = 200"

(1+4e5-t)
e (14 €574 (2006374) (—1) — (2006574) (2) (1 + 54)(e5) (~1)
P"(t) = 3
(1 +e —t)
=(1+e~'5*t)(—200e5-“)+400(e~”"t)2 (200e5-t)(e5~¢ — 1)
(145t) (14e5t)

Since P"” = 0 when t = 5, the critical point of y = P'(t) occurs at t = 5. To confirm that this corresponds
to the maximum value of P'(t), note that P"(t) > 0 for t <5 and P"(t) < 0 for t > 5. The maximum rate

0
occurs at t = 5, and this rate is P'(5) = — === 200e = 2020 = 50 students per day.
(1 + eo) 2
Note: This problem can also be solved graphically.

115.

A A
Y

[~m, 7] by [—4, 4]

(a) x# kg—, where k is an odd integer (b) (—

R

3)

(c) Where it’s not defined, at x = k%, k an odd integer

(d) It has period % and continues to repeat the pattern seen in this window.

116. Use implicit differentiation.

x2—-y2=1=>-£z(x2) (y2)—- (1 ) = 2x— 2yy—-0:y—-§—xz§ =y —a§_§
X
1) - 4 y_x("") 2_ 2
= 10 g(x) (v )= 3 Y =Y 3x = —-l‘.;ﬂ(since the given equation is x% — y2 = 1)
y y y y

1

2
At(2,v3), -1

1 _
R e AV
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CHAPTER 2 ADDITIONAL EXERCISES-THEORY, EXAMPLES, APPLICATIONS

1. (a) sin 26 = 2 sin 6§ cos § = %(sin 20) = 5—9(2 sin @ cos ) = 2 cos 20 = 2[(sin 6)(—sin 8) + (cos §)(cos )]
= cos 20 = cos? 0 ~sin? @
(b) cos 20 = cos®§ —sin? 4 = -(%(cos 20) = d—dg(cos2 0 —sin?6) = —2 sin 26 = (2 cos 6)(—sin 8) — (2 sin §)(cos §)
= sin 20 = cos 6 sin 6 + sin 6 cos § = sin 20 = 2 sin @ cos §

2. The derivative of sin (x + a) = sin X cos a + cos x sin a with respect to x is ]
cos (x + a) = cos X cos a—8in x sm a, which is also an identity. This principle does not apply to the )
equation x2 — 2x — 8 = 0, since x*> —2x — 8 = 0 is not an identity: it holds for 2 values of x (—2 and 4), but not
for all x.

3. (a) f(x) = cos x = f/(x) = —sin x = f(x) = —cos x, and g(x) = a+bx +cx? = g'(x) =b +2cx = g""(x) = 2¢;

also, (0) = g(0) = cos (0) = a = a = 1; f'(0) = g/(0) = —sin (0) =b => b =0; £/(0) = g"(0)
= —cos(0) =2c =>c= —l. Therefore, g(x) =1 —-%—x

(b) f(x) = sin (x +a) = f(x) = cos (x +a), and g(x) = b sin x + ¢ cos x = g(x) =b cos x — ¢ sin x; also, ‘
£(0) = g(0) = sin (a) = b sin (0) + ¢ cos (0) = ¢ = sin a; f'(0) = g/(0) = cos(a) = b cos (0) — c sin (0)
= b = cos a. Therefore, g(x) = sin x cos a4 cos x sin a.

(c) When f(x) = cos x, f'//(x) = sin x and f(4)(x) = cos x; when g(x) = 1 —-%—x2, g'"'(x) =0 and g¥x) =0.
Thus £//(0) = 0 = g'"’(0) so the third derivatives agree at x = 0. However, the fourth derivatives do not
agree since 1(4)(0) =1 but g(4)(0) = 0. In case (b), when f(x) = sin (x + a) and g(x)
= sin x cos a + cos X sin a, notice that f(x) = g(x) for all x, not just x = 0. Since this is an identity, we

have f™)(x) = g(®)(x) for any x and any positive integer n.

4, (a) y=sinx=>y =cosx=>y'=—sinx=>y '+y=—sinx+sinx=0;y =cos x =y’ = —sin x
=y’ =—cosx=>y"'+y=—cosx+cosx=0;y=acosx+bsinx=>y =—asinx+bcosx
=>y’'=-acosx—bsinx=>y'+y=(—acosx—bsinx)+(acosx+bsinx)=0
(b) y =sin (2x) = y’ =2 cos (2x) = y'' = —4 sin (2x) => y'' + 4y = —~4 sin (2x) +4 sin (2x) = 0. Similarly,
y = cos(2x) and y = a cos (2x) + b sin (2x) satisfy the differential equation y"'+4y = 0. In general,

y = cos (mx), y = sin (mx) and y = a cos (mx) + b sin (mx) satisfy the differential equation y'’ + m?%y = 0.

5. If the circle (x —h)2 + (y —k)? = a? and y = x? + 1 are tangent at (1,2), then the slope of this tangent is
m= 2x|(1 2) = 2 and the tangent line is y = 2x. The line containing (h,k) and (1,2) is perpendicular to

y=2=—% k-2 2 = —l = h = 5 — 2k => the location of the center is (5 — 2k, k). Also, (x —h)? + (y — k)% = a?

, .
= x-h+(y-k)y =0:1+(y) +(y-ky'=0=>y"= ( ) . At the point (1,2) we know .
y' = 2 from the tangent line and that y”/ = 2 from the parabola. Since the second derivatives are equal at (1,2)

2
1+(2)° =k -9-. Then h = 5 — 2k = —4 = the circle is (x +4)% + (y—%) =a?. Since (1,2)

k-2
5v/5

lies on the circle we have that a = —5 .

we obtain 2 =




10.
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. The total revenue is the number of people times the price of the fare: r(x) =xp = x(3 —i) where

40
dr _Xx 1 2x
0 < x < 60. The marginal revenue 1s (3 ) + 2x(3 40)( m) ( )[( 40) 40]
= 3( 40)( i) Then g =0 = x = 40 (since x = 120 does not belong to the domain). When 40 people
2
are on the bus the marginal revenue is zero and the fare is p(40) = (3 —-;4-6) = $4.00.
x=40

() y=uv =S¥ —duy 4y dY _ (0.04u)v + u(0.05v) = 0.09uv = 0.09

y= dt T de dt =\ Dov) =By =005
(b) If d_‘tl = —0.02u and & dv = 0.03v, then ?it (=0.02u)v + (0.03v)u = 0.01uv = 0.0ly, increasing at 1% per

year.
When x? + y? = 225, then y’ = -—%% The ta.ngent y

line to the balloon at (12,-9)isy +9 = (x 12) 24y =225
>y= gx 25. The top of the gondola is 15 + 8 e iR
= 23 ft below the center of the balloon. The inter-
section of y = —23 and y = 4x — 25 is at the far

3
. 4 (-12,-9)
right edge of the gondola = —23 = 3X— 25
3 y-(m)‘-zs 8 f‘
= x =%. Thus the gondola is 2x = 3 ft wide. Suspension cables —
2 Gondola -
—| |~ Width
NOTTO SCALE

Answers will vary. Here is one possibility

v

s(t) =10 cos( %{-) = v(t) g—: =—10 s1n(t +1-) = a(t) = d—t gtg =-10 cos(t +£~)
(a) s(0) =10 cos( ) |

(b) Left: —10, Right: 10
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(c) Solving 10 cos(t + -Z—lr-) =-10 = cos( -}) -1=>t= 3—" when the particle is farthest to the left.

1> ybut t >0 =t =2r4+ =2 4 =7 when the particle

Solving 10 cos(t +%) =10 = cos( % =1
is farthest to the right. Thus, ( i ) 0, (7”) =0, a(37r) = 10, and a.(7I> = —-10.
(d) Solving 10 cos(t +%) =0=>t —%1[ (%{-) = (—)‘ =10 and a(%) =0.
11. (a) s(t) = 64t — 16t% = v(t) = —— = 64 — 32t = 32(2 —t). The maximum height is reached when v(t) =0

= t = 2 sec. The velocity when it leaves the hand is v(0) = 64 ft/sec.

(b) s(t) = 64t — 2.6t = v(t) = gi_s =64 —5.2t. The maximum height is reached when v(t) = 0 = t ~ 12.31 sec.

The maximum height is about s5(12.31) = 393.85 ft.

12. 8, = 3t3 - 12t2 + 18t + 5 and s, = —t>+ 9t — 12t = v; = 9t — 24t + 18 and v, = -3t + 18t — 12; v; = v,

= 9t2—24t +18 = —3t2 + 18t — 12 = 22— Tt +5=0= (t —1)(2t —5) = 0 = t = 1 sec and t = 2.5 sec.
2 .2) 2 _ dv dx dv _ dx dv _ _y.(1)dx
13. m(v —vo)_k(x0 x )=>m(2v ) k( 2x dt)::»m T = k( 2v) Pl kx(v) at - Then

substltutmg dx =v=>m 3‘{ = —kx, as claimed.

t +1ty b+t .
5 )=2A( +B=A(t1+t2)+Blsthe

2
instantaneous velocity at the midpoint. The average velocity over the time interval is v, = %%

At2+Bt, +C)—(At2+Bt; +C)  (t, —t.YA(t,+t )+ B
_(A8+B4+0)-(Ad+Bu+C) CCRNLL) IV

14. (a) x=At2+ Bt +C on[tl,t2]=>v=?i—’é=2At+B=>v(

b=t
(b) On the graph of the parabola x = At? + Bt + C, the slope of the curve at the midpoint of the interval
[tl,t2] is the same as the average slope of the curve over the interval.
b.

15. (a) To be continuous at x = 7 requires that lim_sinx = lim (mx+b)=0=mr+b=>m=—3;
X—=n X—TT

cos X, X< .
(b) fy' = is differentiable at x = 7, then lim_cosx=m =>m=-landb=m.
m, X>7 X7

li f(x) f(O) '——%_0 : 1 —cos x\[1+cosx . i 2 1 1
1oy _ — sinx)/_ 1 \Y_1
lﬁ.f(O)— m —— = lim ( ) 1+ cos x —)l‘l_l’l‘il)( X )(l+cosx)-2'

x-->0 x—0 X

Therefore {/(0) exists with value -2-.

17. (a) For all a, b and for all x # 2, f is differentiable at x. Next, f differentiable at x = 2 = f continuous at
x=2= lir§1_ f(x) =1(2) = 2a =4a—2b+3 = 2a—2b+3 = 0. Also, f differentiable at x # 2
X—

a, x<2
2ax—b, x> 2

. In order that f'(2) exist we must have a =2a(2)—b=>a=4a—b=3a=>b

= f'(x) = {




18.

19.

20.

21.

22.
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Then 2a~2b+3=0and3a=b=a=3andb=1.
(b) For x < 2, the graph of f is a straight line having a slope of % and passing through the origin for x > 2, the

graph of f is a parabola. At x = 2, the value of the y-coordinate on the parabola is % which matches the y-
coordinate of the point on the straight line at x = 2. In addition, the slope of the parabola at the match up
3

point is 1 which is equal to the slope of the straight line. Therefore, since the graph is differentiable at the

match up point, the graph is smooth there.

(a) For any a, b and for any x # —1, g is differentiable at x. Next, g differentiable at x = —1 = g continuous
atx=-1= lim+ g(x)=g(-1) = —a—1+2b=—-a+b =b=1. Also, g differentiable at x # —1

x——1

a, x<-1
= g'(x)= 9 ’ . In order that g/(—1) exist we must have a = 3a(-1)2+1 = a=3a+1
Jax“+1, x> -1 .

>a=-—

Mh——l

(b) For x < —1, the graph of f is a straight line having a slope of —-12- and a y-intercept of 1. For x > —1, the

graph of f is a parabola. At x = —1, the value of the y-coordinate on the parabola is % which matches the

y-coordinate of the point on the straight line at x = —1. In addition, the slope of the parabola at the

up point is —-% which is equal to the slope of the straight line. Therefore, since the graph is differentiable

at the match up point, the graph is smooth there.

fodd = f(~x) = —f(x) = ——(f(-—x)) d I () = f'(—x)(-1) = —f'(x) = f'(—x) = f'(x) = f' is even.
£ even = f(—x) = (x) = & () = L (6(x)) = F(—x)(~1) = F(x) = F(—x) = ~F(x) =  is odd.
Let h(x) = (fg)() = 1) 8(x) = () = Jig Y200 gy I8~ Txo) o)

LR GECETOERCSTL I P L) | N P (O REL51)

x—»x0 X—Xp x—%g

= t(xo) Jim [EOFZECD ]+ g () = 0ty R E0 .4 ) ) = a0 ), i
continuous at x;. Therefore (fg)(x) is differentiable at x if f(xy) = 0, and (fg)’ (xo) = (%) f'(xo)-

From Exercise 21 we have that fg is differentiable at 0 if f is differentiable at 0, f(0) = 0 and g is continuous
at 0.
(a) If f(x) = sin x and g(x) =|x|, then |x|sin x is differentiable because f'(0) = cos (0) = 1, f(0) =sin (0) =
and g(x) =|x|is continuous at x =0.
(b) If f(x) = sin x and g(x) = x*/3, then x 2/3 sin x is differentiable because f' (0) =cos(0) =1, f(0) =sin(0) =0

and g(x) = x2/3 is continuous at x = 0.
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23.

24.

25.

(c) If f(x) = 1 —cos x and g(x) = 3/%, then 3/x (1 - cos x) is differentiable because {'(0) = sin (0) =0,
£(0) = 1 —cos (0) = 0 and g(x) = x!/3 is continuous at x = 0.

)=
(d) If f(x) = x and g(x) = x sin (%), then x sm( ) is differentiable because f’(O) =1, f(0) =0 and

sin t
t—+00 t

. . (1
lmb x sm(i

X =

=0 (so g is continuous at x = 0).

1
sin| % . :
lm}) x sin (%) = lim (x) = :13& %ﬁ =0 (so g is continuous at x = 0). In fact, from Exercise 21,

h’(0) = g(0)f'(0) = 0. However, for x # 0, h'(x) = [x cos(l)](_$)+ 2x sin (%) But

lin%) h'(x) = ’l‘ir% [—cos (%)+ 2x sin(l)] does not exist because cos( )ha,s no limit as x — 0. Therefore,
X— —
the derivative is not continuous at x = 0 because it has no limit there.

From the given conditions we have f(x +h) = f(x) f(h), f(h) — 1 = hg(h) and }llin%) g(h) = 1. Therefore,

f+h) = () _ o ) f(h) — f(x)
- hn - - nh

h—0

f() = Jim  Jim 091 < 100 fim 8(8)] = 1601 =100
= f'(x) = f(x) exists.

d
Step 1: The formula holds for n = 2 (a single product) since y = uju, = g—i— = Hu_ uy +uy CH;

Step 2: Assume the formula holds for n = k:

du, du, duy
Y =ugug Uy = dx T Uls ety Zug - w gy E

dy _ d(uyuy-uy) duyyy
Iy = uyuy - wan ) = (uyuy Uy )y g then = A Ukl +ujuy -y —

dul du duk+1
=\gx LoUs Uty '({—“3 S L R W el LS T L B S e

dul duk duk+l
=gx U2Us Uk T 'J— UgeerUpe g +oc Uy Uy g on Uk F U U Uy —a

Thus the original formula holds for n = (k+1) whenever it holds for n = k.
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NOTES:
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