CHAPTER 4 INTEGRATION

4.1 INDEFINITE INTEGRALS

1. (a) 3x® (b) %8 (c) 583- 3x? 4 8x
2. (a) x73 (b) _x_3_"3 (c) —-XT—3+x2 +3x
— 4
3 (@) 55 () =5 . © ¥+5
4. (a) VX® (b) V& (© 2vVB+2yk
5. (a) x*/3 (b) x'/3 (c) x~1/3
6. (a) cos(mwx) (b) —3 cos x (c) ios.,r(—”x)+cos (3x)
7. (a) tan x (b) 2 tan (%) (c) —%tan (-325-)
8.‘ (a) sec x (b) %sec (3x) (c) %sec(z%)
9. J(x+1)dx=x—2—2-+x+C 10. J(3t2+%)dt=t3+§+c

11. 1__5 dx=In|x|—-5 tan"1x+C
XT3

(1 2 1

12. S —Xxt—z

u (x2 *73

[ _ x
13. | (e +4%)dx=—*+274C

3

_ 3/2  _4/3
14. | (VE+3/E)dx= .[(x1/2+x1/3)dx=’-‘i+%+c=%"3/2+%"4/3+C
2

[ 2 1 — o gn-ly_4.3/4,
15.~( T ——y1/4)dy 2sin”y 3¥ +C
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30. Letu=x2+4=>du=2xdx=>—2—*xdx

dx _ | d d 1 1 -
Jﬁ_Iﬁ 2]—9 5Intui+C §1n|x +4|+C= Q-In(x +4)+C=InvV¥+4+C

3l. Letu=2—-cost = du=sin t dt

ﬁ%dt: J du—“=ln|u|+C=ln|2—cost|+C

—1 4= —
32. . sintcostdt_JseCtCSCtdt_seCt+C

33. ————-1——dx=%J 2 dx=%J du , where u = 2x and du = 2 dx
J V1-4x? ;71_(2,()2 1—u?

= % sin"lu+C= % sin™! (2x) + C

dx  _1[ _dx _V/3x _\V3 = dx
}34. J9+3x2_§J1+3 2/9 Let u= =>du—-3-vdx=>\/§du—dx,
lI dx =([§)J du =\/§ +C__\/- -1 ‘\/_x_'_c_ tan‘l X +C
9) T+3x2/9 \'9 1+u? 9 3\/5 V3
35. I——‘i-’L——=J——‘ill——,whereu=5xanddu=5dx
xV/25x% -2 uvu? -2
1 -1|_u 1 ~1|5x
= —= —=(+C=—= 2814 C
\/isec 5 \/Esec 5

3 dr 3 du
36. J =—J , where u =2(r— 1) and du =2 dr
Ji-aa-1? 2 Vit

=%sin_1u+C=g—sin_12(r-—1)+C

d _1 du — —
37. J 1+(3;‘+1)2_§ J 1_’_u,‘,,whereu-—3x+1emddu--3dx

=%tan'1u+0=%—tan‘l(3x+1)+c

d
38. ,[\/)ll—yy‘*:%J \/ldiuz,whereu=y2 and du = 2y dy
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=%sin"1u+0=%sin'1y2+0

39. Let u = e* = du = * dx; J & _dx= J‘ ——e,i-——zdx= J du2=tan“1u+C=tan"1(ex)+C
1+(e)

1+ e 14+u
= 144 4dt du _ -1 — -1
40. Letu_lnt=>du_fdt,Jt(1+ln2t)_4jl+u2—4tan u+C=4tan" " (lnt)+C

41. (a) Let u =tan x = du =sec?xdx; v=u’ => dv=3u?du= 6 dv=18u? dy; w=2+v => dw =dv

18 tan®x sec’x 4 =I__1_§Ld =I 6 dv =J6dw=6j Y S
J (2+tan3x)2 * (2+u3)2 u (2+v)? w2 wldw=~6w"" +C= 2+v+
6 6
= - C=-—--3 o 4C
2+l13+ 2+tan3x+

(b) Let u=tan®x = du=3 tan?x sec?x dx = 6 du = 18 tan’x sec?x dx; v=2+u = dv =du

18 tan’x sec?x 4 _J 6 du Jde 6 6 6

— L s = dx = = =-—--+C=-.— +C=————+
J (2+tan3x)2 (2 +u)? v? M 2+u 2 + tan3x
(c) Let u =2 +tan3x = du = 3 tan?x sec’x dx = 6 du = 18 tan?x sec’x dx

J18tan2xsec2xdx=J6du=__§_+c_ 6

[ | B
2 2 u 3
(2 +tan3x) u 2 +tan’x

42. (a) Letu:x—l=>du=dx;v=sinu=>dv=cosudu;w=1+v2:>dw=2vdv=>%dw=vdv

j\/1+sin2(x—l) sin(x—1) cos(x—1) dx:J\/1+sin2usinucosudu:JV\/1+v§ dv
3/2 3/2
= J%—ﬁdw:%w3/2+C=%(l+v2)/ +C=%(1+sin2u)/ +C=%(2+sin2(x-—1))3/2+0
(b) Letu:sin(x—l)=>du=cos(x—1)dx;v=1+u2=>dv=2udu=>%dv=udu
I\/1+sin2(x-—1) sin(x—1) cos(x—1) dx = J‘u\/1+u§ du = I%ﬁdv: I%vl/z dv
3/2 . 3/2
=(%(%)v3/2)+0=%v3/2+0=%(1+u2) +C=%(1+sm2(x—1)) +C
(c) Let u=1+sin?(x~1) => du =2 sin(x—1) cos(x—1) dx=>%du=sin(x—l) cos(x—1) dx

I \/1+sin?(x—1) sin(x—l) cos(x—1)dx = J.—%-\/G du= [%uln du=%(%u3/2)+c

= .1.(1 +sin? (x — 1))3/2 +C
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Letu=3(2r—1)2+6 = du=6(2r—1)(2) dr = L. du= (2r— 1) dr; v = /1 = dv = L

15 du = % dv

2/

= 121/6 du
(2r—1) cos4/3(2r —1)2 4+ 6 cos /u
J Y o= (2 )

u =I(C°SV) lav)=lsinv+Cc=1lsin Ju+C
V3@ -1 +6 Ju (9v)=3 g sin /u
= gsiny/3(2r-1)2+6+C
in /6
Let u = cos v/8 = du = (—sin \/—)(L)dei-adu:sm\/_de
Ve Ve

J _sinvB o J _sinvB g I —23%“ 2Ju'~°'/2 du=-2(-20"1?)+c=441C
\/9c0s3\/§ \/_\/coss\/_ \/G

— 4
\/cos Ve

Letu=3t2~1= du=6tdt = 2 du=12t dt

+C

= J.12t(3t2—1)3 dt = Ju3(2 du)=2(%u4)+0=%u4+0=%(3t2—1)4+C;
s=3whent=1=3=13-1)14C>3=84C=>C=-5=s=1(32-1)'-5

Let u=x?+8 = du = 2x dx = 2 du = 4x dx

y= J4x(x2+8)_1/3 dx = Iu"1/3(2 du) =2(%u2/3)+C=3u2/3+C=3(x2+8)2/3+C;
y=0whenx=0=>0=3(8)2/3+C:>C:-—12:>y=3(x2_+8)2/3—

Letu=t+%=>du=dt

s= ISsinz(t+f’—2)dt= JSSln udu-—S(f—Zsm 2u)+C 4(t+17r2) 2sin(2t+%)+0;

—_ — - T\ _9¢in(X .y T -
s—8whent_0:8—4(ﬁ) 2sm(3-)+C$C-8 3+1—9 3=>s—4t 2sm(2t+6)+9
g—i—:l+,1—‘at L3) =>y=x+hix|+Cy=3atx=1=>C=2=>y=x+In|x|+2

3—{ =et sin(et —2) >y= f et sin(et—2) dt;

letu=et—2=>du=etdt=>y= Jsinudu=~cosu+C=—cos(et—2)+C; y(ln2) =0

= —cos (elnz—2)+C=0=>—cos(2—2)+C=0=>C=cosO=1; thus,y:l—cos(et—2)

dy

i~ =e" secz(re't) =>y= I et secz(we‘t) dt;
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let u=me~t = du = —me™* dt:—-l—du=e't dtﬁy:—,—lr-Jseczu du =-— 1t;an u+C

=—%tan( t)+C, y(1n4)—,r=>——tan(we'ln4)+C—%=>—ltan( )+C=%

= ——(1) +C= ,, =C= 2, thus, y = 3 %tan(we_t)

51. Letu=2t—§=>du_2dt=>—2du——4dt

%: I —4 sin(2t—%) dt = .[ (sin u)(—2du) =2 cos u+C; =2 cos(2t—%)+01;

at t = 0 and §8 = 100 we have 100 = 2 cos(~F)+C; = C; =100 = by cos((2t )+ 100
>s= I(2 cos(2t—--7§r)+100) dt = J(cos u +50) du = sin u+50u+C, =sin(2t—§)+ 50(2t-%)+02;
at t =0 and s = 0 we have 0 =sin(—%)+50(—-725)+02 = Cy=1+257

=>s= sin(Zt -g)} 100t — 257 + (1 4 267) => s = sin(2t—12"-)+ 100t +1

[=9

2
52. —};=seczx=>g—y=tanx+c and 1 = tan 0+C:Sl—y-=tanx+1=>y= J(tanx+1) dx
X X dx

.

=Inisec x|+x+C, and 0 =In|sec 0|+ 0+C; = C; =0 => y =In|sec x|+x

(=¥
[

ay __ g.—x d_}"__ -x O fd_X_ — _9a0 —_ 9. dy _ -x
53. x2—2e > %= 2e +C,x—0anddx—0=>0— 2e +C=>C—2,thusa—i——-2e +2

o,

>y=2*+2x+Cj;x=0andy=1=1=2"+C, = C;=-1=>y=2"+2x-1=2(e*+x)-1

d%y _ LAy 1 dy
54.5;‘7__1 =>F=t-35¢ +Ct—1anddt_0=>0_1—§e +C=C= —e —1; thus
d 1 1
d{ 1e2t+-%e2 1=>y=%t2—ze2t+(§e2 )t+Cl,t_landy-——1=> -1= %—%e2+%e2—1+01
=>Cl=—%—i—e2ﬁy=%t2—%e2t+(%e2—1)t—(%+%e2)
55. —\7-;===>dy 7=====>y=sin‘1x+c;x=0andy=0:0=sin'10+C:C=0=>y=sin'1x
d - -
56.(—1%=X21+1—1:dy:(ﬁ—l)dx#y:tan 1(x)—x+C;x=0andy=1=>1=tan lo—-0+C

=>C=1=y=tan 1 (x)—x+1

dy

57. =>dy =>y—sec x|+ C; x—2andy—7r=>7r—sec 194C=>C=r—-sec!2
xVx - xx_/-x -

2_7r
3

=1r—%= =>y=sec_1(x)+%,x>l
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dy 1

oy __1 1 2
dx 14 x?

\/—12:;2 = dy=(1+x2',/‘1 -—x2>dx = y=tan"lx-2sin"lx+Cix=0and y =2

=2=tan"10-2sin"10+C=>C=2=>y=tan 'x—2sin"1x+2

Letu=2t=>du=2dt =>3du=6dt
8= JGsin 2tdt=J(sinu)(3du)=—3cosu+C=—3cos2t+C;

att=0ands=0wehave0=—-3c030+C=>C=3=>s=3—3c082t:s(%)=3—3cos(7r)=6m
Letu=at =>du=ndt = v du==?dt

v= J 7% cos 7t dt = J (cos u)(w du) = 7 sin u + C; = = sin (7t) + C;;

a.tt:Oandv:Swehave8=1r(0)+Cl=>Cl=8=>v=g%=wsin(rt)+8=>s= I(wsin(wt)+8) dt

= Isinudu+8t+Cz=—cos(7rt)+8t+Cz; att=0ands=0wehave 0 =-14+C, = Cy=1

=s=8t—cos(nt)+1=>s8(l)=8—cosr+1=10m

d(s -1x d . -1x_dC 1 1 1 ; :

——|sinT" §+C)=a-sinT g4+ 52 = ‘5= , which verifies formula 10.
dx( ) dx dx \/1—(x/a.)2 VaZ—x2

- - d 1 1 1 ; ;
%(% tan~? §+C)= % (—ld; tan~? §+£ = m-g+0 =7 which verifies formula 11.

(b) 1 +84x2 dx =2 J m dx = 2[2 tan~12x + C] = 4 tan~!2x + C, where C = 2C

2
_ _sec x +tan x _ | sec®x+sec x tan x
Isecxdx_Isecx secx+tanxdx_J sec x + tan x dx

Let u =sec x + tan x and du
= =J-ﬁ-—=ln|secx+tanx|+C
du = (sec?x + sec x tan x) dx

All three integrations are correct. In each case, the derivative of the function on the right is the integrand on
the left, and each formula has an arbitrary constant for generating the remaining antiderivatives. Moreover,

sin2x+Cl =1—coszx+Cl = C,;=1+Cy; also —cos2x+C2 = —9%’-‘-—-%+C2 = Ca=02—-21-=01+-21-.
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4.3 ESTIMATING WITH FINITE SUMS

1.

Using values of the function taken from the graph at the midpoints of the intervals,
Area = (0.25)(2) + (1.0)(2) + (2.0)(2) + (3.25)(2) + (4.0)(2) + (4.0)(2)

+ (3.35)(2) + (2.25)(2) + (1.3)(2) +(0.75)(2) + (0.25)(2) = 44.8 mg -sec/L. Cardiac output

_amount of dye o 5 mg sec . .
= area under curve « 60 ~ 44.5 mg -sec/L x60 min 6.7 L/min.

Using values of the function taken from the graph
at the midpoints of the intervals, c
Area &~ 0(2) + (0.1)(2) + (0.4)(2) + (1.2)(2) + (3.2)(2)
+(5.3)(2) + (6.8)(2) + (7.6)(2) + (7.7)(2) + (6.9)(2)
+(5.6)(2) + (4.0)(2) + (2.8)(2) + (1.6)(2) + (0:2)(2)

=107.0 mg - sec/L.
dye concentration « 60 \
area estimate ) 5 10 Tlm?o (“2‘3 25 30

x 60 S€¢ = 5.61 L/min.
min

(=)

N

Dye Oomn:m {mg/L)

Cardiac output =
_ 10 mg

~ 107.0 mg -sec/L
(2) D & (0)(1) + (12)(1) + (22)(1) + (10)(1) + (5)(1) + (13)(L) + (11)(1) + (6)(1) + (2)(1) + (6)(1) = 87 inches
(b) D =~ (12)(1) + (22)(1) + (10)(1) + (5)(1) + (13)(1) + (11)(1) + (6)(1) + (2)(1) + (6)(1) + (0)(1) = 87 inches

(2) D = (1)(300) + (1.2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) + (1.2)(300)

+ (1.0)(300) + (1.8)(300) + (1.5)(300) + (1.2)(300) = 5200 meters (NOTE: 5 minutes = 300 seconds)
(b) D = (1.2)(300) + (1.7)(300) + (2.0)(300) + (1.8)(300) + (1.6)(300) + (1.4)(300) -+ (1.2)(300) + (1.0)(300)
+ (1.8)(300) + (1.5)(300) + (1.2)(300) + (0)(300) = 4920 meters (NOTE: 5 minutes = 300 seconds)

(a) D =~ (0)(10) + (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10)
+(35)(10) + (44)(10) + (30)(10) = 3490 feet ~ 0.66 miles

(b) D = (44)(10) + (15)(10) + (35)(10) + (30)(10) + (44)(10) + (35)(10) + (15)(10) + (22)(10) + (35)(10)
+ (44)(10) + (30)(10) + (35)(10) = 3840 feet s 0.73 miles

(a) The distance traveled will be the area under the curve. We will use the approximate velocities at the
midpoints of each time interval to approximate this area using rectangles. Thus,
D = (20)(0.001) 4 (51)(0.001) + (72)(0.001) + (89)(0.001) + (102)(0.001) + (112)(0.001) -+ (120.5)(0.001)
+(128.5)(0.001) + (134.5)(0.001) + (139.5)(0.001) ~ 0.969 miles

(b) Roughly, after 0.0063 hours, the car would have gone 0.485 miles, where 0.0060 hours = 22.7 sec. At 22.7

sec, the velocity was approximately 120 mi/hr.

(a) Sy = w[4/16 - (—2)2]2(2) +alv16-071°(2) + /16 - (2)2]2(2) = 7[(16 — 4) + (16 — 0) + (16 — 4)](2)
= 80~
|V—S4|_| (2_26)"_80”| 16

(b) Vv = (2%@)” =mz6%
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8. (a) Sg=7[(25—(=3)%)+(25—(=1)?)+(25 - (1)2) +(25 = (3)%)](2) = 7(16 + 24 + 24 + 16)(2) = 160~

500, _
(b)V=%,.-r3_=5007r=$lv—55|_l(3)W 1601' ”

128\ _(93 l
(b) V= 126n |VVSs| l( 3()%)(: )W = 2~ 0%

(16 (%)2 (% =—725[112-—i——1—%—4—%—9—%}:%’-:1—?, underestimates
()@
(b) IVVSSI_ (53 ();%)(: )" =25~ 10%

11. (a) To have the same orientation as the hemisphere in
Exercise 10, tip the bowl sideways (assume the water
is ice). The water covers the interval [4,8]. The
function which will give us the values of the radii of
the approximating cylinders is the equation of the
upper semicircle formed by intersecting the

hemisphere with the xy-plane, f(x) = v/64 —x2.

Using Ax = and left-endpoints for each interval
= Sg= r[(64 - (4)2)+(64 —(2)2>
+(64—(5)%) ( ) (64~ (6)?)

+

(64 (13) (64— (7)2)+ (64 (%) )](2) (512168l 2512155169 _49_225)

=2(386 — 398 ) = Z(1544 - 596) = %Bx = 118.5r;

320),r _(9‘3—8)7rl= 2843&3560 ~ 11%

339
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15.

16.

17.
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We are using boxes (rectangular parallelepipeds) that are 30 feet wide, 5 feet long, and h(x) feet deep to

approximate the volume of water in the pool.

(a) Using left-hand endpoints in the table: S = (30)(5)(6.0) + (30)(5)(8.2) + (30)(5)(9.1) + (30)(5)(9.9)
+(30)(5)(10.5) + (30)(5)(11.0) + (30)(500(L1.5) + (30)(5)(11.9) + (30)(5)(12.3) + (30)(5)(12.7) = 15,465 ft>.

(b) Using right-hand endpoints in the table: S = (30)(5)(8.2) +(30)(5)(9.1) + (30)(5)(9.9) + (30)(5)(10.5)
+(30)(5)(11.0) + (30)(5)(11.5) + (30)(5)(11.9) +(30)(5)(12.3) + (30)(5)(12.7) + (30)(5)(13) = 16,515 ft3.

(a) Sg= w[(\/(j)z +(\/i)2 +(\/§)2 +(\/§)2 +(\/Z)2](1) = 10w, underestimates the volume.

V=sy|_(B)r-10r_,

(b) V - (22_5)” =2—5= 20%

(a) Sy = w[(\/f)z +(\/§)2 +(\/§)2 +(\/41)2 +(\/g)2](1) = 15, overestimates the volume.

|V-8;| 1tom— (225'
(b) =
.

)W=25—5=20%

(a) Because the acceleration is decreasing, an upper estimate is obtained using left end-points in summing
acceleration - At. Thus, At = 1 and speed ~ [32.00 + 19.41 + 11.77 + 7.14 + 4.33](1) = 74.65 ft/sec

(b) Using right end-points we obtain a lower estimate: speed ~ [19.41+11.77 +7.14 +4.33 + 2.63](1)
= 45.28 ft/sec

(c) Upper estimates for the speed at each second are:

t] 0 1 2 3 4 5
v| 0 32.00 51.41 63.18 70.32 74.65

Thus, the distance fallen when t = 3 seconds is s & [32.00 + 51.41 + 63.18](1) = 146.59 ft.

(a) The speed is a decreasing function of time => left end-points give an upper estimate for the height
(distance) attained. Also
t 0 1 2 3 4 5

v | 400 368 336 304 272 240

gives the time-velocity table by subtracting the constant g = 32 from the speed at each time increment
At =1 sec. Thus, the speed =~ 240 ft/sec after 5 seconds.
(b) A lower estimate for height attained is h ~ [368 + 336 + 304 + 272 + 240](1) = 1520 ft.

Partition [0,2] into the four subintervals [0,%—], [%, 1], [1,32—], and [%,2]. The midpoipts of these

subintervals are m; = %, my = %, my = %’ and m, = '41 The heights of the four approximating




18.

19.
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rectangles are f(m,) = (-‘11)3 = EIZ’ f(m,) = (i) 64’ f(m,) = (%) = —4§ and f(m,) = (-Z—)s = %

127,125 343
= Average value &~ 64 6 464\ 64 _ 1427 Z 16245 + 343 % = % Notice that the average value is

RPN ) s € ) Y Y VRS TSRS VRS

= m%f—'—[ﬁ_i] .[apprzl):;l‘za;fx?riaxgnder]_ We use this observation in solving the next several exercises.

Partition [1,9] into the four subintervals [1,3], [3,5], [5,7], and [7,9]. The midpoints of these subintervals are

m; =2, m, =4, m3 = 6, and m, = 8. The heights of the four approximating rectangles are f(m,) = -é—,

f(m,) = %, f(mg) = 6’ and f(m,) = 5. The width of each rectangle is Ax = 2. Thus,

1

g
1 1 1 5 area, (%%) 25
w2 (B 21 +2(3) +2(§)= 1 = o v m i = U gp.

Partition [0,2] into the four subintervals [0,0.5], [0.5,1], [1,1.5], and [1.5,2]. The midpoints of the subintervals

are m; = 0.25, my = 0.75, mz = 1.25, and m, = 1.75. The heights of the four approximating rectangles are

2
f(m1)=%+sin2£-=%+%=1,f(m2)=-%-+s1n2§41=%+%=1 f(mg) = 2+sm257r 2+(—L>

4 \/5
2
— _é__*_%_ =1, and f(m,) = %+ sin? —7-475 = %+(——1\/—5) = 1. The width of each rectangle is Ax = % Thus,
1 —
Aream (1+1+1+ 1)(5) = 2 = average value & lengtﬁrg? aQ 2] =1

Partition [0,4] into the four subintervals [0,1], [1,2,], [2,3], and [3,4]. The midpoints of the subintervals

are my = -%—, m, = %, mgy = —g—, and m, = % The heights of the four approximating rectangles are

1 4
f(m;) =1 —(cos(rgi)>) = —(cos(’s—r))4 =0.27145 (to 5 decimal places),

f(my) = 1 _<cos( g%>)) =1 —(cos(3_"))4 = 0.97855, f(mg) = 1 —<cos(wg%)))4 =1 —(cos(%’l))4
"(3)

8
4
= 0.97855, and f(m,) = 1—(cos( i ) =1- (cos(787r)) =0.27145. The width of each rectangle is

Ax = 1. Thus, Area = (0.27145)(1) + (0.97855)(1) + (0.97855)(1) + (0.27145)(1) = 2.5 = average
area _25_5

value & f o [0,4] — 4 — 8

Since the leakage is increasing, an upper estimate uses right end-points and a lower estimate uses left

end-points:




—
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22.

23.

24.

(a) upper estimate = (70)(1) + (97)(1) + (136)(1) + (190)(1) + (265)(1) = 758 gal,
lower estimate = (50)(1) + (70)(1) + (97)(1) + (136)(1) + (190)(1) = 543 gal.

(b) upper estimate = (70 + 97 + 136 + 190 + 265 + 369 + 516 + 720) = 2363 gal,
lower estimate = (50 + 70 + 97 + 136 + 190 + 265 4 369 + 516) = 1693 gal.

(c) worst case: 2363 + 720t = 25,000 = t = 31.4 hrs;
best case: 1693 + 720t = 25,000 = t ~ 32.4 hrs

Since the pollutant release increases over time, an upper estimate uses right end-points and a lower estimate

uses left end-points:

(a) upper estimate = (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) + (0.52)(30) = 60.9 tons
lower estimate = (0.05)(30) + (0.2)(30) + (0.25)(30) + (0.27)(30) + (0.34)(30) + (0.45)(30) = 46.8 tons

(b) Using the lower (best case) estimate: 46.8 + (0.52)(30) +(0.63)(30) + (0.70)(30) + (0.81)(30) = 126.6 tons,

so near the end of September 125 tons of pollutants will have been released.

(a) The diagonal of the square has length 2, so the side length is \/5 Area = (\/5)2 =2

(b) Think of the octagon as a collection of 16 right triangles with a hypotenuse of length 1 and an acute angle
27

measuring 6= -781

Area =16 (%)(sin %)(cos 8) 4 s1n =24/2 ~ 2.828
(¢) Think of the 16-gon as a collection of 32 right triangles with a hypotenuse of length 1 and an acute angle

o 2T _
measuring 3—2— = TB'

— 1V 0 T T s
Area = 32(2)(sm 16)(cos 16) 8 sm 3.061
(d) Each area is less than the area of the arcle, m. As n increases, the area approaches 7.

(a) Each of the isosceles triangles is made up of two right triangles having hypotenuse 1 and an acute angle

measuring %7" T The area of each isosceles triangle is Ap = 2( )(sm Neos E) = % sin &"-

2
n

(b) The area of the polygon is Ap = nAyp =% in ln—, so lim Ap = lim % sin 2n = lim = .s(lgr)
iy

(c) Multiply each area by 2.

Ap= lr2 sin 2n

Ap = —2-1‘2 sin 2T1r

lim Ap = mr?
n-—-oo

25-28. Example CAS commands:

Maple:
with(student):
f:i=x -> sin(x); a:= 0; b:= Pj;
plot(f(x),x=a..b);
n:= 1000;

WL
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middlebox(f(x),x=a..b,n);
middlesum(f(x),x=a..b,n);
average:= evalf(%)/(b—a);
fsolve(f(x)=average,x);

Mathematica:

Clear[x]
flx_] = Sin[x]
{a,b} = {0,Pi};

Plot[ f[x], {x,a,b} ]

n = 100; dx = (b—a)/n;

Table[ N[f[x]], {x,a+dx/2,b,dx} ];
fave = (Plus @@ %) /n

n = 200; dx = (b-a)/n;

Table[ N[f[x]], {x,a+dx/2,b,dx} ];
fave = (Plus @@ %)/n

n = 1000; dx = (b—a)/n;

Table[ N[f[x]], {x,a+dx/2,b,dx} ];
fave = (Plus @@ %)/n
FindRoot[ f[x] — fave, {x,a} ]

4.4 RIEMANN SUMS AND DEFINITE INTEGRALS

2
6k__ 6(1) L, 6(2) _6,12_
L 2, gri=tritesr=2t3 =7

k=1
S\ k—1_1-1,2-1,3-1 1,27
2 kz_; E -1 Tz tTg =0+3+i=g

4
3. E cos k7 = cos (17) + cos (27) + cos (37) +cos(4m) = —1+1-1+1=0
k=1

5
4. Z sin kr = sin (17) + sin (27) + sin (37) +sin (47) +sin (57) =0+ 0+0+0+0=0
k=1

2 k+1 .. 7 141 . T 241 T 341 - T \/5 \/5—2
5. Z (-1) smE=(—1) sin T+(—1) sin —2—+(—1) sing=0-1+4+-="7%—

k=1 2 2
4

6. Y (—1)* cos kr = (=1)" cos (1) + (~1)? cos (21) + (=1)3 cos (3n) + (—1)* cos (47)

k=1

=—(-1)+1-(-1)+1=4
7. (a) ;y @.3) (b) 4_ 3) (C) N i 2.3
T ’ { 2 )y =x"-1,
{)(;):;; -1 j( )(;):;2 -1 Alr‘(s)‘r o

| Midpoint

| Right-hand

| Left-hand
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flx) = sinx.
~-RSXSH
1eft-hand

10. (a)

2

f(x)=sinx+1
1.

yt
-3.14159-1.5708

11. | x2dx

O Sy

3
1
14. J 1__xdx
2

4
=16+2)6) =2=> J (5+3
=2

= 21 square units

(b)

flo)=sinx
~mSXST
Right-hand

(b)

f(x)=sinx+1
15

2

1.5*25 314159

()

Al
fl)y=sinx
~n<XEM
Midpoint
-

(<)

2

f(x)=sinx+1

yi
-3.14159-1.5708

1.5;03 3.14159

5
13. J (x2 - 3x) dx
=7

16. (sec x) dx
- /4

[N

ot
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18. The area of the semicircle is A = %7!’1‘2 = %1(3)2 R
3
_9 J </ 2 3, 9 : 2
=57 => 9 — x* dx = 37 square units
? -3 : 1) =V o-x2
1
r
e R iz 3
19. The area of the triangle on the left is A = %bh = %(2)(2)
= 2. The area of the triangle on the right is A = %bh
1
= %(1)(1) = % Then, the total area is 2.5 => J Ix| dx
-2 ‘
= 2.5 square units LS -t s )
20. The area of the triangular peak is A = %bh = %(2)(1) = 1.
The area of the rectangular base is S = ¢w = (2)(1) = 2. y 1) =2 x|
1
Then the total area is 3 = J (2 —1x1) dx = 3 square units .
-1 b
) =
b b
=Llipym) =22 i =1p2b) - Lla(2a) = b2 — a2 i
21. | x dx = 5(b)(b) = 7 square units 22. | 2sds= 2b(2b) 5a(2a) = b” —a” square units
0 a
y
b y y =% 26 y=2s
2
X
®
s

345
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23.

24.

25.

26.

217.

28.

The graph of f(x) = 1 — x on the interval [0,1] forms a right isosceles triangle in the first quadrant with its two

legs, each of length one, lying on the coordinate axes. The area of the triangle is A = %bh = %(l)(l) = %, which
1 1

is also the value of the integral J (1-x)dx =-% therefore, av(f) = J (1-x)dx= (1)( ): L
0 0

The graph of f(x) = (x| on the interval [-1,1] forms two congruent isosceles right triangles one in the first

and the other in the second quadrant. The total area of these two triangles is A = 2(%bh) = 2(% -1 1) =1,
1 1

which is also the value of the integral J x| dx, therefore, av(f) = T——_%——_l) J Ixldx = %(1) =2
-1 -1

The function f(x) = v/1 — x? on the interval [0, 1] forms a quarter-circular area of radius 1 lying in the first

quadrant with its center on the origin. The area of this quarter-circle is A = Tr

Z
of the integral I v/1 —x? dx, therefore, av(f) =——1—0 I Vi-xtdx = (1)( )

4, which is also the value

The function f(x) = 4/1 - (x— 2)? on the interval [1,2] forms a quarter-circular area of radius 1, lying in the
first quadrant with the center of the circle on the point (2,0). The area of this quarter circle is A = %rz =

2
which is also the value of the integral J A/1— (x—2)? dx, therefore,

1

2
av(f) = 5L I Vi-c-22=)(5)=%

T
Zy

2 1 5
(a) J g(x) dx =0 (b) J g(x) dx = — I g(x) dx = —8
C2 5 1
2 2 5 5 2
(¢) | 3f(x)dx=3 | f(x) dx =3(—4) =-12 (d) | f(x)dx= | f(x)dx— | f(x) dx=6—(—4) =10
roe=s ] [ e | e
5 5 5
(e) J [f(x) —g(x)] dx = I f(x) dx — [ gx)dx=6-8=—
1 1 1
5 5 5
¢9)] I [4f(x) —g(x)] dx =4 J f(x) dx — I g(x) dx =4(6) -8 =16
1 1 1
9 9
(a) J ~2f(x) dx = -2 J f(x) dx = -2(-1) =2
1 1
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9 9 9

(b) J [(x) + h(x)] d J £(x) dx+J h(x) dx = 5+4 =9
7 7 7
9

9 9
(© | [260x) - 3h(x)] dx = 2 J f(x) dx — 3 J h(x) dx = 2(5) — 3(4) = —
7 7 7
1 9
(d) | f(x)dx=- I fx)dx=—(-1)=1
9 1

S |

9 9
(e) | f(x)dx= J f(x) dx — J fx)dx=-1-5=-6
1 7

; . 9 9 9

€3] J [hix) —f(x)] dx = J {f(x) = h(x)] dx = J f(x) dx — J hix) dx=5-4=1
9 7 7 7
2 2 2 2

29. (a) J f(u) du = J £(x) dx = 5 (b) J V31(z) dz= /3 f f(z) dz = 5/3
1

i ' 2 2 2 1

©) I £(t) dt = — I £(t) dt = —5 ) J [~£(x)] dx = — J f(x) dx = -5
2 1 1 1

-3 0 0 0
30. (a) J g(t) dt = j g(t) dt = (b) Jg(u) du = J g(t) dt = /3
0 3 =3 =3
0 0 0
(©) _L [~g(0)] dx _L g(x) dx = —/2 (d)_j 5\—[—- =—\}—§_L g(t) dt = (}f) V2)=1

4 4 3
31. (a) l (z) dz = l f(z) dz — ([ f() dz=7—3 =4

3 4
®) [ #t) dt = - J £(t) dt = —4
1 3

32, (a) | h(e) dr = J h(r)dr— | h(r)dr=6—0=6

.‘l 1 3 3
(b) — J h(u) du=—(— j h(u) du): J h(u) du = 6
3 1 1

33. Tofindwherex x2>0,let x—x2=0=>x(1-x)=0=>x=0o0rx=1. IO0<x<1,then x?<x
= 0<x-x*=a=0and b=1 maximize the integral.

|g__‘._‘
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34. To find where x* —2x2 <0, let x* —2x? =0 = x2(x2 —2) =0=>x=0o0orx= =% \/5 By the sign graph,

++++++ i]/_—— g —— 0 ++-+++++, we can see that x* —2x* <0 on [-v2,v2]=>a=—-y/2and b= V2
-2 2

minimize the integral.

b b
35. By the constant multiple rule, J kdx=k I 1 dx. The Riemann sums definition of the definite integral gives
a a

J ldx= lim Y Axp, andif Axj =232 then lim 35 Ax —2

i = lim >
1P| —0 k=1 IIP|[-0 ¥=1 IP]—0 =) ™

. b—a L _ . b—a .
= 1 1)= 1 -n)= 1 b—a)=b—a. Theref kdx = -
i Plﬂn_’o( T k2=:1 ) " Plﬂn_‘o( - n) im (b—a) a erefore, x = k(b —a),

)
O T

for any k.

36. If f(x) > 0 on [a,b], then min f > 0 and max f >0 on [a,b]. Now, (b—a)minf< | f(x) dx < (b—a)maxf.

P

b
Thenb>a=>b—-a>0=(b—a)minf>0= J f(x) dx > 0.
a

37. f(x) = I _i 5 is decreasing on {0, 1] = maximum value of f occurs at 0 = max f = f(0) = 1; minimum value of f
X
1

~.occurs at 1 = min f =1(1) = 11—— =1, Therefore, (1 —0)min f < J I _: dx < (1 -0)max f
0

412 2 )

=

[N

1
%5 I 1 5 dx < 1. That is, an upper bound = 1 and a lower bound =

1+x

38. See Exercise 37 above. On [0,0.5], max f = 1 5 =1, min f=————1—2=0.8. Therefore
1+0 1+(0.5)
0.5 0.5
0.5 — 0)min f < J f(x) dx < (0.5-0 f=>0.4<J 1 __dx<0.5. On[0.5,1], f=—1 08
( Ymin f < J (x) dx < ( ) max < T3 x < n | ], max 1+(0.5)2
1 1
and min f=—1 5 =0.5. Thus (1-0.5)min f< J 1 5 dx < (1-0.5)max f = 0.25 < [ 1 5 dx < 0.4.
1+1 os 1+x os 14+x

0.5

1 1
Then0.25+0.4§j 1 2dx+J 1 2dx§0.5+0.4:>0.65§J 1 dax<09.
3 1 14+x 3 1+4+x
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39. The car drove the first 150 miles in 5 hours and the Velochy
second 150 miles in 3 hours, which means it drove 300 v

miles in 8 hours, for an average of 3%9 mi/hr

: . valua® . = 37.5 miAv
= 37.5 mi/hr. In terms of average values of functions, :ml

the function whose average value we seek is

30, 0<t<5H .
v(t) = , and the average value is
50, 5<t <8

Time
) 8
Mﬁ'));(—w = 37.5 mph. It does not help to consider o

1
(30X 50)33-0(50)(150) = 40 (mph)/mi because we want the

30, + 0<s<150
v(s) = whose average value is
50, 150 <s <300

average speed with respect to time, not distance.

40. The dam released 1000 m3 of water in 100 min and then

released another 1000 m3 of water in 50 min, for a total ¢

of 2000 m3 in 150 min, which averages to 2000

40 150 2 —_—
=3 m3/min. In terms of average values of functions,

the function whose average value we seek is

10, 0<t<100
t) =

10 [

, and the average value is
20, 100 <1< 150

(10)(1001 5; (20)(50) _ 43_0 m3/min.

41-46. Example CAS commands:

Maple:
with(student):
fi=x->xA2+1;a:=0; b:=1;
n:=20;
leftbox(f(x),x=a..b,n);
leftsum(f(x),x=a..b,n);
evalf(%);
rightbox(f(x),x=a..b,n);
rightsum(f(x),x=a..b,n);
evalf(%);
middlebox(f(x),x=a..b,n);
middlesum(f(x),x=a..b,n);
evalf(%);

Mathematica:

This CAS does not have the leftbox, leftsum, etc. commands. Here are definitions
of 3 functions that plot the boxes and also return the Riemann sum, using either
left endpoints, right endpoints, or midpoints of each subinterval for the values
of the function. The arguments to each are:
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f: a pure function of one variable

{a,b}: the interval

n: the (positive integer) number of subintervals
plotopts: (optional) options for the plot

LeftSum(f_, {a_,b_},n_,plotopts | := Module[

{x, dx = (b—a)/n, xvals, yvals, boxes},

xvals = Table[ N[x], {x,a,b—dx,dx} ];

yvals = Map| f, xvals ] // N;

boxes = MapThread|
Linel{(#1,0}, {#1,#3},{#2,#3},{#2,0}}1&,
{xvals,xvals+dx,yvals} ];

Plot[ f[x], {x,a,b}, Epilog -> boxes, plotopts ];

(Plus @@ yvals)*dx // N

]

RightSum([f_,{a_,b_},n_,plotopts ] := Module|

{x, dx = (b—a)/n, xvals, yvals, boxes},

xvals = Table[ N[x], {x,a+dx,b,dx} ];

yvals = Map[ f, xvals ] // N;

boxes = MapThread[
Line[{{#1,0},{#1,#3},{#2,#3},{#2,0}}1&,
{xvals—dx,xvals,yvals} |;

Plot{ f[x], {x,a,b}, Epilog -> boxes, plotopts ];

(Plus @@ yvals)xdx // N

]

MiddleSum[f_,{a..,b_},n_,plotopts ] := Module[

{x, dx = (b—a)/n, xvals, yvals, boxes},

xvals = Table[ N[x], {x,a+dx/2,b,dx} ];

yvals = Map| f, xvals ] // N;

boxes = MapThread[
Line[{{#1,0},{#1,#3), {#2,#3} {#2,0}}1¢,
{xvals—dx/2,xvals+dx/2,yvals} ];

Plot[ f[x], {x,a,b}, Epilog -> boxes, plotopts };

(Plus @@ yvals)xdx // N

]

Clear[x]

flx_] =xA2+1

{a,b} = {0,1};

n = 20;

LeftSum[ f, {a,b}, n]
RightSum][ f, {a,b}, n]
MiddleSum]| f, {a,b}, n ]

4.5 THE MEAN VALUE AND FUNDAMENTAL THEOREMS

0
1. J (2x +5) dx =[x+ 5x)°, = (02 +5(0)) — ((~2)? + 5(~2)) = 6
=2

o [ (el ()4 )-

0




10.

11.

12.

13.

Section 4.5 The Mean Value and Fundamental Theorems

T
J (1+cos x) dx = [x +sin x]g=(1r+sin ) —(0+sin0) ==
0

©/3

J. 2 sec’x dx = [2 tan x]z;/3 = (2 tan(%))—-@ tan 0) = 2,/3-0=2/3
0
3n/4
csc 6 cot 6 df = [—csc 0]3"/4 (—csc(%’—r))—(—csc(-})) =—-v2-(-/2)=0
w/4
w/2

[ Ltgetao (o) o (5 i ArD) (o _sin 20

0
/2 ™ s 3 s 3

I (8y2 +sin y) dy =[¥—cos y] /2/2 = (8(;%) - cos %)—(8( 372r) —cos(—%)) = 2—375-:-3-
-n/2 -

r+1)?dr= } (r2+2r+1)dr=[§+1c2+r]11 =(13—3+ 12+1)-((—"—31l3+(—1)2+(*1))=

\/5 2 ‘ \/E 2 3 —4 ‘/5 3 3
[ (F-3)- | (%—u*)dw(%%), (e ()

oo

Tl—ﬁdu=T(u'l/z—l)du=(2u1/2—u)F [(2v/0-9)-(2v4-4)]=-3-(0) = -

'+ C=

2
Let u = x2 :du—2x=>dzu--xdx=>Jxex dx:J.%euduz

..e__ﬁ_ -1
-2 27 2

Oy 4
b
®
]
~N
o
>
]
DOj—
®
~N
= e
[

351
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0
Vx v
15. (a) J costdt—[smt‘/_—sm \/x—sin 0 = sin \/_z.‘wdi J cos t dt =ad;(sin V/X) = cos \/i(%x'lﬂ)
" cos v °
=k
d \/; 1.-1/2 COS\/—
() & j cos t dt | = (cos /&) ((v/)) = (cos VE)(3x 1) =51

sin X . sin X

sin X

16. (a) j 3t dt = [t3]1 =sin®x—1= a(—i;( I 3t2 dt) = d%;(sinsx— 1) =3 sinx cos x
1 1

(b) -(;l—x( j 3t2 dt) =(3 sinzx)(%(sin x)) =3 sin®x cos x

1

¢ 14

17. (a) J \/ﬁduzj 1/2du—[2 3/2] =§-( )3/2_0=%t6=>adf J y/udu =%(%t6)=4t5
: 0

0 0
4
d _ /a4 (:4)) — +2(443) = 45
®) & J Vi du [ = VEE(£(e4)) = ¢2(4t%) = a6
0
tan 6 tan 6
18. (a) J sec?y dy = [tan y]ganeztan(tan 6) — 0 = tan (tan 0):%( J sec ydy) g(tan(tan 9))
0 0

= (sec? (tan 6))sec?

tan 6
(b) a%( ‘[ sec?y dy) = (sec? (tan 6))(% (tan 0)) = (sec? (tan 6))sec? 6

0
X X
19.y=] \/1+t2dt=>‘;——Jy{=\/1+x"s 20.y=J.%dt=>%Z—{=)1-(,x>0
0 1
0 Vv
2. y= J sint?dt =>y=- J sin t2 dt=> (sm(\/—) )((—%(ﬁ)):—(sin x)(%x'l/z)z—%_i
Jx 0




22.

23.

24.

25.

26.

27.

28.
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2

X
y= I cos \/E dt = g—g—: = (cos \/;E)(-d—-(x2)) = 2X cos X

0

dx
1/3
* 3 T (3 )
y= J e(t +1) dt; letu=x1/3=>g—;=%x"2/3 and y = J e(t 1) gt
1 1

3
From the Fundamental Theorem, Part 1, g% = e(u 'H) so that the Chain Rule gives

173

d (t3+1) _dy _dydu_ (u3+1) 1.-2/3 __e(x'H)
dx Je dt—ﬁ—du&“(e )(§X )”3,(2/3

1

€ € u
y=Jlntdt,x>l;letuzexég—i:exandy:Jlntdt:-—] In t dt.
X u e
e

From the Fundamental Theorem, Part 1, %fl—’ = —In u so that the Chain Rule gives

€
d _d_Y_fi_Xd_u__ X _ o X(_ X\ — X —X _ _yoX
ax Jlntdt_dx_dudx_( In u)e* =e*(~In e*) = e* In e™* = —xe*,
X
€

Letu=1-2x = du=-2dx

I (1-2xP dx = [—%u3 du=-lut+C= T (1-2x)3 dx:[—%(l—2x)4]: =-}nt-(-F)r=0
0

Letu=t2+1=du=2tdt
1 1
3/2
Jt\/t2+1 dt = [%ul/"' du=30?+C= J tv/t2+1 dt:[%(t2+1)/ ] =32 -1 (1)*/?
0

=%(2\/§—1)

—148 =1
Letu—1+2=>du_2d0

T

Jsin2(1+%)d6= J 2 sinu du = 2(} - § sin 2u)+C = J sin?(1+§)do =[(1+§)-3sin(2+9) :
0
=[(1+%)—%sin(2+w)]—(l—%sin 2):—72[+sin2

Letu:sin%:du: cosil—(dx

A=

T
C2X X e 2. _43 22X . Xaqv_[43x] _437m_ 4.3
Jsm 4—cos-4-dx_J4u du._3u +C=>J sin 4cos4dx--[3sm 4]0.—33m Z 3 sin 0
0
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X
29. Using the method in Example 6, y = J sec t dt + 3. Evaluating the integral gives y = In|sec t 4 tan tl|; +3
2

30.

31

32.

33.

34.

(see Exercise 65 in Section 4.2) = y =In

sec x+tan x
sec 2 + tan 2‘+3

X b
. . : . 3
Using the method in Example 6, y = J tv/1+t2 dt —2. Evaluating the integral gives y = %(1 +12) e 2
0
1

T L VR U e o

:il—{ =etsin(et—2) >y = I et sin(et — 2) dt;

ltu=e'—2=>du=e'dt=>y= Jsinudu:—cosu+C=-cos(et-2)+C; y(ln 2) =

= —cos (eh‘2—2)+C=0 = —cos{(2-2)+C=0= C=cos 0 =1; thus, y = 1—cos(e°—2)

2

3%:1— 2‘:3—1:t—%e“+0 t—landd}t’—O:O—l——e +C=>C— e —1; thus

dy . 1.2t 12 _l.2 12t ,(12 Ct = — _1 12,12

= —5e +2e —1=>y_2t -3¢ +(§e —1)t+Cl,t-—1andy——1=>—1—§—Ze +§e -1+4C

=C; = -—%—%ez =>y =%t2—%ezt+(%e2—1) (2+ie2)

—x?—-2x=0= —x(x+2) =0=x=0or x=—2; Area

y
-2 0 2
=-— J (—x2—2x)dx+J (—x2—2x) J (—x2—2x) 3 2 -1 1 X
23 2 0 V -2
-2 0 2
_ X2 B2 3 2 -4
_—[—T—X + —?—X - ——3--—)( y._xz-zx
-3 -2 0 -6

) () :
() ()} () (802

3-3x24+2x=0=x(x>-3x+2)=0

+

=>x(x=-2)(x-1)=0,x=0, 1, or 2; 0.2
2 x

1 0.5 1 1.5
Area = J (x3—3x2+2x) dx—J (x3—3x2+2x) dx -0.2
0 1 -0.4
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1 2

4 4
=gt an] [g-we]
0

_(1r 3, q2) (0 a3, n2) 1f22 o3, .2 14 .3, q.2V\[_1
() () [ ) (1) o

35. x3—4x=0=>x(x2-4)=0 = x(x—-2)(x+2)=0

1

0 2
= x=0, 2, or —2; Area = J (x3—4x)dx— J (x3—4x) dx
=2 0

0 2
4 4 4 X
oo ] (5o 1
-2 0
-1
-2)4 4 4
(o) ) o
-3
36. xl/3—x=0=>x1/3(1~x2/3)=0=$x1/3=00r
1-x*P=0=>x=00r1=x*?=x=00r 1 1y y-x"'-x .
l=x?=>x=0o0r+1; \: 2 4 6 »
()} 1 8 )
Area = — J' (x1/3—x)dx+J (xl/a—x)dx—J (xl/s—x)dx 3
1 0 1
- 0 1 8 -
- §x4/3_ﬁ] +[§x4/3_x_2] _[§X4/3_ﬁ] -5
|4 2 1 4 2 0 4 2 1 -6

(oo -8)-(1c -0 (1o 4)- (o)

(3,043 82) (3,473 12)]_1.,1 64) . 1_ 83
(30-5)- (o -5)|=k+3-(2-9)+4=9

37. The area of the rectangle bounded by the linesy =2,y =0, x =, and x = 0 is 27. The area under the curve
T

y=1+cos x on [0,7] is J (1 +cos x) dx = [x +sin x]:)r = (7 +sin ) — (0 +sin 0) = w. Therefore the area of

i}
the shaded region is 2w — 7 = 7.

38. The area of the rectangle bounded by the linesy =2,y =0, t = —%, andt=11s 2(1 —(—%)) =2 +12r-. The
0
area under the curve y = sec?t on [-—%,0] is J. sec?t dt = [tan t;](lﬂ_/4 =tan 0 — tan(—%) = 1. The area
—m/4

3 3

1 1
3 3 3
under the curve y = 1 —t2 on [0,1] is J (1-t2)dt = [t—t—] :( —l—->—(0 —%—):—.— % Thus, the total
0
0

area under the curves on [— s 1] is1 +% = é. Therefore the area of the shaded region is (2 + %) —g ==+

4 3

=
rol
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39, dC 1 1 —1/2

dx — \/_
(a) ¢(100) —c(1) = /100 — /1 = $9.00 (b) ¢(400) — c(100) = /400 — /100 = $10.00

o= [ (g2 | (=gt o=t bn) (o)

0
:2[3%— 1]:2(2%): 4.5 or $4500

=121 = [6172]] = /&

II
Ot——
D=

t
4. (@) v=5=4 J f(x) dx = f(t) = v(5) = (5) = 2 m/sec
0

b) a= f is negative since the slope of the tangent line at t = 5 is negative.
g g

3

(c) s= J f(x) dx =‘%(3)(3) = % m since the integral is the area of the triangle formed by y = f(x), the x-axis,
3 :
and x = 3.

(d) t = 6 since after t = 6 to t =9, the region lies below the x-axis.
(e) Att =4 andt =7, since there are horizontal tangents there.
(f) Toward the origin between t = 6 and t =9 since the velocity is negative on this interval. Away from the
origin between t = 0 and t = 6 since the velocity is positive there.
(g) Right or positive side, because the integral of f from 0 to 9 is positive, there being more area above the
x-axis than below it. ‘
t
2 (@) v=S-4 j f(x) dx = £(t) = v(3) = £(3) = 0 m/sec.
0
(b) a= df 15 positive, since the slope of the tangent line at t = 3 is positive.
3
(c) At t =3, the particle’s position is J f(x) dx = %(3)(—-6) =—
0

6
(d) The particle passes through the origin at t = 6 because s(6) = J f(x) dx = 0.
0

(e) Att =7, since there is a horizontal tangent there.
(f) The particle starts at the origin and moves away to the left for 0 <t < 3. It moves back toward the origin
for 3 < t < 6, passes through the origin at t = 6, and moves away to the right for t > 6.

(g) Right side, since its position at t =9 is positive, there being more area above the x-axis than below it.




43.

44.

45.

46.

47.

48.

49.

50.
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3 8
7(64 —x2) dx = 1r[64x—x—3—]

ey, 00

= 7[(512-2J2) - (256 — &)| = = (256 - 438 ) = 320

O Sy O

5 5
W(\/)—c)zdxzw J.xdxz‘lr[x;] =7r(-22—5—g):2%£
0

- — %

X
f(t) db=x2—2x+1 = f(x) =L J f(t) dt = L (x*—2x+1) =222
1

X
f(t) dt = x cos mx = f(x) = d_d§ J f(t) dt = cos 7x — 7x sin 7x = f(4) = cos 7(4) — 7(4) sin 7(4) =1
1

O

x+1 141

— 9 _ 9 _ 9 - =9 101y — _a. —9_ 9 o) — 9.

f(x) = 2 J = 0 = - =g = () = -8 () =2 I Ldt=2-0=2
2 2

L(x) = F(1)(x = 1) +£(1) = =3(x = 1) + 2 = —3x + 5

x2

gx)=3+ I sec(t—1) dt = g'(x) = (sec(x? —1))(2x) = 2x sec(x® — 1) = g'(~1) = 2(~1) sec((=1)2 —1)

1
(-1)?

1

=-2;g(-1)=3+ J sec(t—1)dt =3+ J sec(t—1) dt =340 = 3; L(x) = g'(-1)(x — (-1)) +g(-1)
1 1

:—2(X+1)+3=—2X+1

(a) True: since f is continuous, g is differentiable by Part 1 of the Fundamental Theorem of Calculus.
(b) True: g is continuous because it is differentiable.

(c) True, since g'(1) =f(1) = 0.

(d) False, since g’’(1) = /(1) > 0.

(e) True, since g'(1) = 0 and g''(1) =f'(1) > 0.

(f) False: g''(x) =f'(x) >0, so g"’ never changes sign.

(g) True, since g’(1) = f(1) = 0 and g'(x) = f(x) is an increasing function of x (because f'(x) > 0).

357

(a) True: by Part 1 of the Fundamental Theorem of Calculus, h'(x) = f(x). Since f is differentiable for all x,

h has a second derivative for all x.
(b) True: they are continuous because they are differentiable.
(c) True, since h'(1) = (1) = 0.
(d) True, since h’(1) =0 and h"'(1) ={'(1) < 0.
(e) False, since h''(1) =f'(1) < 0.
(f) False, since h'/(x) = f/(x) < 0 never changes sign.
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(g) True, since h'(1) = (1) = 0 and h’(x) = f(x) is a decreasing function of x (because f'(x) < 0).

51. (a) 6—x—x*=0=>x24+x-6=0
=2>(x+3)(x-2)=0=>x=-3orx=2;

[ 2 3P
Area = J (6 —x —x?) dx=[6x—x——x—]

J 2 3],
2 2 3
=(6(2)—27——) (6( —3)- 3) & 3))
125 . -3 -2 -1 1 2=
-6
(b) ¥y = —1—2x—0:>x——%,y >0forx<—-—andy <0forx>—-%=>x_——%y1eldsaloca.lmaximum
nhelght_y(—i)_i—‘r’
— 2 (—3) =5, height = y(—1) =25 - _2(5(28) 125
(c) Base = :/2( 3) =5, height = y(~1) =28 = Area =Z(Base)(Height) = (5)(%) = 12
b/2
_ (4,2 gx = | ny — 4hx3 y
(d) Area = J (h <b2)x )dx_[hx 3b2] . = he (462 )P
-b/2 —b/2 .

- )-ben-2G)

=(bh_@)_(_b_2h.+'%_h)=bh—%h=§bh % o~

X

1/60
52. (a) (Tl——) J Vnax 80 1207t dt = 60[—Vmax(12107r) cos (1207rt)]0 = —V;;:_’x [cos 27 — cos 0]
60 0

Vmax —_
——x[1-1]=0

() Vimax = V2 Vs = v/2(240) ~ 339 volts
1/60 1/60 ( 2 1/60
- \%
(c) J (Vimax)? sin? 1207t dt = (V,,,,)> J (1 cos2 240“‘) dt = “éax J (1 —cos 2407t) dt
0 0 0

(V”;"‘) [t - (24101r) sin 2401rt11)/60 = w—m;‘l)_z[(% (2410“_) sin (27r)) ( (ﬁ?) sin (0)) = (Vi?_,aox)z

53. y 54. The limit is 3x?




55-58. Example CAS commands:

Maple:
fi=x -> x A3 —4xx A 2 + 3*x;
Fi=x -> int(f(t),t=0..x);
plot({F(x),f(x)},x=0..3.75);
solve(diff(F (x),x),x);
plot({diff(f(x),x),F(x)}, x=0..3);
map(evalf, [solve(diff(f(x),x)=0)]);

Mathematica:

Clear[x]

{a,b} = {0,2Pi}; ffx_] = Sin[2x] Cos[x/3]

F[x_] = Integrate[ f[t], {t,a,x} ]
Plot[ {f[x],F[x]}, {x,a,b} ]
x /. Map[

FindRoot[ F/ [x] == 0, {x,#} 1&,

{2,3,5,6} ]
x /. Map[

FindRoot[ f'[x] == 0, {x,#} 1&,

{1,2,4,5,6} ]

59-62. Example CAS commands:

Maple:
fi=x -> sqrt(l —x A 2);
w=x->xA2
F:=x -> int(f(t),t=1..u(x));
dFx:=diff(F(x),x);
simplify(%);
solve(dFx=0,x);
dFxx:=diff(F(x),x$2);
simplify(%);
solve(dFxx=0,x);
evalf(%);
plot (F(x),x=-1..1);

Mathematica:

Section 4.5 The Mean Value and Fundamental Theorems

a=1lux_]=xA2flx_]=Sart[1 -xA2]

F[x_] = Integrate[ f[t], {t,a,ufx]} ]

F'x]

x /. NSolve[ F/[x] == 0, x ]
Fll[x]

x /. NSolve [ F'[x] == 0, x]
Plot[ F[x], {x,—1,1} ]

ufx;
63. In Maple type diff(int(f(x),x=a..u(x)),x); or, in Mathematica type 0, J flt] dt
a

u[x]}
64. In Maple type diff(int(f(x),x=a..u(x)),x,x); or in Mathematica type 0, 4 (J f[t] dt)
a

359
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4.6 SUBSTITUTION IN DEFINITE INTEGRALS

1. (a) Letu=y+1=>du=dy;y=0=>u=1,y=3=>u=4

[ o= [t fpon] - (oG - Qo -Ew -
0

(b) Use the same substitution for u as in part (a); y=—-1=>u=0,y=0=>u=1

0
Jl \/}—,_l_—ldsz’ 1/2 du_[z 3/2]0 ( )(1)3/2 0_%

2. (a) Letu=tanx=>du=sec2xdx;x=0$u=0,x=%$u=1

n/4

f 2 1 2
J tan x sec?x dx = J udu=[u7] =17—0=%
0
0 0
(b) Use the same substitution as in part (a);x:—%: u=-1,x=0=u=0

o] (0] 9 0

J tanxseczxdxzjudu:[%—] =0—%=—%

-1

—r/4 -1

3. (a) Letu=cosx=>du=—-sinxdx=> —du=sinxd;x=0=u=Lx=r=>u=-1
3 cos?x sin x dx = J —3u? du=[—‘13]1 =—(-1)*=(-(1)®)=2
1

oY——3

(b) Use the same substitution as in part (a); x=2r > u=1,x=3r=>u=-1

37 -1
J. 3cos’xsin xdx = J —3uldu=2
2w 1

4. (a) Letu:t2+1:>du=2tdt:>%du=tdt;t=0$u=1,t:ﬁ$u=8
Al 8

13 f 1 g [(1Y(3Y4/3]0 _ (3)a\4/5_(3)(1\4/3 _ 45

[ @ Pae= | gt/ d“—[(i)(z)“/] =3 -@)oe=%

0 1 1

(b) Use the same substitution as in part (a); t = —/T=3u=8t=0=>u=1

0 1 8
J 1;(t2+1)1/3 dt=J %ulm du=-— ‘[ %u1/3 du:—4—85-
7 8 1

5. (a) Letu:4+r2=>du=2rdr=>%du=rdr;r:—l:>u:5,r:l:>u=5
1

J(—m =I%u du=0

5




10.

11.
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(b) Use the same substitution as in part (a);r=0=>u=4,r=1=>u=5
1 5
5r J =2 du = 1.-1]° _ 1ey-1 1igy-1) =
J 5 dr=5 du=5[-2u1] =5(-1(5)")-5(-1(®»7)=
3 (4+I‘2) A [ 2 ]4 ( 2 ) ( 2 )

(a) Letu=x+1=>du=2xdx=>2du=4xdx;x=0=>u=1,x=1/3=>u=4

4 4
l —x‘%: dx = I % du= j 2u1/2 du = [4u1/2]] = 4(4)1/? —4(1)1/2 = 4
(b) Use the same substitution as in part (a); x = V3= u=4,x=y/3=2>u=¢
V3 4
J :/——:2’(—:—1 dx = [ % du=0

V3 4

(a) Letu=4+3sinz:>du=3mszdz=>%du=coszdz;z=0=>u=4,z=27r=>u=4

27 4
€082 __ dy = 1 (lau)=
J(; V4+3sinz ? 1 Vu (3 “)

(b) Use the same substitution as in part (a); z=—7 =>u=4+3sin(-m) =4 z=7=>u=4
4

COS 7 dz = 1 (lau)=0
_.L V4+3sinz : l \/5(3 u)

Letu=t5+2 = du=(5t+2)dt; t=0=>u=0,t=1=>u=3
1

3
3
J Vi 2t(5tt +2) dt = J o/ du =[] =237 -0 =23
0
0

0
dy . _ —9 v _
Letu=1+\/§:>du:2—\/—-y,y_1=>u—2,y—4=>u—3
4 3 3
J’ dy _J 14 _J -2 gu=[ut]P = (-1 1\_1
—_— = —~du= | u du=[—u""}, = -3)-\-35)=%
[ | -] D1

Letu:cos20=>du=—2sin20d9:—%du:sin29d0;0=0:>u=1,6=%=>u=cos2(%)=%

/6 1/2 1/2 2\11/2

-390 & = -3(_1 = =3 gu =|—i( v’ =1 1 __3
J cos™>26 sin 20 df = J u (——du)_— J u du—[—Q(_z)]l TV a4
d 1 4(3)

DNOf—

Letu:l—sinZt:>du=—2cos2tdt:>——%—du=cos2tdt;t:0=>u:1,t=%=>u=0

361
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12.

13.

14.

15.

16.

17.

18.

w/4
J (1 —sin 2t)%/? cos 2t dt = T _%ua/z du =[-—%(%u5l2)]? =(_%(0)5/2)~(_%(1)5/2)=
0 1

Letu=4y—y’+4y°+1 = du=(4-2y+12y%)dy; y=0=u=1,y=1=>u=4(1)-(1)2+4(1)3 +1=38
1 8
8
[ (4y—y?+4y°+1) (1252 -2y +4) d [ ~2/3 gy =[3u1/3]] = 3(8)1/3 —3(1)'/3 = 3
0 1
Let u=e"* = du =¥ cosxdx;x=0=>u=1,x=7/2=>u=e

/2
S X cos x dx = J du = ul'; =e—1 (Note: Letting u = sin x also works.)
0

Letu:tan0=>du=sec20d6;0=0=>u=0,0=%=>u=1;

w/4 n/4 1
J (1+e29)gec?0 do = J sec?§ db + [ e” du =[tan 0]”/4 +[e“](1) = {ta.n(%)— tan (0)]+(e1 —e)
0 [}

=(1-0+(e—1)=e

Letu:e"=>du=e"dv=>2du=2e"dv;v=lnzé-=>u=——,v=ln12r-:u=%'
In (r/2) /2

2¢¥ cos e¥ dv =2 J cos u du =[2 sin u]:% = 2[5in(%)—sin(%)]= 2(1 —%—) =1
In (%/6) /6

2 2
Letu=e* =>du=2xe* d;x=0=>u=1x=vVIhr=>u=e2"=q;

Jar

kiy
2 2
I 2xe* cos(ex ) dx = J cos u du = [sin ul{ = sin (7) —sin (1) = —sin (1) ~ —0.84147
0 1
L =et secz(we't) =>y= J et sec2(7re‘t) dt;

1etu=1re't=:>du=—7re'tdt;=>—%du:e‘t dt:y:——%[sec udu—-—lta.nu+C

=—%tan( _t)+C,y(ln4)-—,r=>—-1—tan(7re ln4)+C'-—=> ltan(w-%)-{-C:%

=>—-W-(1)+C .,,.=>C—,r,thus,y ,:,—3’,-—~-,,1,-tan(1re )

[=9
[}

dy _ dy _
dx — dx ~

———%—:2e_x=>
dx
=>y=2e'x+2x+01;x=0andy=1=>1=2e°+01=>Cl=—1$y=2e‘x+2x—1=2(e‘x+x)—1

._2e“'x+C;x=0a,nd: —0=0=-2"+C= C=2 thus ¥ = —2¢~* 42
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19. For the sketch given, a =0, b = m; f(x) — g(x) = 1 — cos?x =sin?x = 1-c2¢2x;

w
A=J’ (1-—c;)s 2x) dx =
0

%J(l—cos2x)dx Us Sm22X] =1{r-0)-(0-0)=1
0

20. For the sketch given, a = —% % f(t) — g(t) = 5 L sec?t —(—4 sin%t) = % sec?t + 4 sin?t;

=/3 =/3 n/3 /3 /3
A= J (%seczt+4sin2t)dt=% J sec?t dt +4 J sin%dt:% J sec?t dt + 4 J (1—cos 2t) cos 2t)
—x/3 /3 —x/3 —/3 —x/3
x/3 /3 o3 /3
=% J sec’t dt +2 J' (1 —cos 2t) dt:%[tant]_ﬂ_/s+2[t—%sin 2t] =\/§+4-§—\/_=%ﬂ
—x/3 —x/3 ~-/3

21. For the sketch given, a = -2, b = 2; f(x) — g(x) = 2x? -—(x4 - 2x2) = 4x? — x4,
2

A=J(4x2—x4)dx=[4Tx3—%5]22=(%2__§52)_[_%2__( 32)] %4 64 _ 320-192 -f§
LA -

22. For the sketch given, a = —1, b = 1; f(x) — g(x) = x% - (-2x*)=x2+ 2x*;

1
=(3+8)-[-5+(-3))=3+4="5"-F

J (x2 +2x4)dx—[ 2%]

-1

23. AREA = A1 + A2
Al: For the sketch given, a = —3 and we find b by solving the equations y = x?—4 and y=—-x%-92x
simultaneously for x: x?—4=—x?-2x =2 2x2+2x-4=0=2(x+2)(x—1) = x=-20orx=1s0
-2
b=-2: f(x)—g(x) :(x2—4)——(—x2—2x)= 2x2+2x—4 = Al = J (2x2+2x—4) dx
—3

-2
2% _(_16 6
_[—3—+T—4x]_3_( 3+4+s) (—18+9 +12) = 4

A2: For the sketch given, a = —2 and b =1: f(x) —g(x) = (—x2 - 2x)—(x —4)=-2x2—2x+4
1

1
_ 2 __|2x3 ., 2 _ (2 16
= A2=— J (2x +2x—4)dx_-[—§§—+x —4x] 2_—(§+1—4)+( 16 +4+8)
-2 -

—_2_ 16
=-3 14+4- 3-1-4+8—9

Therefore, AREA = Al + A2 = 13_1 +9= .33§

24. AREA = A1+ A2+ A3
Al: For the sketch given, a=—2 and b= -1: f(x) —g(x) = (—x+2) —(4-x?)=x2-x-2
-1 _1
3 .2
= 2 _x_ =X _x_ =(-1_1 _(-8_4 —r_1_14-3_1
=>A1_I(x X Z)dx_[s 5 2x]_2_( 3 2-1—2) ( +4)_3 5=
-2
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A2: For the sketch given, a= -1 and b=2: f(x)—-g(x) = (4-x2)- (—x+2)= —(x2-x-2)

2 2
_ 2 __|2_x* __(8_4 1.1 _ 1_9
=>A2_—I (x —x-—2)dx—-—[3 ~X x]_l_—(3—5—4)+(-§—§+2)_—3+8-—§_§,
-1
A3: For the sketch given, a =2 and b =3: f(x) —g(x) = (—x+2) —(4-x?)=x2-x-2
T 3 x? 3 27 9 8 4 9 _8
— 2 _ o X _ X _ (&4l __9 _ {8 _5_ —qQ_2_09,
¢A3—J(x x 2)‘1"“[3 ) "]2—(3 3-6)-(§-3-4)=9-3-%

2
Therefore,AREA=A1+A2+A3=%+%+(9 9 8): 5._49

25. x2—6x+8=0=> (x—4)(x—-2)=0=>x=4o0r

x = 2, the x-intercepts. N
3 3 3 3 6 2
(a) J (x2—6x+8)dx=.[x2dx—6dex+J8dx y=x —6x+8
0 0 0 4
—15—6(%—9;)+8(3—0)=6 2
2 3 1 2\3):
(b) Area:J‘ (x2—6x+8 dx+( J x —6x+8)dx)
0 2
2 2 2 3 3 3
=(I x2dx—6 J xdx+I 8dx)—(J x? dx—6 J xdx+J 8dx)
0 0 0 2 2 2

—(8 32 _28 =22_+1
_(-5—12-1-16)—(-3— x —15+8>.— 2 =71

26. —x>+5x~4=0=>x>-5x+4=0=> (x—4)(x—-1)=0
=> x = 4 or x = 1, the x-intercepts. 2

2 2
(a) J (—x2+5x—4)dx=— I x2dx+5

xdx— | 4dx

Ot
————
<
L}
A
L]
+
[
&£
1
»
N
x

0 0 -1
__2 22 _0? _2 -2
= 3+5<2 ) 4(2-0) = 3 -
1 . 2 -4
(b) Area = — J (—x2+5x—4)dx+J (—x2+5x—4)dx
0 1
4 dx

1 1 1 2 2
= I x?dx—5 J xdx+J 4dx+I —x%2dx+5 J x dx —
0 0 0 1 1

—_———
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=1§_5<l; 92—)+4(1—0)+(I —x2dx-1 —x dx)+5(2——l-) 42-1)

y
27. 2x—-x*=0=>x(2-x)=0=>x=0or x =2, 1 yo2x—x?
the x-intercepts.
pts 1 3x
3 3
2 2 -1
(a) J (2x—x )dx=2 J xdx—J x“ dx
0 0 0 -2t
_of3%2 0%} 33 _ -3}
—2(7—?)‘?—
2 3 2 3 3
(b) Area_J (2x xz)dx—J (2x-x2)d =2dex— x2dx—(2dex—Jx dx)
0 2 0 2 2

28. x)—4x=0=>x(x—4)=0=>x=0o0r x =4,

. &Y
the x-intercepts. ye 2o dx
5 5 5 1
(a) [ (x2—4x)dx=Jx2dx—4dex 2
0 0 0 =
1 2 3 (]
_5%_4(52_0%)\__25 -2
-3 2 2/ 3
4 5 -4
(b) Area = — J (x2—4x)dx+J (x —4x)d
0 4
4 4 5 5 s 5 4
2 4x — =_& 4 07 2 4x — 48 _&
‘[x dx+4dex+Jx dx 4dex_ 3 4(2 2)+(Jx dx Jx dx) (2 2)
0 4 4 0 0
ST T

3 3 3

29. a=-2,b=2;
f(x)—g(x)=2—(x2_2)=4_x2
2
=>A=J (4—x2)dx=[4x—%3]2 =(8—§-)—(_8+%)
2

=2 (4-9)-¥
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30. Limits of integration: —x?-2%x=x=x}=-3x
=>x(x+3)=0=>a=~-3andb=0

f(x) —g(x) = (—x?-2x)-x = —x? - 3x
0 0

A= —x2-3x)dx = =3x%_x°
= —L( X x) X [ ) 3]_3

31. Limits of integration: x* = —x?44x = 2% —4x=0
= 2x(x—2)=0=>a=0and b=2;
f(x) —g(x) = (—x? +4x)—x? = —2x% + 4x

2 2

3 2

= A= | (—2x%44x)dx =|=2X 44X
3 T2,

16 _ —32+48 _8

0
8
=-3 %3 ; 3

=_16
3
32. Limits of integration: 7—-2x>=x*+4=>3x2-3=0
=3x-1)(x+1)=0=>a=-landb=1;
f(x) —g(x) = (7-2x2)—(x? +4) = 3—3x*
1 1

= A= J (3—3x2)dx=3[x-2§]
‘ -1
21

(=P pl-s(p)-+

33. Limits of integration: xtoax? +4=x*
>xt-5x2+4=0 = (2-4)(x*-1)=0
=> x+2)EF-2)+1)E-1)=0=>x=-2,-1,1,2;
f(x) — g(x) = (x* - 4x? +4)—x?=x*-5x*+4 and
g(x) — f(x) = x2 —(x*-4x?+4) = —x?+5x* -4

-1
= A= I (—x*+5x2—4) dx+ J (x*—5x%+4) dx +
-2 -1

-1 1 2
5 3 5 3 5 3
I B SO > ST x> _ 5x° =x°  5X” _ =(1_3 —(32_40 1_5
—[ 5173 4"] +[5 3 +4"] 1+[ 5 173 4"]1—(5 3+4)-(B-2+8)+(3-3+9)

(—x4 +5x2— 4) dx

—-———




34. Limits of integration: y = |x2 -4 | ={

35.

36.

37.
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x2—4, x<-2o0rx>2
4-x%, —2<x<2
y=23/2 44
for x < -2 and x > 2: x2—4=x72+4

2> -8=x’48=x!=16=>x= +4;

for -2<x<2: 4—x2=x72+4=>8—2x2=x2+8

= x? = 0 = x = 0; by symmetry of the graph, Wy=i2*+4]
2 ) 4 ) 4 ' — X
A=2 J [(%+4)—(4—x2)]dx+2 J [(3-(2—-+4)—(x2—4)]dx
0 2
[x3]2 64 64
=270+2[8x——] —2 -—0)+2(32 16+6) 10-38 -6

a=0,b=m; f(x)—g(x) =2 sin x —sin 2x

T
w
> A= J (2 sin x —sin 2x),_dx=[—2 cosx+%]
0
0

[t -4}

a= —%, b= %; f(x) — g(x) = 8 cos x —sec?x
=/3
— 2 _ . /3
=>A= J (8 cos x —sec?x) dx = [8 sin x — tan x]7_r7r/3
-n/3
= (842 v8)-(-0- 4 v) = ovs
A=Al1+4+A2
y
fl(x) gl(x) = x—sm( 5 ) and fz(x) g(x) = sm(%)—x
= by symmetry about the origin, y=sin fex/2)— y=X
1 —X
A1+A2=2A1=>A=2J.[sm( ) ]dx 1 1
0

_2[—7c0s(% ] = [( %-0—%)—(—%-1—0)]
=2(%‘%)_2(42 )24

w|><
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38. a= —-}, b= %; f(x) — g(x) = sec? x — tan®x

w/4 /4
= A= J (seczx—tanzx) dx = I [seczx—-(sec2x— 1)] dx
- /4 - /4
w/4
4
= | vax=WI=f-(-§)=3
- /4

39. A:A1+A2

Limits of integration: y:xandy=-1—2:>x=%,x#0
X X
=>x3=1=3x=1,f(x)—g(x=x-0=x 1
1 21!
:>A1=J xdx:[x—z—] —% fy(x) — go(x) =5—0
0

2 A, =

x~2 dx:[_Tl]zz _%_,_1:%_.

e N

A=A1+A2=%+%=l

40. Limits of integration: sin x =cos x = x =% =>a=0 y
and b = %; f(x) — g(x) = cos x —sin x

n/4
= A= J (cos x —sin x) dx = [sin x + cos x|/

(£+£) (0+1) ﬁél

41. Limits of integration: y =3 — x!andy = -1
=»3-xl=-1=>x}=4=>a=-2andb=12
f(x) — g(x) = (3 —x?) - (1) =4 —x*

2 2
= A= J (4—x2)dx=[4x—x3—3]
-2

SEREE RS
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42. Limits of integration: y =1+ /xandy =72_;

= 1+\/§=72;,x;é0=> VEX+x=2=x=(2-x)?
S x=4—dx+x2=>x2-bx+4=0

= (x—4)(x-1) =0 = x =1, 4 (but x = 4 does not
satisfy the equation); =—2—£ and y :§:> _\;—_xzil_{

= 8 = x,/X => 64 = x> => x = 4 since x > 0;
Therefore, AREA = A; + Ay f;(x) —g(x) = (1 +x1/2)—§

1 1
2 2.3/2_x° _

=>A1=I (1+x1/ —%)dx:[x+§x/ —%L:(l+%—%)—0=%}; f5(x) — ga(x) = 2x 1/2_%

0

4 4

_ “1/2_x) gy = | 4x}/2 X2 | —(4.9-18)_(4_1)\=4_15_17,

:AZ_J(2X 4)dx_[4x 8]1_42 8)-(a-1)=4-8=4

1

Therefore, AREA = A, + A, = 50+ 17 = 37451 _ 88 _ L1

43-46. Example CAS commands:
Maple:

p:=x"2xcos(x);

q:=x3 —x;

plot({p,q}, x=—2..2,-2..2);
intpt1l:=fsolve(p=q,x=—2..0);
intpt2:=fsolve(p=q,x=0..2);
intone:=Int(q—p,x=intpt1..0);
inttwo:=Int(p—q,x=0..intpt2);
evalf(intone+inttwo);

Mathematica:
Clear|[x]
flx_] = x"2 Cos|x]
gx_]=x3 —x
Plot[ {f[x},g[x]}, {x,—4,4} ]

Here, need to use FindRoot for each crossing; can do all together using Map
over initial guesses.

pts = x / Ma,p[ ’
FindRoot[ flx] == g[x], {x#} 1&,
{_1)0,1} ]
il = NIntegrate[ f[x]—g[x], {x,pts[[1]},pts[[2]]}]
13 ;—-glntegrate[ glx] — f[x], {x,pts[[2]],pts[[3]]}]
1 1
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4.7 NUMERICAL INTEGRATION
2

1. I x dx
1
I

b—a_2-1_
(a) Forn=4,h= na__4___

-

h_1.
278

N

S mi(g) =12=T =.€1§(12) =%;

f(x):x:}f’(x):l:}fl'=0=>M=0
2

2

|Ex|

IL (a) Forn=4,h=0ga=221-1-h_1,
> mif(x) = =18y=3;
m(xi)_18=>S—ﬁ(18)_2,
f9x) =0 M=0=|Eg|=0
2 2
(b) JXdX=%=>|ES|=dex—S=%—%=O
1 1
(c) _1Bs| 100 = 0%
True Value
3
2. J(2x—1)dx
1
L (a) Frn=4,h=bg2=3-1=-2-1,0_

Y mi(x) =24 = T=1(24) =6;

fx)=2x—-1=f(x)=2={"=0=>M=0

3
(b) I (2x—1) dx:[x2-x]f=(9—3)—(1—1)=6 =|Eg|=
1

2 2
2
(b) dex:[x—] =2——%=%=>|ET|=dex—T=0
1
1 1

(=

|

X; f(x) m mf(x;)
Xg 1 1 1 1
x, | 5/4| 5/4 2 5/2
X, | 3/2 3/2 2 3
xg | /4| 7/4 2 7/2
X, | 2 2 1 2

x | fx) | m | mix)
X | 1 1 1 1
X, | 5/4 5/4 4 5
x, | 3/2 3/2 2 3
X3 | 7/4 7/4 4 7
Xy 2 2 1 2

x | f) | m | miGx)
X | 1 1 1 1
x | 3/2] 2 2 4
X, 2 3 2 6
x3 | 5/2 4 2 8
X, | 3 5 1 5

(2x-1)dx-T=6-6=0




