CHAPTER 5 APPLICATIONS OF INTEGRALS

5.1 VOLUMES BY SLICING AND ROTATION ABOUT AN AXIS

1. (a) A = m(radius)? and radius = V1 —x% = A(x) = 7(1 —x2)
(b) A = width - height, width = height = 24/1—x% = A(x) = 4(1 - x2)

: 2
(c) A = (side)? and diagonal = 1/2(side) = A = -@l%rml—)—; diagonal = 2v/1 —x% = A(x) = 2(1 —x2)

(d) A= —?(side)2 and side = 2v/1 —x? = A(x) = /3(1 - x2)

2. (a) A = m(radius)? and radius = V= AE) =7x
(b) A = width -height, width = height = 2,/x = A(x) = 4x

(diagonal)?

(¢) A = (side)? and diagonal = v/2(side) = A = 5—— diagonal = 2,/X = A(x) = 2x

(d) A= 4(Side)2 and side = 2,/X = A(x) = /3x

5. AGx) = ogonal)® _ (V- (-VE))

) = 2x (see Exercise 1c); a =0, b =4;

b 4
V=J A(x) dx:J 2xdx=[x2]3=16
a )

4. A(x)

_ m(diameter)? _ (2 -x2)— x2]2 _ 2(1 - xz)]2
= 7 =

7 = ) =7r(1—2x2+x4);a.=—1,b=1;

o
O =

b 1
Vz'[ A(x) dx = J 7r(1—2x2+x4)dx=1r[x—2x3+’—(5—]
a 41

I

[

3
TN

—

|
Wit

m dx
1+ x?

+

Lo

5. (a) A(x) = T (diameter)? =g[ \/11+x2_(- \/11+x2>]2 = I V= T A(x) dx =

= rltantxll, = (0@)(§) = %

b 1
(b) A(x) = (edge)? =[\/11+x2-(— \/llﬂg)]z = 1_|‘_1x2 =V= J A(x) dx = Jl 14+d::2

a

= 4[tan"1 x]l_l =4[tan=! (1) —tan~!(-1)] = 4[%—(—7745)] =27
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6. (a) A(x):l(diameter)2={-(4_—2——x—2 0)2=§< Vo )— \/1”_)(2 :v:I A(x) dx

1—
V212
- | A 0 fon= ol (42) -t ()=l (- D)%
—+/2/2
P = R R
1-x2 1—-x J —\/5/2 12

= 2[sin~? ]‘/\5//2/2 =2(f-2)=n
7. (a) STEP 1) A(x) = 2(51de) - (side) - (sm )—% (24/5in x)-(24/sin x)(sin 1:;-) = 4/3 sin x

STEP2)a=0,b=mw
b

STEP3)V=JA(x)dx:ﬂjsmxdx—[ \/gcosx] \/_(1+1)_2\/-
0

(b) STEP 1) A(x) = (side)? = (2V/sin x)(24/5in x) = 4 sin x
STEP 2)a=0,b=m
b T
STEP 3) V = J A(x) dx = I 4 sin x dx =[—4 cos x]g =8
0

a

di t
8. (a) STEP 1) A(x):”—(ﬁ%?—ez)— Z(secx tan x)z——g(sec X + tan®x — 2 sec x tan x)
=%[sec x +(sec?x — )— 2ii92l]
cos”x
=T p="
STEP2)a=-§,b=7
=/3 /3
. ul
STEP 3 xd—J£2c2—1—23Md =72t p] (i
)V A(x) dx 4( sec” x p— 4[ an X —X + ( cosx)]_"/:a

-x/3

-]
e

(b) STEP 1) A(x) = (edge)? = (sec x —tan x)2=(2sec’x-1-2 sinx
cos?x

(3

STEP2)a=-5,b=%

/3

STEP 3)V=J A(x) dx = I (2sec2x-1—-2-ﬂ1—x>dx=2(2\/-—§)=4\/§—-231
a

C0S2 X
- /3
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9. A(y) = %(dia.meter)2 = {.(\/E}ﬂ - 0)2 = %yﬂ y
d 2 2 -
C=0,d=2;V=JA(y)dy:J§T7ry4dy z =5y y
4 3 Ls
2
—|(5% (y_s)] =T(95_ 0) =8 ! diameter of circle
(%)), -3
0.5
x

| -+0-H-8

el

V=| Aly)dy= | 21-y?)dy =2[y—

Oy
L

11. (a) It follows from Cavalieri’s Theorem that the volume of a column is the same as the volume of a right

prism with a square base of side length s and altitude h. Thus, STEP 1) A(x) = (side length)? = s%
h
STEP 2) a=0,b=h; STEP 3) V= J A(x) dx = J s? dx = s’h
a 0

(b) From Cavalieri’s Theorem we conclude that the volume of the column is the same as the volume of the

prism described above, regardless of the number of turns = V =s%h

12. 1) The solid and the cone have the same altitude of 12.

2) The cross sections of the solid are disks of diameter sy
X - (%) = % If we place the vertex of the cone at the 2 y=z/4
origin of the coordinate system and make its axis of 1
symmetry coincide with the x-axis then the cone’s cross et wﬁL_‘ <
sections will be circular disks of diameter %-— (— ?’45) = ’2—‘ 4
(see accompanying figure). 2
3) The solid and the cone have equal altitudes and identical 3 v=-z/4
parallel cross sections. From Cavalieri’s Theorem we NOT TO SCALE

conclude that the solid and the cone have the same volume.

2 2 2 2
2 2 2 .3
13. RX)=y=1-§=V= J. rRX)? dx == J (1—%) dx=m7 J (1—x+xz)dx=7r[x—-x7+}f§]
0 0 0
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3 2 2 3 2 2 9
14. R(y) =x=—2X =V= J rRY)P dy =7 J (TY) dy=mr J %y2 dy = w[%ya] = w-%-s =67
0 V] 0

15. R(x):tan(%y);u:;}yﬂdu:{—dy=>4du=7rdy;y=0=>u=0,y=1:>u:£;

1 1 n/4 /4
2
V= J r[R(y)2dy =7 J [tan(%y)] dy =4 J tan?u du =4 J' (—1+sec?u) du = 4[—u + tan u]g/4
0 0
:4(—§+1—0)=4—w
w/2
16. R(x) = sin x cos x; R(x):O:a:Oandb:%are the limits of integration; V = J 7[R(x)]? dx
0
w/2 w/2 . 2
= I (sin x cos x)? dx =7 J -(&fx)—dx;[u=2x$du=2dx=>%3=g43;x:0=>u=0,
0 0
n p 2
=T = = L gin? =xfu_1 =I[(T_0)-0]=2,
Xx=5=>u r]——»V 118sm udu_8[2 4s1n2u]0_8[(2 0) 0]—16

2 2
17. Rx) =x’ =2 V= J R dx =7 J (xz)2 dx
0 0

2 2
18. Rx)=x*=>V = I rRx)2dx =7 J (x3)2 dx
0 0

2 72
= 6 dx = x| X-| =1287
_rIx dx_'n'[,.(.]_ 7
0

3 3
19. Rx)=vV9-x* =V = J R dx =7 J (9—x2)dx

-3 -3

3
3
=1r[9x—-’§—]_3=21r[9(3 —231]=2-7r-18 = 36
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y

1 1
20. R(x) =e™ V= j [R(x))? dx = J‘7r(e_x)2 dx
Y 0

ie

1l
3
O

e~ gy = _ T —2x|(1)= _%(e—z_l)

/2 w/2
21 R(x) = 4/cos x = V = J r[R(x))?> dx = = J cos x dx
0 0

= wlsin x]g/2 =r(1-0)=mr

w/2 w/2
22. R(x)=+y/eotx => V=1 J cot xdx =7 J :Torf—-;—;dx S
/6 ©/6 1.7
1.5
_ . /2 _ IR A 1.2
= 7[In (sin x)]ﬂ_/6_1r(ln 1-In 2)_7r1n2 : = Ao
0.75
0.5
"/4 0.25
23. R(x) = /2 —secx tanx = V = J 7[R(x))? dx x
0
w/4
= J (\/i—secxt;anx)2 dx ’Q_y y=v2
d .
w/4
= J (2 -—2\/5 sec x tan x +sec?x tan?x) dx
0
w/4 w/4 /4 y=gsecztanz
=7 J 2dx—-2\/§ J sec x tan x dx + J (tan x)? sec?x dx .
0 0 0 03 ['X) [ ; x

=/
= 7r([2x]g/4—2\/§[sec x]§/4+[@§—’5]0 4): w[(g—o)—2\/§(\/§— 1)+%(13—0)]= w(%+2\/§-—13—1)

w/2
24. R(x)=2-2sinx=2(1-sinx) => V= J 7[R(x)]? dx
0

/2 /2
= J 4(1—sinx)2 dx =47 J (1+sin2x—2 sinx)dx
0 0
/2 X

Il

4n J [1+%(1—-cos 2x) — 2 sin x] dx
0
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w/2
=47 J. (%—%21—2 sin x)=47r[%x—s£’4—2§+2 cos x]:/z =4#[(341—04-0)—(0—0+2)]=7r(37r—8)

0

1

1
2. R(y) = vB-y2 = V = j AR dy = j 5y* dy
21 -1

= 7r[y5]1_1 =n[l- (-] =27

y3 dy

Oy )

2
%. Ry) =y*/? = V= | «R@)IPdy=7
0

|

2
4
.y4_] —an
0

/2 w/2

27. R(y) = /2sin2y = V= ‘[ 7[R(y)?dy == J 2 sin 2y dy
0

0

= 7[—cos 2y]:/2 =q[l-(-1) =27

3

2 2V
28. R =————:V=WJ' —=— d
=7 0(\/y+1) Y
3
=4 —1—-dy=47r[1n|y+l|]3
y+1 ]
0
=4n(ln4—In1)=4xIn4

3 3
29. R(y) = % =>V= J #[R(y)]? dy = 4 I 5 i 7 dy ,
0 0
3
= 4‘1r[y——+1—1]0 = 471{—%— (—1)] =3r

z=2/(y+1)
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y

z=yIy/(y* +1)

1 1
_2
- V= J Ry dy=mr J 2y(y2+1) dy;
y + 0 0

y=0=u=1y=1=u=2]

31. For the sketch given, a = —-725, b= %; R(x) =1, r(x) = y/cos x; V = J 7 ([R(x)) - [r(x)]?) dx

w/2

(1 —cos x) dx =27 J (1 —cos x) dx = 27[x —sin x]g/2 =27r(z2r—-1)=7r2—27r
0

/2

- /2

d
32. For the sketch given, ¢ =0,d =% 4, R(y)=1,r(y)=tany; V= J 71’([R(y)j|2 - [r(}’)]z) dy
C

w/4 /4 )
=7 J (l—tanzy)dy J (2—sec y)dy—'lr[2y—tany]ﬂ'/4 w(%—l):%—w
0 0

1
3. r(x)=xand R(x)=1= V= J 7 ([R(x)]? - [r(x)]?) dx
0

=(J1; 7r(1~x2)dx=7r[x—x-3—3] =7"[(1_%)_0]=2T7r

1
34. r(x) =2y/xand R(x) =2 =V = J ([R(x)]? - [r(x)]?) dx
0

1 1
2
=7 J (4 - 4x) dx=41r[x-—x?]0=47r(1—%)=27r
0

2
35. r(x) = x®+ 1 and R(x) = x+3 = V = j 7 ([RO)J2 ~ E()]?) dx
21

Il
3

[(x +3)? —(x®+ 1)2] dx

Il
5

.l_‘;_,.o ,_I‘_sh"

[(x2+6x+9)——(x4+2x2+ 1)] dx
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2 2

5 .3 2

i J (—X4—xz+6x+8)dx:7r[_x _x_§+%+8x] =7r[(_352_%+224+16)—(%+
-1 1

Il

4-9)

Cofr—

5

= 7’(—%3'—3+28—-3+8)= 7,.(5'305—33)___ llgw

36. r(x) =2—xand R(x) =4-x*= V= | =([Rx)*- [r(x)]?) dx

L

s

[(4-x2) - 2 - 2] ax

[(16 — 8x% + x*) — (4 — 4x + x2)] dx

s

T

|
’l_‘t..ﬁlg ’I_le_.ﬁ.g Le—mw

(12+4x—9x2+x4)dx=w[12x+2x2—3x3+%5]21 =w[(24+8—24+352)—-(-—12+2+3—%)]

=n(15+3) =108
w/4
37. 1(x) =sec x and R(x) = /2 => V= J 7 ([R(x))? — [r(x)]?) dx
w/4 /e
=7 J (2 —sec?x) dx = 7[2x —tan x]’_"{f/4
-r/4
'*'/4 | :}4 *
(1)) e
1
38. R(x) =secx and r(x) =tan x => V = J 7 ([R(x)]? - [r(x))?) dx
0
1 1
= J (sec?x —tan?x)dx =7 J 1 dx=7r[x](1]=7r
0 0
X

<

1
39. r(y)=land R(y)=1+y=>V= J (RO - r(y)]?) dy
4]

Il
3

Oyt O

1
[(1+y)?-1]dy=r j (14+2y+y2—1)dy
0

I
3

37} p
2 —rlv2iy | = 1\_4nr
(2y+y)dy—7r[y +3]0—7r(1+3)—3 | 2
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1
0. R(y) =1 and s(y) =1y = V = [ x(ROI - EG)P) dy
0

il

1
| -a-yPley = [ [1-(-2y+52))ay
0

3-1
(2y—y2)dy=7r[y2—y7_0=7r(1—%)=2?’r

=7

Ot—— = OtV——

4"

4l Riy) =2 andx(y) = \fy = V= (R - [))?) dy
0

4 2 4
=1rJ 4-y) dy:vr[4y—z2—] =n(16 —8) = 8«
0
0

/3
42. R(y)=+vBandr(y) =v/3-y? =2 V= J ©([R))? - [x(v)]?) dy v
V3 NG 0 s ‘j
3 3 Y
=7 J [3—(3—)’2)] dy=7r J y2 dy:wl:%f]o =1r\/?: x2+y2-3
0 J x

1
43. R(y) =2andr(y) =14,/ = V= J (R - [r(y))?) dy
0

n

[4—(1+ﬁ)2]dy=w J (4-1-2,/7-y)dy

O Oy

1
4 y
=w(3_%_%):”(18—68—3):_761
1
4. RG) =2-yP and 1) =1 V= | x(ROI - EO)P) dy y
0

1
= 1/3 —1:|dy:7rJ' (4—4y1/3+y2/3-—1)dy
0

=7

5/37!
(3 4y1/3+y2/3)dy—7r[3y 3y4/3 3)’5 ]0

o—~ O—
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:7r(3—3+%)=§5lr-

45. (a) r(x) = \/)_( and R(x)=2= V= W([R(X)]z - [T(X)]Z) dx

o——

=7ril[ (4—x)dx=1r[4x——22-]4—7r(16 8) =8r
0

(b) r(y) =0and R(y) =y* = V=

2 512
=7 I y* dy:w[-};—] =327
0 0

4 4
(c) x(x) =0 and R(x) =2~ /X = V = J (RGP - E)]?) dx J (2— 2 dx
0 0

7([R)? - k)

Oy

“

4 4
3/2 2
= J (4—4\/§+x)dx=7r[4x—8x3 +X7]0=7(16—%—4+12_6)=§31£
0

(d) r(y)=4—y2 and R(y)=4=>V=

Ot

2
(RO - b()]?) dy = = j [16 - (42} ] ay
0

2 2 2
5
=T [ (16—16+8y2—y4)dy=7r J (Syz—y4)dy:7r[-83-y3—%] :n(%_£)=m
0 0

2
4. () 1) =0 and R(y) =1~ = V= [ #(RO)I*~EG)) dy
0
2 2
=7 I (1—%)2dy=7r J (1 y+ )d
0 0

2
crly - 4L | =x(2-448)=21
—’r[y 2+12]0"r(2 $+15)=3
2

() r(y) =1 and Ry) =2~ = V = | #(RWI - EOI) dy
0

2 2 2 2 2 2 3 2
<o [ [eoaf-Jas=e | (meifs)or=n | (s-m e ) el
0 0

<
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1
47. (a) r(x) =0 and R(x) =1 —-x> = V = [ 7 ([R(x)]? - [r(x))?) dx
21

2% x__51 —or(1-2 ;:2(15 10+3)
"'[x ]_1‘ w(1-3+3) 15

1 1
(b) r(x)=1and R(x) =2—-x =V J 7([RE)]? - [r(x))?) dx J [(2—x2)2—1]dx
. . - o
= I (4—4x?+x* -1) J 3 —4x? +x4) dx 1r[3x—§-x3+’-‘5-] :21‘—(3_%.{.%)
-1 —
=%§(45—20+3)=§I5—

1 1
(¢) r(x)=1+4+xand R(x)=2= V= J 7([R(x))? = [r(x)]?) dx == J —(1+x?) dx
=1 21
1 1
= (4—1—2x2—x4)dx=
Jl —Jl

_ 2™ 10 _ o) — 64w
_ﬁ(45 10 3)—1

1
(3—2x2—x4) dx:w[3x—%x3—%5] :274-(3_%_ )

‘ b
48. (a) r(x) =0 and R(x) = ——x+ h= V= J =([R(x)]? - [r(x))?) dx
0

b b
- h 2 h?2 2 2n% .2
_WJ (—Bx+h) dx =7 J <b2 b x+h )dx
0 0

%2+x]::wh2(h-b+b)—_—” 2

— 7I’h2[ 3 b
3b2

[

b h
() 1) =0 and BEy) =b(1-3) = V= | r(ROP- G dy=m62 | (1-F) ay
0 0

2 i 2y . Ly h\_ 7b’h
=nt [ (1 o) o=y Fo ] = mr(oonad) -t
1]
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49.

50.

51.

52.

53.

R(y)=b+ VaZ—y? and r(y)=b— VaZ—y?
[ (R - ) dy

f\’r/(y')
=7 T (b+vaT=y?)f ~(b— vaT =37} ] ay a“b x
\\jf—\ﬁ
R(y)

-—a

x+y=a

a
=7 J 4b\/az—y2 dy = 4bw J \/a.g——y2 dy

a2
= 4b7 - area of semicircle of radius a = 4b~w -T = 2a%bn?

5
a) A cross section has radius r = /2y and area 71? = 2ry. The volume is | 27y dy = =[y?]| = 25m.
y y

(o]
(b) V(h) = J A(h) dh, so ¥ = A(h). Therefore AV _dV.dho g4 s0 = A(lh) 4
1.3
For h = 4, the area is 27(4) = 8, so dt 31— -3 ursléiés —837.11151‘1325 .

h-a

@) Ry = VTV 2 V=r (a2—y2)dy=w[a2y-§—3]ia=w[azh_as_(_h_‘;)f_(_a3+§)]

-8

3 3 2(34 —
= w[a2h—%(h3 — 3h%a + 3ha? -a3)—%'] = w(azh—%+h2a—ha2) = ﬂ(—?g’”——ll—)
2(15 — 3
(b) Given =~ dV =0.2 m3/sec and a = 5 m, find gltl . From part (a), V(h) = 1-}-‘—(1;—}1) = 5mh? —Eg—
dv _ 2 ,dV_dV dh_ __h@_m 1 1
= G = 10mh —mh® = g =g g = (0 -0) G = | = Tr0 -4y — @omye) — 1207 /%

Partition the appropriate interval in the axis of revolution and measure the radius r(x) of the shadow region at
N b

these points. Then use an approximation such as the trapezoidal rule to estimate the integral J 1rr2(x) dx.

a

The cross section of a solid right circular cylinder with a cone removed is a disk with radius R from which a
disk of radius h has been removed (figure provided). Thus its area is A; = 7R% —7h? = 7(R2—h?). The
cross section of the hemisphere is a disk of radius m (figure provided). Therefore its area is

A, = w(m )2 = 7r(R2 - hz). We can see that A; = Ay. The altitudes of both solids are R. Applying
Cavalieri’s Theorem we find Volume of Hemisphere = (Volume of Cylinder) — (Volume of Cone)

=(7R?)R —37(R?)R = 2R,

54. (a) R(x) = Val-x2=V= J R dx =7 T (a? - x2) dx:ﬂ'[azx—x;]i

—-a
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3 3 3
= w[(a3 —%) —(—a3 +%)] = 27r(2a‘ ) = %wa3, the volume of a sphere of radius a

5
h h 5 9
(b) R =ZE = V= J R dx = J 2 gy
0 0

y
(h,r)
h rxX
2[ .3 2\ /1,3 y=
=m x| =T ) B2 )= Lr?h, the volume of r
h?l3 o h2 J\ 3 3
; Fal
a cone of radius r and height h ] h S X
-7 -7 31-7
%. R = VI’ > V= [ sROPdy=r [ (256-3%)dy= w[zssy-%]
-16
-16 16

3 3 3 3
= w[(zss)(—n + 7—3——<(256)(—16) +%)] = w(%+ 256(16 — 7 --1§—) = 10537 cm3 a2 3308 cm®

6 [ 6
2
56. R(x) =% V36 —x2 = V = J R dx = 7 '[ £(36 —x?) dx = 11 j (36x2 —x%) dx
0 0 0

6
5 5 3
- T 3_x°| __m .g3_6Y_m-6 _36)_(2167\/60—36)_ 36x . 3 ;
_144[12x 5] =1 (12 6 5)_ 144 (12 5)_(144)( 5 )— - cm”. The plumb bob will
6

4
weigh about W = (8.5)( 2% } ~ 192 gm, to the nearest gram
8 5 g

57. (a) R(x) =|lc—sinx|,so V=17 J R dx=n
0

O——3

kiy
(c—sin x)2 dx == J (c2 —2c sin x +sin2x) dx
0

=

o—3

~
2 : 1 —cos 2x _ 2,1 . _cos 2x
(c —2csmx+#)dx—7r J (c +2 2c¢ sin X = )dx
0

r[(c2+%)x+2c cos x—%]: = W[(CZF+%—2C—0)—(0+2C—0)]= 7r(c21r+%-—4c). Let

V(c) = r(c27r +%— 4(:). We find the extreme values of V(c): %’- =7m(2cr—4)=0=>c= '21F is a critical

2 2
point, and V(-,zr—) = r(% + % - 78,—) = 7r(12r- - %) = _7r2_ —4; Evaluate V at the endpoints: V(0) = % and
2 2
V() = w(%w - 4) = 1"2— — (4 — 7). Now we see that the function’s absolute minimum value is % —4,

taken on at the critical point ¢ = -72? (See also the accompanying graph.)
2
(b) From the discussion in part (a) we conclude that the function’s absolute maximum value is %, taken on at

the endpoint ¢ = 0. v

(c) The graph of the solid’s volume as a function of ¢ for x2(2

2 .7
0 <c<1isgiven at the right. As c moves away from V=a(ct M 4c)

[0,1] the volume of the solid increases without bound.

If we approximate the solid as a set of solid disks, we 1 c
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can see that the radius of a typical disk increases without bounds as ¢ moves away from [0,1].

58. (a) R(x) =1 ——1}% =V= T r[Rx)? dx =7 T (1 —31‘-(2—5)2 dx
4 a4

y=1- (x2/16)

3 5
= 2‘71'(4 - é— 4
_or _ 647 ;3
=21 (60-40+12) =% o
(b) The helicopter will be able to fly (614—57') (7.481)(2) ~ 201 additional miles.

2 2
59. (a) Using d = % and A = w(%) = % yields the following areas (in square inches, rounded to the nearest

tenth: 2.3, 1.6, 1.5, 2.1, 3.2, 4.8, 7.0, 9.3, 10.7, 10.7, 9.3, 6.4, 3.2.

(b) If C(y) is the circumference as a function of y, then the area of a cross section is

AQy) = W(C(é)/ ”) _C 453’), and the volume is % I C2(y) dy.
0

6

A(y) dy = 2= J C2(y) dy ~ 2O ) 5.4 +2(4.57 + 4.4 4517 4 6.3° + 7,87 +9.47 + 1087
0

11.62 + 11.62 + 10.82 + 9.0%) + 6.3%] ~ 34.7 in.3

(c)

+ (=]

6
() V= %J C(y) dy ~ 4%(%9)[5.42 +4(4.52) +2(4.42) + 4(5.12) + 2(6.32) + 4(7.82) + 2(9.4?)

(1]
+4(10.82) + 2(11.62) + 4(11.6%) + 2(10.8%) + 4(9.0?) + 6.32] = 34.792 in.3

by Simpson’s rule. The Simpson’s rule estimate should be more accurate than the trapezoid estimate.
The error in the Simpson’s estimate is proportional to h? = 0.0625 whereas the error in the trapezoid

estimate is proportional to h2? = 0.25, a larger number when h = 0.5 in.

60. (a) Displacement Volume V ~ %(y0 +4y, +2y, +4yz+.. + 2y, o +4y, 1+ Yn)s Xg =0, x, =10 —h,

Xn

h=254,n=10= V= J A(x) dx = %[0 +4(1.07) + 2(3.84) + 4(7.82) + 2(12.20) + 4(15.18)
X0
+2(16.14) + 4(14.00) + 2(9.21) +4(3.24) + 0] = 2'35—4(4.28 +7.68 +31.28 +24.4 +60.72 + 32.28
456 + 18.42 + 12.96) = 2-§>—4(248.02) = 209.99 ~ 210 ft°
(b) The weight of water displaced is approximately 64 -210 = 13,440 b

(c) The volume of a prism = (25.4) - (16.14) = 409.96 ~ 410 ft3. Thus, the prismatic coefficient is

210 ft3
2016 0.51
410 ft3
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5.2 MODELING VOLUME USING CYLINDRICAL SHELLS

1. For the sketch given, a =0, b =2;

— shell shell _ ,ﬁ _ %3 B 2 2] 416

V= J 2W(ra,dius)(height) dx = I 27”‘(1 +3 ) dx =27 J (X+T> dx = 2”[7+T€ = 21r(-2-+1—6)
a 0 0

=273 =6m

2. For the sketch given, a =0, b =2;
b 2 9 2 3 4 2
_ shell shell _ _x* _ _x° — 2_x7| _ 1) —
V= J ZW(radius)(height) dx = j 27rx(2 4 ) dx =2« J (2}( i )dx = 27r[x 16] =2nr(4-1) =6
a 0

3. For the sketch given, ¢ =0,d = \/5

i shell shell \/5 2 : 3 y* \/5

V= J 2”(radius)(height> dy = J 2ry -(y?)dy = 27 J yody = 2”[?]0 =27
c 0 0

4, For the sketch given, c=0,d = \/5;
d V3 V3 V3
— shell shell — Ja_(a_y2 _ 3 5 Yy _ 97

V= J 2W(radius)(height) dy = _[ 21y -[3-(3-y?)]dy = 2n J y dy= 2”[4 ]0 -2

c 0 0

5. For the sketch given, a =0, b = /3;
b V3
_ shell shell — . 2 .
V= J 2W(radius)(height) dx = J 27X (\/x +1)dx,
a 0
[u=x2+1=>du:2xdx;x=0=:»u=1,x=\/§=>u=4]
4
=>V=nrw J w'/2 qu = W[%ua/z]
1

1 om(43/2 _(2x _14
=)= () = e

6. For the sketch given, a =0,b =3;

b 3
V:I o ( shell (she]l)dxzj 27rx( 9x )dx-
d height 3 ’
) (ra 1us) eig ) C+9
[u=x3+9:du=3x2dx:>3du=9x2dx;x:0:>u:9,x=3:>u:36]
36

=V=2r I 3012 du = 6r[2u/2]; = 127(1/36 — V/8) = 367
9
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7. a=0,b=2;

b 2
— hell shell —
V= J 2"(r2d?us)(hei§ht) dx = J 2’”‘["‘(‘)2‘()] dx
a 0
2 2 ,
= J 2mx? —g— dx =7 J 3x?dx = 1r[x3]0 =8
0

8. a=0,b=1;
b 1
— shell shell _ _X
V= j 2W(radius)<height) dx = J 21rx(2x 2) dx
a 0
1 9 1 1
= J 2(%-)dx=7r J 3x2 dx=7r[x3]0=7r
0 0
9. a=0,b=1;

b 1
_ shell shell _ —x) — x2
V= I 2W(radius)(height> dx = f 27rx[(2 x) —x ]dx
a 0

10. a=0,b=1;

b 1
_ shell shell _ 2 2
V= J 2W(radius)(height> dx = J 27rx[(2—x )—x ]dx
0

b
B v shell \/ shell
11. a=0,b=1; V= J 27r(ra.dius)(height) dy

a

1
2
= J 27rxe™* dx; Let u = —x*> = —du = 2x dx
0

-1
=V=- J me® du = —Weull:i0= r(l—l)zw(e—l)

e €
u=0
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12. a=1,b=4; 2

b 4
- shell shell _ 3.-1/2
V= J 2W(radius)(height) dx = J 27rx(2x )dx
8 1
1 4
=or [ 2/ ax=an[32] = an(a2-1)
1 1
= 21!’(8— 1) = 14n

.sin x

13. (a) xf(x) ={x X

; since sin 0 = 0 we have

, 0<x<m sinx, 0<x<7
= xf(x) =
0, x=0

x, x=0

sinx, 0<x<7
xf(x) = = xf(x) =sinx, 0 <x<w
sinx, x=0

b i
b) V= J. 2W(r:}:1?ﬂs)(hsezli1§gt> dx = J 27x -f(x) dx and x -f(x) =sin x, 0 < x < 7 by part (a)
0

a

m
= V=2r J sin x dx = 2#[— cos x]:)r = 2m(—cos T+ cos 0) = 47
0

2
_t%x_, 0<x§% tan’x, 0 <x<7/4 )
14. (a) xg(x) = = xg(x) = ; since tan 0 = 0 we have
x-0, x=0 0, x=0

tan’x, 0 <x < m/4
xg(x):{ ’ s/ = xg(x) = tan®x, 0 < x < 7/4

tan? x, x=0

b /4
_ shell shell _ . . — tan2
(b) V= J 2W(radius)(height) dx = I 27x -g(x) dx and x - g(x) = tan“x, 0 < x < /4 by part (a)
a 0
w/4 /4
' 2
=V=2r I tan?x dx = 27 J (seczx—l)dx:27r[tanx-—x]g/4=21r(1—£—)=4—7r—'2'—7r—
0 0

156. ¢=0,d=2;
2

d
— shell shell _ e
V_J 2W(radius)(height)dy_J 27ry[\/37 ( Y)]dy
¢ 0

2 s/2 312
I T

2W[§(ﬁ)5 +2—3] = 2w(¥+%)= 16w(§+%>

1x(3v/2+5)

0
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16. c=0,d =2;

d 2
_ shell \( shell ) 4u — )
V= J ZW(radius)(height) dy = J 2my[y? - (-y)] dy
0

[

z 2
o4 3
= 3 2 - y Yy N 2 1
0

ot

= 167r(—) =407

(=2

17. ¢=0,d = 2;

d 2
= shell \{ shell _ 2
V= I 2”(radius)(height) dy = J 2ry(2y —y?) dy
¢ 0

18. C=0,d=]_;
d

— shell shell _ 2
V= J 2T(radius)(height) dy = J 27ry(2y y y) dy
0

o=

1 1
=27 J y(y—y?*)dy=2n J (y2-y®) dy
0 0
_ [ya y"]l_ 11\«
"2”?‘?0—2“(§‘z)=6
19. ¢=0,d =1;
d

1
— shell shell _
V= J 2”(radius)(height> dy =2 J yly = (=y)] dy
0

[

1
1
=27 J 2y2 dy = %—”[y:;]o = §3l
0

d
_ P shell shell
20. c=0,d=1;V= I 2”(radius)(height) dy
Cc

1
2
= J 27yeY” dy; Let u = y? = du =2y dy
0

1
»V= [ redn=retl =)

u=0




Section 5.2 Modeling Volume Using Cylindrical Shells 425

2l. ¢c=0,d=2;

d 2
— shell shell _ .2
V= ,[ 2W(radius)(height)dy = J 2ry[(2+y) - v?]dy
¢ 0
2
3 .4
(2}’ +y2 —y3) dy = 21r|:y2 +yT—yT]

Il

[

3
O

0

22. ¢=0,d=1;

d 1
— shell shell _ oy o2
V= ,[ 2W(radius)(height) dy = J 2ry[(2—y) —y?] dy
¢ 0
! 1
3 4
o ol i-a]

(=]

=or(1-1-1)=F(2-4-3) =¥

d 1 1 4 5 1

_ shell \( shell \ 4, _ (e 3 du S_ 4) g — [y__y_]

23. (a) V= J 2T(radius)<height> dy = I 2ry -12(y? — y3) dy = 247 J (y3 -y ) dy = 24n 75,
0 0

c

-nur(}-})- Y-

d 1 1
(b) V= J 2r (rz}é‘iﬂs)(hﬁgﬂt) dy = | 2r(1-y)[12(y* -y*)]dy = 24n J (-9 -y°)dy
C 0 0

) anh) -

o=

( 2 3 4 -y3 y4 y5 '
=24r J (y2 -2y +y )dy;24w_§——7+-5— 0:2471'(
0

d 1 1
() V= J 27r( shell )(hsg;;‘ﬁt) dy = | 2r(§—y)[12(y2—y3)] dy = 24 J (%—y)(yz—y‘"‘) dy
c (4]

radius
0

(=

1 5 1
=241rJ (gy2 13y34y8 )dy=24w[f—5y3—%§y4+y—] =247r(%~%+%)=26%’£(32—39+12)
0

(v+2)v?-v*) dy

O

2
d 1
hell \( shell _ _ _
v J (rid?us)(hseighc) dy = J 2”(y *5 )[12(y y*)ldy = 24x
c 0

= 247

1
5
2.2 3.3 — 2.3,3 .4 Y
(y -y 43y -2y )dy“24" (5” Ty - )dy—24"[15y 20 5]0

O—— =
O

— 2 .3 _1)_24rn — 247 _
_247r(—13+20 5) (8+9 12)—12 =2
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T hell \( shell f 2 (v ¥ f 4 f
— she she = DA DAV A = 2_Y_ = 3_
2. (2) V= I 2"(radius)(height>dy‘ J 2”[2 (4 2)] dy = I 2"y<y 4>dy—2" J (y
c 4] 0 0
1 612 4 o6
oY _ Y| —op(22_2°) 1_4)_ 1_1\_ 2\_8r
"2"[7_24]0‘2”(4 24)—32”(4 71) =32 (f-¢)=32m(%) =%
(b) V= 0 27r( She”) shell ) 4 2 2m(2 — )[ﬁ—(-}f——ﬁ)]dy—‘z[ 27(2 — )( 2—y—4)d
- radius/\ height y= VN3 4 2 - YINY - T )Y
c 0 0

2 2
4 5 3 5
2 ¥y _3.Y 2y Yy .y 16 32 16, 64\ _ 8«
2"[(2"_2_" 4)dy‘2"[3 10 4 24] "2"(3 104 24)"_5

0

d 2 2
2 4 2 4
(© V= J 2”(:2}3?&)(}11}11;&) dy = J 27(5 —W[%—(%——%—)] dy = J 27(5 —y)(yz—yq-) dy
c 0 0

2 2
5 3 5
_ 2 B4 3. Y Yo 5L_5L_y_ y_] 40 160 16, 64
J”j("’y -3y y"‘4)dy—2”[3 o~ tag| = (§-p-F+8g) =6
] .

d 2 2
2 4 2 4
- shell shell - 5\lY. (Y _ ¥y _ 5\ ,2_Y"
@ V= J 2"(radius)(height) dy = J 2r(y+ 8)[ ) ( T3 )] dy = J 2y + s)(y 1 ) dy
0 0

c

2
5 4 6
_ s ¥, 5.2 5 4)ay= Y__Y_5L_5L]_ 1664, 40_160)_
—2"I(Y Tty ':’ﬁy)dY—”[at it 21 100‘2”(4 1+30-169)= 4
0

1 1
25. (a) About the x-axis: V = J (rsalggs)(hse}:;gt) J 2ry(\/y—y)dy =2 J (y3/2—y2) dy
0 0
- 2.,5/2 —orf(2_1
=2n(§y*/ - gy )L =2r(3-3)=
1

1
About the y-axis: V= f (:;ﬁ?l)(hi}:;l}it) I orx(x —x%) dx = 2r J (x2 —x3) dx
0 0

1
— 2 _xt — 1_1\_=
—2"(?"7 _0—2"(5‘2)—3
- 1
(b) About the x-axis: R(x) =x and r(x) =x?> = V = J mR(x)? —r(x)?] dx = J r[x? —x*] dx
3 5 ! ’ ’
=g X_X =x(l_1\=27
—”<T‘?)l’_o—”(3 5)*15

d 1
About the y-axis: R(y)=,/yandr(y)=y=>V= J AR(y)? —r(y)?]dy = J xly —y?]dy
c 0

EI‘A’
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26. (a) V= | 7[R%*x)—-r’(x)]dx=n T [ x2]dx &
0

3
(—%x2+2x+4 dx_w[ l(‘I—+x +4x]

=7

PRy —

(—16+ 16 + 16) = 16«
4 4 )
shell shell — X,9_ _ _X _ _x°
(b)y V= J radlus (height) dx—J 27rx(2+2 x) dx._J 27rx(2 2)dx_21r J (2x 2)dx
0 0 0
2_X 32r
27r[x ——6—] _27r(16 )

(©) V= J shell (s}}ell )dx

radlus height

3

4 4

J 2r(4 - x)( +2- x)dx J (4—x)(2—§)dx
0

0

4
= x| _— _ 64\ _ 64n
= J(s dx +X )dx_27r[8x 2x+6}0—-27r(32 32+6)_ !

) V= | 7[R%x) - r?(x)] dx T w[(s -x7-(6 -g)z] dx
0

=7

Ot w;—ﬂa-

4 4
2 3
[ 64 — 16x+x2)—(36-—6x+x—4-)] dx =7 J (%x2—10x+28) dx = W[XT—W +28x]
0

0
= 1r[16 — (5)(16) + (7)(16)] = 7(3)(16) = 487

<

4

d 2
— shell shell _
2. (a) V= J (radlus)(height) J 2ry(y—1) dy
1

(y*-y)dy = 2vr[-y3——¥2—} =2n(

<ojoo

Il
t\D
—_—t

y=x
DR
X
21r(%—2+%)=§(14—12+3)=%7r I 1
(b) V= T 2”(@}(11?25)(111}11;&) dx = T 27x(2 —x) dx = 27 2
a 1
=2rl(4-5)-(1-3)]=27[(Z75)- (5 =2 (5-3) =¥
@ v= [ ae( ) (e )ox= | ar(ox)0 s or |
a 1 1
(

o3 b - )-(3

o S
~~
%)
]
|
S
[« 9
]
I
N
3
| |
]
[
|
»
w
.
N

d 2 2 312
@ v= [ on( el )bl Yoy = [ orto-ny -1y ay=2r [ -n2=oe| 051 <2
c 1 1

427




428 Chapter 5 Applications of Integrals

d 2
— shell shell - 2 _
28 (2) V= J 2”(radius)(height) dy = J 2my(y? - 0) dy
c 0

2 412 . %
=27 I y3 dy=27r[yT] =27r(2—)=87r
. 0
0
b 4 4
hell hell — _ 2
(b) V= J 27r(r:d?us)(hsei§ht) dx = J 21x(2—(/x)dx =27 J (2x —x3/2) dx = 27r[x2——x5/2]0
a 0 0

.95
=27r(16—2—52—)=21r(1 —65:1) 2x (80 - 64) = 327
b 4 4
hell \( shell
B P T PPy SR
a 0 0

=27r[8x—-%—x3/2 X +5x5/2] =2r (32—-——16+64) 21 (240 - 320 +192) = 22 (112) = 2241

o

2

d 2 2
4
(d) V= J 27r( shell )( shell )dy = I 27(2 - Y)(y dy =27 J (2y2—y%)dy = 2#[%—y3—yT]
0
[ 0 0

radius/\ height

= 27r(16 ‘TS) 32m(4-3) =

d 1
— shell shell _ .3
2. (2) V= J 2”(radius)(height) dy = J 2ry(y —y°) dy
c 0

1
3
=J 21r(y2—y4)dy=27r[l3-—% :27r(%—-%—)
0 0 X
an
1
d 1 1
_ shell shell _ _ 3 _ 02 3 4
(b) V—I 2W(radiu5)(height) dy—J 2m(1—y)(y —y) dy = 2= J (y-y*-y3+y")dy
0 0
[y2 yY_y ys]l 1 1 _1,.1\_2r
=on| Y LT 4L 0=2”(§‘§‘Z+3)=W(30“20‘15+12) =1
d
_ shell shell
30. (a) V= I 2m (radms)(helght
C
1
:QWJ (y—y2+y4)dy —211'[
0
x
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(b) Use the washer method:
d

1 1 1
3 7 5
V= wlrm -2mley= [ (- Flay=r [ (-yroyt ety =y -+ 2]
(1]
[ 0 0

= _1_1.2\_ = —35— 9
=m(1-3-1+2)=5=(105-35 - 15+ 42) = 1
(c) Use the washer method:

d 1 1
2
v= | 2R -y = | al1-G-y)f oay=r [ [1-26-)+ (-] ay
c 0 0
=7 1 (1+y2+y—2y+2y°—2y%)d -—w[ A A +————] 1r 1+ 1l g 1—2)
0

(70 +30 + 105 — 2-42) = 1217

710
d 1

(d) VzJ 27r<ri}(lﬁgs)(hse}i1;gt)dyzf 2r(1-y)[1-(y=y*)dy=2r | 1-y)(1-y+y®)dy
c )]

O

3
1—2y+y2+y3—y4)dy=27r[y—y2+¥3—+y¢—%

It
[\~
3
Ot—— =
—
-
|
[}
+
~«
|
“«
+
<
|
‘<
II
[ Lem——

= 1411 1)_2n _19) =237
=or(1-1+1+] 5)_60(20+15 12) =2

d
— shell shell
3L (a) V= J 2W(radius)<height)
[
2
44/2
=27 J (2\/§y3/2 —-y3) dy =,27r[—5£y5/2 T ]0
0

NEER .

= 2. 4(%—1) 81(3-5)=2r

b 4
— shell shell — _x*
(b) V= J 2W(rze.dius)(height) dx = J 27rx<\/_ 8 )d -
a 0 i

_o [2:25 4%\ _, (26 28)_
-2”(T‘3—2)—2”(?‘ﬁ =22 (32— 20) =

T?wy\/— y)
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b

1

_ shell shell _ —x?) -

32. (a) V= J or( dius)(height) dx = j orx[(2x —x2) — x] dx
0

b 1 1
(b) V= J; 2”(;}:1?33)(111}11;%1;) dx = l 27(1 - x)[(2x —x2) — x| dx = 2 J; (1-x)(x—x2) dx

2
(-t e ) ax= e - 45| =on(3-F+4)=Fp0-s+9 =5

il

)

3
Oty

0
Yy
b 1
33. (a) V= I 7[R*(x) —r¥(x)]dx == J (x1/2_1) dx | y=z U
a 1/16 .
1 -1

-l =eft-(o-h-4) J
— T\_97
_”(I_E)_E T X

b 2 2
_ shell shell - 1 _1 — -3_Y _ _1 -2
(b) V= I 2"(radius)(height) dy = J 2”y(y4 16) dy =2= J (v°-f5)ar = 2”[ 3y
a 1 1

y
d 1 2
M. @) V= «[Re) o)y = | vr(%—-l%)dy
€ 1/16 y 1
_ [ 1.-3_¥]*_ 11 1_1
=gy "1'6] =l(-35-8)-(-5-1)]
=75(-2-6+16+3) = T" | 2s 1

b 1 1 1
shell shell 1 - 1/2 _ —or|2,3/2 _%X2
(b) Vv J T\ radius (helght) dx = J 27rx(\/).E 1)dx-27r J (x x) dx _27r[3x 2]
a

1/4 1/4
_ 2_ 1\ (2.1 1\, (4_1_1,1\_m lim
=2((3-3)-(3-4-%))="(3-1-§+15) = ;- 16-18~-8+3) = 1
35. Disc: V=V, -V,
by by
V,= J 7[Ry(x)]? dx and V, = J 7[Ry(x)]? with R, (x) = ‘/x-§2 and Ry(x) = /X,
a1 )

a; = -2, b; =1; a, =0, by =1 = two integrals are required

1/4




36.
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Washer: V=V, -V,
by
VvV, = J 7r([R1(x)]2 - [rl(x)]z) dx with Ry(x) = 4/% _g 2 and r(x) =0;a, = -2 and b; = 0;
a1
by
Vo= | m([Ry(x))? - [ry(x)]? ) dx with Ry(x) = X+2 ond 1 (x) = X; a5, =0 and b, =1
2 2 2 2 3 2 2 2
a,
2
=> two integrals are required

d d
hell \( shell .
Shell: V= J 27r(r: d?us)(hse igilt) dy = J 2ny(hi§§{}t) dy where shell height = y2 —(3y2 —2) = 2 — 2y%
[} C

c¢=0and d =1. Only one integral is required. It is, therefore preferable to use the shell method.
However, whichever method you use, you will get V = =.

Disc: V=V,-V,-V,
d;

V= J 71'[Ri(y)]2 dy,i=1,2,3 with Rj(y) =1and ¢; =-1,d; =1; Ry(y) = \/37 and ¢, =0and dy = 1;
C:
1

Rs(y) = (—y)l/ * and ¢; = —1, d; = 0 = three integrals are required
Washer: V=V, +V,
d.

1

Vi= J 1r([Ri(y)]2 - [ri(y)]z) dy, =1, 2 with Ry(y) =1, 1,(y) = /¥, ¢; =0 and d; = I;

<

Ry(y) =1, 15(y) = (—=y)*/4, ¢, = —1 and d; = 0 = two integrals are required

b
Shell: V= J 21(;}3‘;33)(}12};;{: t) dx where shell radius = x, shell height = x2 — (—x%) = x + x4,
a

a=0and b =1 = only one integral is required. It is, therefore preferable to use the shell method.

However, whichever method you use, you will get V = 561

LENGTHS OF PLANE CURVES

1/2
g—iz%-%(x2+2) $2x = (x2+2)-x

!x2+2!3/2
3 3 y=
L= J \/1+(x2+2)x2 dx = J V1+2x*+x*dx

0 0

3 3

I
Ot

3
(+x2) dx= | (1+x)dx=|x+X
3
1]
0
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4
d
2. d—i:%ﬁﬂL:J,/1+ngdx;[u=1+%x y
0

édu:%dx:%du:dx;x=0:>u=1;x=4 y=x¥2

7 1/2(4 4[2 . 3/211° 1
:>u=10]—->L::J u (gdu)=—g[§u ]1 s

-

2
dx _1.1/2 1 -1/2 dx) _1(, 9,1
cdy =2y Y =>( )‘4(y 2+})

=(16___1 _(l_l)—4_i_l+l-128_—1:8_+4_%
L \4Tme@ ) \4T8/T T3 TLTRT 32 =3




2
dx _¥2_ 1 _ (dx\ _1(y4_ 4
3 3
:>sz 1+ -2+ 4)dy=I 24y dy
2 2
3 3 3
2 3
:%J (Y2 +y7?) dy:%J (y2+Y“2)dy=%[yT y“l]
2
2 2
_1[(27 _1\_(8_1\]_1(26_8 . 1\_1(a.1\_13
=3(F-3)-G-3)]=3(F-5+3)=5(s+5) =4
2
dy _ 13 _1_-1/3 dy\ _ 2/3 1 x72/3
S g =X T ogx :>(—)E =x _§+x16
8 8
-2 2/3
L:J \/1+x2/3—%+x16/ dx:J’ 2/3'+2--f- 16/ dx
1

[+ ]

(x1/3+

- [%X:;/a

2
%x‘l/s) dx

e— ]

J (x1/3+%x—1/3) dx

1

dy

4 2 1
T dx

1
=x°+4+2 1-=
(4x +4)2 Xkt

:X2+2X+1— 4(_1+—x)2

=(1+x)?~

2
11 dy 1
4 (1+x)? =’(dx> (1+")4_§+16(1+x)4

(1+x) -4

\/l+(1+x)4 5 dx

O

Section 5.3 Lengths of Plane Curves

y
X1
2
I X

2/3] = %[2x4/3+x2/3]f = %[(2-24 +22)-(2+1)]= $32+4-3)=%

\/(1+x)4+ +(1+x) 4dx_

(= N

[u=l+x=>du=dx;x=0=>u=1,x=2=>u=3|

2
dx dx\ _ coety
= sec y—1=><®) =sec y—1
/4 /4
=L= J 1+(sec4y—1)dy= J sec?y dy
—-n/4 -7 /4

\/[(1 +x)2+(1—+4x)—-2

Fan

2
‘.

_108-1-4+3_ 106 _53
12 12 7 6
y y
0 —
X
- .1
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10.

11.

12.

13.

14.

15.

- /4 _ —
=[tan y]_ﬂ_/‘l_ 1-(-1)=2

dy _ /e (dy ’ Y
— 4 — a,4
P 3x —1=>(d—£) =3x"-1 .
) . y=J3t4-1at
- - -2
=>sz 1+(3x4—1)dx:I V3x?% dx

-2 —2 + I X

vi[g] - = Y9 =T

2

2
[/ 12
%’é— ——asmtanda_acost;=> (?i—)t() +<%—)t’) :\/(—a.sin t;)2+(a.cost)2=\/az(sin2t+coszt)=lal

27 27

= Length = J jajdt =lal J dt = 27|al, the circumference of a circle when a > 0.
0

w

dx —smtand—-—1+cost=> (((11)‘5() +(dy> \/(——sm t)2+ (1 +cost)?=+/2+2cos t

™ T T
= Length = J 242 costdt:\/_Z_J \/G_:g%:—%)(l‘*'c”t) dt = /2 J 1/15»_11::02tdt
0 0 0

T
=42 J ———s—‘m———\/__t_dt (since sin t >0 on [0,7]); [u=1—cost =>du=sintdt; t=0=>u=0,
0

1—cost

2
2
t=7r=>u=2]—>\/-2-Ju_l/zdu:‘ﬁ[mll/z]ozfl

0

dx— ¢t —1and F dy _ get/2 (g—x) ( ) (=1 +(2e2) = VT 1ot 41 = (et + 1)

3
let +1|=et+1 (since et +1>0forallt)=> L= J (et+1)dt‘,=(et+t)E=e3+2
0

2
2 (4 .
?i’t(_tand (2t+1)1/2 (%%) +<T{) =B+ 2t+1) =4/(t+1)2=|t+1|=t+1since0<t <4

4 4
2
= Length = J (t+1) dt:[%—+t] =(8+4)=12
0
0

2
2
dt = e'(cos t —sin t) and ((i:h; = e’(sin t + cos t) = (((11)1;() +(%>




16.

17.

18.

19.

20.
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= \/ezt((cos t —sin t)? 4 (sin t + cos t)?) = \/2e2t (sin?t + cos?t) = V2letl= /2¢t (since e* > 0 for all t)

=L= T \/Qet dt=\/§et[:=\/§(e"—1)

2
2
%—’é =8t cos t and 3—{ =8tsint = V(%) +(%)tl) = \/(St cos t)% + (8t sin t)2 = v/64t2 cos? t + 64t sin> t

w/2

2
=I8t|=8tsince0§t§12r-=>Length: J 8t dt=[4t2]g/ = 72
0
f dy ¥ ayV _ d
ﬁa:J' 1+<a§’—{) dx,a20=>\/§= 1+(£€) ﬁd—)—}éz +1 = y=1£(x) = £x+ C where C is any
0
real number. /

(a) From the accompanying figure and definition of the

differential (change along the tangent line) we see that

dy =f'(x,_;) Ax, = length of kth tangent fin is Gy o S 1)

AXk f'(x,,_ |)

V(A2 +(@d)? = /(8 x)% + [F(xp) Axl?.

-1 i

n

n
(b) Length of curve = lim k2=:1 (length of kth tangent fin) = lim_ k2=:1 \/ (Ax)? + [ (3 _y) A 3 )2

b

= lim kgl V1+HE G )2 Ax = J v/ 1+ [f(x))? dx

a

2
(a) ((}—b{) corresponds to Zli here, so take g—% as ﬁ Then y = \/:_( + C, and since (1,1) lies on the curve,
C=0. Soy=4/xfrom (1,1) to (4,2).

(b) Only one. We know the derivative of the function and the value of the function at one value of x.

2
(a) dx corresponds to L here, so take dX 55 L Thenx=-4 + C and, since (0, 1) lies on the curve, C = 1.
dy y? dy = y2 y

1
1-x :
(b) Only one. We know the derivative of the function and the value of the function at one value of x.

Soy=
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2 2 2
21. (a)i—i:?xé(j—i) —_—4x2=>L_-:J 1+(§X) dx

2

= j \/1+4x2 dx
-1

(¢) L~6.13

d dy '\
22. (a) % =sec’x => (E-};) =sectx

0
=L= J \/l+sec4xdx

-7 /3

(¢) L~ 2.06

d dx Y’
23. (a) ﬁ:cosy::»(ﬁ) = cos’y

iy
=L= J \/1+coszy dy
0

(c) L~3.82
2 2
dx y dx y
94 (a) o _ ¥ (dx) _
@ === dy) 2
1/2 1/2
J Y 4 Ty
_ 1—
i (1-y?) ", Vi-y
1/2
—1/2
= J (1-y?) "Tdy
-1/2

(c) L~ 1.05

(b)

(b)

(b)

NOT TO SCALE




dx dx 2 2
25. (a) 2y+2=2a—}-,-=>(a) =(y+1)

3
>L= J J1+(y+1)% dy
5

(c) L~9.29

2
26. (a) %:cosx—cosx+xsinx:><3—i) =x? sin?x

kg
=>sz 1+ x2 sin?x dx
0

(¢) L~4.70

d dy Y
27. (a) é =tan x => (%) = tan®x

/6 /6

102
= L= I V1T tanTx dx = J fein®x + cos”x 4
COs™ X

0 0
n/6 x/6

= J cg%: Isecxdx
0

o

2
28. (a) g—’}%: Vsecly —1 :(gz-;) =secly—1

x/4
= L= J 1+(sec?y —1)dy
—=/3
/4 /4
= j [sec y|dy = J sec y dy
-r/3 —x/3

(¢) L~ 2.20

(b),

(b)

(b)

(b)

Section 5.3 Lengths of Plane Curves

V+2Y=2241

T2 3 T3¢ 7TX

y
3

28] y=sinz —xcosz

0.5,

0.7 06 0.5 04 03 02 0.1

x-f’lez!-ldl
(]
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20 2
29. The length of the curve y = sin (g—gx) from 0 to 20 is: L = [ 1 +(§—i) dx; 3—§ = %% cos (3—3){) = (—-—
0
P 20
4—00- cos? (g—g ) =L= J \/ 1+ %"0 cos (3 20 X ) dx. Using numerical integration we find L a 21.07 in

25 2

30. First, we’ll find the length of the cosine curve: L = J 1 +(3—§> dx; 33; —-255—07' sin (—5—6—‘)
—-25

d 2 9 25
= (%) = %— sin? ("—%‘-) = L= J 14T sm2( 50) dx. Using a numerical integrator we find

L ~ 73.1848 ft. Surface area is: A = length - width = (73.1848)(300) = 21,955.44 ft.
Cost = 1.75A = (1.75)(21,955.44) = $38,422.02. Answers may vary slightly, depending on the numerical
integration used.

31-36. Example CAS commands:

Maple:
xi:=(i,n) -> (a + (b—a)*i/n);
digits := 6:
fi= x -> sqrt(1-x"2); a:= —1: bi= 1:
n:=8;

segs := [seq([xi(i,n),f(xi(i,n))], i = 0..n)];i:=

plot({f(x),segs}, x=a..b);

approx:= sum(sqrt((xi(j,n) — xi(j—1,n))"2 + (f(xi(j,n))—f(xi(j—1,n)))"2),j=1..n);
evalf(approx);

int(sqrt(1+D(f)(x)2), x = a..b);

evalf(%);

Mathematica:

Clear[x]

{ab} = {~1,1}; fix_] = Sart[ 1 — x2 ]

pl = Plot[ f[x], {x,a,b} ]

n = §;

pts = Table[ {xn,f[xn]}, {xn,a,b,(b—a)/n} ] // N

Show[{ pl, Graphics[{Line[pts]}] }]

Sum[ Sqrt[
(pts(fi+1,1]] — ptsi,1]]))2 +
(pts{li+1,2]] - pts[fi,21)2 ] ,
(i,1,n} |

NiIntegrate[ Sqrt[1+f' [x]2], {x,a,b}]

5.4 FIRST ORDER SEPARABLE DIFFERENTIAL EQUATIONS

. () y=e Xy =—e"=2y+3y = 2(—eX)+3e X =e"*

—3x/2

(b) y=e " +e =y = —e X _%e—3x/2 = 9y +3y = 2(_e—x _%e—Sx/2)+ 3(e—x +e—3x/2) —e X

© -

— L f———
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(C) y — e—x + Ce—3x/2 = yI — _e—x —%06_3)(/2 = 2y/ + 3y = 2(_e-—-x _%Ce-3x/2)+ 3(e—x + Ce—3x/2) - e—-x

(a) y=—§:y'=#=(_%)2=yz

() yz")‘c%:ylz(xja)zz[_(xis)] =y

1 ' 1
x+C=> -

(c) y=

2 2 2 2 2
y=(x-2)e* >y =e7¥ +(-—2xe_x )(x—2):y'=e_x —-2xy; y(2) =(2-2)e ¥ =0

€os X

—X si —Cos X sin x l/cosx sinx_Y
y = S =>y/= xs1nx2 ( )=>y_

>y =-82X_¢ Er-g=2>xy'=-sinx-y
. cos(m/2

=>xy'+y=—s1nx;y(%) (75/2/))—0

2,/xyj—i=1 =>2x1/2y1/2 dy=dx:2y1/2 dy=x_1/2 dx = JZyl/2 dy = Jx“l/z dx=>2(§ 3/2)

=2x1/2+C =>'3y3/2 x1/? =C,whereC=%C

; 3
él:x2\/§=>dy—x2y1/2dx=>y*1/2dy:xzdx::v y_llzdy: xzdx=>2y1/2=x-_+c
dx 3
=>2y1/2—-:1§x3=C

g—ize’“y:dy:exe_ydx:eydyzexdx: [eydyzJexdx¢ey:ex+C:>ey—ex=C

g—xxz?;xze‘y=>dy=3x2e"ydx=>eydy=3x2dx: Jeydy: J3x2 dx=>e=x3+C=>e"-x3=C

2 2
% =y cos? VY= dy= (ﬁ cos? ﬁ) dx = sec\/\y/i dy =dx = J sec\/;—’/)—' dy = J dx. In the integral

on the left-hand side, substitute u = f = du= \/_ dy = 2du= 7 dy, and we have

2Jsec2udu=de=>2tanu=x+C:>-x+2tan\/)_/:C

\/2xy d —1=>\/_\/_dy— dx=>\/-yl/2dy—x 1/2 gx

2

3/2 1/2
= ﬁjyl/2 dy: Ix‘1/2 dx = ﬁ(%):(%)_{_cl = \/§Y3/2=3\/§+%Cl

2

= \/i(ﬁ)s-—3\/_= C, where C :%C1




440 Chapter 5 Applications of Integrals

X X
11. \/}—{ g_i _ e)""\/’E - 3_3" - eye‘){_ eye‘/; e\/_

7—=>dy= \/)_c dx=>e'ydy=\/idxﬁje’ydy=J\/).de.

In the integral on the right-hand side, substitute u = \/)-( = du= 21? dx = 2du= % dx. and we have

Je"y dy=2 j etdu=>—eV=2"+C; = e'y+2e\/;=C, where C = —C;.

12. (sec x) Eld% = ¥teinx g—i = eV HsinX oo x = dy = (e¥e* cos x)dx = eV dy = (%% cos x) dx

= I e Ydy= J (eSin" cos x) dx = —e~¥ = 0¥ 4 Ci=>e™ + 8% = C, where C = -C,

dy dy J dy J’ . -1 2 . /2
13. =2xy/1—-y* = =2xdx = = | 2x dx = sin =x*4+C=y=sin(x*+C

dy _ e2*Y _ (2x-y)—(x+y) _ x-2y _ €* 2y _ X 2y _ x e _ x
14'K_?¢7—e =e —;—2-;=>e dy=e*dx=> | e¥Ydy= | e dx=>-2——e +C,

= &% — 2¢* = C, where C = 2C,

In (90) — In (1013) _

d
15. (a) E% = kp = p = pe where p, = 1013; 90 = 1013¢*%* = k = 5 ~ —0.121
(b) p = 1013e6-0% ~ 2.389 millibars
_ (=0121)h _, _ _1.{ 900 _In(1013) —1In(900)
(c) 900 = 1013e = —0.121h = ln(—mla) =h= o ~ 0.977 km

16. ‘;—’t’ = —0.6y = y = yoe O yo = 100 = y = 100e™% = y = 100e~%-¢ ~ 54.88 grams when t =1 hr

17. A= Aoel“ = 800 = 1000e'%% = k = In 3%8) = A = 1000e((™ (0.8))/ 10)t, where A represents the amount of

sugar that remains after time t. Thus after another 14 hrs, A = 1000e( (2 (08)/10)24 -, 585 35 kg
L
18. L(x) = Loe'k" = 70 = Loe'lsk = 1In % =-18k 2> k= h11—82 2 0.0385 = L(x) = Lye~09385%; when the intensity

L
is one-tenth of the surface value, 75 = Loe™ %% = In 10 = 0.0385x => x ~ 59.8 ft

19. V(t) = Vae~t/40 = 0.1V, = Voe~t/4? when the voltage is 10% of its original value => t = —40 In (0.1
0 0 0

~ 92.1 sec

20. 0.9P, = Poek = k = In 0.9; when the well’s output falls to one-fifth of its present value P = 0.2P,

= 0.2P, = Poem 0Ot = 0.2 = M09 o 15 (0.2) = (In 0.9)t = t =12 32~ 15.28 yr

21. (a) éd% =r —kQ, where k is a positive constant




22.

23.

24

25.
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® %= -4(0-§)> 2 = kst > nfa-f= -1+, 2 [a-f|= % = o

= eClekt oy Q —L = +Cpe ¥ = Q —L = Ce™*, where C, = e“land C = +C,.
Q0)=Q= Q=f+C=>C=Qo~{ = Q={+(Q—f)e™

(c) Since k >0, hm Q(t) = hm [—-—(QO——) _kt] i

T-T, = (Ty—T,) e, Tg = 90°C, T, = 20°C, T = 60°C = 60 — 20 = 70e 1%k = % =e 10k

7
> k= ln1(04) ~ 0.05596

(a) 35—20 = 70e~%05596% = ¢ ~ 27.5 min is the total time = 27.5 — 10 = 17.5 min longer to reach 35°C
(b) T—T, = (Tg—T,) e, Ty = 90°C, T, = —15°C = 35 + 15 = 105¢ 2959 = ¢ » 13.26 min

T - 65" = (Ty— 657 e X! => 35°— 65° = (T — 65°) e 1% and 50° — 65° = (T, — 657 e "2, Solving
~30° = (Ty — 657 e7*% and —15° = (T, — 65°) e~ simultaneously => (To — 65°) e ™10k = 2(T, — 65°) e =20k

In2
T,— 65 10| I3 ]
= 1"1‘_2:k—hl‘02 and —30° = Wk—:-so"[e (10) =T0-—65"=>T0=65°—30°(c1n2)-_-65°—60°=5"

39-T, 10k

T—- 4—6—T=e and

s = (To—Ty)e™ =39 —T, = (46 —T,) e % and 33 - T, = (46 — T,) e 20k =

BT, S H-T. -
=1521-78T,+ T2 = -T, =3 = T, = -3°C

T
2
33T, _ ok _ (1o o B-T, (39—1‘5

p(100) = 20.09 = 20.09 = C,e(~0(%) o ¢, = 20.09¢ ~ 54.61 = p(x) = 54.61e~°%1% (in dollars)
(b) p(10) = 54.61e{~001)(10) = $49 41, and p(90) = 54.61e{~*O1)(%0) = g99 29

(€) r(x) =xp(x) = r'(x) = p(x) + xp'(x); F(x)
p'(x) = —.5461e~001% = 1/(x)
= (54.61 — .5461x)e 001X, Thus,
r'(x) = 0= 54.61 = .5461x = x = 100.
Since r' > 0 for any x < 100 and 1’ < 0 for
x > 100, then r(x) must be a maximum at B R
x = 100.

180

160 r{x) = 54.61x0~ 0018

140

T ) = (33— T,)(46 — T,) = (39 — T,)? = 1518 — 79T, + T2
s

441
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26.

27.

28.

29.

30.

31.

() &€

(b)

(©)

dy

dt

= e le7kt = Ce kY, ¥(0) =y, = yo=Ce® = C=yy = y =yoe

(2)

= kP = P = P,ekt; Take the year 1750 to be t = 0 = P = 728¢k"; P(50) = 906 => 906 = 728¢°*%

906
In
=>k= (728) = 0.004375 = P = 728e%:904375¢t 15 1900, t = 150 and the model predicts
50

P= 728e0'004375(150) — 1403 million or 1.403 billion people, which is less than the actual number.

In 1950, t = 200 and the model predicts P =728e%0%4375(2%) — 1746 million or 1.746 billion people
which is also less than the actual value.

ln(mos)

1171) _

—5p~ = 0.006343

= P = 117169006343t [ 1950, ¢ = 100 and the model predicts P(100) = 1171¢2:006343(100) — 9908 million
or 2.208 billion people, which is less than the actual number.

Take the year 1850 to be t = 0 = P = 1171ek%; P(50) = 1608 => 1171e°% = k =

2517
Take the year 1900 to be t = 0 = P = 1608¢k%; P(50) = 2517 => 2517 = 1608¢°%% => k = —(é—g@)

— 0.008962 => P = 1608¢°998962¢ In 1999, t = 99 and the model predicts P(99) = 1608¢%-008%62(%)
= 3905 million or 3.905 billion people. This is about % of the actual number of people in 1999. The values

of k found in parts (a)-(c) of this problem suggests that the relative growth rate of the world’s population;
. dP/dt
that is P

=k, is increasing with time rather than remaining constant, as assumed for the model. The
increase in the relative growth rate might be attributed to factors such as longer life spans due to
improvements in health care, living conditions, etc.

= —ky (k is a positive constant and y is nonnegative) = %, =-kdt>Iny=-kt+C, =>y=e —kt+6

~kt

From Exercise 27, y = yge <

2 2

=lnl-ln2=t= Q——Tll?——z 111{2 Therefore, the half-life is lnk2

. Lety:zgandsolvefort: Xg_y ekt = o7k :l:_ktzln(%)

(b) Half-life of polonium-210 = : >l<nl(?"3 ~ 139 days.

From Exercise 27, y = yoe ¥t and from Exercise 28(a), half-life = 3.2 = k = An2__ 1n2 4 0001216.

Halflife — 5700 -~

Since 10% of the nuclei have decayed, 90% remain. Let y = 0.9y, and solve for t: 0.9y, = yoe—0.0001216t

=t=

From Exercise 29, the half-life of carbon-14 is 5700 yr = %co =cge

=c= coe—0.0001216t = (0.445)60 - coe—0.0001216t =t =

"ﬁ)’ﬁ%ﬁ ~ 864. Therefore, the sample is approximately 864 years old.

—Kk(5700) _y 3 — ?1)1710% ~ 0.0001216

In (0.445)
=0.0001216 ~ 6659 years

From Exercise 30, k =~ 0.0001216 for carbon-14.

(a)

¢ = ce~ 00001216t —(0.17)cq = ce™ 090011 o ¢ & 14,572.01 years = 12,572 BC

(b) (0.18)cy = coe~00001216¢ = t ~ 14,101.96 years = 12,102 BC
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coe 00001216t — ¢~ 15,070.57 years = 13,071 BC

(c) (0.16)c,

coe—0.0001216t

32. From Exercise 29, k ~ 0.0001216 for carbon-14. Thus, ¢ = c,e~0-0001216¢ (0.995)c,

a 41 years old

In (0.995)
= 20.0001216

t

=

550 ft

5)

N
—1hod

_Yom _ (22)

33. (a) distance coasted

(B) v=voe /™t o 1 = 926"/ i 1= 1n 22— b =5 = 25 In 22 % 77.28 sec

ft = 2.43 miles

750,000) 38,500
-3

3000
3000/1,750,000)t __ 99,=36/1750 _y 1/ | — | 22 —

(22)(1,

K

34. (a) distance coasted

3t
1750

(

= 22e¢

(b) v = voe /M)t = 4

n

= 1803.1 sec = 30 mi

t

=

_ 1750 In 22
3

=>t=

36.

35.

ALY
ASSNNY

1117277777055
1177772777000
111122727025
[17277770777
117772770772

111277777705
117177777002
117177707000
111777772275

[]1777/70777
{1111 40707705
111)20700000
[1]172772200
147777770000

]/777772272
17777770200

11177777720
1777777770004

N o

>

=

1771777200718

1177777362774

05

-

38.

37.

LSS RN /

AR
//////f’
AN RS-
J///f’l’

///////I
FANNS—
AN
////f/’f

////f//7

05

-1

Gl

h i
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39. 40. dy/dx=3y/x

1
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5.5 SPRINGS, PUMPING AND LIFTING

1. The force required to lift the water is equal to the water’s weight, which varies steadily from 40 1b to 0 b over
. . . ., _ 20 —x _X
the 20-ft lift. When the bucket is x ft off the ground, the water weighs: F(x) = 40(—70—-) 40(1 20)
b 20 20
=40 —2x lb. The work done is: W = J F(x) dx = J (40 — 2x) dx = [40x —x?] | = (40)(20) — 20°
a 0

=800 —400 =400 ft-1b

2. The water’s weight varies steadily from 16 Ib to 8 Ib over the 20-ft lift. When the bucket is x ft off the ground,

b
the water weighs: F x) =16 40 —x) _ 16 =16 - 2—x Ib. The work doneis: W= | F(x) dx
40 40

a

20 20
2
= (16—2’—‘) dx =|16x—X =(16)(20)—20 =320 - 400 = 590 — 80 = 240 ft - b
5 5 0
0

3. The force required to haul up the rope is equal to the rope’s weight, which varies steadily and is proportional to

50 50
x, the length of the rope still hanging: F(x) = 0.624x. The work done iss: W= J. F(x) dx = J 0.624x dx

50
2
=0.624 [%—] =780
0

4. The weight of sand varies steadily from 144 1b to 72 Ib over the 18 ft length. When the bag is x ft off the

b
ground, the sand weighs: F(x) = 144(3633 x) = 144(1 ——) The work done is: W = J F(x) dx

36

a

18
2
= —X\dx = Xl = A8 _Q_M_.._ .
= 144(1 36)dx—144[x 72]0 144(18 84)_144(18 ) =36-18-3=1944 ft-1b

cc_ﬁ’;
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5. The force required to lift the cable is equal to the weight of the cable paid out: F(x) = (4.5)(180 —x) where x

10.

11.

180 180
is the position of the car off the first floor. The work done is: W = J F(x) dx = 4.5 J (180 —x) dx
. . 0
2 180 2 2
= 4.5[180x ‘XT] = 4.5(1802 -180 ) =4:5-180° — 73,900 t - 1b
0
. Since the force is acting toward the origin, it acts opposite to the positive x-direction. Thus F(x) = -—-liz. The
X
b
b
W= | —Kdx= Lax=i[l] = k(l_1)=Ka=b)
work done is W = J. 2 dx=k J —2 dx = k[x]a = k(E a)_T
a

The force against the piston is F = pA. If V = Ax, where x is the height of the cylinder, then dV = A dx
(P2 V2)
=>Work=J'Fdx=J'pAdx= I pdVv.

(1 V1)

. pVi* =, a constant = p =cV~14 If V, = 243 in® and p, = 50 1b/in, then c = (50)(243)!* = 109,350 Ib.

32

32
_ -1.4 _| 109,350 _ 109350/ 1 1 _ 109,350r1 1
Thus W= | 109,350V"14aV = [- o.4v°-4] = 1093 (320'4 2430.4) - 1093501 _1)
243 243
= --(-l(%?-%—-———?g)ﬁ()s) = —37,968.75 in - Ib. Note that when a system is compressed, the work done is negative.

The force required to stretch the spring from its natural length of 2 m to a length of 5 m is F(x) = kx. The

3 3
3
work done by F is W = J F(x) dx =k I x dx = K[x?]) =%, This work is equal to 1800 J = 9k =1800
4] 0

=k =400 N/m
(a) We find the force constant from Hooke’s Law: F =kx = k = g— = k=800 _ 999 Ib/in

2
(b) The work done to stretch the spring 2 inches beyond its natural length is W = J kx dx
' ]

2

2

2

=200 I x dx = 200["7] =200(2 — 0) = 400 in-1b = 33.3 ft - 1b
0

0
(c) We substitute F = 1600 into the equation F = 200x to find 1600 = 200x => x = 8 in

We find the force constant from Hooke’s law: F =kx. A force of 2 N stretches the spring to 0.02 m

= 2=k-(0.02) = k =100 % The force of 4 N will stretch the rubber band y m, where F =ky = y :%
0.04

>y= 4—NN = y=0.04 m =4 cm. The work done to stretch the rubber band 0.04 m is W = kx dx
100 &
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o2 21°%  (100)(0.04)?
=100 J xdx:lOO[xT] =————§'—=0.08J
0
0
12. We find the force constant from Hooke’s law: F =kx = k = -E— =>k= %Q = k=90 -Nm— The work done to

5 5 2 5

stretch the spring 5 m beyond its natural length is W = J kx dx =90 I xdx= 90[x-2—] = (90) (225—) =112517J

0

0 0

13. (a) We find the spring’s constant from Hooke’s law: F =kx = k = % = 2%’_11?:1 = -2% = k = 7238 %%
0.5 0.5
(b) The work done to compress the assembly the first half inch is W = J kx dx = 7238 J x dx
21%° (0.5)2 _ (7238)(0.25) .
= 7238 % = (7238) 5= 3 A 905 in -1b. The work done to compress the assembly the
0

1.0 1.0 9 1.0

second half inch is: W = J kx dx = 7238 J x dx = 7238["7] =1238[1 _ (05)2] = @%M
0.5 0.5 0.5

2714 in-1b

14. First, we find the force constant from Hooke’s law: F =kx =k = F_150 _16.150 = 2,400 % If someone

" (i)

(o

6
compresses the scale x = % in, he/she must weigh F = kx = 2,400 (%) = 300 lb. The work done to compress the
scale this far is W = J' kx dx = 2400["7] = 2400 = 18.75 1b-in. =22 £t 1b
0 .

15. We will use the coordinate system given.
(a) The typical slab between the planes at y and y + Ay has Groy, q 10t

a volume of AV = (10)(12) Ay = 120 Ay ft>. The force levey
F required to lift the slab is equal to its weight:
F =62.4AV = 62.4-120 Ay 1b. The distance through
which F must act is about y ft, so the work done lifting
the slab is about AW = force x distance
=62.4-120-y- Ay ft -1b. The work it takes to lift all

20
the water is approximately W~ Y, AW
0

20
= Y 62.4-120y - Ay ft -Ib. This is a Riemann sum for
0

the function 62.4 - 120y over the interval 0 <y < 20.

The work of pumping the tank empty is the limit of these sums: W = J 62.4-120y dy
0

20
= (62.4)(120)[¥2—2] = (62.4)(120)(4—3—0) = (62.4)(120)(200) = 1,497,600 ft -1b
0
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. . s (5 .. _ W _ 1,497,600 ft-1b
(b) The time t it takes to empty the full tank with (11)—hp motor is t = 250 fE-b = 250 1B

= 5990.4 sec = 1.664 hr = t ~ 1 hr and 40 min sec sec

(¢) Following all the steps of part (a), we find that the work it takes to lower the water level 10 ft is
10 5710
W= J 62.4-120y dy = (62.4)(120) [%] = (62.4)(120)(%’9): 374,400 ft -1b and the time is
o -
0

b= %(;’VW = 1497.6 sec = 0.416 hr ~ 25 min

sec

(d) In a location where water weighs 62.26 i'l_t%:

a) W = (62.26)(24,000) = 1,494,240 ft - Ib.

b)t= % = 5976.96 sec ~ 1.660 hr = t &~ 1 hr and 40 min

b
9 20
£t3
a) W = (62.59)(24,000) = 1,502,160 ft -1b

b) t = 220280 _ 6008.64 sec ~ 1.669 hr = & ~ 1 b and 40.1 min

In a location where water weighs 62.5

16. We will use the coordinate system given.

(a) The typical slab between the planes at y and y + Ay has
a volume of AV = (20)(12) Ay = 240 Ay ft3. The force
F required to lift the slab is equal to its weight:
F =624 AV = 62.4-240 Ay 1b. The distance through
which F must act is about y ft, so the work done lifting
the slab is about AW = force x distance
=62.4-240-y - Ay ft -1b. The work it takes to lift all

20
the water is approximately W~ ) AW
10

20
= > 62.4-240y - Ay ft-1b. This is a Riemann sum for the function 62.4 - 240y over the interval
10
20

10 <y <20. The work it takes to empty the cistern is the limit of these sums: W = I 62.4 - 240y dy
10
2 20
= (62.4)(240) [y?] = (62.4)(240)(200 — 50) = (62.4)(240)(150) = 2,246,400 ft -1b
10

(b) t W 2,246,400 ft -1b

TgsfbT 2

= 8168.73 sec & 2.27 hours &~ 2 hr and 16.1 min

(c) Following all the steps of part (a), we find that the work it takes to empty the tank halfway is

15 15
2
W= J 62.4-240y dy = (62.4)(240)[2’2—] = (62.4)(240) (228 - 100) = (62.4)(240) (125) = 936,000 fs.
10
10
W _ 936,000

Then the time is t = =
975 ft -1b 275

a2 3403.64 sec = 56.7 min
sec B

447
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(d) In a location where water weighs 62.26 %:

a) W = (62.26)(240)(150) = 2,241,360 ft - 1b.
2,241,360 .
b) t = 25— = 8150.40 sec = 2.264 hours ~ 2 hr and 15.8 min

775
c) W = (62.26)(240) (%5) = 933,900 ft -1b; t = %99 = 3396 sec as 0.94 hours ~ 56.6 min

In a location where water weighs 62.59 f!t_g

a) W = (62.59)(240)(150) = 2,253,240 ft - Ib.
b) t = 2253240 _ 4193 60 sec = 2.276 hours ~ 2 hr and 16.61 min

375
¢) W = (62.59)(240) (125 ) = 938,850 ft - Ib; ¢t = 938,850 - 3414 sec = 0.95 hours & 56.9 min

17. Using exactly the same procedure as done in Example 6 we change only the distance through which F must act:

10 10
distance ~ (10 —y) m. Then AW = 245,0007(10—y)Ay J => W= > AW = Y 245,0007(10 — y) Ay
0 0

10 10

10
2
= W= J 245,0007(10 — y) dy = 245,000 I (10 - y) dy = 245,0007r[10y - VT] = 245,0007r(100 - 1_(2)_0)
0
0 0

~ (245,0007)(50) ~ 38,484,510 J

5
18. Exactly as done in Example 6 with the change in the upper limit of the sums and the integral: W= Y AW
0

5 5
5 2
=Y 245,000m(14—y)Ay J=> W = I 245,0007(14 —y) dy = 245,000#[14y —yT] = 245,0007r(7 -22—5)
0 0
0

= (245,0007) (%5) ~ 44,257,186.5 J

19. The typical slab between the planes at y and and y + Ay has a volume of AV = W(radius)z(thickness)
2
= 7r(22—0) Ay = 7-100 Ay ft3. The force F required to lift the slab is equal to its weight:
F=51.2AV =51.2.1007 Ay b = F = 51207 Ay Ib. The distance through which F must act is about

30
(30 —y) ft. The work it takes to lift all the kerosene is approximately W ~ Y. AW
0

30
= Y, 51207(30 —y) Ay ft -1b which is a Riemann sum. The work to pump the tank dry is the limit of
° 30 2130
these sums: W = J' 51207(30 —y) dy = 51207r[30y —"7] = 51204@) = (5120)(450)
0
0
~ 7,238,229.47 ft -1b

20. For both ways of filling the tank, the typical slab between the planes at y and y + Ay has a volume of
AV = n(radius)?(thickness) = 7(2)2Ay. The force F required to lift this slab is equal to its weight:
F = 62.4 AV = 7(4)(62.4) Ay. The distance through which F must act does depend on the way of filling.
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(a) If we pump the water through a hose attached to a valve in the bottom, the distance is (15 +y) so the

work done lifting the slab is about AW, = (62.4)(47)(15 +y) Ay. The work done lifting all the slabs is
6
<]
W, = 3 (62.4)(47)(15 +y) Ay and taking the limit we get W; = .[ (62.4)(47)(15+y) dy
0
- 0

6
= (62.4)(471')[15y + g]o = (62.4)(47r)(15 -6+ §2§.) = (62.4)(47)(90 + 18) = (62.4)(47)(108)

~ 84,687.3 ft -1b
(b) If we attach the hose to the rim of the tank and let the water pour in, the distance is (15 + 6), so the work

done by the pump on one slab is AW, = (62.4)(47)(15 + 6) Ay. The work done lifting all the slabs is:
6
6
W, = 3 (62.4)(47)(15 + 6) Ay and taking the limit we get W, = J (62.4)(47)(15 + 6) dy
0 0
6

= (62.4)(47)(21) J dy = (62.4)(47)(126) ~ 98,801.8 ft -1b. We see that W, > W, and if we assume
0

that the pump produces a constant amount of work per hour then it takes more time to do work W,

21. (a) Follow all the steps of Example 7 but make the substitution of 64.5 = Ib for 57 1b

P s Then,

8 8
_ [ 6457 2 1 _ 64.5x] 10y y“] _64.5r(10-8% 84\ _ [64.57)(¢3)(10
w= | S52a0-y)y ay < Sgrl 107 =0 T )= () -2)

o

3
— 64.5;: =8 — 21.57-83 ~ 34,583 ft - 1b

(b) Exactly as done in Example 7 but change the distance through which F acts to distance ~ (13 —y) ft.
8 8
_ [ 51x 2 1. _ BT 13y3_y4] _57r(13-8% 8%\ _ (57m)(o3)(13 57837
Then W = J g (13-y)y*dy = [—3 T)," 2\ 3 1 =(FE)E@) (P -2) = 5T
0
= (197)(82)(7)(2) ~ 53.482 ft - b

22. The typical slab between the planes of y and y+Ay has a volume of about AV = w(radius)z(thickness)

= r(\/)_r)z Ay = ny Ay m3. The force F(y) is equal to the slab’s weight: F(y) = 10,000 -I%-AV

= 710,000y Ay N. The height of the tank is 4% = 16 m. The distance through which F(y) must act to lift
the slab to the level of the top of the tank is about (16 —y) m, so the work done lifting the slab is about
AW = 10,0007y(16 —y) Ay N-m. The work done lifting all the slabs from y = 0 to y = 16 to the top is

16
approximately W a2 ) 10,0007y(16 —y)Ay. Taking the limit of these Riemann sums, we get
0

-

6 16 16
2 3 3
W= J 10,0007y(16 — y) dy = 10,0007 J 16y —y2) dy = 10,000#[%& —%] —10 0001r(1;i %)
0
0 0
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10,000 -7 - 16°

5 ~ 21,446,605.9 J

93. The typical slab between the planes at y and y+Ay has a volume of about AV = r(radius)?(thickness)

= n(v/25=32) Ay m®. The force F(y) required to lift this slab is equal to its weight: F(y) = 9800-AV

= 98007 (/25 —y2)’ Ay = 98007 (25 —y2) Ay N. The distance through which F(y) must act to lift the

slab to the level of 4 m above the top of the reservoir is about (4 —y) m, so the work done is approximately
AW =~ 98007r(25 - yz)(4 —y)Ay N-m. The work done lifting all the slabs from y = -5 mtoy=0m s
0
approximately W~ 98007 (25 — yz)(4 —y)Ay N-m. Taking the limit of these Riemann sums, we get
-

0 4] 0
. 4
W= J 98007 (25 — y2)(4 —y) dy = 9800 [ (100 — 25y — 4y2 +y3) dy=98007r[100y—22é 2-2v+ 4 ]
-5
-5 -5

- —98001(—500 —EQ—ZM%- 125 +§-?4é) ~ 15,073,100 J

924. The typical slab between the planes at y and y+Ay has a volume of about AV = 7(radius)?(thickness)
= n(y/100 = 32) Ay = 7(100 — y?) Ay £t3. The force is F(y) = 56 1b. AV =567 (100 — y?) Ay Ib. The
distance through which F(y) must act to lift the slab to the level of 2 ft above the top of the tank is about

(12 —y) ft, so the work done is AW ~ 56w (100 — y2)(12 —y) Ay lb-ft. The work done lifting all the slabs

10
from y = 0 ft to y = 10 ft is approximately W ~ Z 567r(100 - y2)(12 ~y)Ay lb-ft. Taking the limit of these

10
567 (100 —y?)(12 - y) dy = 567 | (100 —y*)(12-y) dy
0

Riemann sums, we get W =

os——,s

i 0052 129° 4]
=567 I (1200-100y—12y2+y3)dy=56w[1200y—Ty——§¥—+yT]
o 0
=567r(12 00 “’300 10, 000) (567 )(12 5—4+ )(1000)~967 611 ft -Ib.

It would cost (0.5)(967.611) = 483,805¢ = $4838.05. Yes, we can afford to hire the firm.

Xy x2 N

dv dv dx dv dv 5, — dv — |12 2

25. F=m T d S ™ ax by the chain rule = W = J mv = dx =m I (v dx) dx_.m[2v (x)]x1
X1 *1

= %m[vz(x2) - v2(xl)] = %mv% - %mvf, as claimed.

1
. _ wel ht §
26. weight = 2 oz = Z Ib; mass 35 = & = 5z slugs; W = (1) (k5 slues ) (160 ft/sec)? » 50 £t -1b




