CHAPTER 6 TRANSCENDENTAL FUNCTIONS AND
DIFFERENTIAL EQUATIONS

6.1 LOGARITHMS
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y=m3x=y =)@ =} 2 y=h(0+1) =>F=(27)0 =515
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y:lnx3$%=($)(3x2)=% 4. y:(lnx)3=>a—)-};-=3(ln x)z-%(ln x) = ( % )
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T+Inx (1 +1n x)? (1+Inx)? = x(1+1nx)?
- r 1 _.d =1 1 . d =1
y=Ihn(n(nx) =y " In(In x) dx(ln(ln x))_ln(ln x) Inx dx(ln x)_x(ln x) In (In x)
v = 8[sin (In 8) + cos (In 6)] = 3—; = [sin (In 8) + cos (In 8)] + a[cos (In 6) -1 —sin (in 6) %]

=sin (In ) + cos (In 4) + cos(In 8) —sin (In 8) = 2 cos (In 6)
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_ dy __sec 9 tan 9+S€C29 _ sec G(tan 0+SCC 0) _
14. y = In(sec 6 + tan 6) P = secO+tand -  tan O +secd =sec §
_ R T | p_ 1 1/ 1 \_ _ 2x+1)4+x_ 3x42
15.y_1n——————x\/m_ lnx—-3n(x+1) =y =4 2(x+1)- D) = "I D)
12 g -1/2 —1/2
— — 1/2 a_1 1/2 .4 1/2)_1 1/2 L d(g1/2
16. y= /o Vo= t1/2) " 5 F =1l ¢/2) 7 40 1/2) = L(n £1/2) 7 -£(:1/2)
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2 (/2 2 4t /ln\/E
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2)(21n t 2 2Int
8 y_1+(lnt)2:>d_y_(1‘(1”) J(EpY)-(+mon(-2Ry)
1—(Int)? 7 dt (1-(In t)2)2 t(1—(ln t")z)2
d sec(In ) tan (In @ tan (In 6
19. y = In(sec (In 6)):dz sec({n 0)-%(sec(ln ) = (sec)(ln 0)( ) d (l 6) = #

5
20. y:ln((——_—_—xz“) )=5ln(x2+1)—% n(l-x) =y =52 L1 )1 )= 10" 2(11_x)

M—x x2+1
In5¢ _ dy _( 1 (1 =1
21. y =log, 50 = Y8 = ¥ = (1L5)(35) ) = gimg
2
22. y = logx +logyx’ = X+ WA = {42 =3 X o v/ =

2.y =toty r-log, 1= (BE)(15) = it = & = [moms | " VD= BD

24, 3 = log, ((’;f %)m): (3H)" 9 n(3H) ~ (21

T R — )=+ ~In(x-1)

dy 1 1 -2

T TxHI x-1-GHDE-D)

25. y = 6 sin (log; 6) = 0 sin Gn g) = ?i% =sin Gg—e) + ﬂ[cos(%r—l—a)](o i 7) = sin (log, 9) +l 7 08 (logy, 6)

26. y = 3 logg (log, t) =

3 In (log, t) 3 In (lll_t-) dy _(
n

In 8 ] )[(m t)/(In 2)](t 1}1 2) ~t(n t?(ln 8)
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“ t(In t)(In 2)

x2

[ 2 2
y= . lnﬁdt:%:(ln\/g)-%(ﬂ)—(ln@)-%(%—) 2x Inix|-xIn %
x2/2
¥

y= | mtdi=>P=(3k)-435)-(n VE) g (vR) = (1n V%) (1x%) - (ln x)(37172)

. :
%;dx:[lnlx|]:§=ln2—ln3=ln% 30. J 3x:_3_2dx=[ln|3x—2|](11=ln2—ln5=ln%
-1

2 dy=ln|y?*-25|+C 32. I
y

mpT r5dr=ln|4r2—5l+C

8
42 —

sin t

3 dt=[ln|2——c0stl]”=ln3—ln1=ln3; orletu=2—cost=>du=sintdt witht=20
—cost 0

0

k. 3
=>u=la.ndt=7r=>u=3:J 2§ifclogtdt=J Laqu =[ln|u|]::=ln3—ln1=ln3
0 1

=/3
J %dﬁ [ln|1—4cosOl]g/3=ln|1—2lz—ln3=ln%;orletu=1—4cos9=>du=4sin0d0
0

~/3 -1
-1
with g =0 =>u=-3and§=F=u=-1= J 1—4—Z“c‘(—ﬁ—-o-d0_'[ gdu =[lnju] =-m3=mi
0 -3

Letu=lnx=>du=%dx;x=l=>u=0andx=2=>u=ln2;

2 In 2 n2
I 2—1)1(1—xdx= J 2udu=[u2]0 =(ln2)2

Letu:lnx=>du=%dx;x=2=>u=ln2a.ndx=4=> u=ln 4;
4 In 4

dx_ _ ) Ind _ _ —n(ln4_ (In22)_, (2n2)_
lenx_J Ldu=(n ull*4=In(in 4) ln(ln2)_ln(ln2)_ln(ln2) In(4n 2 2) In 2
2 In2
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37. Letu:lnx:du:%dx;x:Q:>u=ln2andx=4=>u=ln4;
4 In 4 In4

J dx 2=f RO DY S SRV SRS W TR WS HE M

x(In x) L n

n

38. Letu:lnx:du:-}zdx;x=2=~u=ln2andx=16#u=ln 16;

16 In 16

J;;‘krz% J 1ﬂdu—[u /2] =+4/In16-—y/In2=4/4In2-+v/In2=2yIn2-+/In =+/In 2
x+v/In x

2 In 2

39. Letu=6+3ta.nt=>du=3sec2tdt;

2
J 6-?;-?3e(1:;a:1tdt= [ du _ 1y ju)+C=In|6+3 tan t|+C

40. Let u =2 +sec y = du =sec y tan y dy;

J‘ secytanyd — J d_‘}1_=lnlu|+C—_—ln|2+sec y|+C

2+secy
41. Letu:cos%:‘;du:—%sin’z—{dxﬂ—2du=sin%dx;x=0:>u=1andx:12r- —%-
w/2 w2 . x 1/4/2
sin 5
J tan ¥ dx = J %dx:-—Z dTuz[—2ln|u|]1/\/5=-2ln—1—=2ln V2=In2
2 cos 5 1 V2
] 0 1
= si = dt: t ==L =L = =
42. Letu—s1nt=>du—costdt,t—4:u—\/iandt_2=>u_1,
wf2 w/2 1
_ cost 3, du __ 1 R T S
I cottdt-] sintdt_ J u__[lnlul]l/\/g— lnﬁ—ln\/i
x/4 w/4 1/\/5

43. Letu:sin%édu:%cos%de=>6du=2cos%d0;0=%=>u=%and0=7r$u=——\§§'

V32

7 [ 2cosQ
3 /2

I 2 cot & 4 = J —7 do =6 J i&‘-=6[ln|u|];{2— = (mié_—-ln%):eln\/ﬁ:lnm

/2 /2 3 1/2
44, Let u=cos 3x = du=—3sin 3xdx => —2du=6sin 3xdx; x=0= u_la.ndx._l2 =%-

/12 n/12 1/y/2

6 tan 3x dx = J‘ 6sin 3% gy = 2 J d —2[ln|u|]1/\/5=—21nL—ln1=2ln \/§=ln2
cos 3x 1 \/5
(] 0 1

45.

dx  _ dx . - __1 . dx — | du_
‘[2\/}_(4_2)(_]'2\/i(l+\/i),letu—1+ﬁ:>du—2\/§dx,J‘2\/}_((1+\/)_c)-—.[ i =Injul+C
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=In|1+/X|+C=In(1+/x)+C

Let u = sec x + tan x = du = (sec x tan x +sec?x) dx = (sec x)(tan x +sec x) dx = sec x dx = %9;

sec x dx - 1 /2, 1d =2(In w2 +C =2/ t
J\/]n(secx-i-tanx) Ju — J(nu) u=2(Inu)’“+ n (sec x +tan x) + C

(a) f(x) = In(cos x) = f'(x) = —gio%);: —tan x =0 = x = 0; f'(x) > 0 for _Z<X<0 and f'(x) < 0 for

0<x 5%,:— => there is a relative maximum at x = 0 with f(0) =In(cos 0) =In 1 = 0; f(——%) = ln(cos(—I

1 1
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4

)

=In (ﬁ) = —% In 2 and f(%) = ln(cos(%)) =In 5= In 2. Therefore, the absolute minimum occurs at

X = % with f(%) = —In 2 and the absolute maximum occurs at x = 0 with f(0) = 0.

—sin (In x)
—

(b) f(x) = cos (In x) = f'(x) = =0=x=1f(x)>0ford<x<landf(x)<0for 1 <x<?2

2

= cos (—In 2) = cos(In 2) and f(2) = cos (In 2). Therefore, the absolute minimum occurs at x = L and

2

= there is a relative maximum at x = 1 with f(1) = cos(ln 1) = cos 0 = 1; f(%) = cos(ln (l))

x = 2 with f(%) = {(2) = cos (In 2), and the absolute maximum occurs at x = 1 with f(1) = 1.

(@) fx)=x-lnx=>f(x)=1 —}1-5; if x > 1, then f’(x) > 0 which means that f(x) is increasing
(b) f1)=1-In1=1=1f(x)=x—~Inx>0,ifx>1bypart (a) > Inx<xifx>1

5 5 5
J (ln2x—lnx)dx=J (-Inx+In2+Inx)dx=(n 2) J dx=(n2)(5-1)=In2*=1n 16
1 1 1

=/3 0 /3

A= J —tan x dx + J tan x dx = J —Cglsnxx dx — J —cglsnxx dx = [ln | cos xl](_)_ﬂ_/4 -—[ln | cos xl]::/3
0

—n/4 0 —-n/4

=(ln1—lnﬁ)—(ln%—lnl) InyZ+ln2=31n2

%:1+%at(1,3):>y:x+ln|x|+C;y=3atx=1:C=2=>y=x+ln|x|+2
dy _ o _ dy_ _ dy _ _
a7 = e x:>—&—£_tanx+Candl_tan0+C=>&_.tanx+1:>y_ (tan x +1) dx

=Inisec x|+x+C; and 0 =1In|sec 0]+ 0+C,; = C; =0 = y =In|sec x|+x

J log)lio X dx = J (lgll);))(%) dx; [u =lnhx=>du= '12 dx]

2
= J (2 ﬁ))()lt) dx =g J wdu=(lg)(3e?)+0 = Srllnxio +C
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4 4 4

In 2 log, x 4
54. J D208 X gy = I (la2)(lnx) ax = J % dx =[1(in x)2]1 =10 42~ (in 1)?) = L (in 4)?
1 1

oy

=1(21n 2)* =2(In 2)°

o (x+2)
08, (X 1
55 J 72 ¥ h3

ni{x 2 2 n n
0 i) =) 25 2] -

:(_1_)[4(1n 2)2—M]:%1n 9

(= ]

3l 2 )
T 2logo(x+1) T (n (x +1))?]° (In 10)2 (In 1)2
10 _ 2 1 Ve — (2 )| (n(x _(_2 \[n n
56'] X+ 1 dx_lnlOJln(x+l)(x+1)dx—(ln10)[ 7 ]0—(11110)[ T 2 ]
0 0
=In 10

o I X l(:lg)io X J (111.’1111}?)(%) dx = (In 10) I (ﬁ)(%) dx; [U =lhx=du= 31{- dx]

= (In 10) J(l—nl—i)(%)d}cz(ln 10) I 1 du=(In 10)lnju1+C = (In 10)In |In x|+C

dx dx 2 [ (nx)~? 2 (Inx)™! (In 8)2

58.J' =I =(In8 J—-————d:lS——+C=—_——_c

x(logs x ) (lnxy (n 8) x— dx=(n 87— mx T
n

5

<o

. () L(x) = f(0) +£(0) -x, and f(x) =In (1 +x) = (x)|__ 1

=135 =1=Lx)=Inl1+1-x=>Lx)=x

x=0

(b) On [0,0.1], f(x) and L(x)are both increasing because f'(x) = 1—i_—; >0and L'(x) =1>0for 0 <x<0.1. In ~

addition 0 <x<0.1=1<1+x<1Ll = ﬁgx—i—lg 1 = L'(x) > f'(x) = E(x) = f(x) — L(x) is non-
increasing on [0,0.1] because E'(x) = f'(x) — L' < 0 on the interval. Therefore, the largest error is

|£(0.1) = L(0.1) | =|In (1.1) — 1.1| ~ 0.00469.

y
(c) The approximation y = x for In (1 +x) is best for smaller 0.5 yux
positive values of x on the interval [0,0.1] as seen on the
graph. As x increases so does the magnitude of the o o
error |In (x) —x|. From the graph, an upper bound 03 o7 yein(x41)
for the magnitude of the error is |In (1.1) — 0.1] 0.00469
which is consistent with the analytical result obtained 02
in part (b). o

1.2
60. In(1.2) = In(1 +.2) 0.2, In(.8) = In (1 4+ (—0.2)) ~ —0.2; with Simpson’s rule for n = 2, In (1.2) = I %dt
1
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0.8 0.2
~ 0.182323232 and In (0.8) = J %dt ~ —0.223148148; alternatively, In (1.2) =In(1+0.2) = J —1-% dt
1 0
-0.2
~ 0.182323232 and In (0.8) = J ILH dt ~ —0.223148148.

0

6.2 EXPONENTIAL FUNCTIONS

— e—2x/3 —2x/3

=>y'=—2e

2. y= e5—-7x = yI - e5—7x a(_i)E(S _ 7}() = y/ — _7e5_7x
o) ) ) ()

4. y=(1+3x)e* =y = (1+3x)(—e*)3e™* = (2 — 3x)e™™
5. y=(x2—2x+2)eX = vy = (2x —-2)e* +(x®-2x+ 2)e* = x2e*
6. y = e’(sin 6+ cos 6) = y’ = e%(sin 6 + cos ) + e%(cos § —sin 6) = 2e? cos 6

7. y=1n(30e®)=In3+In f+ne®=1In3+1nd— o=>j§ 1y

8. y= cos(e"oz) = 3—; = —sin(e_oz) éi—o(e"az) = (-— sin (e"a2 ))(6_92) f—o(——ﬁz) = 29e_02 sin (e_az)

d /. cos t
)dt(smt)‘ 1+ Gt

9. y:ln(2e'tsint)=ln2+lne +lns1nt_ln2—1:-{-1ns1nt=>dt —1+(

—cost— sin t
sin t

10. y=1In

(/]
< =Inef—In(1+e)=0—1In(1+e) = jgzl—(—-l—)a*%(uea)ﬂ—L-——l_

11. y=In l_l/-f/azln \/a—ln(l+\/§)$%=<ﬁ)g—o(\/§)“(;€)%(l+ﬁ)

B (_\}7)(2\1/5)_(1 +1\/5)(2\1/5) - (12;(\1/?\_/5\)/5 ~20(1 i— Vo) 20(1 i 61/2)

dy

12 y=emt(Int2+1) = = e”i“'(cos t)(ln t2 + 1)+%e“"lnt = eSi“t[(ln t2 4 1)(cos t) +%]

X

In
13. J sin e* dt = y’ = (sin 2 ¥). d I (nx) = s1n sinLx
0
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14. y = ej Intdt=y =(n e’x)-%(ez")—(ln e4\/;)-f;(e4\/;) = (2X)(2e2")—(4\/2)(e4\/;>-§§(4\/§)
A

— 2x _ 4\/’.‘ 2 \_ 2X _ 4\/;
= 4xe 4\/)_ce (\/)_()_4xe 8e

15. Iny=¢"sinx = (%)Y' =(y'e¥)(sin x) + &’ cos x = y'(%—ey sin x) =eY cos X

1 —yeY sin x) ye¥ cos x
oy T )=e =
=>y( y e cosx =y 1 —yeY sin x

16. nxy=eY = Inx+hny=e = 31(-+(31-,-)y’ =(1+y)etV = y’(%—e"*’y):exﬂ'—%{
1—yex+y) xety —1 y(xexty —1)
= ,( = sy =t
y y X y x(1 —ye*tY)
2 2
17. €2 =sin (x + 3y) = 2¢2* = (1 +3y’) cos (x + 3y) = 1+ 3y’ =aﬁ)%:3—y)=> 3y’ =€;(gf'_:3—y)*
oy ___2e2"—cos(x+3y) l
3 cos (x + 3y)
L | 2
18. tan y = €% +1In x = (sec?y)y’ =e*+iay =(—XS——-‘-—-X)—C-(£-Z
3 In3
X
19. j(e3x+5e'x)dx=%-—5e'x+0 20. I exdx=[ex]1;:=eh3—eln2=3—2=1
In2
21. j 8e+1) gx = gel**1) 4. C
In9 In9
2. [ /2 dx = [26¥/2] 0, = 2[e0n9)/2 _ (Mn8)/2] _ g(eln3 _ln2) = 2(3 - 2) =2
In4

23. Let u = 1?5 du= —%r'l/z dr= -2du= r~1/2 dr;

1 -
/2+C=—2e \/;+C

oV
<z

2
dr = J e""ll a2 g =2 J e'du=—2eT

24. Let u = —t2 = du = -2t dt = —du = 2t dt;

2 2
J2t’.e_t dt:—Je“ du=—-e"4+C=—-"* +C




25.

26.

27.

28.

29.

30.

31.

32.
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Letu:%édu:—%dx:—du:%dx;
X X

1
J ¢ éx dx = J—e“ du=—-e“+C=——e1/x+C

X

Letu=—x2=du=2x3dx = % du =x~3 dx;

X

Letu=tan § => du=sec’df;§ =0=>u=0,0=2=u=1;

>N

w/4 w/4 1
J (1+e279)gec29 dg = I sec26‘d9+J
0 0

=(1-0)+(e—-1)=e

Letu=c0t0=>du=—csc20d0;9:%:u=1,0=-’2§=>u=0;

w/2 w/2 0 .
J (1+4et9) csc2g df = J csc?6 df — J e du =[—cot 9]:%2——[e“]2=[—cot(—725)+ cot(%)]—(
/4 1r/4 1

=(0+1)—-(1—-e)=e

Let u = sec 7t = du =%sec wt tan wt dt = 7 du = sec #t tan 7t dt;

sec(mwt)

J #° (e (t) tan (rt) dt = L J Cfdu=S+C=5""C

T

2 2
Letu=e* =>du=2xe* d;x=0=u=1,x=vIhr=>u=e"=n,

Jir

0 1

Letu=1+¢" = du=¢e"dr

lfer dr= J %du=ln|u|+C=ln(1+e')+C

[ 1 — e X .
) 1+exdx_ J e'x+1dx’

letu=e*+1=>du=—-e"*dx = —du=e*dx;

.
x dx:-—-J -llidu:—ln|u|+C=—ln(e""+1)+C

-
JeT*+1

e_llxzdx— e_x_2-x_3dx—-1- tdu=let+C=1lex +C°le_1/x2+C
3 - —2 2 -2 -2

e du = [tan 91774 +[e“](1) = [tan(%)-— tan (0)]-{-(e1 —¢°)

®
2 2
J 2xe* cos(ex ) dx = J cos u du =[sin ul] = sin () —sin (1) = —sin (1) ~ —0.84147
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33. y=2x=>y' =2%In2
Ve dy e 1. -1/2\_ {105 \<V®
34, y=5 =>$—5‘/-(ln5)(§s />‘(§g$)5

3B.y=x"=>y' = rx(™1)

= —1/2 (cos 0)( ﬁ_l)(sin 6)

36. y = (cos 0)‘/—
37, y =70 1n 7 = % — (799 1 7)(In 7)(sec 8 tan 8) = 7°°°%(In 7)? (sec 6 tan 6)
38. y = 28in3t = dy (gsin3t 1y 2)(cos 3)(3) = (3 cos 3t)(2sm *)(n 2)
39. y=te > T =1t~
2. y=(n )" = & = nm o0 (3) = 7 0)‘" b

n x+1)"° n n +1
) ):l(x-l) _d 3)11ng 1)_1(’;“) In(x+1)~In(x—1)

x+1
41. y =logy ((_1 W3
2

=>dy= 1 1 _
dx " x+1 x—-17 (x+1)(x-1)

(In5)/2 7x
In{ 22—
|- -y

) - Inb

)1n5 = log, (m
1

42. y =log, (3)(73‘_ >
x(3x +2)

_(3x+2)—3x _
2x(3x+2)

_1 7 3
In 7x ln(3x+2)=>d S ECETCTT

=1

—2

In (sin 8) +1n (cos 6)—1n e —In 20 ln(sm 6)+In(cos ) —6—01n 2
In7

43. y =log; (Sin s a) o7
sin 6 ——1—7 } 2—(1—111—7)(c0t9—tan0—1—ln2)

dy
~ (sin 0)(1n 7) (cos 6)(In 7)
x2e? Inx2+Ilne?—In2—In/x+1 2lnx+2-In2~-5mn(x+1)
44. y =log, = =
24/x+1 In 2 In 2

:>

I 1 _ Ax+l)-x _ 3x+4
xIn2 2(n2)(x+1) 2x(x+1)(In2) ™ 2x(x+1)In 2

In(x+1)*=xIn(x+1) =>y7=ln(x+1)+x &+ +1) >y = (x+1)x[—-T+ln(x+l)]

45. y=(x+1)*=>Iny=
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47.

48.

49.

50.

51.

52.

54,

56.

57.
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— \/E_ (tl/z) — t1/2)_ 1/2 ldy _(1,-1/2 1/2(1 Int+2
y=tVi= e sy = & = (2 n ) 5 1Y =(3t7)m ) +1/2(}) = e
=>cly (1nt+2)\/_
2Vt
y =x"% = Jn y = In x*™* = (sin x)(In x)=> = (cos x)(In x) + (sin x)(%)zsinx+x(l; x)(cos x)
oy = x{,,inx[sin X +x(l}r{1 x)(cos x)]

!
y=(lnx)l‘”‘=>1ny=(lnx)ln(lnx)byy‘z(%)ln(lnx)+(lnx)(ﬁ;)ﬁ(lnx)=ln(l)?x)+%
>y = (w;)j) (In x)x
Letu:xZ:du=2xdx=>%du=xdx;x=1=>u=1,x=\/§:>u=2;

V2 TR ,
_[ @ S 2892 (1 \(g2_g1) 1
J =2 d"—J(E)zud“—z[lwll—(zlu)@ 2)=n3
1 1
Letu:cost:>du=—sintdt:>—du:sintdt;t:O=>u=1,t=%=>u=0,
w/2 0 o
t g — _[_ ) _(=1\(r0 __6
J 7008 smtdt_—J 7“du_[—r]l_(m)(7 -1)=g%
0 1
Letu:lnx#du:%dx;x:léu:O,x=2=>u=ln2;
2 n In 2 In2
2nx {2 _ m2_50)_2"°—1
J % d"‘[ 2ud“—[1n2]0 = (g2 -20) = 25
1 0
Ia V3 gx = 3X(‘/+1) 53. Jx(ﬁ“)dx=—xﬁ+c
\/_+1 V2
[ (VaexViax Vi) — Vi) g T oo gy [n2] gm2opm2 g1 4
I 24+1)xVidx=|x 0=3 55.Jx x_.ml_ 3“3 -L3
0 1
Letu=lnt$du—ﬂ u=0 when t =1, and u = x when t =€~
e* In x
[it-— t=J3“du_133E—L3(x—1)

1 0

3—{: et sin(et —2) =>y= J et sin(e"-—2) dt;

letu=et—2=du=etdt=>y= Isinudu:—cos u+C=—cos(e"—-2)+C; y(ln2)=0
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58.

59.

60.

61.

62.

63.

= —cos (eh‘z—2)+C=0=> —c08(2—-2)+C=0=>C=cos 0 =1; thus, y = 1—-cos(e"‘—2)

I~ et secz(we“) >y= I et secz(we't) dt;
let u=me " = du=—me~t dt => —%du:e"t dt=>y=—-,,1fv[sec2u du:—-,lfta,n u+C

= —71|.- tan(re~t)+ C; y(In 4) = % => -—% tan(re™24) + C =%=> -% tan('/r--}I)+C =72;

= —%(1)*'0 =%=> C =%; thus, y =%-—-71? tan(re~t)

——~—2e'x+C;x=0andg—));=0=>0=—2e0+c=>c=2; thus%=—2e"‘+2

=>y=2e"‘+2x+C;x=0andy=1=>1=2e°+C =2C, =-1=2y=2 4+2x-1=2(e*+x)-1
1 1 1

2

%=l—e2t=>%%=t—%e2t+c;t=1and%—i=0=>0=l—%e2+0:C:%ez—l;thus

dy . 1 2t,1.2_ 1.2 1.2t,(1.2_ b — - 11 12,12
dt—t_ie +35e 1=>y—§t i +(2e 1)t+Cl,t_1andy_ 1= 1_-2-—74-e +-2-e -1+GC,

=C;= —%—i—ez =y =%tz—%e2°+(%e2—l)t—(%+%e2)

f(x) = ¥ —2x => f'(x) = ¥ —2; f'(x) =0 = ¢* =2 = x = In 2; f(0) = 1, the absolute maximum;
f(In 2) = 2 — 2 In 2 ~ 0.613706, the absolute minimum; f(1) = e —2 ~ 0.71828, a relative or local maximum

since f'’(x) = e* is always positive

The function f(x) = 2¢*™ (x/2) has a maximum whenever sin )2_c= 1 and a minimum whenever sin ’2—‘ =-1.
Therefore the maximums occur at x = 7 + 2k(27) and the minimums occur at x = 37 + 2k(27), where k is any

integer. The maximum is 2e % 5.43656 and the minimum is % % 0.73576

f(x) =x% In %r = f(x)=2xIn %+x2(%)(—x‘2)= 2xInk—x=-x@lx+1); f(x)=0=>x=0o0r

X
lnx=—%. Since x = 0 is not in the domain off,x:e_1/2=#. Also, f'(x)>0for0<x<71_;and
f'(x)<0forx>—1\/_—é. Therefore, f(—\}:):%ln \/E=%ln et/ 2=-2-1-élne=2—1e-is the absolute maximum value

of f assumed at x =

S

In.3 2 In3 2In3 0
2 _1e** _ x _{e _n3) (e _0)_(9_aY_(1_1\_8_o_
64. J (e"—e")dx_[— e]o _( 3 e ) (2 e)_(2 3) (2 1)_2 2=2
0
65. Let x=L=>k=Landask — 00, x = 0= lim (1+£)k=lim(1+x)r/x=lim((l-{-x)l/x)r
) “k - X ! k00 k x—0 x—0




66.

67.

68.

69.

Section 6.2 Exponential Functions 509

r
= (lir% Q+ x)l/ x) , since u’ is continuous. However, liII(l) 1+ x)1/ ¥ = e (by Theorem 2), therefore,
X— X—

lim (1+ i)“ =

k—o0

1
/2
L=J 1+94"-dx=>3—3'(= i%:y: +e/24C;y(0)=0=0=++C=>C=Fl=>y=e/2-1

y=—ex/2+1

a
Note that y = In x and e¥ = x are the same curve; .[ In x dx = area under the curve between 1 and a;
1

Ina

e¥ dy = area to the left of the curve. The sum of these areas is equal to the area of the rectangle

O

a

a In
=>J In x dx + J e¥dy=alna.
1 0

(a) y =e* = y' = e* > 0 for all x = the graph of y = ¢* is always concave upward

Inb
(b) area of the trapezoid ABCD < J' e* dx < area of the trapezoid AEFD = %(AB +CD)(In b—1In a)
Ina
e elna g glnb 1 . . .
< J e*dx < — (In b—1In a). Now Q(AB + CD) is the height of the midpoint
Ina

M = eln2+Inb)/2 1 e the curve containing the points B and C is linear = elina+inb)/2 (In b—In a)

Inb
Ina Inb
< J ede<(e—12”£—>(1nb-1na)
Ina
Inb b
(c) J. & dx = [ex]i a = eltP _elna = _a so part (b) implies that
Ina

elna j (lnb
2

)(lnb—lna):e(h‘“+lnb)/2< b—a <8.+b

e(lna+lnb)/2(lnb_lna)<b—a,<( Inb—Ina 2

In(ab)/2 b—a _a+b_ _In(ab)!/? b—a _a+b b—a _a4b
=e <Eb-ma<—T =€ <mb-na< 7 T Veb<pTa<T3

f(x) = (x - 3)2e* = f'(x) = 2(x — 3) e* + (x — 3)2 ¥ y
=(x—-3)e*(2+x-3) = (x—1)(x — 3)€¥; thus “ @) =(=-3
fi(x) > 0 for x < 1 or x > 3, and f'(x) < 0 for

1<x<3 = f(1) = 4e ~ 10.87 is a local maximum and
f(3) = 0 is a local minimum. Since f(x) > 0 for all x,

f(3) = 0 is also an absolute minimum.
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70.

71.

72.

6.3

emX =x for x>0 and In (ex) =x for all x. My TI-92 Plus calculator gives correct results for ln(ex ), but for
x < 0 it gives e™ X = x, which is incorrect. Try graphing e * for —2 < x < 2. To be correct the line y =x

should not show for x < 0.

(a) f(x) = e* = f'(x) = &% L(x) = f(0) + '(0)(x —0) = L(x) =1 +x
(b) On [0,0.2], f(x) and L(x) are both increasing
because f'(x) = e* >0 and L'(x) =1 > 0 for
0 < x<0.2. Also, f'(x) > L(x) on the interval
[0,0.2] since e* > 1 on the interval E(x) = f(x) — L(x)
is non-decreasing on [0,0.2] since E'(x) = f'(x) — L'(x)
>0 on [0,0.2]. Therefore, the largest error is
|E(0.2) | =|£(0.2) — L(0.2) | =1°2 — 1.2 % 0.02141 on [0,0.2].
(c) Since f(x) is concave upward for all x, the tangent line lies below the curve y = e* for all x

except at x = 0. Consequently, the linear approximation is never an overestimate.

Using Newton’s Method: f(x) =In(x)—1 = f'(x) = 51(- = Xp41 = Xp =1 = Xy = Xy[2-In (%4)]-

l
(’%)
Then x, = 2 = x, = 2.61370564, x; = 2.71624393 and x5 = 2.71828183. Many other methods may be used.
For example, graph y = In x — 1 and determine the zero of y.

LINEAR FIRST ORDER DIFFERENTIAL EQUATIONS

d
. x§y+y=e",x>0

d X x
Step 1: %+(%)y ='e‘x‘, P(x) =%a Ax) =%

Step 2: JP(x) dx = J- )1—(dx=1n|x|=1nx,x>0

J P(x) dx
Step 3: v(x)=e =e"*=x

e"g—i+2exy=1

Step 1: j—i +2y=e7%, P(x) =2, Q(x) =e~*

Step 2: [ P(x) dx = .[2 dx = 2x

Step 3: v(x) = eIP(x)dx =

Step4: y= % J eX.e X dx = %(- J e* dx = —%;(e" +C)=e*+ Ce™2x
e e e
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.xy+3y— X x>0
X

d .
Step 1: af—( (?—{)y = 51::3", P(x) =% Q(x) = sm X

Step 2: J%dx:Blnlxl:lnxs,x>0

3
Step 3: v(x) =X =x3

Step 4: y=L3 Jx3(§i%)dx=% [sinxdx:%(—cosx+0)=g—_—%gs—5,x>0
x X X X X

2

. ¥+ (tan x) y = cos x,——725<x<12r-

Step 1: g—i+ (tan x)y = cos?x, P(x) = tan x, Q(x) = cos®x

Step 2: J tan x dx = J ggg’,‘{dx = —In|cos x| =In(cos )7, -Tex<l
-1
Step 3: v(x) =€ (c08%)™" = (cos x)~1

Step 4: y= (—-1——-)—3 J (cos x)™! - cos? x dx = (cos x) j cos x dx = (cos x)(sin x + C) =sin x cos x + C cos x
cos X

Step 2: J%dx=2lnlx|=lnx2,x>0

2
Step 3: v(x) =X =x?

2
Step 4: y=l2 sz()l—c—ﬁ)dxz% J(x—l) dx:%(%—x+0)=%—%+%,x>0

L)Y 4y =X

dy VX ﬁ
Step 1: E+(1+x)y—1+x P(x) = ,Q(x)
Step 2: J —1-—+—dx—ln (1 +x), since x >0
Step 3: v(x) = () =14«
X 2 3/2 2 3/2 C
Step 4: y=1_}_xj(l+x)(1{x) = J\/—dx—( )(gx/ +C) (x+x)+1+x

. 3—y—ly—— e*/? = P(x) = Q) = 1 /2 o JP(x) dx:—%x=>v(x)=e_"/2
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=>y=e_}{/2 Je—x/2(_%ex/2) dx = /2 I lax= x/2(2x+c) Leex/2 4 Cerl?

8. dy T2y =2 = P(x) =2, Q(x) = 2xe”2X = J P(x) dx = J 2 dx = 2x => v(x) = e®*

=y= -% I ez"(2xe‘2") dx = — J 2xdx =e 2"(x +C)-— x2e™ 2 4 Ce~ =
e
0. ¥_(Yy=2lmx=Pr=-} (x)=21nx:>jP(x)dx=—j%dx=—lnx,x>0
= v(x) =e‘lnx=5lz=> y=x J(%)@ In x) dx = x[(In x)? + C] = x (In x)? + Cx
10. gi ()y— X x>0=PKx)= % Q) = cosx=>JP(){)dx:J)2—(dx=2ln|x|=lnx2,x>0
2 .
=>v(x)=eh"‘ =x2=>y=x1—2Ixz(cﬁzx)dx=$Icosxdx:%(sinx+0)=§l—g—;{-2i—g
ds (4 \._ _t+1 _ 4 _ t+1 _[ 4
1L dt+(m)s_(t_1)3,t>1=>P(t)_—t_1,Q(t)_(t_1)3=>IP(t)dt_It_ldt

- 1= T A YU L g1 3 t+1
=4lnjt-1l=ln(t-1)* = v(t)=e =(t-1)t=> —(t——l)“I(t 1)4[(t_1)3:|dt

- __1 __$# 4 . c
(t— 1)41(';2"1)‘jl (t— 1)4( t+C>_3(t—l)4 (t—l)4+(t—-1)4

_ 1 ds (2 \.— 1 _ 2 _ 3
12. 6 +1) L 42 = 3(t+1)+(+1)2, > 1=>dt+(t+1)s_3+ 3= P(t) = 2, Q(t) =3+ (t+1)

= IP(t) dt = I t+1dt—-2ln|t+1|—ln(t+1)2=>v(t)—eln(t+1)2=(t+1)2

_ 1
T (t+1)?

J (t+12[3+ 6+ 1)) dt = J [3(t +1)2 + (t + 1)~1] d

(t 1)2
)2[(t+1)3+ln|t+1|+C]—(t+1)+(t+1)‘2 In(t+1)+

C
L t>—1
(t +1)? >

=G+l
13. %—}-(cot 8)r =sec §, 0 <6 <G => P(6) = cot 0, Q(f) =sec 6 = JP(G) db = Jcot 6 d0 = In |sin 9|

= v(f) = ll‘l"i“ﬂ:sinﬂbecause0<9<1"-:1‘--sn€ J(sm 6)(sec 6) dé

=sié 7 J tan § df = (ln |sec 8]+ C) = (csc 6)(In |sec 81+ C)

<2
14. tan0d§+r—sm28 0<6<% =>g; t_Jajl9=::‘J‘I;lz=>fi%+(cot0)1‘=sin6?cos«9:P(0)=co|;0,Q(0)

= sin 8 cos 6= j P(6) df = J cot 0 df =1n |sin 8] = In (sin 0) since 0 <6 <Z = v(§) =™ =sin ¢
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>r=-ls J(sin 6) (sin 6 cos 6) d6 = =L Jsin%cos 9d0=($)<m§ 6’+c) sin6 0+S“(l30
‘;’t’+2y_3=>1>(t)_2 Q(t)—3=>JP(t)dt:J‘2dt=2t=>v(t)=e2‘=>y=%.[32‘dt
=k +c)ivo=123+0=120=-fay=§-f*

16. L+ P g, t>0=>P(t)—%,Q(t)=t’=> [P0 @=2m1t1= v =t =2

—1 [ £ic)=4+C v =184C= -

y=5 [(@))a

_1
t

DN

S>y=

|

Bl
o,

o
[V

1), _sin 8 =1 —sinb

; =>JP(o)do=1n|9|=>v(o)=e1n|0|=:9|
-1 sin 0 _1 sin 6
=>y—|9|I|0|( 9 )d”"oj”( ]
0

)d0f0r0960=>y=é- Jsinﬂdﬂ:%(-—cosﬂ-{-C)

=-1 C.o(z\= =T _1 T
= — cos +-9-,y(2)—-1$C—2$y 9C089+20
18. j;' (%)y=92secetano,o>0=>P(0)=-%,Q(o)=o2secetana=>Jp(e)do=—2ln|o|
= v(f) = e_"”“m| =023 y= 51—2 (0—2)(02 sec § tan 0) dé = 92 J sec & tan 6 df = 02(sec 6+C)
2 2
=028ec9+002;y(%):?:2:(%)(2)+C(7r9)=>0~—-—2=>y 02sec0+( )02
dy 2 "2 dy ,fx(x+1) & dy &
19. (x+1)E—2(x +x)y = s LR 1=>dx xF1 y=(x+1)2=>&—2xy-—( +1)2=>P(x) —2x,
2

Q) =

= | =2x dx = —x vx—e'x2 =L, [ <
(_1)2.=>JP(x)dx—J 2x dx = —x? = (x)= =y= _XZJ [(x+1)2]d

e
x2 1 (X+1)_1 x2 x2 )
= J‘(x+1)2dx -1 +C|= +1+Ce ;Y(0)=5=>—0—+1+C=5=>—1+C=5

2
2 X
— — feX” __&

=>C=6=>y=06e |

20. 3—:%+xy=x=>P(x)=x, Qx)=x= J'P(x) dx = dex:%:v(x):exz/zby

= lzje"2/2-xdx
=—x_27;(X/2+C)_1+ /,Y(O)
e

6=1+C=-6=C=—T=>y=1-—L
e
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21.

22.

23.

24.

25.

Y ky=0=Pt) =k Q1) =0= I P(t) dt = J—k dt = —kt = v(t) = e K¢

Sy= J(e_kt)(()) dt = K (0+C) = Cek% y(0) = yp = C=yp = ¥ = yook*

o

o ky_0oPH =& Q=0 jP(t) dt = I kar=ke=K o yp)=cot/m

>y= 1 jekt/m-(]dt=——q—'v(0)=vo=>

- —_ _ —(k/m)t
e/m Ke/m) =vg=> C=vy=>v=yvge

_C
e1:(0)/111
X J %dx =x(In|x1+C)=x InIx|+ Cx = (b) is correct

(a) %—’té = 1000 + 0.10x = 0.01(10,000 + ) = dx = 0.1(10,000 +x) dt = )(;_%ﬁf)ﬁ =0.1dt

i = In|x+10,000| _ 0.1t+Cy
”Jx+10000 J0-1dt=>IHIX+10,000|—0.1t+Cl=>e =

= |x +10,000] = 1% 1 = x 410,000 =  C,e®1t = x(t) = ~10,000 + Ce®1*, where C, = ¢! and
C = £C,. Apply the initial condition: x(0) = 1000 = —10,000 + Ce® = C = 11,000
= x(t) = —10,000 + 11,000e°-1¢

(b) 100,000 = —10,000 + 11,000e%1* = %1 = 10 = t = 10 In (10) = 23.03 ~ 23 years and 11 days.

Let y(t) = the amount of salt in the container and V(t) = the total volume of liquid in the tank at time t.

y(t)

Then, the departure rate is 0]

(the outflow rate).

(a) Rate entering = 2g—5’ .___fingizl =10 1b/min

(b) Volume = V(t) = 100 gal + (5t gal — 4t gal) = (100 4 t) gal

(c) The volume at time t is (100 +t) gal The amount of salt in the tank at time t is y lbs. So the

concent.ratlon at any time t is 100 s Ibs/gal. Then, Rate leaving = 100 1 (Ibs/gal) - 4 (gal/min)

100 +t Ibs/min

dy _ 4y dy 4 — —__4 - - 4
@ F=10-m5= G+ (mogs)y =10 = PO =7 AV =10= IP(‘) dt = I 100 7% &

=410 (100 +1t) = v(t) =10 — (100 4yt >y =—L J (100 +t)*(10 dt)

(100 +t)*
100 +t)°
__(1001104(( - )+C>=2(100+t)+

c c
- C . y(0) =50 = 2(100+0) + — S =50
o0 1 F Y0 =80 = 2000+ 0) + 5amos

(150)(100)*

= C = —(150)(100)* = y = 2(100 +t) — 100 1 0)° >y

=2(100 +t) - —150
1+ 150)
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4
£1—§0—)(—1-@-)— 188.56 lbs => concentration = ¥(25) ~ 1886 o 15 1b/gal

2. (&) ¥=(5-3)=2=V=100+2
The tank is full when V =200 = 100 + 2t = t = 50 min.
(b) Let y(t) be the amount of concentrate in the tank at time t.

dy _(1b)(5el) (v _1b)(ssal = =3-3(s%0) = Ty =3
d&t "2l \° min) "\ 100+ % gal \" min ) = at ~ 2" 2\50+¢) ™ @t T2 +50)7 ~ 2
Q) =3 P(t) = (t+50) JP(t) dt = JH_Sodt— In (t + 50) since t + 50 > 0

f P(t)dt _ e'gln("+50)

vit)=e =(t+ 50)3/2

j (%)(t+50)3/2 dt=(t+50)_3/2[(t+50)5/2+0}=>y(t) 44504 C

= o (4507

Apply the initial condition (i.e., distilled water in the tank at t = 0):

y(0)=0=50+—=5 L S c=-50°%=> y(t) =t +50 ——-—-5-922——. When the tank is full at t = 50
50%/2 (t +50)%/ ’

(50)—100—-5-93’-/1%322 ds of trat
y = 1003/2 ~ . pounds o1 concentrate.

27. Let y be the amount of fertilizer in the tank at time t. Then rate entering =1 == by giﬂ =1-1P and the
gal ~ min min

volume in the tank at time t is V(t) = 100 (gal) + [1 (gal/min) — 3 (gal/min)]t min = (100 — 2t) gal. Hence

B y 3y . dy _(, 3%y . dy 3 —
rate out _(100—2t)3 =100 =3¢ Ibs/min = HT_(I 100—2t) lbs/min = H_f+(_100—2t)y =1

3 1n (100 — 2t - _
= P(t)=ﬁ, Qt)=1= I P(t) dt = J 1003—2t dt = n(_2 ): v(t) = e{~31n (100-2t))/2
= (100-2t)™/% = =———-1—-——J 100 — 2¢)3/2 dt = (100 — 2)*/2[ (100 — 2t)"/2 4. C

( ) Y= ooz | | ) ( ¢ ) ]

= (100 — 2t) + C(100 — 2t)*/%; y(0) = 0 = [100 — 2(0)] + C[100 — 2(0)]*/? = C(100)*/2 = —100

dy

dy (3) (100 - 26)*/%(-2)
dt —2-

dt 10

(100 — 2t)>/2

= C=—(100)""? =~ = y = (100 - 2t) - =

. Let 55 =0 = 5+

=-2 +3—'1(1)g—2t= 0 = 20 = 34/100 — 2t = 400 = 9(100 — 2t) => 400 = 900 — 18t => —500 = —18t

= t a5 27.8 min, the time to reach the maximum. The maximum amount is then

(100 — 2(27.8)]/2
10

¥(27.8) = [100 — 2(27.8)] — ~14.8 b

28. Let y = y(t) be the amount of carbon monoxide (CO) in the room at time t. The amount of CO entering the

room is (130 130) = 1(1)(210 ft3/min, and the amount of CO leaving the room is (ﬁ)({%) = 15?6 0 £t3/min.
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12 y dy

dy _ _ dy 1 ¢t/15,000
Thus, 3+ = 1500 ~ 15.000 = dt T 15,0007 = 1655 = P() = 15,6557 Q®) = 1085 = v =

-1 t/15 000 _ _—t/15,000 12 -15,000 t/1500 —t/15,000 t/15,000 )
=y T ot/15,000 ,[ 1000° dt=>y=e ( 1000 ¢ +C (180et/ +C);

y(0) =0 = 0 =1(180 + C) = C = —180 = y = 180 — 180¢*/?%%%. When the concentration of CO is 0.01%

in the room, the amount of CO satisfies %ﬁ = -1—% = y = 0.45 ft3. When the room contains this amount we

_ _ —t/15,000 179.55 _ _—t/15,000 _ 179.55 :
have 0.45 = 180 — 180e =375 —°¢ = t = —15,000 ln( 180 ) 37.55 min.

29. Steady State = % and we want i = %(%) = —(%) = %(1 - e_Rt/L) = % =1-e Rt/ o —-%— = —e R/L

=>ln —RL—t:-—Lln =>t~-1%ln2sec
30. (a) 31_0 =1 1gi= dt >hi=-84+0 =i = eC1e7RYL = G RYL, j(0) =1 = [=C
= i=TJe Rt/L amp

(b) %1=1e-m/L=>e“f“/L=2=>—m Ini=-n2=t=Fn2sec

L

(c) t = R =>1i= Ie(‘R/L)(L/R) =TIe~!

amp

31. (a) t= % =>i= %(1 — e("R/L)BL/R)) - %(1 —e~3) ~ 0.9502 A amp, or about 95% of the steady state value

R

(b) t= --— >i= V(l —e("R/LIL/R)) %(1 —e~2) » 0.8647 % amp, or about 86% of the steady state value

32 ) $+Bi=Ys =B qn={= J-P(t) dt = J B =Bt oy = RV

=
== g [ ()= glh () o] = o

R
(b) 1(0)—o=>§+c=o=>c=_%=>i=%_yﬁ e—RE/L

(c) i—% %——0:d1+31—0+(%)(%) Vﬁl_glsasolutlonoqu (11);i=C Ce~(R/L)
d

RC e~ (R/LY a—+]£‘ = —RI’J—Ce_(R/L)t + %(Ce_(R/L)t) =0=2i= Ce~(R/L) gatisfies

6.4 EULER’S METHOD; POPULATION MODELS

1. y; = ¥o+%o(1 —yg) dx =0+1(1-0)(0.2) = 0.2,

Yo =1 +% (1—y;) dx = 0.2+ 1.2(1 - 0.2)(0.2) = 0.392,
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Y3 =¥ +%; (1-y,) dx = 0.392 + 1.4(1 — 0.392)(0.2) = 0.5622;

d 2 1 1 2
-l_iy=xdx=>—ln|1—y|=x7+c;x=l,y=0$—ln1=§+C=>C=—-2-=>ln|1—y|=—32—+%

2
S>y= PICEED L IR y(1.2) ~ 0.1975, y(1.4) ~ 0.3812, y(1.6) ~ 0.5416
vy =vo+(1 --fzg) dx=-1+(1-31)(0:5) = -0.25,

va=yy+(1-3) dx = -0.25+(1- =22 0.5) = 03,

va=vp+(1-) dx=03+(1-%%)0.5) = 0.75;
%4.(%, y=1=>P(x)=Jl{, Qx)=1= JP(X) dx = J %dx:lnlxl:lnx,x>0=>v(x)=el‘”‘=x

2
=>y=,1—( Jx-ldx:%(zz—+0);x=2,y=—1::>——l=1+(2—:=>C=—-4:y:%—%éy(2.5)=2é—5—i

= ~0.35; y(3.0) =3~ % 0.1667, y(3.5) = 32 - - = 120 ~ 0.6071

- ¥1= Yo+ (2x0¥g + 2yo) dx = 3 +[2(0)(3) +2(3)](0.2) = 4.2,

Yo = ¥q + (2x;y; + 2y;) dx = 4.2 +[2(0.2)(4.2) + 2(4.2)](0.2) = 6.216,

Y3 =Yg +(2%,5y5 + 2y,) dx = 6.216 + [2(0.4)(6.216) + 2(6.216)](0.2) = 9.6970;
%=2y(x+1) :%:2(x+1) dx = ln|y|=(x+1)2+C;x=0, y=3=>h3=14C=>C=mh3-1
= lny=(x+1)2+In3—1 =y =@t Hnd-1 _ n3x®+2x _ 3ox(x+2) oy y(0.9) m 4.6581,

y(0.4) ~ 7.8351, y(0.6) ~ 14.2765

. ¥1 = Yo+ Y21 +2xg) dx = 1 +1%[1 4 2(~1)](0.5) = 0.5,

¥y = ¥; + Y31 +2x;) dx = 0.5 + (0.5)%(1 + 2(—0.5)](0.5) = 0.5,

¥3 = Yo 4+ ¥2(1 + 2x,) dx = 0.5 + (0.5)2[1 + 2(0)}(0.5) = 0.625;

d—§=(1+2x)dx:$—%=x+x2+C;x=—1,y=1=>—1=—1+(—1)2+C=>C=—1 =>-§7= 1—x—x2
y
Sy=—-I>1 o y(-05)=08,y(0) =1, y(0.5) =4

1-x—x2

.y =1+1(0.2) = 1.2,

yo = 1.2 +(1.2)(0.2) = 1.44,

ys = 1.44 + (1.44)(0.2) = 1.728,

¥4 = 1.728 + (1.728)(0.2) = 2.0736,

ys = 2.0736 + (2.0736)(0.2) = 2.48832;

%,zzdxslny=X+Cl =>y=Ce5y0)=1=21=C®=>C=1 S y=e=>y(l) =ex2.7183
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va=24+(23)0.2) =28,
vs=28+(28)(0.2) =32,
va=32+(32)(0.2) =3,
vs=3.6+(38)0.9) =4
Y& my=hx+Cay=kgy()=2=2=k=y=2x=y(2) =4

7. Letz, =y, 4+2yp_1(x,_1+1) dxand y, =y, 3 + (¥Yp_1(Xa—1 +1) +2,(x, +1)) dx with x5 =0, y5 =3, and
dx = 0.2. The exact solution is y = 3ex(x+2), Using a programmable calculator or a spreadsheet (We used a

spreadsheet) gives the values in the following table.

X z y-approx y-exact Error

0 -—- 3 3 0
0.2 4.2 4.608 4.658122 0.050122
0.4 6.81984 7.623475 7.835089 0.211614
0.6 11.89262 13.56369 14.27646 0.712777

8. Let 2, =Y¥p1t xn—l(l - yn_.l) dx and Yn=Y¥pa1t+

dx = 0.2. The exact solutionisy =1—
a spreadsheet) gives the values in the following table.

(xn—l(l —yn_12) + 351 —zn))

dx with xy =1, yg =0, and

2 .
e(1=x)/2, Using a programmable calculator or a spreadsheet (We used

X Z y-approx y-exact Error

1 0 0 0

1.2 0.2 0.196 0.197481 | 0.001481

14 | 0.38896 | 0.378026 | 0.381217 | 0.003101

1.6 | 0.552178 | 0.536753 | 0.541594 | 0.004841

9. (a) 9P = 0.0015P(150 - P) = 4220 p(150 - P) = X P(M-P)

_ _ __ M ___ 150

Thus, k = 0.225 and M = 150, and P = N +Ae"k/t = 3 Ae-0775

Initial condition: P(0)=6=>6=-—90 " 141A=25=>A=2

14 Ae

. p___ 150

Formula. P = -]T-::%—_Om

(b) 100 = — 180 1 4 04e70-22250 = 3 oy 9402280 = 1 o —0.228t _ L 0295t = —In 48
1 + 24¢~0-225¢ 9 D)

=t = %%’V 17.21 weeks

125 = = 1+ 24e70222%¢ =

oY

150
1 + 24e—0.225t

In 120
=>t= 0.225 ~ 21.28

g = 940225t _ 1 - ¢—0-225¢ _

1 —
190 = —0.225t = —In 120

It will take about 17.21 weeks to reach 100 guppies, and about 21.28 weeks to reach 125 guppies.
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10. (2) $E = 0.0004P(250 ~ P) = S5 P(250 - P) = X P(M-P)

Thus, k = 0.1 and M = 250, and P= —M___ —__260 _
1+Ae™ 14+Ae™

Initial condition: P(0) = 28, where t = 0 represents the year 1970.

250 _ _250 4 _ 111
2= 2005 = 28(1+A4) =250 = A= -1 =4 ~7.0286

250 ; 250
Formula: P(t) = , mately P(t) =
ormula: P(t) T+ 111e-07/14 or approximately P(t) 1 7.92860=01¢

b) The population P(t) will round to 250 when P(t) > 249.5 = 249.5 = ¢
( ) pop! ( ) when ( )— 1+111e—0.1t/14

111e=01¢) _ (249.5)(111e7%1%) —o1t_ 14
:249.5(1+_—1;1-— =250 = 1 =05 M= i o1t =l gliy 55 .

= t = 10(In 55,389 —In 14) ~ 82.8
It will take about 83 years.

11. (a) Using the general solution from Example 6, part (c),

7 7
dy = (0.08875 x 10~7)(8 x 107 — y)y => y(t) = — M= 8§x10 = 8x10

1+ Ae—™t | 2 ,~(0.08875)(8)t — 1 4 Ae—0-7Tt

Apply the initial condition:

.
¥(0) = 1.6x 107 = 81"+11"x=>A_7—1_4=>y(1) %w.«;%nxm’kg.

(b) y(t)=4x10" = % =40t =13 ¢ = —1“0(17/14) ~ 1.95253 years.
e .

12. (a) If a part of the population leaves or is removed from the environment (e.g., a preserve or a region) each
year, then ¢ would represent the rate of reduction of the population due to this removal and/or migration.
When grizzly bears become a nuisance (e.g., feeding on livestock) or threaten human safety, they are often
relocated to other areas or even eliminated, but only after relocation efforts fail. In addition, bears are
killed, sometimes accidentally and sometimes maliciously. For an environment that has a capacity of
about 100 bears, a realistic value for ¢ would probably be between 0 and 4.

(b)
dP/dt=0.001(1 UU-P)P 1-

/ ‘///

e e e e e i i e i e B S
1m*_ e e e L S e e

8073 At —n A

P % A AT T S P I T P P P I T

AT P P P i s P
40»’/////////////#"/////
AP P ot el P B o P P il 7 it i it
AL ol 8 g B P o it it gt ot it et g o T
m.- it

g 10 20 130 4 &
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Equilibrium solutions: (;li_It) =0 =0.001(100 — P)P —1 = P2 — 100P + 1000 = 0 = Peq & 11.27 (unstable)

and P, ~ 88.73 (stable).
(c)

dP/dt=0.001(100-P)P -

For 0 < P(0) < 11, the bear population will eventually disappear, for 12 < P(0) < 88, the population will
grow to about 89, for P(0) = 89, the population will remain at about 89, and for P(0) > 89, the population
will decrease to about 89 bears.

13. (a) dt—1+y=>dy—(1+y)dt=> =dt = In|l1+y|=t+C, = 2 =01 o1 £y = et

1+
l1+y= +Cye' =y =Ce*—1, where C, = “l and C = £ C,. Apply the initial condition: y(0) =1
=Ce’-1=3C=2=y=2e-1.

(b) %% = 0.5(400 — y)y = dy = 0.5(400 — y)y dt = y(—‘m%y—_—y—) = 0.5 dt. Using the partial fraction

decomposition in Example 6, part (c), we obtain 4(1)()(1 + 300 =% y) dy = 0.5 dt = (y 700 = y) dy

=200 dt = I (§-y_1—400) dy = J 200 dt = In|y|—In|y — 400 | = 200t + C, -_->1n|y_y

40[)]: 200t + C,

1“|—y | 200t+C
e 177400|_ 1 — ¢200t,

= C,e2%% (where C, = ecl) = y=400 = £ C,e?00

400

= =100 _y400 = Ce?%% (where C = £C,) = y = Ce?%%y — 400Ce?0 =(1 — Ce?0%)y = ~400Ce20%

_ 400Ce?9% — 400  _ __ 400 -_1 niti ition:
>y= G200t ] =>y= [ 1,200t~ T3 Ae~ 2000 where A = -G Apply the initial condition:
400 400
0)=2=—3-=A=199 = y(t) = ————-.
y) 1+ A V() = 1 Tgge=200%
14. (tii_l: =r(M-P)P=>dP=r(M-P)P dt = % =r dt. Using the partial fraction decomposition in

Example 6, part (c), we obtain ﬁ(%+ﬁ) dP =rdt = (%-'-M_l—f") dP=rM dt = J (%—ﬁ) dP

In| 2
= J M dt = In|P|—In|P — M| = (tM)t + C, = 1n| M)t +C; = e“‘P-M|=e(’M)‘+Cl

P_|_
P-M|™
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= (M)t :‘ I— C, M)t (where Cy = e° 1 =P S :i:Cze(rM)t = -%M— = Ce™)* (where

P-M~ P

M
C= £C,) = P = Ce™Itp _ MCel™* = (1 - Cel™Mp = _MCeM o P = MGt

Ce(l‘M)t _1
= M = M here A = — L.
=P 1_%6—(rM)t ’ +Ae_(rM)t, where C
15. (a) L =kP?= | P2dP= kdt = —Pl=kt+C=P==L1_
- kt +C
o e _ _ 1 _ 1
Initial condition: P(0) =Py =Py=—5=C= P,
s P = 1 __Po
Solution: P = K —(1/Py) ~ T—KPgt
(b) There is a vertical asymptote at t = L
kP,
dP _ ;M- - dP _ - - 1 dP _
16. (2) 4 = (M~ P)(P —m) = §F = r(1200 ~ PP ~ 100) = 705 —p¥ g0y Gt =
1100 dP _ (P —100) + (1200 -P) gp _
= {1200 = P)(P —100) dt 1100t = “ya55—py(p —100) at — 100"

1 1 \dP _
= (—_1200—P+P—100) dg = 1100r

1
®) (o =p+ 5= 100)dP—“°°‘dt=>J(1200 p+p—0) P = JllUOIdt

= In (1200 — P) + In (P — 100) = 1100zt + C; = |—2ﬁ)i‘-’%|— 1100t + C, = £-19%;

= e 161100 o P10 cel100rt where C = ¢t = P — 100 = 1200Ce! 190 — CPel 100

1200 + 130 1100

1100rty _ 1100rt _1200Ce!10rt 4 100
= P(1+Ce ) = 1200Ce +100 = P = 11005 ) = N +.é_e—11001‘t

1200 + 100A e~ 11001t

=>P= 14 Ae—1100T

where A = %

1200 + 100A

Apply the initial condition: 300 = T+ A

= 300 + 300A = 1200 + 100A = A =§

2400 + 900e 1100t

=>P= 9 4 ge—1100%

. (Note that P — 1200 as t — o0.)

© E=1M-P)P-m) > F=xM-P)P-m) = r—pip—my P)l(P m— Pors STy _1‘%,)-(;,“__ = b

=(M—m)r=>(f(>Mm%;Elng§,)%I; M- m)r:>(M1P+P1m)d€=(M-—m)r

= I (M—£p+ﬁ)dP= J (M —m)r dt = ~In (M ~P) +In (P —m) = (M —m)rt + C,

521
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17.

18.

19. y
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C
= ln‘ M= P =M-m)t+C, = I}C/I_ang = te leM-myt -Il&-'—'__% = CeM-m)rt h e C = +eCl

= P-m= MCe(M_m)rt - CPB(I\’I‘“‘)Tt = P(1+ Ce(M—m)rt) - MCe(M"m)“ tm=P= MCe(M—m)rt +m
Ce(M—m)rt +1
M4+ —(M—m)rt
=>P= ‘_‘Q“‘— = P=

1 —(M—m)rt
1+% ohi

M + mAe-—(M-—m)rt
1+ Ae—(M—m)rt

where A = -IC-

Apply the initial condition P(0) = P,

M+ mA M-Py_ , _M(Po—m)+m(M—Pge ~(M-m)rt
1+A Py— m (Po—m) + (M —Pp)e o~ (M—m)rt

(Note that P — M as t— oo provided Py > m.)

Po="tMA o p LPA=M+mA=A=

dy _ x? — — 9 xi dx = x121 — x121
I = 2xe, y(0) =2 =y, =y, +2xe 2dx =y, +2xe 2(0.1) =y, +0.2x ¢
On a TI-92 Plus calculator home screen, type the following commands:

2 STO> y: 0 STO> x:y (enter)
y+0.2*x*¢’(x"2) STO> y: x+0.1 STO>x: y (enter, 10 times)

The last value displayed gives yg (1) ~ 3.45835

2 2 2
The exact solution: dy =2xe* dx =>y=¢€X +C;y(0)=2=e’+C=22C=1=>y=1+¢
= yexact(l) =1+e=x3.71828

& oyt e =2, ¥(0) =22 Yoy = Yo+ (n+ €0 —2) dx =y, + 0.5(y, + €D —2)
On a TI1-92 Plus calculator home screen, type the following commands:

2 STO> y: 0 STO> x:y (enter)

y+0.5%(y + e —2) STO> y: x+0.5 STO>x: y (enter, 4 times)

The last value displayed gives yg,1-(2) =~ 9.82187

The exact solution: g—i—y =e¥-2=3>P(x)=-1,Q(x) =e*~2= J P(x)dx = —x = v(x) =e7*

sy=2s I eX(eX—~2) dx = eX(x+ 26 +C); y(0) =22 2=24C = C=0

= y=xe+22y,..4(2) =2%+2~16.7781

=—1+ (\}) ](0 5) =
Y= —0.5+ (\/0%) ](o 5) = —0.39794,
ys = —0.39794 +[('L—'%ﬂ](o.5) = —0.34195,
yq = —0.34195 +[(‘0—'\j‘;_i595-l2](0.5) = —0.30497,




20.

21.

22.
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ys = —0.27812, yg = —0.25745, y, = —0.24088, yg = —0.2272;

dy _ dx 1
S="==>-5=2/x+Cy(l)=-1=21=24+C=>C=-1=y=
yi VX y=2vx

—1 -1 o _
1_2\/)-(=>y(5)—1_2\/5~ 0.2880

—_ 0)(1) _
n=1+0-)(}=1,
ya=1+(1-¢"%)(3) = 0.68409,
ys = 0.68409 +(0.68409 — e*/ 3)(31-) = —0.35244,

va=—0.35244 + (035244 — ¢*/3)(1) = ~2.93204,
ys = —2.93294 +(~2.93294 — ¢¥/3)(1) = —8.70789,

¥e = —8.70789 +(—8.70789 — €10/ 3)(-;;) = —20.95439;

)=
)=

Y —y=—e=P(x)=-1, Q(x) = —e* = J P)dx=-=x=>vx)=e Xz y= . J e™*(—e?*) dx

e-—X

=ex(_ex+C); y(O) =1=1=-14C=3C=2=y= _e2x+2ex = y(2) = —64-!-282 ~ —39.8200

(a) g—i=2y2(x—1)=>j—g=2(x—l) dx = J y2dy = J (2x-2)dx = -y '=x2-2x+C

Initial value: y(2 =—l=>2=22——2(2 +C=>C=2
2

-1

Solution: —y !=x%—2x+2o0ry=— 1

x2 -2 +2

1 1
H=-og—L =1 g2
YO =-7 5@z 5

(b) To find the approximation, set y, = 2y%(x — 1) and use EULERT with initial values x = 2 and y= —% and
step size 0.2 for 5 points. This gives y(3) &~ —0.1851; error ~ 0.0149.

(c) Use step size 0.1 for 10 points. This gives y(3) ~ —0.1929; error ~ 0.0071.

(d) Use step size 0.05 for 20 points. This gives y(3) ~ —0.1965; error ~ 0.0035.

(a) %:y_1=> J &g——fz J dx=>In|y-1|=x+C=|y-1|=etC = y 1= +le*

= y=Ae"+1

Initial condition: y(0) =3 = 3=Ae’+1=>A =2
Solution: y =2e*+1

y(1) =2e+1 ~ 6.4366

(b) To find the approximation, set y; =y — 1 and use a graphing calculator or CAS with initial values x =0
and y = 3 and step size 0.2 for 5 points. This gives y(1) =~ 5.9766; error ~ 0.4599.

(c) Use step size 0.1 for 10 points. This gives y(1) ~ 6.1875; error s 0.2491.
(d) Use step size 0.05 for 20 points. This gives y(1) = 6.3066; error ~~ 0.1300.
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23.

24.

The exact solution is y = , 80 y(3) = —0.2. To find the approximation, let

=1
X2 —2x+2
2y = Ypq + 2V 1(xp—1)dxand y, =y, _; + (v2_1(xp_q — 1) +22(x2 — 1)) dx with initial values x, = 2
and yg = —%. Use a spreadsheet, graphing calculator, or CAS as indicated in parts (a) through (d).

(a) Use dx = 0.2 with 5 steps to obtain y(3) ~ —~0.2024 = error & 0.0024.

(b) Use dx = 0.1 with 10 steps to obtain y(3) ~ —0.2005 = error ~ 0.0005.

(c) Use dx = 0.05 with 20 steps to obtain y(3) ~ —0.2001 = error ~ 0.0001.

(d) Each time the step size is cut in half, the error is reduced to approximately one-fourth of what it was
for the larger step size.

The exact solution is y = 2e* + 1, so y(1) = %¢! +1 ~ 6.4366. To find the approximate solution let

2y =¥p-1+ Wp1—1)dxandy, =y, ;+ (yn;l-g_zni) dx with initial value y, = 3. Use a spreadsheet,
graphing calculator, or CAS as indicated in parts (a) through (d).

(a) Use dx = 0.2 with 5 steps to obtain y(1) ~ 6.4054 => error =~ 0.0311.

(b) Use dx = 0.1 with 10 steps to obtain y(1) ~ 6.4282 => error ~ 0.0084.

(c) Use dx = 0.05 with 20 steps to obtain y(1) ~ 6.4344 = error ~ 0.0022.

(d) Each time the step size is cut in half, the error is reduced to approximately one-fourth of what it was
for the larger step size.

25-30. Example CAS commands:

Maple:
with(plots): with(DEtools):
a:=—4; b:=4;

eq:= D(y)(x) = x+y;
plotl:= dfieldplot(eq,[x,y], x=a..b, y=—4..4, scaling=CONSTRAINED);
display({plot1});
gen_sol:= dsolve({eq},y(x));
tograph:= {seq(subs(_Cl=i, gen_sol), i = {-1,0,1,3,9})};
plot2:=implicitplot(tograph, x=a..b, y=—4..4, scaling=CONSTRAINED):
display({plot1,plot2}, title = ‘Direction Field and Solution Curves’);
eulerapprox:= proc(f,x0,y0,n) local i,j,h;

x(0):= evalf(x0);

y(0):= evalf(y0);

h:= (b—a)/n;

for i from 1 to n do

y(i):= evalf(y(i—1) + hxf(x(i~1),y(i-1))): x(i):= x(i—-1) +h od;
[5x(3), ()] 8i=0..nl;
end;
rhs(eq);
= unapply(%,(x,y));
eulerapprox(f,0,—7/10,4);
plot3:= plot(%, style=LINE,scaling=CONSTRAINED, title="Euler Approximation):
display({plot3}); .
y(0):= y(0)';
partsol:= dsolve({eq, y(0)=-7/10}, y(x));
plot4: implicitplot(partsol,x=—1..8,y=—3..40,scaling=CONSTRAINED):
display({plot3, plot4}, title="Actual Solution & Euler Approximation);
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Mathematica:
Need package for plotting vector fields:
<< !"Graphics‘PlotField*”
Also load package to improve solving of ODE’s:
<< Calculus'DSolve"
SetOptions[PlotVectorField, PlotPoints -> 6];
Clear[x,y,yp,h]
Note: here we define ""eulerstep” to find the next Euler point, given the
current one, assuming that the variables "a’ (initial point), "b” (final
point), and n” (# of steps) have been defined, along with the function
"yp[x,y]"” (which specifies the derivative). Then the whole Euler solution
is given as a list of points {x,y} by:
NestList[ eulerstep, N[{a,ya}], n ]
where ya'' is the initial value.

eulerstep[ {x_,y-}] := {x+h, y+h«N{yp[x,y]] }
h := N[(b-a)/n]
yplx—y-] = x+y

{a,b} = {0,1}; ya =

{xmin,xmax} = {-4,4}; {yminymax} = {-4,4};

pl = PlotVectorField[{1,yp[x,y]},{x,xmin,xmax},{y,ymin,ymax},
ScaleFunction -> (1&) ]

ode = y'[x] == yp[x,y[x]]

DSolve[ ode, y[x], x ]

gensol = y[x] /. First[%)]

sols = Map[ (gensol /. C[l] -> #)&, {-2,-1,0,1,2} ]
p2 = Plot][ Evaluate[sols], {x,xmin,xmax} ]

Show[ {pl, p2}, PlotRange -> {Automatic,{ymin,ymax}} ]
DSolve[ {ode, yla] == ya}, y[x], x ]

partsol = y[x] /. First[%]

p3 = Plot[ partsol, {x,a,b} ]

n = 10;

approxl = NestList] eulerstep, N[{a,ya}], n J;

p4 = ListPlot] approxl, PlotJoined -> True ]
Show[{p4,p3)}]

Here’s an alternate approach to plotting the two solutions (simpler but less
obvious):

Show[p3, Epilog -> {Line[approx]} ]

n = 25

approx2 = NestList[ eulerstep, N[{a,ya}], n J;
p4 = ListPlot] approx2, PlotJoined -> True ]
Show[{p4,p3}]

n = 50;

approx3 = NestList[ eulerstep, N[{a,ya}], n ];
p4 = ListPlot] approx3, PlotJoined -> True ]
Show[{p4,p3}]

n = 100;

approx4 = NestList[ eulerstep, N[{a,ya}], n ];
p4 = ListPlot[ approx4, PlotJoined -> True ]
Show[{p4,p3}]

yb = partsol /. x -> b // N

errl = Last[approx1][[2]] — yb

percentl = errl/yb x 100
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err2 = Last[approx2][[2]] — yb
percent2 = err2/yb x 100
err3 = Last[approx3][[2]] — yb
percentd = err3/yb * 100
err4 = Last[approx4]([2]] — yb
percent4 = errd/yb * 100

31. Example CAS commands:

Maple:
with(plots): with(DEtools):
eq:= D(y)(x) = f—y;
eql:= subs(f = 2#x, eq);
eq2:= subs(f=sin(2+x), eq);
eq3:= subs(f=3*exp(x/2), eq);
eqd:= subs(f=2xexp(—x/2)*cos(2+x), eq);
partsoll:= dsolve({eql,y(0)=0}, y(x));
plotl:= implicitplot(partsoll, x=—2..6, y=—1..10, scaling=CONSTRAINED):
display(plotl);
partsol2:= dsolve({eq2, y(0)=0}, y(x));
plot2:= implicitplot(partsol2, x=—2..6, y=—1..4, scaling=CONSTRAINED):
display(plot2);
partsol3:= dsolve({eq3, y(0)=0}, y(x));
plot3:= implicitplot(partsol3, x=—2..6, y=—2..10, scaling=CONSTRAINED):
display(plot3);
partsol4:= dsolve({eq4, y(0)=0}, y(x));
plot4:= implicitplot(partsol4, x=—2..6, y=—3..2, scaling=CONSTRAINED):
display(plot4);
display({plot1,plot2,plot3,plot4});

Mathematica:
Clear[x,y,f]
ode = y'pd + vy == fix]
a = 0; ya = 0;
{xmin,xmax} = {-2,6};
flx_] = 2x
DSolve[ {ode, y[a] == ya}, y[x], x ]
soll = y[x] /. First[%)]
Plot[ soll, {x,xmin,xmax} ]
flx_] = Sin[2x]
DSolve[ {ode, yla] == ya}, yix], x ]
sol2 = y[x] /. First[%]
Plot[ sol2, {x,xmin,xmax} ]
flx_] = 3 Exp[x/2]
DSolve[ {ode, yla] == va}, ylx], x|
sol3 = y[x] /. First[%]
Plot[ sol3, {x,xmin,xmax} ]
flx_] = 2 Exp[—x/2] Cos[2x]
DSolve[ {ode, y[a] == ya}, ylx], x ]
sold = y[x] /. First[%)]
Plot[ sol4, {x,xmin,xmax} ]
Plot[ {soll, sol2, sol3, sol4}, {x,xmin,xmax} ]
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32. Example CAS commands:

Maple:
with(plots): with(DEtools):
a:=-3; b:=3;

eq:=D(y)(x)=(3*x"2+4*x+2)/(2x(y—1));
plotl:=dfieldplot(eq,[x,y],x=a..b,y=a..b,scaling=CONSTRAINED):
display({plot1});

right:=int(numer(rhs(eq)),x);

left:=int(denom(rhs(eq)),y);

sol:=left = right + C;
tograph:={seq(subs(C=i,sol),i={-6,~4,-2,0,2,4,6})};
plot2:=implicitplot(tograph,x=a..b,y=a..b, scaling=CONSTRAINED):

display(plot2);

DEplot(eq,y(x),x=a..b,{[0,—1]},y=a..b);
Mathematica:

yplx_y-] = (8x2 + 4x + 2)/ (2(y-1))

a =20, ya = -1

{xmin,xmax} = {-3,3}; {ymin,ymax} = {-3,3};
pl = PlotVectorField[{1,yp[x,y]}, {x,xmin,xmax}, {y,ymin,ymax},
ScaleFunction -> (1&) ]

impeqn =

Integrate[Denominator[yp[x,y]l,y] ==
Integrate[Numerator[yp[x,y]],x] + C[1]

<< GraphicsTmplicitPlot’

eqns = Map[ (impeqn /. C[1] -> #)&,
{_6a_4,_2,0)2,4$6} ];

p2 = ImplicitPlot] Evaluateeqns], {x,xmin,xmax} ]
Show[ {pl, p2} ]

impeqn /. {x -> 0, y -> -1}

Solve[%,C[1]]

parteqn = impeqn /. First[%]

ImplicitPlot[ Evaluate[parteqn], {x,xmin,xmax} ]

6.5 HYPERBOLIC FUNCTIONS

1
fanh x

coth x = 3, sech x = 5, and csch x =

cosh smh X 3

4
sinh x _ (5)_4 —_1
2. smhx_3acoshx-\/1+smhix—\/1+I6 \/2-5 3,tanhx_coshx (T)—g,cothx_m
3
__1 _3 -1 3
sechx---coshx--s,andcschx.-s.mhx_4

3
1. s1nhx———=>coshx—m—ﬂl+ -—— \/:19__\/22 4’tanhx_2:;;}111§ <(:_TZ))=—
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=5
=3,

8
3. coshx_—g- x>0 = sinh x = V/cosh?x — —‘/—g _1—\/2-8_9—_—1 \/5E='83 tanhx_s:)r;ﬁ;i:&%zg

=8 =1 _17 =1 15 =
_17’c°thx_tanhx_ 8 ,sechx_coshx—17,and cschx---sl
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12
4. cosh x ?3 x >0 = sinh x = Vcosh?x — _‘/_12659_1_\/_m;=.52_,tanhx—ﬂm—(_§§)=2
5

1 _13 1 =f’—3,a,ndcschx=.1

tanh x — 12’ sech x = cosh x sinh x

coth x =

In x —Inx
+e el 1 1
5. 2 cosh (In x)=2(e___2__._) x4 == =x+1

N
|
[~

N

ke

-
|
—

X
2Inx —-2Inx 1nx2_elnx~2 ( x2

6. sinh(21lnx)=¢& —. =£ = =
sinh ( ) 3 o) 5 o
5x -5x 5 -5
7. cosh 5x +sinh 5x = & +2e +¢& X _26 T 5x
3x -3x 3 -3
8. cosh 3x —sinh 3x =& +2e e~ _2e X e3x

- —x\4
9. (sinhx+cosh x)4=(ex._2e x+ex+e x) =(ex)4=e4x

10. In(cosh x + sinh x) + In (cosh x —sinh x) = In(cosh?x —sinh?x) =1n 1 =10

11. (a) sinh 2x = sinh (x + x) = sinh x cosh x -+ cosh x sinh x = 2 sinh x cosh x

(b) cosh 2x = cosh (x + x) = cosh x cosh x +sinh x sin x = cosh? x + sinh? x

12. cosh?x —sinh?x = (ex +26_x)2 - (ex —2e_x)2 = %[(e" +eX)+(e* - e'x)][(e" +e7X)—(e* - e_x)]

= %(2ex)(2e_x) = %(4(&0) = %(4) =1

13. y =6 sinh %—{ = 3—3’{- = 6(cosh %)(%) =2 cosh %

4. y=3 L sinh (2x+1) => [cosh (2x + 1)](2) = cosh (2x + 1)

15. y = 24/t tanh /% = 2t1/2 tanh t*/% = dt [sechz(tllz)](%t_llz)(2t1/2)+(ta.nh £1/2)(¢-1/2)

tanh \/t_,
=sech? /t + —7—
t

16. y = t? tanh L = t? tanh t ™ = 1 dY _ [sech?(t1))(=t=2)(t2) + (2t) (tanh t~1) = — sech? 142t tanhl

dy _coshz _ - dy _sinhz _
17. y =In(sinh 2) => FZ =5 = coth z 18. y =In(cosh z) = T = cosh g = tanh z

19. y = (sech 6)(1 —In sech §) = %% = (—;%Ghtgnu) (sech 8) + (—sech 6 tanh 8)(1 —In sech )
= sech 6 tanh 0 — (sech @ tanh 6)(1 —In sech §) = (sech 6 tanh #)[1 — (1 —In sech 6)]
= (sech 0 tanh 6)(In sech 6)




20. y

21.

22. y

23.

24,

25.

26. y

27.

28.

29.

30.

3L
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= (csch 6)(1 —In csch 6) 2 = (csch 0)( LW)E%M)* (1 —In csch 6)(—csch 6 coth 6)

CSC

= csch 6 coth § — (1 —1In csch 0)(csch 6 coth §) = (csch 8 coth 6)(1 —1 +1In csch 6) = (csch 8 coth §)(In csch 6)

y=1Incosh v—3 1 tanh?v = gz zg;{ll by (%) (2 tanh v)(sech?v) = tanh v — (tanh v)(sech?v)
= (tanh v)(l - sech? v) = (tanh v) (ta.nh2 v) =tanh3v
=Insinh v -3 L coth?v = dy _coshv_ ( )(2 coth v) (—csch?v) = coth v + (coth v) (csch?v)

dv_ sinh v

= (coth v)(1 4 csch?v) = (coth v) (coth?v) = coth3v

y =(x2+ l)sech(ln X) =(x2+ 1)(;@):(x2+ 1)( 2 _1)=(x2+ 1)(

X+ X

2x — 9_3:__
X2+1)—2x:dx-—2

y =(4x2 = 1) esch (In 2x) = (4x2 - 1)(@%) =(4x? - 1>(§;+‘") (4x? - 1)( _ 1)

q +e (2x)~?
ay
=4x => Ix =4

<172
X = sinh-l(xl/z) dy (2)

dx — \/1+ 1/2) 2¢\/1+x 2¢x(1+x)

y =sinh™!

dy _ (2)(1)("“)_1/2 1 1
&= \/[2(x+11/2]z ) ¢x+1\/4x+3 Vax? +T7x + 3

=cosh™! 24/x+1 =cosh™ (Z(X + 1)1/2)

y=(1-6) tenh0 = —(1—9)( -

)+ (-1) tanh™ 19 = — - —tanh~1¢

y = (62 +26) tanh=1 (9 + 1) => (02+29)[ ]+(2o+2) tanh™ (9 + 1)

—1
1—(6+1)2
-8 +29 5+ (20+2) tanh™" (0+1) = (20 +2) tanh™ (6 +1) - 1

02

1 t=1/2

y-_-(1—t)coth"1\/5—_-(1—t)coth‘1(t1/2)=>j-{:(1-:;)[(2( /)2]+( 1) coth™1(£1/2) = 2\[ —coth~1\/

y= (l—tz)coth‘lt:‘;y (1- tz)(l1t2)+(—2t)coth_1t=l—-2tcoth_lt

d — — - — -
-1 -1 ay _ 1 1 1.1 1 1 1
=cos” X—xsech™ " x = —|x +(1) sech ' x|= + —sech™ x
y dx T Vi-x2 [ (x\/l—xz) ) ] Vi-x? V1-x2

= —sech~1x
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32.

33.

34.

35.

36.

37.

38.

39.

40.

41.

42.

y=lnx-{-\/l—x2sech‘1x=lnx+(l—x2)1/2 sech‘lxégi
1/2 _ -1/2 _ _ B B
=%+(1—x2 (x\/———l-l_—?)+(%)(l—x2) (—2x) sech 1x=%—31(-— ,_.__1x_x2 sech™lx = 1fx2 sech~1x
1
y = csch (l)aﬁiz— [ (2 ](2) .___1"(1)_1“(2): In 2
eyl el ]
- dy (In 2)2° —In2
y=csch 120 =220 -~ 02
B o1y VIH2E
2 2

y = sinh™ l(tan x):> sec X _ sec x _ sec“x _ Isec x||sec x| __

=|sec X
/———1+(tanx sec X |sec x| |sec x| =1 |

_ (sec x)(tan x) _ (sec x)(tan x) _ (sec x)(tan x)
Vsec?x —1 Vtan?x ~ |tan x|

y =cosh™ 1(secx)=> =secx,0<x<-7§r-

(a) Hy= tan™? (sinh x) + C, then gi I -(;-os.h }’:2 COS}}: X = sech x, which verifies the formula
sin cosh®x

2
(b) If y = sin~! (tanh x) + C, then g—}-’; = sech?x _ _sech’x _ .y x, which verifies the formula

/1 — tanh?x ~ sech x

2 2
Ify:%—sech x—-—\/l —x? 4 C, then 2> -—xsech'1x+x7(—_—1—)+4—2-x—=xsech'lx
x

which verifies the formula

= x coth~1x, which verifies

D=

2 2
fy=% é"l coth'1x+§+C, theng—izxcoth“lx+<x 51)( 1x2)+

the formula

Hy=xtanh~1x +3 1 ln(l x2)+ C, then j =tanh™'x + x(l 1 )+%<1—2x ): tanh~! x, which verifies
—x? x?
the formula

sinh 2x dx = % [ sinh u du, where u = 2x and du = 2 dx

cosh coshu - cosh 2x+c

sinh %dx =5 .[ sinh u du, where u = % and du =%dx

=5 cosh u+C=5cosh3g-+C
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43. JS cosh(%—ln 3)dx= 12 J cosh u du, where u=’2-5-ln 3 and du =%dx

=12 sinh u+C = 12 sinh(’z—‘—ln 3)+c

44, J4cosh(3x—-ln 2) dx:%Jcosh u du, where u = 3x—1In 2 and du = 3 dx

=4 sinhu+C=%sinh(3x—1n 2) +C
3 3

45. | tanh X dx =7 | SBRU 9 where u =X and du =1 dx
7 cosh u 7 7

ex/’l + e—x/7
2

=7In (/7 +e/7) 4 C, since /7 +e~*/7 > 0 for all x.

=7 In|cosh ul+C, :711'1|cosh§l+c1 =T7In +C, =7ln|ex/7—+-e—x/7|-—7 In2+C,

46. J coth - do = \/gj cosh U 4y where u = -2_ and du = -9¢

\/g sinh u \/g \/3_,

= \/glnlsinh ul+C, = \/?_,ln sinh %|+01= \/gln

eal\/g —2e_0/\/5

=¢§1n|e9/\/5—e‘9/\/5|—¢§1n 2+C, = \/glnleel\/g—e_el\/g|+0

47. j sechz(x—%) dx = J sech?u du, where u = (x «—%) and du =dx

=tanhu+C=tanh(x—%)+C

48.

oo

J csch?(5—x) dx = — J csch?u du, where u = (5 —x) and du = —dx

= —(—coth u) + C = coth u+C =coth (5 —x) + C

49. det=2jsechutanhudu, whe1~eu=\/£=t1/2 and du = -4t

Vi 2\t

= 2(—sech u) + C = —2 sech 1/t +C

50. J csch (In t)tcoth (In ) dt = Icsch u coth u du, where u =1In t and du =(—it£
=—cschu+C=—csch(lnt)+C
In 4 In 4 15/8 /
1 15/8 1
51. I coth x dx = f g%:%%dxz I ﬁdu=[1n|u|]3/4 =ln’?5|—ln‘%|=ln‘18—5-%|=ln%,
In 2 In 2 3/4

DO|—

In2 _,-ln2 2-
where u = sinh x, du = cosh x dx, the lower limit is sinh (In 2) = & _2e = 2( )= %— and the upper
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VR _e™ — =19
limit is sinh (In 4) = 5 =—a—=3
In 2 In 2 17/8 /
_ sinh 2x 1 1 gu=1n 17/8 17 1, 17
52. J tanh 2x dx = J cosh 2x dx =35 J gdu= 2[ l] 2[1 ( ) In 1] g ln % where
0 0 1

u = cosh 2x, du = 2 sinh (2x) dx, the lower limit is cosh 0 = 1 and the upper limit is cosh (2 In 2) = cosh (In 4)

=eh'4+e—1n4 _ 4+(%)_ 17

2 =—73 ~3
—In2 -In2 P -6 ~n2 26 —In2
53. J 2¢% cosh 6 d§ = I 2e"(e—+2e—)de= I (e20+1)d9=[e7+0]
~In4 ~1ln4 —In4 —In4
—-2In2 —~2In4
e _ _{e _ —{1_ _(1_ -3 _ -3
_( - ln2) ( . ln4)—-(8 ln2) (32 1114)_32 ln2+2In2=:5+In2
In 2 In2 » In2 29 In2
54. J 4e~% sinh 6 df = J 4~ "(e —e ) =2 I (1—e-29)d0—2[9+e2 ]
0 0 0 0

—2In2 -0
€ € — l__ l_ _§
=2|:(ln2+ 5 )—(0+ 5 )]_2(1n2+8 2) 21n2+ 1=In4 )

m/4 1
1_ -1 -1_ 1
55. J cosh (tan 6) sec? df = J cosh u du = [sinh ul’, =sinh (1) —sinh (-1) = (e =5 )—( 7 )
- /4 -1
-1 -1
—e-e —e Fe_._ e_l, where u = tan 6, du = sec? 6 df, the lower limit is tan(—%) —1 and the upper

limit is tan (%) =1

w/2 1
-1
56. I 2 sinh (sin 6) cos 6 df =2 J sinh u du = 2[cosh ul} = 2(cosh 1 — cosh-0) = 2(e___+2e - 1)
0 0
=e+e~1 —2, where u =sin 8, du = cos 6 df, the lower limit is sin 0 = 0 and the upper limit is sin (125) =1
2 h(ln ¢ In2 In2_ ~In2 2-1
57. J b ( Bt gp= j cosh u du = [sinh ullt? = sinh (In 2) —sinh (0) = &€ ———0 = —2 =3, where

1
u=Int,du= %— dt, the lower limit is In 1 = 0 and the upper limit is In 2

2
h 2_ =2 -1
5. | B VX 4 16 J cosh u du = 16(sinh u)? = 16(sinh 2 — sinh 1) = 16[(e = )—(e =£ )]
1

R

a2 -2 -1 — — 1/2 1,12 _
_8(e —e “—e+te ),whereu_\/)_( X du X 2\/_

———

the lower limit is 1/1 = 1 and the upper




59.

60.

61.

63.

65.

67.

68.

69.
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limit is /4 = 2

0 0 0
J coshz(%‘) dx = J E’ﬂ%‘il- dx =% J (cosh x+1) dx = %[sinh x+x]‘ilnz
In2 —-In2 —In2

1y_
-%-[(smh0+0) (sinh (- ln2)—ln2)]—%[(0+0) (_&22—-&_1112)]=%|:_(2)_22_+1n2

In
J 4sinh2(’2-‘)dx= I 4(C°Sh+—1)dx=2 J (cosh x — 1) dx = 2[sinh x —x]IP 10
0 0

= 2[(sinh (In 10) —In 10) — (sinh 0 — 0)] = 10— -1*”0-2 In10 = 10-1—0—2 In10=9.9—-21n 10
sinh"l(I—S) = ln(—15—2+ ‘/1—2454 + 1) = 1n(-§-) 62. cosh'l(g) = ln(g-f- ,/—295 - 1) =In3

tanh_l(—%) = % In (%) = ——1—%—3- 64. coth™! (%) = % In (E?—ﬁ—;—) % In9=In3
sech_l(-g-) (1+ V(;/_5)9/25 )_l 3 66. csch—1<—%)=ln(— 3+%)=ln(—ﬁ+2)

2/3
(a) J ﬁ [smh‘1 %]2\/5 =sinh~' /3 —sinh 0 = sinh~! /3
0

0

(b) sinh™' /3 =In(+/3+/3F1)=In(v3+2)

1/3 1
(a) J _Sfdx 2I ——==—=, Wwhere u=3x,du=3dx,a=1
1+9x 2 a +u
= [2 sinh™1 ] = 2 sinh~11 —sinh~! 0) =2 sin~!

(b) 2sinh 11 =21n(1+v12+1)=21n(1 +/2)

2

2

(a) I 1 1 5 dx = [cot‘.h‘1x]5/4 = coth™1 2 — coth™! %
—-X

5/4

In L

(b) coth™ 2 —coth™! g:é—[l 3-— ln(9/4)]=% n3

/4
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1/2
1/2
70. (a) J 1—1x2 dx=[tanh'1x]o/ =tanh'1%—tanh"10=tanh‘1%
0
111, (1+(1/2)) _1
(b) tanh §_§ln(T-—(_l/_2—) —§1n3
3/13 12/13
dx du
71. (a J —_— = J —2t ___ whereu=4x,du=4dx,a=1
(=) 175 xV1—16x2 4Js u\/az-—u2’
12/13
= [—sech'1 u]ué = —sech™! -}—§—+sech“1 %
144/1-(12/13)2 1+ 4/1—(4/5)?
—sech—112 -14_ _
(b) —sech 13-J;-sech 5= ln( 13/13) +In @)
_(13+/169—144 5+\/25~16>_ 543 134+5) _ 3
_ (VIO (54 VITE) y(548) (1825 =12 -1n
- 2Y_1. 4
_ln(2-§)—ln3

72. (a) T —x [-—% csch™! ‘%”j = -—%(cs@ch_l 1—csch™! %) = %(csch'1 %—— csch™! 1)
1

)(\/4+x7
ln(2+\/5)
142

g 0
0
73. (a J COS X __dx= j 1_ du=[sinh~tu]_ =sinh~10—sinh~10 = 0, where u = sin x, du = cos x dx
(@) 2 ;-/-1+sin2x 3 \/1+u2 0

(b) sinh=0 —sinh™10 =In(0 + /0 +1)—In(0+/0+1)=0

(b) %(csch‘1 %—csch”1 1) = %[ln(2 +-(—\{?—72§)— In(1+ \/5)] =

DOf—

<,

e 1
dx du 1
74. (a) J =I —AQ4__ whereu=Ilnx,du=gdx,a=1
1 x;;l—k(lnx)2 0 V@ +u
1
= [sinh"1 u]0 =sinh~11—sinh~10 =sinh~'1

(b) sinh~'1—sinh~10 = In(1 + vIZ+1) - n(0 + V07 +1) = In(1 + v/2)

75. (a) Let E(x) = f(_x__)+2@ and O(x) = f(xLQM Then E(x) + O(x) = f(x) -l-2 f(—x) +f(x) —Zf(—x)

= %x) — f(x). Also, E(—x) = =) +;(_(_x)) - +2f(—x) = E(x) = E(x) is even, and

O(—x) = (=) —;(—(—x)) = ) —2f(——x) = —0O(x) = O(x) is odd. Consequently, f(x) can be written as

a sum of an even and an odd function.
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(b) f(x) =f(1)+2_f("3‘lbec M = 0 and f(x) = &) ‘2f(_x) because 00 1% )+f( %) _ 0; thus

f(x )_2f( ) 40 and f(x) _0+2f(x)
Yl e® -2 —1=0

1 oxeY
= xe¥ = e
eyz>

ln(x +vVx2+ 1). Since e¥ > 0, we cannot

y
=>2x=e —

76. y:sinh'1x=>x=sinhy:>x=ey_2e

[A22
:eyz-z—}izi{ﬂ:ey=x+\/x2+l=>sinh‘1x=y:

choose ¥ =x — \/x§ +1 because x — v/x2+1 < 0.
== dv == dv
___Vmgz:\/k;gdmj____\/mdv

m v ldv
77. (a) m ———-—mg kvZ = dl: =1= g(li(tz =
R () 1= y/v(a)

I\/rdt: tanh = (/Kz v) = \/E—t+C=>v_\/mtanh(\/k—t+C) v(0)=0=C=0
:v:fﬂtanh(\/gt)
() lim v=tim /7 tanh(y/¢)= VEE lim tann(y/XE¢) = VEL =58

1 600 000 _ 400 _ = 80+/5 ~ 178.89 ft/sec

© V5.005 =5

(a) s(t) = a cos kt + b sin kt = dt -
—k? (a cos kt +sin kt) = —k?s(t) = acceleration is proportional to s. The negative constant —k?

ak sin kt + bk cos kt = gts —ak? cos kt — bk? sin kt

78.

implies that the acceleration is directed toward the origin
2
ds _ ak sinh kt + bk cosh kt => % = ak? cosh kt + bk? sinh kt

(b) s(t) = a cosh kt + b sinh kt = §& at
=k? (a cosh kt + sinh kt) = k2 s(t) = acceleration is proportional to s. The positive constant k? implies

that the acceleration is directed away from the origin

X
V1-—x?

dx =y =sech ! (x) - vV/1-x2+C; x=1 and

dy -1 X J’ —1 J
79. 3= ==y = | ———dx+
dx x-\71—x2 V1-x2 xV1-x?
y=0=C=0=y=sech™!(x)—v1-x?

b
écosha,x=>y _smhax=>s_J /1 + (sinh ax)? dx
0

To find the length of the curve: y =

80.
b b b
=>s= J cosh ax dx = [% sinh a.x]0 % sinh ab. Then the area under the curve is A = J % cosh ax dx

[ 0

b_1 1
=|L sinh ax| =-L sinh ab =(1 smh ab | which is the area of the rectangle of helght and length s
a2 a2 a 8 4

0

as claimed.
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2 2
81. V= I (COShZX—SinhZX)dX:'N I 1dx=2nr
0 0

In \/E’;
82. V=27 .[ sech?x dx = 2w[tanh xlgl\/g =27 M =7
) V3+(1/v3)
n\/5 n\/5
In+/5
83. y= % cosh 2x = y/ =sinh 2x = L = J 1+ (sinh 2x)% dx = [ cosh 2x dx = [% sinh 2x] \/_
0 0 0
In4/5

|1 e \/-_1(5__1_)=§

—12 2 o 4 5/ 5
84. (a) Let the point located at (cosh x,0) be called T. Then A(u) = area of the triangle AOTP minus the area

coshu
under the curve y = Vx% —1 from A to T = A(u) = -%— cosh u sinh u— J Vx? -1 dx.
coshu 1

(b) A(u) = % cosh u sinh u — I Vx?-1dx = Al(u) = %(coshzu +sinh?u) —(v/cosh®u — 1)(sinh u)
1
= % cosh?u + % sinh?u —sinh?u = %(cosh2 u —sinh? u) = (—%)(1) = %

(c) A'(n) = % = A(u) = %+ C, and from part (a) we have A(0) =0=>C=0= A(v) = % =>u=2A
85. (a) y = H cosh(ﬂx) = tan ¢ = dy _ (—H)[E sinh (ﬂx)] = sinh(ﬂx)
) w H dx ~ \W/|H H H
(b) The tension at P is given by T cos ¢ =H = T = H sec ¢ =H+/1 +tan¢ = H,/1 +(sinh %x)z
= H cosh (%x) = w(%) cosh(%x) =wy
1

86. s:%sinh ax => sinh ax = as = ax = sinh 1 as = x=asinh"1as; yzécosh a.x:%\/coshzax

=%\/sinh2ax+1 =%\/a2s2+1 =1182+

a

NI"

87. (a) Since the cable is 32 ft long, s = 16 and x = 15. From Exercise 88, x = % sinh~!as = 15a = sinh ™ 16a
= sinh 15a = 16a.
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(b) The intersection is near (0.042,0.672).

Y

0.69

0.68 y=163

0.67

0.66

0.65
y=sinh15a .
0.041 0.042 0.605

(c) Newton’s method indicates that at a ~ 0.0417525 the curves y = 16a and y = sinh 15a intersect.

@) T = wy ~ (2 1b)(m1175—25) ~ 47.90 Ib

(e) The sag is about 4.8 ft.

-5 -10 =5 S 10 15

CHAPTER 6 PRACTICE EXERCISES
1. J e* sin(ex) dx = J sin u du, where u = e* and du = * dx,

=—cos u+C = —cos(eX)+C

2. J et cos(3et—2) dt =% J cos u du, where u = 3e* — 2 and du = 3¢t dt,
=%sinu+C=%sin(3et—2)+C

3. J’ e* sec?(eX—7) dx = J sec?u du, where u = ¢* — 7 and du = €* dx,

=tan u+C =tan(eX—7)+C

4, J ¥ csc(e¥ +1)cot(e¥ +1)dy = J csc u cot u du, where u =¥ + 1 and du = ¢ dy,
=—cscut+C=—csc(e¥+1)+C
5. I (sec2x)e“mx dx = J e® du, where u = tan x and du = sec?x dx,
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=eu+c=etanx+c

B

J (csczx)eCOtx dx = — J e" du, where u = cot x and du = —cse? x dx,

=__eu+C=_ec0tx+C

1 -1
7. J —l—dx=%J %du,whereu=3x—4,du=3dx;x:—l=>u=—7,x=1=>u=—1,
-1 =7

[ln|u|] —%[lnl——ll—lnl—ﬂ]:%[ ~In7 = —T7

(24

"

j I
wli—‘ |

[

(]
8. Jl l,?xdx: ul/zdu,whereu:lnx,du:%—dx;x:l=>u=0,x=e:u=l,
1

[g 3/2]0 [ 13/2 _ 03/2]2

 an(X 1/2
o] s i

whereu:cos(%),du:— sin (g)dx,x_O:u_l X=mrm=>u= %

1
3
=3[t jui]}/? =—3[1n\%|—1n|1 ]: 3hl=lm2=ms

1/4 1/4 1/4/2
10. I 2 cot mx dx =2 J €08 X gy — 2 J L gy,
sin 7x
1/6 1/6 1/2

=1 x=1 =1
éu—z,x-—4=>u-—\/§,

(= [

where u = sin 7%, du = 7 cos mx dx; x =

=$r_[1n|u|]i§;/—_,,[ .\/_.—ln| ” mn1-fm2-ln1+m2)=Zlm2]=152

4 -9
11.J _25dt I L4y, where u =t2—25, du=2t dt; t =0 > u=-25, t =4 > u=-9,
—25
=[lnfu)=}, =In|-9|-In|-25|=In9-In 25 =1In 5%
n[6 1/2
12. I T%dt:—] %du,whereu:l—sint,du:—costdt;t:—%:‘>u=2,t=%:>u=%,
- /2 2

=—[ln|u|]:/2=—[In‘%—l—lnlﬂ]:—ln 1+n2+m2=2ln2=In4
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13. devz Itanudu:J22)2%du,whereu=lnvanddu:%dv,

=—Injcos ul+C = —In|cos(In v)[+C

14. l_gy=|1 du, where u =1In v and du = 1 dv,
vinv u v

=Injul+C=Iln|lnv|+C
-3
15. J M——dx: Ju_a du, where u =In x and du=)l(dx,

-2
=% +C= _%(m x)"24+C

16. J l—n—(i_—52dx= J'udu, where u = In (x — 5) and du:xl-T5dX,

17. J %csc2(1+ln r)dr = Jcsczu du, where u =1+1Inr and du:%dr,

=—cotu+C=-cot(l+lnr)+C

18. dev=—Jcosudu, whereu:l—lnvanddu:—%dV,

=—sinu +C=—-sin(l1-lnv)+C

2
19. I x3* dx = % J 3" du, where u = x? and du = 2x dx,

2
=7 5(3)+C= gt 3(3x )+C

20. I 2tanx gec?x dx = J 2" du, where u = tan x and du = sec?x dx,

1 _2ta.nx
—1_(2u)+c— mz +C

7
21. J
1

32
22. I %d;;:%[ gdx=ix)) =1n32-m D=1 32=1(3/32)=n 2
1 1

539
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23.

24.

25.

26.

217.

28.

29.

-1 0
J e—(x+1)dx:—J e du, where u = —(x + 1), du=-dx;x=-2=>u=1lx=-1=u=0
-2 1
=—-[e“] —(P—el)=e—1
0 (1}
J e2wdw=-§— J eudu,whereu:?w,du:2dw;w:—ln2:>u=ln%,w=0:>u=0
—in2 In(1/4)

_1rul® 1 (/9] _ 1 1y_3
= e 1y = Bl e = 3(1-3) =8

3 [l ( + 1)]2 3 In4

nv
I —-v—_|:1—— dV = J [ln (V + 1)]2 'V_']?T dV = j’ u2 du,
1 1 In2

whereu:ln(v+l),du:vildv;vzl:>u=ln2,v=3=>u=ln4;

n 3
Ll s =10n 47~ (n 2] = 3@ In 27 - (n 2)°)= 2 g—1)=L(n2)°

4 4In4
(1+1nt)(tlnt)dt=j (¢ 1n t)(1+1n t) dt = j u du,
2 2In2

D——

where u =t In t, du:((t)(%)+(lnt)(l))dt:(1+lnt)dt.'t=2=;>u—21n2 t=4 =>u=41In4,

Ll = Lam 4 - e m 2= m 2 - 2’ = (21“2) @In2)° 161y = 30(In 2)?

8 In8
l°g4 0_'1‘4,[ (n 6) % a9 =L Judu,whereu—lnﬂ du=1ds,0=12>u=0,0=8=>u=In8
1 V]

In4

———y00

(3ln2)?% gin2
42 =432

In8
=7l =R rgl(n 2 -02)=!

——— 0

e e 1
800 3)(1og5 ) 4 _ J 8_(13711)%(;.1;_0)(10=8 J (no)(§)ao=s [ uan
1 1 0

whereu:lnG,du_gdG f=1=>u=0,=e=>u=1,

= 4lu?]y =4(12-0?) =4

2dy 2J du
— = where u = 5y and du =5 dy,
I Jit2sy?: o) V1+d®

:%sin'1u+C = % sin™! (5y) +C
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3d d
30..[ Y :%J y =%J%(d—u2>=%J duz,whereu=%yanddu=%dy,

4 —49y° 49y* 1-u 1-u
4
:%tanh'lu-}-c =13—4tanh"1(%y)+c for %y|< 1= —%< y<%
Yy
3l. y=xIn 2x—x=>y’=x(l)+ln(2x)——1:ln2x; ol
2x D2 04 06 08 1 12
o A x
solving y'=0=>x=%; y'>0forx>%and y' <0 for 21 (1/e,0)
02
x < %— = relative minimum of —% at x = %; f(%) = —% o
and f(%) = 0 = absolute minimum is —-%— at x = %— and the 04 y=xlds-x
03
absolute maximum is 0 at x =% (0.5, -0.5)
32. y=10x(2-Inx) =y =10(2—Inx) - 10x(§)
. Y
=20-101n x—10 = 10(1 —In x); solving y' = 0 ) (e, 10e)
=x=ey <0forx>eandy >0forx<e
2 y=10x(2~1In x)
= relative maximum at x = e of 10e; 1
y(e?) = 10e%(2— 2 In €) = 0 = absolute minimum is 0 10
at x = e? and the absolute maximum is 10e at x = e 3
9 2 ) g x
e 1 - o(ez.o')
1
33. A= J 21,I(”(dx= J 2u du=[u2]0=1, where
1 1]
u=lnxanddu=%dx;x=1 =>u=0,x=e=>u=1
20 2
34. (2) A, = J Lax=[lnix(}, = 20-m10=0W=1n2 and A, = I tdx=[lnix)’=mm2-ln1=m2
10 1

kb b
(b) AI:J ,—lidxz[lnlxl]:::-lnkb—lnka.:ln%:ln%:lnb——lna,audAzzI Lax =[x’
ka a

=Inb-Ina

dy _1.dy_dydx _ dy_(1 _ 1 _dy|] _1
35. y=lnx=>a=f,—t=——’t(=>—%-—(i)\/§— =>—t 2—gm/sec

4 4
2 4
36. V=1 J (5'\17‘;) dx=1 J %dx=§[1n|x|]1/4=§(1n4-1n%)=§1n 16=2In(2*)=71n2

37. The two functions differ by In % because K=In(5x) —-In(3x) =In 5+Inx—In3—-Inx=ln5-In3=1In %
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38. (a) No, there are two intersections: one at x = 2

and the other at x =4 o,;J /\
In2

Y=y
/ p) 3 4 T*
(b) Yes, because there is only one intersection point.
y y=5
o
/ 2z ] 3 8 10"
-1 y==2In2

ma=-mgR%?=a= —gR% 2= v %Ys- =—gR%s 2= vdv= —gR%7%2ds = I vdv= J —gR%~2 ds

2 2 2 2
S¥ -8 oo — 28R o0, = 2gR? R:vo_%l-‘—+c
2
=>C=v(2)—-2gR=>v2=2gsR

, since v > 0 if vy > /2gR. Then 4 T Y \2/g_R

40. If vo = 1/2gR, then v2 = 2gsR2 >v= \/Zg?
S VAds= VIR dv = [ o/ ds= [ VERT dv = 3777 = (VEgRD)t 4 Cy = o7 = (§V26R)i 4.y
t=0ands=R = R%? =(%\/2_g?)(0)+c = C=R3/? = 3/ =(%\/§g—RZ)t+R3/2
= (3Ry/3 )1+ B2 = R¥?[(JR/2 /B )t +1] = R3/2[(3—-2‘/;gj>t+1]

B Rslz[(3§))t * 1] R +(3e)e ]2/3

41. y’ cos x —y sin x = sin 2x; Noting that éi—x(y cos x) =y’ cos x —y sin x, we can rewrite the differential equation

asa‘i——(ycosx)=sin2x=>ycosx=—%cos 2x+C¢y=-§%+6£—x; Y(0)=1=’1"__+C
3 —cos 2x

=>C— =>y 2 cos X
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dy __yly dy dx J’( ) J 1 -
42, = = - dy = - | —— dx —— 1 T
dx ~ 1+x2 ylny 1+x2=> Iny y T+ = In(ln y) tan™*x+C; x = 0 and
y=ée? =>ln(lnez)z—-tan"10+C=>ln2=C=>ln(lny)=—tan'1x+ln2
- - P { -1
:eln(lny):e(_tm 1x+]n2)=>lny=e(_t’an 1x+1n2)=>el“y.—_ee( tan x+1n2)=>y=ee(—tan x+In 2) or

y= exp(exp(—tan"1 x+In 2))

dy 2 _ 2 2
. 4 () == P =y 90 =iy > [P ax= [ () s =2 a1 ms

= v(x) = eh‘(""’l)2 =(x+1)?’=>y=

(xi1)2 [(x+1)2(x§_1) X = = +1)2 I(x +x)dx

=(-—l—)2(x—3+~x—2+0)'x=0andy=1:1=0+0+C:>C=1=> 1 +x+1
x+1)\ 3772 ’ Y e+ 2

14, 84 (3)y =L

2
=%,Q(x)=x ;1: J'P(x) dx = J %dx=2ln|x|:ln x? = v(x) = el ¥

2 2
=x2=>y=$Ix2(x;l)dx=éj(x3+x)dx L2< +5 +C) ’fl+%+f2,x-1a.ndy—l
—1,1 =loy=x2 1, 1
In x ’ Inx _2-Ilnx
45. === =
() ¥ ‘/-=>y x\/‘ 2x3/2 7 2xy/x o.:j Fv-'ﬁ""‘
=>y”:—%x‘s/2(2—lnx)—§x"5/2 '5/2( Inx— 2) T 16 15 20 5
-0.5
solvingy =0 = Inx =2 = x =% y’ < 0 for x > €2 and
and y’ > 0 for x < e? = a maximum of%;y":O -
8 8/3 -1.%

the curve is concave down on

(0,e8/3) and concave up on (e8/3,oo>

=>lnx=§=>x—e

2 2 2 2
(b) y=e™ =y =-2xe™™ =y’ = -2 44x%7X;
solving y/ =0 => x = 0; y' < 0 for x> 0 and y’ > 0 for
X < 0 = a maximum at x = 0 of €% = 1; there are points

of inflection at x = + ﬁ; the curve is concave down for

1 .
- < X < —= and concave up otherwise
;; 2 \/5 P
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46.

47.

48.

Chapter 6 Transcendental Functions and Differential Equations

(© y=(+x)e ™=y =e - (1+x)e7 = —xe™ /i

Sy =—eXtxe¥=(x—-1)e7"

; solving y/ = 0 o — e i 3 3
= —xe*=0=>x=0;y <0forx>0andy' >0 2 yagene

for x < 0 = a maximum at x = 0 of (1 +0)e® =1;

there is a point of inflection at x = 1 and the curve is l

concave up for x > 1 and concave down for x < 1

y=xlnx=>y'=]nx+x(}1—()=lnx+l;solvingy’:O Y

_ _ _ 1
=>mhx+1=0=>hx=-1=>x=e";y >0for 8 fx)=xinx

x>e!andy <0 for x <e! = a minimum of 7! In e™?

:—%atx:e"1

A
Since the half life is 5700 years and A(t) = Aoekt we have TO = A0e5700k = %: €799 = In (0.5) = 5700k
In (0.5) In (0.5)

=>k= 1115%05 ) With 10% of the original carbon-14 remaining we have 0.1Ay = Age 3700 Y= 0.1=e 5700
" n(05), . _ (5700) In(0.1) _
= In(0.1) = _57'0Tt >t= “Thos  ~ 18,935 years (rounded to the nearest year).

T—T, = (T, T,)e X = 180 — 40 = (220 — 40) /%, time in hours, = k = —4 In (g) =4 1n(%) = 70— 40

= (220 —40) 4R/t o ¢ = In (69) ~ 1.78 hr ~ 107 min, the total time => the time it took to cool from
41In(Z
7

180° F to 70° F was 107 — 15 = 92 min

49. (a) xy'+y=xcosx = y’+%y=cosx:> P(x):—}:-=> J P(x) dx = In x since x > 0
P(x) dx
v(x) = eJ =x=>y= @ J P(x) cos x dx = )1—{ J x cos x dx. Integration by parts: let u=x and

dv =cos x dx and v =sin x = I X cos x dx = x sin x — J sin x dx = x sin x + cos x + C;

=sin x +

xsin x+cosx+C C +cos x
X -

Therefore, y =
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(b) The graphs, from the bottom curve to the top, are for C = -2, —1, 0, 1, 2, respectively.

y
6.
4.
2.
A x
B 7.5 .5 15
-2
-4
!

As x — 00, all of the solution curves get closer to sin x regardless of the value for C. As x — 07, the

CHlitC#-1,andif C=—1, then lim y(x)=0.

x—0

solution curves get close to

50. Use the Fundamental Theorem of Calculus.

X

y = -(-%E( J sint? dt)+§—x(x3 +x42) = (sin x?) = (3x? + 1)
0

y'= %(sin x? 4 3x2 + 1) = (cos x?)(2x) + 6x = 2x cos (x2) + 6x

Thus, the differential equation is satisfied. Verify the initial conditions: y'(0) = (sin 02) +3(0)2+1 =1,

0
y(0) = J sin (t2) dt + 0 +0+2 =2

51.

52. To find the approximate values let y, =y,_; + (¥o_1 + cos x,_;)(0.1) with x5 =0, y5 =0, and 20 steps.
Use a spreadsheet, graphing calculator, or CAS to obtain the values in the following table.

X y X y

0 0 1.1 1.6241
0.1 0.1000 1.2 1.8319
0.2 0.2095 1.3 2.0513
0.3 0.3285 1.4 2.2832
0.4 0.4568 1.5 2.5285
0.5 0.5946 1.6 2.7884
0.6 0.7418 1.7 3.0643
0.7 0.8986 1.8 3.3579
0.8 1.0649 1.9 3.6709
0.9 1.2411 2.0 4.0057

1.0 1.4273
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53. To find the approximate solution let z, =y, _; + ((2 —y,—1)(2x,_; + 3))(0.1) and

54,

55.

56.

((2 - yn—l)(z%—l + "*;) + (2 - zn)(2x'n + 3))

Yn=V¥n1t (0.1) with initial values x5 = —3, yg = 1,

and 20 steps. Use a spreadsheet, graphing calculator, or CAS to obtain the values in the following table.

X y X y
-3 1 -1.9 —5.9686
—-2.9 0.6680 —-1.8 —6.5456
-2.8 0.2599 -1.7 —6.9831
—-2.7  -0.2294 -1.6 -7.2562
—-2.6 —0.8011 —1.5  —7.3488
—-2.5 —1.4509 -14 -7.2553
—-2.4 -2.1687 -1.3 —6.9813
-2.3 —2.9374 -1.2  —6.5430
-2.2 -3.7333 -1.1  -5.9655
-2.1  —4.5268 -1.0 -5.2805
-2.0 -—5.2840

. _ Xn—1~2¥n-1 _ 1 %n-1=2¥n-1  Xn—2%
To estimate y(3), let z, =y, _; +< 1 )(0.05) andy, =y, + 2( X 41 + X ¥ 1 (0.05)
with initial values xy =0, yy = 1, and 60 steps. Use a spreadsheet, programmable calculator, or CAS to
obtain y(3) = 0.9063.

, Xp1=2¥p g +1 I
To estimate y(4), let y, =y, _; + B Surm— (0.05) with initial values x5 =1, y; = 1, and 60 steps.

Use a spreadsheet, programmable calculator, or CAS to obtain y(4) ~ 4.4974.

Let y, =yp_q1 + (—x_l-Tl)T_l—-T-7)(dx) with starting values x; = 0 and yy = —2, and steps 0f 0.1 and —0.1.
e n— n-

Use a spreadsheet, programmable calculator, or CAS to generate the following graphs.

(2)

e
[

(-0.2. 4.5] by [-2.5, 05}

(b) Note that we choose a small interval of x-values because the y-values decrease very rapidly and our
calculator cannot handle the calculations for x < —1. (This occurs because the analytic solution is
y=-2+ ln(2 - e'x), which has an asymptote at x = —In 2 & —0.69. Obviously, the Euler
approximations are misleading for x < —0.7.)

(—1,02] by [—10,2]}
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2
Xpn-1F¥n1

2
57. Let z, =y, 4 —( ) (dx) and y, =y,_; +5 2( );n _11+ Yn-1 + J;“ 7 )(dx) with starting values
Xn-1 X,y et EX,

X9 =0, yo =0, and steps of 0.1 and —0.1. Use a spreadsheet, programmable calculator, or CAS to generate
the following graphs.

(@) (b)

y
1’ It . el

L 2 ! A L x

Q = dp 800 —P 800 _ (800—P)+P
58 (2) 9F =0.002P(1 ~a5)= £=0. 002p (800=F) = pa00 —py P = 0-002 db = “prErr s = 0.002 de

1, 1 = - —P|= P _I_
=>J(P+800_P)dP..0.002dt=>ln|P| In|800 — P| = 0.002¢ +C = In|zrB | = 0.002¢ + C

= lll| SOOP— P | = —0.002t—C = ISOOP— P l = e-0.00Zt—C = 800 — P = 4+ e—Ce—0.002t

P
800 — Aa—0.002t — 800
=>'Tr"—1-—.Ae =>I>—-I:Txgzﬁﬁﬁﬁ
Initial condition: P(0) = 50 = 50 = 802 s=>1+A=16=>A=15
ion: P — 800
Solutlon. P= W

dP _ _ P P
(b) = 0002P(1 -80—0) P(0) =50 = P, = P, +0.002P (1—m)dt Pn+0.001Pn(1—ﬁ)

On a TI-02 Plus calculator home screen, type the following commands:

50 STO> p:0 STO> t:p (enter)
p+0.001+px(1 — p/800) STO> p:t+0.5 STO> t:p (enter, 40 times)

The last value displayed gives P ..(20) ~ 51.9073

800

o PEuler(20) - Pexact(zo)
1 + 15¢0-002(20)

~ 51.9081 =
Pexact(zo

From part (a), Pgy,c(20) = x 100%

— |51.9073 — 519081, 100%  0.154%

51.9081

AN vy

59. x 1 1.2 1.4 1.6 1.8 2.0 \ AN 227
y -1 -0.8 -0.56 —0.28 0.04 0.4 W \‘:\::: AN
1 V) NSNS 7’7 7
dy 2 NS
&=x:dy=xdx=>y=T+C;x=1andy=—1 NNNANNAN YTy
: 2 ININSS==2 11

. o
s osjromos-fayean=3-]  lNNSEA
922 3 1 §§§§‘\\\‘::: »/5555’5’

—_—&_ v __ 1 -2 . :: Vi
= ¥(2) = 5 — 5 = 5 is the exact value NNt A4 1212
ANNNSNANNS~—=sr 222177
S ANNNNNNNSNS—— s 77778
3 2 -1 0 1 2 3
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60. x 1 1.2 1.4 1.6 1.8 2.0
y -1 -0.8 —-0.6333 —-0.4904 —0.3664 —0.2544
%:%:dy:%dx:y:lnlx|+0;x=l and y = -1
= -1=In14C=>C=-1=y (exact) =ln|x|—1
= y(2) =In 2 -1~ —0.3069 is the exact value

61. x 1 1.2 1.4 1.6 1.8 2.0
y -1 -1.2 -1.488 —1.9046 —2.5141 -3.4192
dy dy 2 o x2/2_C
a;:xy=>T=xdx=>ln|y|=x?+C=>y=e2 =e -e

2
=C,e" /2% =1andy=-1 =>—1=Cle1/2=>Cl=—e_1/2

=y (exa.ct) = _e—1/2 _ex2/2 = __e(xz—l)/2 = y(2) - -—63/2

~ —4.4817 is the exact value

2.0
—1.7668

1.8
—1.6452

1.6
—1.5130

1.4
—1.3667

1 1.2
-1 -1.2

62.

X
y
d_y—l:> d —dx:y—z—-x+C-x—land =-1

:>%=1+C=>C=—%:>y2=2x—-l:>y(exact)=—-\/2x—l

= y(2) = —v/3 ~ —1.7321 is the exact value

y
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CHAPTER 6 ADDITIONAL EXERCISES-THEORY, EXAMPLES, APPLICATIONS

_ (lnx)2]°_ 1 A =2
_[2ln2 Trme T AiA =2l
2. £0) = ) = £/(x) = o) g/(x), where g/(x) = 15 = £12) =&
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(a) 2lne ex=2x

1
(b)f(O):J 2lnt gy =
1

(c) % =2 =3 f(x)=x>+C;f(0)=0=>C=0=f(x) = x? = the graph of f(x) is a parabola

. (a) The figure shows that Ze>1LT o 7 jneselnr = lne™>n 7° = ™ > #°
(b) y—h;(x:'y —(1)(%) lnzxﬁﬁ—;solvingy'=0:>lnx=1=>x=e;y’<0forx>eand
x?

y' > 0 for 0 < x < e = an absolute maximum occurs at x = e

. The area of the shaded region is .[ sin"!x dx = J sin~ly dy, which is the same as the area of the region to
0

the left of the curve y = sin x (and part of the rectangle formed by the coordinate axes and dashed lines y = 1,
w/2

T

x= -72[) The area of the rectangle is 5= J sin"ly dy + J sin x dx, so we have
0

1 7"/2 7?/2 1
%: I sin"!x dx + I sin x dx = J sin x dx:%— J sin™!x dx.
0 0 0 0
. (a) slope of L; < slope of L, < slope of L, = b < % <3
b) area of small (shaded) rectangle < area under curve < area of large rectangle
g
b
:%(b—a) < J. lax<lp-a)=i <%—‘%<%

a
. Method 1: Use a CAS or a numerical integral function on a calculator or spreadsheet to define y; = x?In x

and y, _.(ii (x én X x X 4 C) then compare the graph of y; with that of y,. The graphs should be the same.

Method 2: Use a CAS or a numerical integration function on a calculator or spreadsheet to define
X

3 3
¥y = J t2 In t dt and y, =% :ISn X %+ C (you pick an a > 0 and any value for C), then compare the graph
a
of y; with that of y,. The graphs should be the same except for a vertical translation.

. In the interval 7 < x < 27 the function sin x < 0 y

. . . . J(x) = (sin x)% *
=> (sin x)*™ ¥ is not defined for all values in that )

interval or its translation by 2. o

03

07
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9. (a) %—?:kP cos (at —b) =>d—P13=k cos (at — b) dt =>ln|P|=15(sin(at—b)+C

k.. k.. k.. k.. k..
= t—b)+C Cc, £ = £ = X - < -
IP|= e sin(at—b)+C; — e lea sin(at—b) _ Czeasm(at b) P=+ Czeasm(at b) = Ce? sin(at—b) where

k.. k.. k. . k.
C,= land C= + Cy; P(0) =Py = Ce™2%" by o= Pgea " Pop= Pgea®n beasin(at=b)
_p elﬁ( (sin bsin(at—b))

- *0

(b) The following graphs are fora=1,2,3,b=1,k=1

P

= N W e o

5 10 15 20

The graphs show that as a increases, the frequency of the oscillations increases and the amplitude decreases.
The next graphs arefora=1,b=1,2,3,4, k=1

®

8

7

6

s

4

3

2

1

| t
5 10 15 20

The graphs show that as b increases the solution curve shifts to the right and the amplitude oscillates. An
interesting picture is obtained by graphing the solution curves fora=1,b=1,2,..,,20, k=1 and is

shown in the next graph.

N W s v @

\
0‘\\\\
i

[y

The next graphs are for a=1, b =1, k = 0.5, 1.0, 1.5, 2.0
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t
5 10 15 20

The graphs show that as k increases, the maximum population increases and the minimum population

decreases, getting closer to zero. In the long term, all the population appears to oscillate for all values of
the parameters.

10. (a) i——{:k%(c—y)idy:——k%(y—c) dtﬂ%:—k%dtﬁ I dy =—I k%dt:ln|y—c|

Yy—c

A
kGt o ags "
=-k %t%—Cl > y—c= :l:eCle V", Apply the initial condition, y(0) =y, = yg=c+C = C=y,—c¢

A
kgt
>y=c+(yo—cle V

x4
(b) Steady state solution: y,, = lim y(t) = Jm [c +(yg—c)e Vt] =c+(yo—¢)(0) =c

(-2)
1. y= tan_1x+tan‘1(%)=> y = 1-:x2+1—xl
(1+2)

1

=1 1l __ 0 = tan"!x +tan~1 (i) is a constant

_1+x2—1+x2

and the constant is -72"- for x > 0; it is -% for x < 0 since

tan"1x + tan™! (—1)5) is odd. Next the lim+ [tan"1 x +tan™! (%)]

x—0

=0+5=7and lim (tan"1x+tan"1(%)>= 0+(—%)= -3

x—0"

y
2 = %2
I yetan~'x um"(i—)
-4 -2 2 4 x
y=-x2 -

-2
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NOTES:




