CHAPTER 7 TECHNIQUES OF INTEGRATION, L'HOPITAL'S
RULE, AND IMPROPER INTEGRALS
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(d) u=ta,n'1\/)_(:>tanu:\/)—(:>tan2u=x=>dx=2tanu( L )du=2—§—i%—udu:—?—-d—(ﬂs—gl-

3

cos?u cos®u cos” u
x—1=tan?u—1 :sinzu——2cos2u _1-2 coszu; x+1=tanu+1 =coszu-+;sin2u - 12 :
cos“u cos“u cos“u cos“u
-2/3
-2/3 —4/3 (1 -2 coszu) 1 —2d(cos u)
J(x—-l) B(x + 1)~ dx=f R T
(cos u) (cos u)

= J(l -2 cos2u)_2/3-(—2) -cos u -d(cos u) =%J. (1 —2 cos? )—2/3-d(1 ~2 cos?u)

1/3

(1—2cos2u)

_3(1_ 2 \1/3 _3 cos®u

—2(1 2 cos u) +C_2————1
cos?u

(e) u=tan‘1(x——5—1):> x—2—1 =tanu =>x+1=2(tan u+1) = dx=c2o§uu:2d(tan u);

ro=3(351)" 40

[ [94]

J (x=1)"2Px+1)"4 P dx = J (tan u)~2/3(tan u+1)~*/3.272.2.d(tan u)

=3ty o

u=cos 'x ) d . d
(f) X = cos u sin u du _____J sin u du

- J 473
dx = —sin u du 3\/(coszu - 1)2 (cos u +1)2 (sin4/3u)(4 cos %) /

- _ J du —_ J du =_lj(cos %)1/3 du
(sin u)1/3 (4 cos ‘51)4/3 2<sin 2)4/3((;05 2)5/3 2 sin 112— (cosz %)

2

= - f tan'lla(%)d(tan %) = '% tan?/3 %+ C= %(—tanz 9—)1/3 +C §(995-3_—1)1/3 +C

2\cos u+1
_3/x-1 1/3
—§(x+1) +C
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—2/3 u = cosh Cud
(e) J[(x2_1)(x+1)] dx;| x=coshu |— J 3___%&___
dx =sinh u (cosh?u — 1) (cosh u +1)?

sinh u du J du du

J 3\/(sinh4 )(cosh u+ 1)2 \/(smh u)( 4 cosh? u) % J \/smh (2)cosh5 (2)

= | o g )= o B = Y] s 0 F (a5

coshx +1 X+

7.2 INTEGRATION BY PARTS

1. u:x,du:dx;dv:sin dx, v._-2cos2,

stin%dx:—&xcos%—[(—? cos%)dx=—2xcos(§)+4 sin(g—)+C
2. u=0,du=d0;dv=cos7r0d9,v=71r—sin1r9;
=9 | Lg =04 1
6 cos 70 df = % sin 7d 7 sin 78 df = % sin 76 + 5 cos mf +C
.

3. cos t

(+)

27 sint

)

t ———= —cos t

(+)

2——= —sint )
0 Jtzcostdtztzsint+2tcost—2sint+C

4, sin x

(+)

X ——= —COS X

)

X ———= —sin X

(+)

2 ——=cos x

0 Ixzsinxdx=—xzcosx+2xsinx+2cosx+C
2
5.u=lnx,du-—dx dv=xdx, v 52—,

2 2 2 2

2 2
lenxdx:[%lnx]l—j %—‘%:21112-—[54—]1=21n2—%—=1n4-—%
1

[
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6. u:lnx,du—dx dv=x3dx, v x—4—;
[ 4 R 4 [.4]° 4
3 =X [ x'dx_et (x| _3e"+1
Jx lnxdx_[4lnx] J 4 X — 4 [16] =8
1 1 1
7. u=tan"ly,du= =dy,v=y;
y dy

Jtan'lydyzytan_ly—J( =ytan~ly— 2ln(l-{-y2)+C ytan"ly—In /1+y*+C

1+y?)

u=sin"ly, du=——%;dv=dy,v:y;

[sin_ly dy:ysin‘ly—J —yd—y—=ysin'1y+\/1—y2+C

Ve

9. u=x, du=dx;dv =sec?x dx, v = tan x;

jxseczxdxzxtanx—Jtanxdx:xtanx+ln|cos x|+ C

10. J4x sec? 2x dx; [y = 2x] — Jysec2y dy=ytany-— J tanydy =y tany—In|secy|+C

= 2x tan 2x —In |sec 2x |+ C

S

3x2 (-) X

—_—

6x£)—-be

6 ()

———-be

0 J X dx = x%e* — 3x%e +6xe"—6e"+C=(x3—3x2+6x—-6)ex+C

12. e P
p (+) o P
4p3 G N e P
19p2 ) o P
24p G B S
_(i)_.. e P
0 I p%e~P dp = —ple~P —4p3e P — 12p2%e™P — 24pe P — 24P + C

=(-p*—4p®—12p®>—24p—24)e P +C




13.

14.

15.

16.

17.

<2— (+)

X ———ep *

=)

2Xx — 5 ———= e*

(+)

2 ———=p X

(+)

P4r+l —"L e

2r+1——(-"-)--->er
B

X_Le

5x? —t—)-—-» e*

20x3 Le

)

60x% ———= &
(+)

120x ———= ¥

120 L-be"

4t

2 )

2 (_) > 11_684t

() 1 edt
2 4°

sin 20
(+) 1

2 -l o — 13 cos 26

20 —i» —% sin 20

Section 7.2 Integration by Parts

J (x2 - 5x)ex dx = (x2 - 5x)ex —(2x = 5)e* + 26X + C = x%e* — Txe* + 7eX* + C

=(x®—Tx+7)e*+C

J(r2+r+l)er dr:(r2+r+l)er—(2r+1)e'+2er+C

=[(i2+r+1)—(2r+1)+2]er+c=(r2—-r+2)e'+C

J x%e* dx = x5e* — 5xte* + 20x3e* — 60x2e* + 120xe* — 120e* + C

= (x5 — 5x* + 20x3 — 60x2 + 120x — 120)e* + C

2 2
Itze“dt:t odt _ 2t 4t 2 4t+c___§4_e4t ge4t+3l2e4t+c

567
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18.

19.

20.

21.

2 __ﬁi.. cos 20

8 w/2 ) x/2

0 J 62 sin 26 d9=[——9——cos 20+Qsin 20+%c0s 20]
0

2 2 o

~N

_|_=? T.gal. 1q]_x®_1_=x°-4
-[“ g "D+ 04y (—1)]-[°+°+1'1]—’§“‘§— :

cos 2x

(+)

x3 ——-b2sm2x

=) 1

3x2 2 — cos 2x

——(-i-b ——ésin 2x

=) 1

6 ——= = 16 cos 2x /2

/2
0 [ xscos2xdx—[x73sm2x+§f;—cos2x—§55m2x—%-cos2x]
) 0
3 3 1_ _3x2,.3_3(4—n?)
I | —_dt . — _ﬁ.
u = sec t,du_-————t\/tT__l.,dv_tdt,v_.z,
2 9 2 2 9 2 .
-1 |t -1 _ t° dt _(o9.m_2 7\_ t dt
2/4/3 2/4/3 2/4/3
5r [l _5r_1( 3 [AC _51_1( __\/_-g)_g_;_,[_ﬁ_sw-a\/ﬁ
=53 t‘1]2,\/5“9 H(va-v3-1)=F-3\V3-7)=F-F=-"
u=sin" (2) du = === 2x dx 'dv=2xdx,v::x2;
-x*
1/4/2 Vi 1/y/2 1/y/2 )
9x sin—1(x2) dx = [x2 sin‘l(xz)]ll 2 <2.2xdx_ 2x dx =(l)(£)+ d(1-x*)
0 —xi \2/\6 241 —x*
1] 0 0

B V2 _m+6y/3-12
_{—2—}-[\/1—)( ]0 —T1r§+ 1_1__——12

I=Jeasinﬁdo;[uzsine,du=cos0d0;dv=eod6,v=e9]:I:egsinB—J e? cos 0 d6;
[u=cos€,du=—sin0d0;dv=e6d0,v:eo]::>1=eesin0 (e cos0+Ie sm0d0>

=efsinf—e cos 6 -1+C'= 2I=(e0 sin 6 — e? cos 9)+C'=>I:%(e6 sin 6 — e? cos (9)+C, whereC:%’is

another arbitrary constant
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22. 1= I e Y cos y dy; [u =cosy,du=—sinydy;dv=eYdy, v= —e‘y]
SI=-eYcosy— J (—e™¥)(-siny) dy = —eY cos y — J e sin y dy; [u = sin y, du = cos y dy;
dv=e"Ydy, v= —e_y] =>I=—eYcosy —(—e_y sin y — J (—ey) cos y dy) =—eYcosy+eVsiny—-I+C

!
> 2=eY(siny—cosy)+C' = 1= —%—(e‘y sin y —e™Y cos y)+ C, where C = %— is another arbitrary constant

23. I= I e?* cos 3x dx; [u = cos 3x; du = —3 sin 3x dx, dv = e** dx; v = -%—ezx]

I=

U

X cos 3x+-g— J e* sin 3x dx; [u = sin 3x, du = 3 cos 3x, dv = e?* dx; v = %er

B—
o

2x

—t

=

DO b=t
o
Do

cos3x+3 Le2x i 3x—3 e2* cos 3x dx =le2xcos3x+§e2"sin3x—91+C'
2\ 2 2 4

— 1 2x 3 .2x / ng . 4~
I—Qe cosBx+4e sin 3x+C =>13(3s1n3x+2cos3x)+0, whereC—-ﬁC

Y
S [

24. J ¥ sin 2x dx; [y = 2x] — Jeysmydy_I[u_.smy,du—cosydy, dv=eYdy, v=—e" y]
=>1I= %(—e'ysiny+Je'ycosydy)[u=cos u, du = —sin y; dv:e‘ydy,vz—e‘y]

=>1= ——%—e‘y sin y +%<——e'y cos y — J(—e‘y)(—sin y) dy) = —%e_y(sin y+ceosy)—I1+C'

~2
=2l = —%e‘y(sin y+cosy)+C' =1= —%e'y(sin y+cosy)+C=-& 4x(sin 2x + cos 2x) + C, where

/31 3s+9 = x?
25. Je 3549 4s; — Jex

’ ds:gxdx

2xdx=2 xe* dx; {u = x, du = dx; dv = e* dx, v = €*];
Z 3 3

%—Jxe dx = %(xex—Jex dx)Z%(xex—e )+ =%(\/3s+99"38+9 eV3et? )

26. u =x, du =dx; dv = /1 —x dx, v=—% (1—){)3;

Jx\/ﬁdx—[—g,/(l—x)S ] (1- x)3dx=§[ (1-x)5/2] =%

.2 2
27. u=x, du =dx; dv = tan’x dx, v= | tan?x dx = | SILX gy — | l=cos"x 4, _ dx__ | ax
2

Cos™ X COS2X COS2X

w/3 /3

=/3

= tan x —Xx; xtanzxdx:[x(tanx—x)]”/s— (tan x —x) dx=£(\/_—£)+ lnlcosx|+x—-2

0 3 3 2],
0 0
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S§(VA-R)n =T me g

_ 2 (2x+1) dx _ _ J 2\ 4o 2 2x+1
28. u_ln(x+x ),d -—-—-+ ) dv =dx, v =x; ln(x+x )dx._xln(x+x )—- x(x+1)'x dx
2 1)d 2 1)-1
=xIn(x+x2)- J Lx—x-:_—i—xlen(x+x2)—- [ %-—:)l—dx:xln(x+x2)—2x+ln|x+1|+C
u=Inx
29. Jsin(ln x) dx; du:%dx — .[(sin u)e" du. From Exercise 21, [(sin u)e" du:e“(g‘iﬁ—“g—“ls—g)+c
dx =e" du

= %[—x cos (In x) + x sin (In x)]+C

u=Ilnz
30. J z(In 2)? dz; | du =-;-dz — I et-ul.et du= [e2“-u2 du;
dz = e" du
eZu
u? (+) . %eZu
2 (_) N %eZu
2 (+) ’ %eZu
2 2
0 Juzezu du=-‘12—e2“—-121-e2“+%e2“+0=e—;[2u2—2u+1]+0
2
=Z[2(nz)’ -2z +1]+C
3. y= J x2e* dx
Let u = x? dv = ¥ dx
du =2x dx = %e“"
y= (xz)(%e“x)—— J (%e4x)(2x dx)
= -}ixze“x —%— I xe* dx
Let u =x dv = e** dx
du = dx v= %e“

y= 1 x2edX _ [(x) J(%&x) dx]
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1 &% 14x
- —i-32 +C

Letu=1Ilnx dv = x? dx

du =1 dx

el [

y:%x3 In x—%sz dx

N—’ wlo—a

yz%x3 In x—%x3+C

33. Leth\/é. Then dw = -4¢ ,sod9=2\/§dw=2w dw.

2v/0
J sin /0 df = J- (sin w)(2w dw) = 2J' w sin w dw

Letu=w dv =sin w dw
du =dw V= —Cos W
stinwdw:—-wcosw+fcoswdw

=—wcos w-+sin w+C
Jsinﬂd():?[wsinwdw
=-2wcosw+2sinw+C

=—2\/§cos \/§+2sin \/5+C

34. y:IQsecOta.anG

Letu=2~¢0 dv =sec 6 tan 6 df
du = dé v = sec §

y=20secd— | sec 6 df
y =0 sec § —In |sec 8 + tanf |+ C

35. (a) u=x, du =dx; dv = sin x dx, v = ~cos x;

g n
Slzj xsinxdx:[—XCOSX];'FJ cosxdx=7r+[sinx]g=7r
] 0




572 Chapter 7 Techniques of Integration, L’Hdpital’s Rule, and Improper Integrals

(b) Sy = _T x sin x dx = |:[—x cos x] + I cos X dx] = —[—31r + [sin x]:_"'] =3r

k3

2r

3r
(c) S3= | xsinx dx=[-x cos x]:;: I cos x dx = 57 + [sin x]g: =57
27 or
(n41)=
(d) Spp1=(- -1yl J x sin xdx = (—1)n+1[[ —X cOS x] (n+1)= +[sin x](n+1)1r]
nw

= (=1)**[~(a + Dr(=1)* + nn(=1)**!]+ 0 = (20 + )7

36. (a) u = x, du = dx; dv = cos x dx, v = sin x;

37/2 3n/2
Sy=- J x cos x dx = —| [x sin x]::;f— J sin x dx =—(-—3T7r—%)—-[cos x]i% =27
w/2 /2
5w /2 5m/2
(b) S, = J x cos x dx = [x sin x]:i:ﬁ - J sin x dx = [%’5—(—377')]— [cos x]g’rﬁ =4r
3r/2 3r/2
/2 Tw/2
(c) S3=- I x cos x dx = —| [x sin x];:;g - J sin x dx | = —(—%"-—%’l)— [cos x];:ﬁ =
57/2 5m/2
(2n+1)7/2 . (2n+1)m/2
(d) S, =(-1)" j x cos x dx = (—1)* [x sin x]ng:;:;: - J. sin x dx
(2n-1)=x/2 (2n-1)x/2
= (_1)"[(2n ¥ 1)7"( ) er_)_( 1)“"1] [cos x]g::'*':;:;: =3 Lonr+r+2nr—7) =207
2 2 In2
xe* dx
0

In In

37. V= 27(ln 2—x)e*dx =27 1n 2 I e’ dx — 27
0 0
In

2
=27 2)[e"]lg12 - 2%([xe"]g‘2 - I e* dx)
0

=2rIn 2—27r(2 In 2+[ex]l:2)= —27rIn2+2=27(1-1In2)

1 1
38. (a) V= J. 2mxe * dx = 27r([—xe"‘](1)+ J e * dx)
0 0
1
= 2%(—%+[—e’x]0) = 21(—%—%—+ 1)




39.

40.

41.

42,
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1
(b) V= J 27(1 —x)e™* dx; u = 1 —x, du = —dx; dv = e™* dx, y
0

cmsmeitecnnn.,

1
1
v=—e%; V=27r[[(1—x)(—e_x)] —J e dx:|
° %
: x
1
= 20— 1(-D)] +[e]} ] =2n(144-1) =21 z 2
w/2 w/2
(a) V= J 27x cos x dx = 27 [xsinx]g/z—J sin x dx
0 0
=27r(12r-+[cos x]g/2)=27r(%+0—1)=1r(7r—2) 2
w/2 z *
b) V= 27r(Z—x)cos x dx; u =T —x, du = —dx; dv = cos x dx, v = sin x;
2 2
0
w/2
T . 7I'/2 . 7r/2
V=21r[(-2—-x)smx] +27 J sin x dx =0+ 27[—cos x] ' " =27(0 +1) =2
° 0
w
(a) V= J 27x(x sin x) dx;
0
sin x
xziﬁ—cosx
ZXL-»——sinx
2£—)——»cosx ,,.
0 =V=2r J x2 sinxdx=27r[—x2 cos X + 2x sin x + 2 cos x];r=27r(7r2—4)
0

K w ki
(b) V= J 2m(m — x)x sin x dx = 272 J x sin x dx — 27 I x% sin x dx = 272 [—x cos x + sin x]g—(21r3—87r)
0 0 0

=87

27

av(y) = _2_1%_ T 2¢ b cost dt = '}r‘[e‘t(s—in tECOS t)]o
0

(see Exercise 22) = av(y) = 717?(1 —e727)

27

av(y) = %7? J 4e~" (sin t —cos t) dt =% e tsin t dt —%.- et cos t dt
0

o—=5
o—5

. . 27 2
— %[e—t(—sm t2- cos t)_ et (sm t;cos t)]o _ %[—e"t sin t]o” -0
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43, Let u = x™ dv = cos x dx

du = nx™1 dx v =sin x

I x™ cos x dx = x" sin x - J (sin x)(nx®"? dx) = x" sin x — nJ ™1 sin x dx

44, Let u = x" dv = sin x dx

du = nx™"! dx vV = —C08 X

J X" sin x dx = (x)(—cos x) — J (—cos x)(nx™"! dx) = —x® cos x + nj x*71 cos x dx

45, Let u =x" dv = e** dx

eax

i

du = nx™1 dx v

J x™ ¥ dx = (x“)(%e”‘)— J (é—e“)(nx —ldx) = xngax -2 J x* 1 dx, a # 0

46. Let u = (In x)* dv =dx
n—1
du = _x_l(ln_;(_)__ dx v=x

I (In %) dx = x (In x)* I x[&%ﬁ] dx = x(in %) — nj (In x)* dx

47. (a) Let y = f~!(x). Then x =1(y), so dx = f'(y) dy.

Hence, J f1(x) dx = J WIf(y) dy] = Jyf'(y) dy

(b) Letu=y dv =f(y) dy
du =dy v =1(y)

[s#) dy =310) - [ 05) ay =710 - [ ) ay

Hence, J l(x) dx = J yE(y) dy = xf~}(x) — [ f(y) dy.

48. Let u = f"1(x) dv =dx

du=(ad;t“1(x))dx v=x
Irl(x) dx = xf~}(x) - Jx(%f‘l(x))dx

49. (a) Using y = f~}(x) =sin™! x and f(y) =sin y, —-725 <y< 12r_’ we have:

J sin"!xdx =xsin"lx— J sinydy =xsin"!x+cosy+C=x sin! x + cos(sin~1x) + C
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d 1

(b) J sin"!x dx =xsin"!x— J' X(E sin~! x) dx=xsin"'x~ J x ﬁ dx

u= 1—x2, du = —2x dx=xsin"1x+% Ju'l/z du =xsin'1x+u1/2+C =xsin"lx+ m+C
(c) cos(sin"1x) =1 —x?
50. (a) Usingy =f}(x) =tan"'x and f(y) =tan y, - T <y < %, we have:

Jtan_lx dx=xtan"1x - J tan y dy=xtan'1x—ln|sec y|+C=xtan"1x+ln|cos y|+C

= x tan™! x + In|cos(tan~!(x) | dx+C

(b) J tan"!x dx = x tan"lx — J x(ad}—( tan‘lx) dx =xtan"lx - J x(l -:xz) dx

575

u=1+x%du=2xdx=x tan'lx-% ju‘l du=x tan‘lx—%ln|u|+C =xtan"1x—-%ln(1+x2)+c
(c) lnlcos(tan—1 x)l: In 1 ': —% In(1+x2)
1+4+x

51. (a) Using y = f~1(x) = cos™! x and f(y) = cos x, 0 < x <, we have:

J cos lxdx=xcos™lx— I cosydy=xcos 'x—siny+C=xcos" x~ sin(cos™! x)+C

(b) Jcos_lx dx:xcos”lx— Ix(% cos_lx) dx =x cos"lx— J x(— 11-x2> dx

u=1-x% du=—-2x dx=xcos_1x—% Iu_l/z du=xcos'1x—u1/2+C=xcos'lx—\/l—x2+C

(c) sin(cos™1x)=1v1—x2

52. (a) Using y = f~1(x) = log, x and f(y) = 2Y, we have

VA .1
jlogzx dx =x logy x — I 2 dy =x logzx—m+0=x logzx—m2

log, x

(b) Ilogzx dx =x logyx — J x(ad; Iogzx) dx =x log, x — J'x(}—(—l-ln—-i-)dx=x log, x — I Ig—%

=x logzx—(ﬁ)x+0

(c) 21052 x_ X

7.3 PARTIAL FRACTIONS

1. (xf’é)_(;?’_2)=xé3+x]32:5x—13=A(x—2)+B(x—-3)=(A+B)x—(2A+3B)
A+B=5 —B=(10— - -9 5x—-13  _ 2 3
=>2A+3B=13}=> B=(10 13)=B..3=>A_2,t:hus,(}(_3)()(‘_2)—x_3+x__2
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=5x—-7T=A(x—-1)+B(x—-2)=(A+B)x—(A+2B)

o _5x-7 ___5x-7 __ _A_, B
XX-3x+2 (x-2)(x-1)7 x-2"x-1
A+B=5 _ _ a. bx—-7 _ _3 2
=>A_*_2B=7}:-:'B_2=>A—3,thus,x2__3x+2_x_2+x_1
3. (;‘:‘14)2=x¢1+(xfl)2=>x+4=A(x+1)+B=Ax+(A+B) ¢A¢§i4}=>A=landB=3;
2x + 2 2x +2 A B A=2
4. = = + = 2% +2=A(x-1)+B=A -A+B) =
Tt 1 o) R TG T XTI AR x+(-A+B) —A+B=2}
_ . 2x+2 2 4
=>A._2andB_4,t:hus,xz_2x+1—x__1+(x_l)2
5. zzz(:ll)=% Z% L As(z—1)+B(z—1)+Cz? = 241 =(A+C)z® + (~A +B)z —
A+C=0
> A+B=1y=B=-1=A=-2=C=2thus, 2+l =241 2
-B=1 z°(z—1) z¢ Z-
6. z 1 1 =_A =>1_A(z+2)+B(z—3) (A +B)z + (2A - 3B)
B—22—6z z2—z-6 (z-3)(z+2) 2z-3 z+2 1
A+B=0 e _ 1 _1 z g —5'
9A —3B = 1 = -5B=1=>B= 5=>A_.‘,’,thus,z:,_zz_62 3+
t24+8 5t +2 5t+2 __ 5t+2 _ A B
7. t2—5t+6_1 Z 5116 (after long division); 75116 (t—3)(t—2)_t—3+t—2
A+B=5
5t+2=A(t—2)+B(1;—3)=(A+B)t+(—2A—3B):_2A_3B_2 = -B=(10+2) =12
_ e t24+8  _ 17, —12
= B= 12=>A—17,thus,t2_5t+6—1+t_3 =9
t'+9 -9t 49 -9t2 49 —9t>+9 A B,Ct+D
8. = = fter 1 d T ST
T Fror? tz(t +9)(a er long division); 2( +9) 2t 24

—9t24+9 = At (t2+9)+ B(t2 +9) + (Ct + D)t? = (A + )t + (B + D)t + 9At + 9B

A+C=0
B+D=-9 _ __ t*49 1, 10
9A = 0 =2A=0=>C=0;B=1=D 10; thus,4 92 t2+t2+9
9B=9
1 _ A B — x)e x — S 1.
9. 1_x2"1—x+1+x:"I"A(1+x)+B(l xpx=1=>A=5,x=-13B=5;

dx _1 dx 1 dx _1 _ _
Jl_xz_zj1_x+2jl+x_2[ln|1+x| Inl1-xl]+C




11.
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1 __A. B — . x = 1. __ —_1.
10.;2—_;—2—); x+x+2=>1—A(x+2)+Bx,X—0=>A—2,X— 2=>B— 2,
dx _1|dc_1] dx__1 -
Jx2+2x_2 X 2I sz =gllnixi=ln|x+2[)+C
x+4 _ A B _ 5 _ —2.
x2+5x—6_x+6+ 7= X+4= A(x 1)+B(x+6),x._1:~B_7,x_ 6=>A== =%

12.

13.

14.

15.

16.

X+4 gx=2| dx 5| dx_ _2,, 5 - =1 20y _ 1)
Jx2+5x—6dx_7fx+6+7j Z1=7In|x+6|+5nlx 1|+C—7lnl(x+6) (x—1) |+C

2x+1 A B

= + = +1=A +B Y 9
x2-Tx+12 x—4 x-3 2x+1 (x=3) (x—4);x=3=>B ——1——7 x=4=A 1=
J 2x+1 dx QJ dx 7'[ dx =9lni{x—4|-7lh|x-3|+C=I (x_4)s;+

x2—-Tx+12 x—4 Xx—3 x—3 C
Y = + =>y=Ay+1)+B(y-3)y=- —=1_1 __ 3.
y2_2y_3 y—-B y+1 y (y 1) (y 3),y 1=B 4,y_3:>A I

8 8
ydy 3 dy _1[ dy _3 1 5 _(3 1 3 1
J zj = 3+ZJ y+1_[Zln|y-—3|+zln|y+1|]4_(zln5+-4-1n9)-—(zln1+Zln5)
1 4
ln

5

_1 1
—21n5+ In3=

y+4 _A B o — _ _3
y2+y_y+Y+1:Y+4 Aly+1D)+By;y=0=>A=4y= 1=>B==5
1
y+4 dy dy 1 3
J' y2+yd =4 T—aj y——[4ln|y|-—31n|y+1|]1/2 (4ln1-3m2)—(4mi-3m$)
1/2 1/2
_ _ 27 _1a(27.1. 27
=mi-mL+m= ln(8 L 16) In 21
1 __A,. B ., C _ _ _ e __L.__
ts_+_t2_2t_T+t_*_2+t_l=>1_A(t+2)(t; 1)+Bt(t—1)+Ct(t+2);t=0=> A= it =2
1., _1, dt  _ _1fdt,1( dt . 1[ _dt
sp=pi=imosh [ad o =i [
=—imltl+imjt+2/+imit-1/+C
=-3 6 3
3 1 3. _
2,’(‘:,“:8x=-‘,%+ E2+ S l(x+3) = Ax+2)(x~2) +Bx(x—2) =Cx(x + 2 x =0 = A= Sg; x = =2
_1 _ _i x+3 _ dx dx 5 dx
= B=1gix=2=C=1; sz 3 gy O sf +16Jx+2 16J

x —2)%(x +2
gln|x|+161n|x+2|+l6ln|x 2|1+ C = L6 %+C

X
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x3 3x+2 N, 3x+2 A B
17.-—-—- - fter long d n); = =3 =A 1
S (x )+( 17 (after long division) <t 1) x+1+(x+1)2 x+3=A(x+1)+B

1
3
=Ax+(A+B)=>A=3,A+B=2$A=3,B=—1;I T’L.dl(__
o X +2x+1

1 1 1 1
= _ dx _ dx  _|x%_ 1
-J (x 2)dx+3j x+1 J (x+1)2_[2 2}&:4-3ln|x+1|+-—-——-x_i_1]0

V] 0 4]
=(}-2+3m2+3)-(1) =322

3 3x +2 ooy 3x—=2 __A B
18. m =(x+2) +m (after long division); -2%

(x—1)2 x-— 1+(x—

1)2 =>3X—2=A(X—1)+B

0
3
—Ax+(-A+B)=>A=3 ~-A+B=-2=A=3,B=1; J xdx
X x“—-2x+1

(x+2)dx+3

Il
L—o
,'_f—ﬁo

0 0
dx dx _|x% 11
x—1+J1 (x_l)z—[2+2x+3ln|x -7 ]_1

-1
1_ ——-1—- et —

1 A B C
19. =
(x2—1)2 x+17 x- +(x+1)

.._n

3+ 2= 1= Al (=174 Bl D+ 17+ Cx = 17+ Dx-+ D%

:4:0—}1— x—1=>D_4,coefﬁc1entofx =A+B=>A+B=0;constant=A-B+C+D
ﬁA—-B+C+D=1=>A—B=-1- thus, A == =>B——-71—'J dx

2 (xz—l)2
_1f dx 1 dx 1 dx 1 dx _ _1 |x+1_ X
_4[x+1 4Jx x-111 J(x+1)2 J(x_1)2_4ln x—1 2(x2_1)+c

2

20. X =_A B . C 2 Ax+1)2+Bx-1)(x+1)+C(x—1);x=—1
(x—l)(x2+2x+1) x—1"x+1 (X 1)2 ( ) ( )( ) ( )’
2
=>C=—%;x=1=>A % coefficient of x2 —A+B¢A+B_1aB-—— J dx
(x—l)(x +2x+1)
1| dx 3 dx _1 dx  _1 3
_4Jx_1+4jx+1 2J(x+1)2—4ln|x 1+ ln|x+1|+2( +1)+c

In |(x— 1)(x+ 1)3|
= 1 + ot C

1 A Bx+C _ 2 oy — _
1 T =gt 2+1=>1_A(x +1)+(Bx+C)(x+1);x=-1=> A=

%; coefficient of x?

1
=A+B=>A+B=o=>B_-%,constant_A+c=>A+C—1:C:%—;J dx

(x+1)(x2+1)
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1
1

1
—x+1 -
=%J. dx +lj udx:[-é—ln|x+1|—;11-1n(x2+1)+%t'.:«m lx]

x+1 2 X2+1 o

0 [
=(1 1 Lian-11)_(lip1-1 1, -10)_1 1/m\_ (m+21n2)
=(3m2-tm2+ftan1)-(Jim1-Fm 1+ tan 0)_4ln2+§(z)_——_8_

2
St"+t+d A Bt+C g2 444 A(t241)+ (Bt +CO)t; t = 0 = A = 4; coefficient of t
34t t 241 . /i
3
2
=A+B=>A+B=3=B=-1;coefficient of t =C = C = 1; j 3t—6;‘—'+if'-idt
1

22.

N 7
_ dt (=t+1) . 1y (s2 —1,]V3
=4 l 1t 4 I 7 dt_[4ln|t| 5n(t?+1)+ tan t]l
=(4ln \/?:—%ln4+ta.n_l\/?_:)—(4ln1—%ln2+tan_11)=2ln3—ln2+-§+%ln2+%

_ _1 T o2 \+
=21In3 21n2+12_1n(ﬁ)+12

2

3 Lty+l _Ay+B C§'+D2=>y2+2y+1=(Ay+B)(y2+1)+Cy+D
(y2+1) Y +1 (2 +1)
=AYy +By’+(A+C)y+(B+D)=>A=0,B=1;A+C=2=3C=2;B+D=1=D=0;

2

2
yo+2y+1, J 1 J y -1 1

———dy = dy +2 dy=tan™" "'y ———+C
J (y2+1) y +1 (2 +1) v +1

2
94, B +8x+2_Axd B Cx+D g2, g4 9= (Ax+B)(4x?+1)+Cx+D
(ax2+1) 4°+1 (4x%41)
=4Ax® +4Bx*+(A+C)x+(B+D); A=0,B=2A+C=8=>C=8;B+D=2=>D=0;

2
8x“+8x+2 . o dx 8 xdx _ _4an-lox_ 1 ¢
7 5 .\ 2
( 4x“+1

(4x2+1) 4x? +1 ax2 4182

%5+ 2 As+B, C D E
. = = 2 2
(2 +1)(s—1)3 52+1+s'“1+(S—1)2+(5"“1)3 o

=(As+B)(s—-1)3+C(s?+1)(s—1)?+D(s? + 1) (s — 1) + E(s® + 1)

=[As* + (—3A + B)s® + (3A — 3B)s® + (~A + 3B)s — B] + C(s* - 26% + 25 =25 + 1) + D(s> - s? +5 - 1)

+E(s?+1)
=(A+C)s*+(-3A+B—-2C+D)s®+(3A—3B+2C-D+E)s? + (—A + 3B —-2C+D)s + (-B+C —D +E)
A + C =0
-3A+ B-2C+D =0
= 3A-~3B+2C—-D+E =0 }summing all equations = 2E =4 = E =2;
-A+3B-2C+D =2

-B+ C-D+E=2
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summing egs (2) and (3) = —2B+2 =0 => B =1; summing eqs (3) and (4) > 2A+2=2=A=0;C=0

from eq (1); then =1 +0~D +2 =2 from eq (5) = D = —1;

| e = [ 285 | T2 gl -0 e T s

4 2
s”+81 A BS+C+ Ds+E _—.>s4+81=A(s2+9) +(Bs+C)s(s2+9)+(Ds+E)s

26, = +81__4A
s(32+9) s*+9 (s +9)

= A(s* +185% + 81) +(Bs* + Cs® + 9Bs? + 9Cs) + Ds? + Es
=(A+B)s*+Cs®+ (18A+9B+D)s? + (9C+E)s +8l1A = 8l1A=8lorA=1;A+B=1=>B=0
4
C=0;9C+E=0=E=0;18A+9B+D=0=D=—18; I S48l go= J ds 18[ _sds _
. s(sz+9) (52+9)

=ln|si+ ————+C
(s? +9)

3 2
26" +50"+89+4 _ _A9+B CO+D . 9634507 +80+4 = (A0 +B)(62+20+2)+Co+D
(62 +20+2) 0°+20+2 (p2420+2)
=A6®+(2A+B)6%+ (2A +2B+C)§+(2B+D) => A=22A+B=5=>B=124+2B+C=8=C=12

27.

203+562+86+4d9_J
2 - 2
(62 420 +2) (62 +20+2)

=J 20+2 dO—J d8 Jd(92+2e+2)=Id(02+2o+2)_J @ 1
6%+ 20 +2 6% +260 +2 (62426 +2) 6% +20 +2 (0+1)2+1 62+20+2

+1n(62 +20+2)—tan"1 (0 +1)+C

20 +1 d€+[ 20+ 2 5 do
(62 +20+2)

9B+D=4=D=2; J

e2+20 2

4 3 2
0% — 463 + 20 ;30+1=A2+B CH+D2 N E0+F3:>04_403+292_30+1
(62 41) °+1  (g24+1) (62+1)
(A9+B)(02+1)2+(CB+D)(02+1)+E0+F=(A0+B)(04+202+1)+(CB3+D02+C(9+D)+E0+F

28.

=(A65 + BO* + 2A6% + 2B0% + A6 + B) +(C6% + DI2 + CH + D)+ E§ + F

= A65 +BO* + (2A +C)0®+ (2B+ D) + (A+C+E)¥+(B+D+F) > A=0;B=12A+C=—
C=-42B+D=2=2D=0;A+C+E=-3=E=1B+4+D+F=1=F=0

6.df +I( 6 df 3=tan_19+2(02+1)—1—%(92+1)_2+C

104-4o3+202-30+1d9_I df _4J
- 2 2
(0241 *+1 ) (p241) 62 +1)
23— 2x2+1 _ 1 1 1 __A_ B _‘ oy — —
29. R e 2x+x2_x_2x+x(x 1) =1 - x+x_1=>l_A(x—1)+Bx,x_0=>A._—-
x=1=>B=1;I2§_2—2X——ﬂ J2xdx—[%§+[ dX_ _ 2 _Jnixj+lnlx—1]+C = x? +ln| 1|+C
x°—x x—1




30.

31.

32.

33.

34.

35. I—et——d—t—z[et=y]J dy =I dy —J dy =ln‘y+1|+C

36.
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xt (.2
x2-—1_(

=+ D+ Ty GRS =T TroT = L= A= D +Ba+1);

- 2 1 dx 1 dx
dx—J(x +1) dx 2[ +1+2J—x_1

4
x=—1=>A=—%;x=1=>B=%;J 2x
x——

—%x +x——1n|x+l|+lln|x 11+C=%X +x+11n|

|+c

9x3—3x+1=9+9x2—3x+1
x5 — x? x%(x—1)

=>9x2-3x+1=Ax(x—1)+B(x—1)+Cx2;x=1=>C_7,x=0=>B=—1;A+C=9=>A=2;

3
I %‘Tgi’)&(zildx: Jde+2J dx J dx+7J—d——T=9x+21n|x|+%+71n|x—1|+C

(after long dlvwlon),

16x3 12x —4 12x—4 __ _ A B
= (4x+4)+ ; + = 12x-4=A(2x-1)+B
4x% —4x +1 (4x+4) ax? —ax+1' (2x—-1)?2 2x-1"7 (2x—1)? X (2x-1)+

16x dx dx
A=6 -A B=—4=>B=2;J——————d = I 1) dx 6J 21——-—
= + B oax1 T AN A | T | Gy

=2(x+1)2+3 1n|2x—1|—§}-l_j+cl =2x+4x+3In|2x-1]-(2x-1)"1 +C, where C =2 +C,

yi4yi-1_ o 1 1 _ A /By+C
VY +y vy +1) y(y*+1) ¥ yP 41

=>1=A(y2+1)+(By+C)y=(A+B)y?+Cy+A

4 2

+y“—-1 dy y dy
:A:l;A+B=0:B=—1;C=0;Jy——d =J d -J_+J

y3+y Y y ay Y y2+1

2
=%——ln|y|+%ln(1+y2)+c

2y* 2 2 2 A  By+C
) AEN— ; = =A_,
Y-yi+y-1 Y-yi+y-1Uy-y’+y-1 (y*+1)y-1) ¥Y-1 y*4+1

=2=A(y2+1)+By+C)(y-1) =(Ay? +A)+(By?+Cy—By - C)= (A +B)y? + (-B+C)y + (A-C)
=>A+B=0,-B+C=00rC=B,A-C=A-B=2=A=1,B=-1,C=~
J 2 [ dne-|
—_—dy =2 +1)dy + dy —
Jys_y2+y_1 y (y+1)dy 1) 7 @ a1

=(y+1)2+1n|y-—1|——%ln(y2+l)—tan"1y+01 =y2+2y+ln|y—1|—%ln(y2+1)—tan‘ly+C,
where C=C; +1

e+l
y+1 y+2 y+2 et+2 +C

e?t + 3¢t +2 yi+3y+2

4t 2t t 3
e t2e” —e 4. [ot = y4+2y-1 y - 1 Y 1 (2 -1
J p o dt; [e —Y]—eJ i1 dy = y+ T dy— o) +2ln(y +1)—tan y+C
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= %ezt - ta.n'l(et) +% ln(ezt + 1)+ C

37. J‘__________cosydy ; [sin y = t, cos y dy = dt] — J A 1](—-———12—--———1 )dt=-1-ln ——-—t—2|+C

sin?y +sin y — 6 t2+t—6 O t+3 57 |t+3
_1 siny—2
—5ln siny+3|+C
38 J sin 6 df ,[cos(;:y]_‘_j dy =lj dy '"l'J dy =lln\y+2‘+0=lln cosB+2|+C
" ) cos?6+cos -2’ vi+y—-2 3J)y+2 3)y-1"3 "|y-1 3 lcos 81
1 2+ cos —_1; |cosf-1
In I c050+c_ 3ln c050+2|+C
39, J’(x 2)? tan~! (2x) — 12x> - 3x dx = Jtan 1(2x) dx — 3J‘ X dx
(4x2 +1)(x —2)? 4x% 4+ 1 (x—2)?
1 -1 -1 dx dx_ (tan~l2x)’ 6
=-2-Jtan (2x) d(tan (QX))—SIX"2_6J(X—2)2= 7 - 7—3+C
2 -1 3 -1
40. J’(x+l) tan™" (3x) + 9x X = J t:an2 (3x) dx+J X dx
(9x2 +1)(x +1)? 9x“+1 (x+1)
- - tan™!
=%—Jtan 1(3x)d(tan™1(3x))+ J.xqi)-tl_J (xix1)2=( 3 ) +1n|x+1|+ 1+C
2 dx _ 1.4 — dt dt__ | dt _ . |t—=2 =2 Aoxy _
41. (¢ —3t+2)-—-t--_1,x_ J i Jt—2 Jt_l—lnlt_1|+0,t_1—0e ;jt=3andx=0
1_ t—2_ 1 x _ t—=2Y)| _ -2 -
:>§_C=>t——_ =3e =x=1In Z(t_l)l_lnlt 2|-In|t—1|+1n 2
2. 30+ 42 +1) L =23 x=2 3J_di__= 3] dt 3J dt
( + + )dt ;X \/— 3+ at2 4 1 \/_ t2+%- 241
=3tan‘1(\/§t)—\/§tan"1t+c;t=1andx=_7r4\/§=>—@=W—$w+C=>C=—1r
=>x=3tan“1(\/§t)—\/§tan“1t—7r
2 dx _ dx_ _ dt 1 1)dt_1 dt t .
43. (t +2t)d 2x+2,2I X+I_Jt2+2t ln|x+1|_ J T It+2$ln|x+1|_ln‘t+2|+c,

_ _ _ _ 6t
t=landx=1=mh2=lhl+C=>C=mn2+m3= ln6=>ln]x+1|_ln6|t+2|:>x+l L

=6t _
=X t+3 ,t>0




44.

45.

46.

47.

48.

dx _ .2 dx
(+)$E=xt+1= | s

= C=tan 1T =

) 1 = tan

1 x x
dy = e dx:}J d :J X dx = +C
yi—y Y (y 1) y ¢ =

y(yl__l) =.1}+y'%1=> 1=A(y-1)+B(y)=(A+B)y—-A

Equating coefficients of like terms gives
A+B=0and -A=1
Solving the system simultaneously yields A = -1, B=1.

Jy(y Y J dHJ

Substitute x =0, y = 2.
~n240=14CorC=-1-In2

7dy = —In|y|+In|y-1]+C, =

The solution to the initial value problem is

—ln|y|+In|y-1|=e*—1-In2.
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= J t(_ig'lﬂtan x=ln|t+1|+C;t=0andx=%=>tan‘l7r=ln|l|+c

1

x_—_lnlt+1|+l = x=tan(ln(t+1)+1),t > -1

—In|y|+In|y—-1|=e*+C

I 1 _
mdy_81n0d0:1(——T)2dy 151n0d0:—m——c080+0
Substitute0=%,y=0=>—1=0+CorC=-—1
The solution to the initial value problem is
1 __ — -1 =21 _

y+17— cos 0 1=$y-l_l_cose-i-l:y—cos9—+-1 1
_ dx C w2 (v _ 1 __A B _ _ _
dy——x2_3x+2,x Ix+2=(x-2)(x l)$x2_3x+2—x_2+x_1$l—A(x 1) +B(x—2)

=>1=(A+B)x-A-2B

Equating coefficients of like terms gives
A+B=0,-A-2B=1

Solving the system simultaneously yields A =1, B = —1.

_ dx _ dx dx
de_Jx2—3x+2_Ix_2 Jx—l

=In|x-2|-In|x-1|+C
Substitute x =3, y=0=2>0=0-In2+CorC=1n2

The solution to the initial value problems is

=In|x-2|-Infx—1|+1n 2

ds _ _dt st

_1 [ ds _1
o el i ‘EJ Se=lmls+1]+G
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A
T+

242 = t(t+2) = ot—=
+ (t+2) t2 + 2t

Equating coefficients of like terms gives A + B = 0 and 2A =1

T2 1=A(t+2)+Bt=> 1= (A+B)t+24

Solving the system simultaneously yields A = %, B= —5

dt 1/2 1/2. 1 B .
Jt2+2t I R RS t=%nltl-FIn|t+2]+C, > lnls+ 1= Inlt|-§In|t +2]|+C;

= In|s+1|{=Inlt|-In|t+2|+C
Substitute t =1,s=1=>n2=0~-Ih3+CorC=In2+In3=1n6

The solution to the initial value problem is

In[s+1|=In|t|~In|t+2|+In 6 = ln|s+1|=lnlt+2

‘=>|S+1|= (_5:'2|

2.5 2.5 2.5
49. V=r J ydx=n J 3x9_x2dx=37r(J (-5L5+ %—))dx_[&rln‘ 3‘]::=31rln25
0.5 0.5 0.5

1 1 1
50.V=27erydx=27rJ —2X__ 41r.[
0

(x+1)(2- x)

=[-4(nlx+1]+2 ln|2—x|)] =4 (n2)
0

51. (a)g—’t‘zkx(N—x):J (N_) J.kdt:>dex+NJN‘E‘}{:Ikdtﬁ%ln =kt +C;

-1 N= 2 |-
k=5l N=1000,t =0 and x=2 =y In i998‘—C=’

n | To0a =] = 265 + 1900 (%)

499x | _ 499x  _ 4t _ 4t _ 4, _ 4t _ _1000e*t
= In| o | = 4t = s = e = 400x = ¢(1000 —x) = (499 +¢* ) = 1000* = x = ONe

(b)x—lN—500=>500—Z19%)0—e—=>500 .499 + 500e%t = 1000et = % v—499=>t=:11-1n499z1.55days
dx dx _
52. _k(a x)(b— x):‘>—————(a_x)(b_x)_kdt
(a) a="h: J(a‘ixx)ZzJkdt:-a—l—fzkt+c;t:Oandx:Oé%:C:)alxzkt+;1i
1 a.kt+1 __a o & _ a%kt
= a=x= Za-x= akt+1:)(_a akt+1 akt+1

=X|=kt+G;

(b)a;eb:jm Jkdn=>b Ja‘ii‘x—blajbd_{‘xzjkdt=>b In |

— — 1 b _
t_Oandx-—O:vb_alng—Céln‘

l_(b a)kt+1n(g)=>g X = ge(b a)kt
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ab[l - e(a—-b)kt]

R O )

7.4 TRIGONOMETRIC SUBSTITUTIONS

1. y=3tan b, - T <6<Z 4 =3d0,9+ 2-9(1+tan?6)= 9 = 1 =|cosol=“’50
y 2 2 Y cos2 0 Y ( ) cos? g \/g+y2 3 3

(because cos § > 0 when —% <f< %),

]

CWQde:J 49 _ n|sec 6 +tan 8|+ C' =1In

dy _ +y Y‘ ' _ / yi
VI+y? J3c0820 cos 0 3 13 +0 =l [Vi+y +y|+C

2. | 2L ;[:’»yzx]"J_‘_dx sx=tant, ~F<t<Z dx=—9 Vit=_L

| Vixey? Viexd 250N T ol st
[ dx :I—dt————zlnlsect+tant|+C:ln VX 4+1+x|+C=In|/1+92+3y|+C
b V14x2 coszt(cols t) | | nl Y YI

3. t=5sinf, —F <6< T, dt=5cos § di, V25 —1t2 =5 cos 6;
J\/25-t2 dt = J (5 cos 6)(5 cos 6) d9=25]c0820 d0=25J -1—*-'°—2°§—29d9=25(%+ﬂ142—9)+c

2 2
~B(0van 0 con 4 0= Flan 1)+ () (52| 0= Ban () + V5=

4. t=%sin9,—%<6<7—2r,dt:%cosﬁd0, V1 -9t%2 = cos 6;

I V1i-9t2 dt = % J (cos B)(cos 6) df = %- J cos?9 df = %(9+sin 8 cos §)+C= %[sin—1 (3t) + 3tv'1 —9t2]+C

5. x=%sec 0,0<0<%, dx:%secOtaanﬂ, V4x® — 49 = /49 sec20—49 = 7 tan 0;

%sec g tan 0) dé

dx ( =1 =1 =1
J\/‘?_49_J Ttan D _2Jsec&df)_zln|sec6+tan0|+C_2ln

)
27x+ 4)(7—49’_+_C

6. x=%sec 0,0<0<%, dx:%secﬁtanﬂdG, V2552 —9 = /9 sec20 —9 = 3 tan 6;

5x , V25x%2—9

'37*‘“‘3‘““\*0

I 5dx J 5(% sec 0 tan 9)d6’

= = |secd df =In|sec §+tan 8|+ C =1In
\/25)(2_9 3 tan ¢ J
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7. x =sec 9,0<9<%, dx = sec 6 tan 0 df, Vx?—1 = tan 6;

dx _ | sec @ tan 8 d9 _ dé _ . _ _\/xz—l
sz\/;z—l_J sec? 0 tan 6 _Jsece_sm0+C_tan0cos9+C_ X

+C

8. x=sec€,0<0<%,dx=sec0tan0d0,VX2—1=tan0;

2dx _ | 2tan §secdf _ 2 _ 1+ cos 20 B )
st xz—l_J o3 0 tan 0 —QJCOS 0d9—2J(—-——-—-—2 )d6_0+s1n0cos¢9+C

2 2
=9+tan0c0529+C=sec'1x+\/x2-—1(31() +C=sec lx4+ XX —1

— _r T _2dé __2 .
9. x=2tan 4, 2<0<2’dx"c0829"/x§+4_cos0’

J Sdx _ J’ (8 tan36)(cos 6) d0=8J‘

sin®0dd _ g J (cos?6 —1)(—sin §) df
p ) == ;
\ﬁ( +4 cos“ @

cos?o cos*d

_ t2—1 4, 1 1 — 1 1 _ sec®d
[t =cos 8] — 8 J t—4dt =8 I(t_z_g)dt ..s(—f+m)+c —8(—sec 0+-—§——)+C

[TT7 (244)? 3/2
=s(- "2+4+(X g’? )+C=%(x2+4)/ —4V/x2+4+C

10. x =tan 0, —12r-<0<%, dx = sec?6 d9, \/x7+1=sec 0,

J dx =I sec28 df _Jcos&d@z_ 1 +C="‘/’§f+1+c
x2\/;2+1

tan?0 sec § sin? 6 sin 6

11. w=2sin 8, — T <0 <Z dw =2 cos § d8, V4 —w? = 2 cos 6;
2 2

8 dw 8-2 cos § df J dg _—2V4—w?
= =2 =-2 t0+C—————— C
JWZ\/4—W2 I4sin20-2 cos @ sin® 6 co w +

12. w=3sin0,—%<6<12r—,dw=3cost9d0,v9—w2=3c050;

V99— 2 .2
I—-—g ¥ dw = J 36053'?§<;Sad9= Jcot20d0= J(_____l-_sgle 9)do= I(cSCZO—-l)dB
sin Sin
</ 2
=—cott9—0+C=—-—-g--i

w
w —sin"l(%)+0

3/2
13. x =sec 9,0<0<%, dx:sec0tan9d9,(x2—l)/ = tan36;

dx _ | secOtan §df _ | cos8df_ _ _1 _(_1 1
J(xz_ )S/Z_J tan> 6 —J sin? Sin9+C~ (tanO)( )+C

1 X
== x)+C =~ +C
( x2—1)() 21

X© —
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5/2
14. x =sec 0, 0 < § < X, dx = sec 0 tan 6 db, (x2—1)/ = tan® 0,

2’
2 2
x“dx _ | sec 9-sec0tan0d0=Jc030d9=_ 1 Cz—l 1 1
J (x2_1)5/2 J tan®6 sin0 3530 3\ tan%6 )\ cos?s ) T ©
=_% ———LT/2 (X3)+C=—L3/2+C
(x2-1) 3(x2-1)

15. x =sin 6, —%< 6 < %, dx = cos 8 d8, (1 —x2 /2 = cos8;

(1—x23/2dx 39 6 do I 1 1—x25
J' 5 :Icos - €08 :Jcot40csc29d0=—9—9-5—+C=—— +C

X sin® 6

16. x =sin 0, —%<9<%, dx:cosedﬁ,(l—xz)l/zzcos 6;

1/2 3
—x? 3 4 2
j(l X) dxzjcosﬂ-c050d0:Icotzgcsczedez_cog6'+C____%_( l—x) +C

x? sint 6

2
17. x:%ta.n 0, —%<0<12r-, dx=%sec29 dé, (4x2+1) = sec? 6;
84 8(% sec?0) a0
J X Z:J ) =4Jcos20d0-:2(0+sin9c080)+C=2(6‘+tan 0+cos26‘)+C
(4x2+1) sec* g
=2tan'12x+——-;}-’—‘—+c
(4x +1)

18. t:%tan a, —%<0<%, dt:%seczo dé, 9t2 +1 = sec?6;

6 dt 6(%5“20
J ( 22[

dé
5 ) :2Jcos20d0=0+sin0cos0+C=0+tan0cos29+C
9t2+1) sec” §

=tan‘13t+( 3t +C

9t2+1)

2
19. Let et = 3 tan 6, t = In (3 tan 6), dt—%do, Ve +9=1/9 tan?6 + 9 = 3 sec 6;

Tt
-1 -1
In 4 tan”" (4/3) tan™" (4/3)
ebdt 3 tan 0 -sec®6 df _ — tan~" (4/3)
I -—;—t—-—_‘_—g = I Sanf 3sech = sec 6 d0 =[In |sec 8 + tan 0|]t&n__1 (1/3)
0 tan~1 (1/3) tan—1 (1/3)

0 1)
= 1n(§+§-)—ln(4+%)= In 9 —In(1++/10)
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2
20. Let e* =tan 4, t =In tan@,gsesi,dt=§§—9—ed0, 1+e2 =1+tan?6 = sec?6;
4 3 an 6 !

t
In (4/3) t tan™! (4/3) (o 0)(§ec2 g) 4o tenl(4/3) 1
e’ dt - an — T~ tan”(4/3) _4 3 _1
E—l-—;')sw = sec30 = J cos § d@ = I[sin G]t:nn—l 23;4{ = g—g = 5
n(3/4) \1+e tan~1 (3/4) tan~! (3/4)
1/4 1
21. J 723'—(‘1;?_\7;[11:2\/{’ du=ﬁdt]—» J 1—2_{-?—35;u=tan 9,%<9<%, du = sec?8 d, 1 + u? = sec?6;
1/12 1/\/5
1 m/4
4 du 2 sec?0 df _ /4 T_T i
= —log) /A = 2(T T\ =X
J u(1 +u?) .[ sec? w/6 (4 6) 6
1/4/3
92. y = eta0 0, dy = eta80gec?9 df, 1/1+(In y)* = V1 +tan?6 = sec 6;
e w/4 0 w/4
t 2
J _ dy J %Mdﬁ: I sec0d0=[ln|sec0+tan6|];/4zln(l+\/§)
vi/1+ (In y)? 5 € sec 0 5

23. x = sec §, dx = sec § tan 6 df, Vxi-1= V/sec?6 —1 = tan 6;

—dx __ | secftanfdd _ 4
J'xx/x_z———l_J. sec @ tan @ =f0+C=sec  |x|+C

24. x = tan 8, dx = sec?6 df, 1 +x? = sec?6;

dx sec2 g df -1
= =0+C=t C
I x2+1 J sec? 6 + an-x+

25. x = sec 0, dx = sec 0 tan ¢ df, Vx%2—1=+/sec?0 —1 = tan 6;

J xdx _ J sec0-se09;an0d9= Jsec20 dd=tan 6 +C=Vx2—14C

‘/xz_l tan

26. x =sin 0, dx=cos€d0,—12r-<0 <%;

J dx .___J'COSng:o_I_C:Sin—lx_}_C

\/i__xz cos 0

x=23ec0,0<0<%
A
27.x%= x2—4;dy=\/x2—4de;y=j xx—4dx; dx = 2 sec § tan 6 df

Vx*—4=2tan 8

2 tan 6 6 tan ) df
y::J.( tan )(32220 an 6) d =2Jtan29d0=2j(sec20—l)d9:2(tan€—0)+c




28.

30.

31.

32.

33.

Section 7.4 Trigonometric Substitutions 589

————-—2 A
=2[ X2—4_sec‘1(§)]+0;x=2andy=0=>0=0+C:'C=0=>y=2[__2§_2_:_i_sec—1 %]

x=3sec0,0<0<-72E

7_ody __dx .. dx _ _ [ 3sec 6 tan 8 df
X 9dx_1,dy—\/;(.2_:—§,y_J ;| dx =23 sec @ tan 0 d0 —>y_.J‘———-—3tang

x2—9 3
Vx“—9=3tan @

i
ol
©

= Jsec0d6=ln|sec€+tan9|+C=ln §+ ‘+C;x=5andy=ln3=>ln3=ln3+C=>C=0

.(x2+4)d—y=3,dy=32dx;y=3j dx 3¢, ’IX+C x_2andy—0=>0—3tan‘11+C
X x24+4 2

( +1) \/x7+ 1,dy = 3/2,x—.ta.n0 dx = sec? 9 d#, (x +1)/—sec30;
(x +1)
2
sec 6 df . tan0 X
= | =28 = cos@dﬁ:sm0+C=tan0cos€+C— +C— +Cix=0andy=1

I sec3§ J. \/x7+1 y

=>1=0+C=y= ;{ +1
x“+1

T Voo
A:I ——%:de,x—I}st 0<0<7r dx = 3 cos 0 db, V9-x?=/9- 9 sin?6 = 3 cos 6;

0

w/2 /2
A= J 3cos0-%cos0d€=3 J cos 0d0—3[9+sm6cos€]w/2 :%

0 0 .

1 2 1
V=I w(—l—g) dx=47rI -~
) 1+x 5 (x2+1)

x = tan 6, dx = sec?6 df, x2 + 1 = sec?4;

x/4 r/4 /4 P
2 . T
V=dnr J &%—gﬁzéhr J cos?6 df = 2r J (1 + cos 26) d0:2w[6+¥] =7r(725+1)
sec 3 0
(a) From the figure, tan 5= %

(b) From part (a), z = % = 2(1 4+ cos x) = sin x = z%(1 + cos x)? = sin?x
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= z2(1 + cos x)2 — (1 —cos x)(1 +cos x) = 0 = (1 + cos x)(z% +22 cos x — 1 +cos x) = 0

l+cosx=0 or (z2+1)cosx=1—322

cos x = —1 cosx:l_z2
142
cos x = —1 does not make sense in this case.

(1-2%% (14252 -(1-7%°

2
¢) From part b,cosx:1 Z_ = sin?x=1-
p 1 2

+z (1+2%)% " (1+432%)?
2, .4_ 2_ .4 2
:1+2z +z %-21—22 z_ 4222=>sinx=:l: 222
(1+2°) (1+2%) 14z
Only sin x = 2z - makes sense in this case.
142

d z=tan¥X dz= leec?X)dx = dz=1(1+tan? £)dx = dz =1 (1 +22) dx = dx = 292
2 2 2

2 2 2 1+22
2 dz
dx 1422 J 2 dz I 2dz 2 2
34. - = = = = - C=-
I1+smx J1+_2z 2?4+ 2241 (z+1)2 z+1+ tan-2—+1+c
1+z2
2 dz
dx  _ 1422 _[dz_ 1., ~___1
35. [1_COSX_I1_1_Z2_JZZ.. 3+C= tan22s+c
1+z2
2 dz
dé _J 1422 __J 2dz _J 2dz _ 2 _ 2
36. = = = =— C=—-—-—=2_4C
Jl—smG 2% Zotl ) Gop -1t i
142
=—2 +C
2dz2
dt _ 142 _ dz  _ _ t
37. JHS.IHHCO“_J - 1_-ZZ_JZ_H_1n|z+1|+c_1n|tan2+1‘+c
+ =2t
142z 1+2
/2 1 <2dz2 1 1
14z 2d 2d 2 -1 1_ 9 -
38. I df =J =I Z =J Z =——[tan L] = £ tan™!
2 +cos @ 2 2 _ 2 2
, 02+(1 z2) ) 2+2% 412 22+3 /3 \/50\/5
142
_ T _\/§7r
3v/3 9

27/3 V3 (1_—2_22_>(2;dzz) V3 V3
39 J cos § dé _ J 1+z l+z _ J 2(1—22)dz _ 1—g2 dz
’ sin 6 cos @ +sin § 922(1 —22) 9% - 22— 223 + 22+ 225 2z
1r/2 1 2 2 +(l 2) 1
'(1+z ) +z
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5
:[%1“_24_2]1 =(% lnf—%)——(ﬂ—%):lnT:;—%:%(ln3—2):—21-(1n V3i-1)

2 dz
1422

40"[ g dt =J :J 2dZ =J 2dz =‘_1‘HEL\/§+C
sin t —cos t <2z _1_22> 22— 1+ 22 +1)2 -2 2 |z2+1+2
14+2% 1422
t
tan( 3 +l—\/§
Ll __(2)___+C
\/5 tan(%)+1+\/§
(1—22)(2dz)
a jcostdtzj 1422 \1+22 =J 2(1-2%) ds =j 2(1-2%) ds
1—cos t 1_(i—zz) (1422 —(1+22)(1=22) I (1+22)(1+22-1+42)
+z

(1-22) ds J dz J dz J' dz J dz 1 -1 t
= = - =|35-2| 55— =—-7— =- 5]
.[(1+zz)z2 z2(1+z2) 1422 22 22 +1 z—2tan2+C COt(2) t+C

7.5 INTEGRAL TABLES, COMPUTER ALGEBRA SYSTEMS, AND MONTE CARLO INTEGRATION

dx 2 -1 [x—
1. —_— =t 2=>24C
JX\/X—3 \/g an 3 T

(We used FORMULA 13(a) with a =1, b = -3)

b ] gitge [ S | e [ s [
O O I (A

(We used FORMULA 11 witha=1,b=-2,n=1anda=1,b=-2 n=-1)

. [xvargax=} [ ex-nvET i} [ VETac=§ [ (VA axd [ (VD) ax

=(3)3) (Vo3 +(3)3) (_—'"—2? 3 oo @xo9 rne—g

=2)(3)"3 |25 3+1]+c=

(We used FORMULA 11 witha=2,b=-3,n=3anda=2,b=-3,n=1)

_2)3/2
(2x 3)5 (x+1)+C

a. I V9;4"dx=—*’9;4x+(_24)J & __4c
x 9—4x
(We used FORMULA 14 with a=—4,b=09)




\
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9—4x—

= - o o) el

(We used FORMULA 13(b) with a = ~4, b =9)

_-\/9—4x_21n v9—-4x-3 +C
- X 3 ;;9-—4x+3

AV 3
5. Jx 4x — xzdx—- xv2 -2x — x? (x+2)(2x 3- 2) 2-2-x-x’ 2 sin™ (

)+cC

(x+2)(2x 6)V4x x+4sm ()%2)+C

(We used FORMULA 51 with a = 2)

6 J_.dX__—J__d_X__ ___1 l\/_+V( 4! ——1—ln|\/.7+v7+x +C
. = = Y
VT +x2 <t/ \/7)2+ V7
(We used FORMULA 26 with a = 1/7)
/A _ 2 S22 _ -2 JoZ_ 2 2
7. J——éx—xdxzj.—z-x—x—dx=\/22— 2_2In 2—1—3—-x—'+0=\/4—x2—21n 2_+_.4r—¥_‘+c
(We used FORMULA 31 with a = 2)
8. I\/25 pzdp—J\/52—p7dp p\/52—p2+—-smlp+C—B 25 — p+2—5-sm 3 +C
(We used FORMULA 29 with a = 5)
r? _ r? 22 r\_1,./o2 — r 1./ 2
9. J 4__r2dr_- —2—2_Tdr—2sm (5) 22 124 C=2sin" (-2-)—§r 4—r“+C
(We used FORMULA 33 with a = 2)
9 ___ =2 -1| [5—-4 20 = _—Lian-1|ltan(Z-
10. J.5+4sin20_2\/25_16tan [ 5T 4 tan(4 2)]—i—C— 3ta.n [3tan(4 6)]+C

(We used FORMULA 70 withb=5,c=4,a= 2)

11. | €% cos 3t dt = e (2 cos 3t +3 sin 3t) +C = 6_2:(2 cos 3t + 3 sin 3t) +C
: P 13
(We used FORMULA 108 with a =2, b= 3)

1+1' 141 2 2
12. chos—lxdx=Jxlcos xd S—1x+——l—J§——d3—=%cos—1x+%I_&

x=137c T+1) /o

(We used FORMULA 100 with a=1,n=1)
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2
=x—2—cos_1x+%(% sin_lx)—%(%xv1—x2)+0 =x72cos_1x+%sin_lx—%xV1—x2+C

{(We used FORMULA 33 with a = 1)

13.J ds =I s ______s +1st
(9_2F J (3_g2) 2-32.(32-¢?) 2-32) 324

(We used FORMULA 19 with a = 3)

___s 1 S+3D s 1 s+3’
= 4 1 +C=—f 4201 +C
18(9 —s?) 18( Hs=3 18(9—s?) 108 "ls=3

(We used FORMULA 18 with a = 3)
J \/4x+ __\/4x+ 4J' _dx

2) x\/4x+9

(We used FORMULA 14 witha=4,b=9)

__\/4x+9+2 \/4x+ -9 +C=— \/4x+ 2 Vax+9 3+C
\/_ Vi +9+/9 \/4x+ +3

(We used FORMULA 13(b) with a=4, b =19)

15. j Al
3t—4
(We used FORMULA 12 with a =3, b = —4)

3t—4—4(% tan=? ,/—?’t;‘—‘>+c =23t—4-4tan~t B2, 0

(We used FORMULA 13(a) with a =3, b = —4)

dt = 24/3t — 4 + (—4) J {\/dtt

241 2+1 © 3
2 4 -1 —X Sy L] X X tan~lx-1| X
16. Jx tan xdx—2+1ta.n X 2+1J1+x dx_3tan b'e 3J1+x2dx

(We used FORMULA 101 with a =1, n = 2);

3 2 .
J X dx=dex—Il-dz‘—:x7 1ln(1+x)+C=>Jx tan~™!x dx

. _ _cosHX _cosx
17. J sin 3x cos 2x dx = 10 =5 +C

(We used FORMULA 62(a) with a =3, b =2)

(TEY o (9
18. J 8 sin 4t sin % dx =gsin(z2§)_%sin(%ﬁ)+c _ S[SIHQ?)—SIHS—%)]-}-C

(We used FORMULA 62(b) with a=4, b=1)
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19. J cos % cos % dé =6 sin(%)+§ sm(m) C

+
(We used FORMULA 62(c) with a =1, b=1)

130\ .. (150 ,
20. Jcos g cos 760 df = 55 i3 s1n(130)+15 s1n(—g—)+c _sm(l 2 )+sm( 2 )+C

(We used FORMULA 62(c) with a =

(Lo

2,b=7)

3 d(x*+1) d
o1 Jx+x+1dx=J xdx_’_J dx =lJ +J X
(x2+1) 41 ) () 20 X4 (2 +1)

:—%—lnlx +1|+—(-—'T) 2 n1x+C
(For the second integral we used FORMULA 17 with a =1)

%2 1 6x _ X x dx X X (x?+3) X
J(x2:§)2 = J x2d+3+ J (x62+d3)2_ J (xfjs)z_ J x2+(2\/§)2+3’[ ‘Zx2+:§2—3 J [xz+((i\/?_>)2]2

22.

[

1 -1/ x 3 X 1 -1/ x

=—=tan" [ ==\)-— -3 + tan™ [ ==\)\+C

V3 (\/5) (2 +3) (2(\/5)2((\/5)2“2) 2(v/3) (ﬁ))

(For the first integral we used FORMULA 16 with a = \/3; for the third integral we used FORMULA 17
with a = \/ﬁ)

1 3 X

=—1_tan"1[{Z=\- - +C
3 (\/§> x*+3 2(x2+3)

1 U=V 1 1 141 1 141
23. Jsin” VX dx; x=u ——»2Ju sin"ludu=2 111 ISin—lu_l_TJ u du
dx = 2u du + + 1-u?

2
2 -1 J u” du
=u°sin” u-—
;l—u2

(We used FORMULA 99 witha=1,n=1)

=u2sin'lu—(%sin'lu—%—u\/l—u )+C (u -—l)sin u+s u\/l—u +C

2
(We used FORMULA 33 with a = 1)

=(x=4)sin! X +5Vx-x*+C

-1 u=,/x 3
24. J ﬁ\/_)_(_\/;dx; x=ul |— J cosulu_2u du=2Jcos_1u du=2(u cos‘lu—%\/l—u2)+C
dx = 2u du

(We used FORMULA 97 with a = 1)
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::2(\/; cos_l\/_—\/:)-%C

—sin® = s 2
25 (ot Vi ar [ VAottleos ot [ umint [ (Vi

sin t ’Idu = cos t dt

1+v1-—u?
T
(We used FORMULA 31 with a =1)

= V1= sin?t—In |LE VL =sin’t
sin t

+C

=v1-u’-In

+C

2+ V4 —u?
S | E—

dt _ cos t dt u=sin t du 1
0 | B L I A N N 1SR,
(tan t) V4 —sin®t (sin t) V4 —sin?¢ | du=cos t dt uv4 - u? 2

(We used FORMULA 34 with a = 2)

=_Lli 2+V4—sin2t‘+c
-2 sin t
97 J dy u=lny J e du J du___pnlu+v3Tad|+C
. — y=e b —_— —_— = |nlu +u“|{4+
yy/3+(ny)? |dy =e"du e'V3+u V3+u

:ln‘lny+\/3+(ln y)2l+C

(We used FORMULA 20 with a = 1/3)

2

Qo

6d9 | u=sind d _ / 2 - : / i
.[ c;isinze,l:duzcosﬁdojl_‘J—\Mj-lﬂ_lnlu+ 5+u |+C_ln|sm9+ 5+sm20|+C

(We used FORMULA 20 with a = V5)

3dr .| u=3r du  _ 2 _ 2
29. Jﬁ*[duﬂdr]"’ J \/112__1__ln|u+\/u “1l+C =3+ Vori—1|+C

(We used FORMULA 36 with a = 1)

30.

o

J \/fi);yz;[d::;}:iy}_) J \/%zln|u+V1+u2|+C—_—ln|3y+\/1+9yz|+c

(We used FORMULA 20 with a = 1)




596 Chapter 7 Integration Techniques, L’Hopital’s Rule, and Improper Integrals

t = /X
2 2 2
31. Icos_l\/)_cdx; x = t2 —»2Jtcos_ltdt=2(%cos_lt+%1———t‘—zdt =t2c0s_1t+J t
dx =2t dt —t

(We used FORMULA 100 with a =1, n = 1)
=t? cos-1t+%sin'lt—%t\/l—t2+c
(We used FORMULA 33 with a = 1)

=xcos"1\/1-(+%sin'l x—%-\/i'\/l—x+c:xcos_l\/)—(+%sin—l x—%\/x—x2+c

tz\/y
-1 i —2 | 1y _oft2, 1,1 [ _t2 24 -1 t2
32.Jtan VY dy; y=t thtan tdt_2[2tan t 2J1+t2dt]—t tan™*t — 1+t2dt
dy = 2t dt

(We used FORMULA 101 with n =1, a = 1)
42 -1 t241 dt .2, -1 -1 _ - -
=12 tan t—det+Im_t tan~lt —t+tan" 't +C =y tan 1\/§+tan lﬁ-\/w—c
3 3
33. jxe3xdx=937x(3x—1)+C=e—9—x(3x—1)+C

(We used FORMULA 104 with a = 3)
34. I x3ex/2 dx = 2)(3ex/2 -3-2 j xzex/2 dx = 2x3ex/2 — 6(2xzex/2 —-2-2 [ xex/2 dx)
= 2x3eX/? - 12x2%*/% + 24 -4e"/2(§ - 1)+ C = 2x%e*/? — 12x2e*/2 + 96¢*/? (22‘- - 1) +C

(We used FORMULA 105 with a = % twice and FORMULA 104 with a =

D)
~——

In2 In2 In2 In2
(We used FORMULA 106 with a =1, b=2)

2 2 2
35. szzxdx=ﬂ--2_jx2rzdx=x2"__2_(£2_"._¢szdx)_—._2"_-2_[ﬂi_ 2 ]+c

36. Jxr"dx:%:——l—nl—;rjw" dx = 3L ——1—(1"—)+C xmt_ X __mh

(We used FORMULA 106 withn=1,b=m,a=1)

s 14
37. J L Ginh%3x dx = %(smh 35’(.‘§°Sh 3x _5 g 1 I sinh3 3x dx)

Qo

_ sinh*3x cosh 3x _ 1 <sinh2 3x cosh 3x 31 J sinh 3x dx)

120 10 3.3

(We used FORMULA 117 witha=3,n =35 anda=1,n=23)
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_ sinh*3x cosh 3x _sinh?3x cosh 3x | 2 (1
- o] — 50 +30(-§ cosh 3x)+C

ﬁ sinh? 3x cosh 3x — -%- sinh? 3x cosh 3x + §26 cosh 3x+C

38. J—c°8h4ﬁd | v=va

3. .
X; d —>2Jcosh4udu=2 cosh usmhu+4”1J‘cosh2udu
VX du = 9% 4 4
24/x
coshsu sinh u sinh 2u
2 +2( 7 )*C

(We used FORMULA 118 with a =1, n =2 and FORMULA 116 with a =1)

:%coshs\/}_(sinh \/)_(+%sinh 2\/§+%\/)_(+C

3 3
(We used FORMULA 122 with a =3, n =2 and FORMULA 121 witha=3,n=1)

2 2
39. J x2 cosh 3x dx = 53— sinh 3x -—%— j x sinh 3x dx = %- sinh 3x —2(§ cosh 3x —% I cosh 3x dx)

2
= x?sinh 3x—2Tx cosh 3x+§277- sinh 3x 4+ C

40. I x sinh 5x dx = %—( cosh 5x —% sinh 5x + C
(We used FORMULA 119 witha=5,n=1)

_du,

bl

a
xdx _ [ (u= wﬂ_LJL_L _1 b _1 b
J(u+b)2—J =k | (b-5) e =Hnirflro=Smlas ol gl

4. u=ax+b=>x=1

2 — a2 cos?f = —2x dx = —2a? cos 0 sin 0 d¢ = dx = a cos 6 db;

JVaz—xzdx:Jacosﬂ(acos&)dﬁ:azjcos Gdo_%-J(1+cos20)d0— (0+sm220) C

42. x =asin § = a2 —x

2 2 2 N/ )

=2 (0 +cos 0 sin +C:a—(0+\/1—-sin29-sin6)+C=a— sin~1X4¥8 =X x|, ¢
) 2 7 at—=s &
2

=%sin'1§+§\/a2—x2+c

43. J x%(In ax)™ dx = J (In ax)™ d ( r:—l—i) “+;(l—:—1 lax)m_ J (fi:ll)m(ln ax)m_l(%) dx

_x™nax)®
=7 n+1 n+1l

J x"(ln a.x)m_1 dx

+1
(We used integration by parts J udv=uv— J v du with u = (In ax)™, v = f;_ 1)
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a . =1 _ . n—H xn+1 .1 n+1
44, Jx sin axdx—J.sm axd( +1> n+1sm ax — n+1 \/7(“)2 dx

xn"'1 -1 a I 11 dx

+lsm ax—n+1 \/1——?——2}?,119&—1

+1
(We used integration by parts '[ udv=uv-— J v du with u =sin"lax, v = %‘%_—T)

45. (a) The volume of the filled part equals the length of the y
tank times the area of the shaded region shown in the
accompanying figure. Consider a layer of gasoline
of thickness dy located at height y where
—r <y < —r+d. The width of this layer is

—r+4d

24/ T — yz. Therefore, A =2 J‘ Vv 2 —y? dy
-r

—r+d

and V=L-A=2L J \/1‘2—y2 dy

—r+d

(b) 2L J Vie—yldy = 2L[y‘/ﬁ r]_r+d

-r

(We used FORMULA 29 with a =)
- 2L[(d D \ard - & + L sin~ (45 ‘)+§(§)] = 2L[(dé )Vard - & +(2 )(sin_l (45 ’)+§)]

46. The integrand f(x) = Vx— x? is nonnegative, so the integral is maximized by integrating over the function’s
entire domain, which runs from x=0tox=1

1 1 (X-—%) (l)2 x_l 1

= J VX x2 dx = J ‘/2.%x_x2 dx = 5 2-%x—x2+%—sin—1(———2)
0 | .
(

(4]
We used FORMULA 48 with a = 2)

1

[( ) x—x2+%sin71(2x—1)] :%-%—%(-—%)=%

0

CAS EXPLORATIONS

For MAPLE use the int(f(x),x) command, and for MATHEMATICA use the command Integrate[f(x),x], as
discussed in the text.

n+1 n+1
(We used FORMULA 110 witha=1, m =1)

1
47. (e) Jx“lnxdx:-’-‘il—nz——l-—]x“dx,n#—l
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_x®linx xtH _xatt! 1
TS —(n+1)2+c“n+1(l”_n+1)JrC

_ —n+1 _
48. (e) Jx nlnxdx:x_n+l?x—(_n§+ljx Mdx,n#1

(We used FORMULA 110 with a=1, m =1, n = —n)

1-n 1-n 1-n
_X In x 1 (x _X 1
= 1o _l—n<1—n>+c_l— (l”_ )*C

n 1—n

49. (a) Neither MAPLE nor MATHEMATICA can find this integral for arbitrary n.
(b) MAPLE and MATHEMATICA get stuck at about n = 5.

(c) Letx:%—uﬁdx:—du;x:ﬂ:>u:-7-2r—,x=%:>u:0;
w/2 . T /2 2
1= J' sin"xdx  _ T —smn(—z-—u du _ f cos™u du "t cos™ x dx
- sin™x 4+ cos™x snf T _ nfmw_ .\ cos®u 4 sin®u cos™ x + sin™ x
/2 sin (2 u)+cos (2 u) S o
w/2 w/2

_ sin™x + cos™ x _ _T -7
= 1+l= I (sinnx+cosnx)dx" J dx=g=I=7
0
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The following Mathematica module is used to obtain the Monte Carlo estimates of area in Problems 50 through 55.

monte[f_, indvar_, m_, a_, b_, n_List] :=
Module[{g, x, xr, yr, area, lim, areaavg, y1, y2},
g = f/. indvar -> x;
lim = Length[n];
area - Table{0, {k, 1, lim}];
Fork = 1, k <= lim, k++,
For[counter = 0; i = 1, i <= n[[k]], i++,
xr = a+ (b — a)*Random(];
yr = mxRandom[];
Iff[yr <= g/. x -> xr, counter = counter + 1];];
area[[k]] = m*(b — a)xcounter/n[[k]]};
areaavg = (Sum[n[i]]*area[[i]], {i, 1, lim}]) /
Sum[nfi], {i, 1, lim}];
yl = Integrate[g, {x, a, b}] // N;
y2 = Integrate[g, {x, a, b}];
Print[areal;
Print[areaavg];
Print[y2];
Print y1 ;

The following command executes the preceding module. The arguments are the integrand function, the inde-
pendent variable, an upper bound on the integrand function, the lower limit of integration, the upper limit of
integration, and a list of the numbers of random points to generate in each estimation.

monte[z«Sqrt[1 — 2], z, 0.5, 0, 1, {100, 200, 300, 400,
500, 600, 700, 800, 900, 1000, 2000, 3000, 4000,
5000, 6000, 8000, 10000, 15000, 20000, 30000

The preceding command is for Problem 51.
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Target Area
50. 025 1
0.2
0.15 1 2
01+ y=xe
0.05 T
0 ; } } t 4 X
0 02 04 06 08 1 1.2
Select M = 0.2
The area approximations will vary depending on the random number generator and seed value that is used
Number of Approximation Number Approximation of
Points of Area of Points Area

100 0.154 2000 0.1492
200 0.151 3000 0.147867
300 0.148 4000 0.1497
400 0.149 5000 0.14712
500 0.1528 6000 0.148433
600 0.151667 8000 0.147925
700 0.149429 10,000 0.14796
800 0.1435 15,000 0.148147
900 0.146444 20,000 0.14824
1000 0.1408 30,000 0.147687

A weighted average of the areas in the table is used to estimate the integral. Therefore,

1
20 20
J xe” 2% dx ~ ( > -area(i))/( > n(i)) = 0.147987 by Monte Carlo.
=1
0

i=1 1=
, - (1-3¢%)
The actual value of the integral is R 0.148499.
51 fy) S =(siny)e™
15 } Target Area
1.256
1
0.75
0.5
025
of——+————N—t— y
Select M = 1 0 05 1 15 2 25 3 35 4
The area approximations will vary depending on the random number generator and seed value that is used
Number of Approximation Number Approximation of
Points ‘ of Area of Points Area
100 0.722566 2000 0.628319
200 0.628319 3000 0.646121
300 0.586431 4000 0.642456
400 0.581195 5000 0.636487
500 0.637743 6000 0.627533
600 0.560251 8000 0.643437
700 0.583439 10,000 0.62235
800 0.577268 15,000 0.625386
900 0.5621337 20,000 0.635073
1000 0.655022 30,000 0.638895




