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A weighted average of the areas in the table is used to estimate the integral. Therefore,

™

20 20
J (sin y)e®*® Y dy ~ ( pIR" -area(i))/( > n(i)) = 0.63298 by Monte Carlo.

1=1 1=1
w2

The actual value of the integral is 1 — % ~ 0.632121.
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Select M = 0.8
The area approximations will vary depending on the random number generator and seed value that is used
Number of Approximation Number Approximation of
Points of Area of Points Area
100 0.152735 2000 0.129542
200 0.10748 3000 0.133879
300 0.118794 4000 0.125724
400 0.130108 5000 0.123206
500 0.139159 6000 0.130956
600 0.129165 8000 0.128693
700 0.118794 10,000 0.127279
800 0.123744 15,000 0.129844
900 0.121308 20,000 0.129712
1000 0.122188 30,000 0.128335

A weighted average of the areas in the table is used to estimate the integral. Therefore,

1/4/2
20 20
J 2x sin~!(x?) dx ~ ( Y oo -area(i))/( 3 n(i)) = 0.128523 by Monte Carlo.
=1 =1
0
The actual value of the integral is 11121;—6\/5 = 0.127825.
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Select M = 0.5
The area approximations will vary depending on the random number generator and seed value that is used
Number of Approximation Number Approximation of
Points of Area of Points Area
100 0.28 2000 0.259
200 0.265 3000 0.262167
300 0.278333 4000 0.259625
400 0.2625 5000 0.2724
500 0.261 6000 0.270583
600 0.27 8000 0.265875
700 0.254286 10,000 0.26495
800 0.270625 15,000 0.2668
900 0.277778 20,000 0.268275
1000 0.2685 30,000 0.265875
A weighted average of the areas in the table is used to estimate the integral. Therefore,

1
20 20

I zy/1 —zdz = ( > oo -area(i))/( > n(i)) = 0.266465 by Monte Carlo.
1=1 ]

0

The actual value of the integral is —14—5 ~ 0.266667.

=1

t
54, o.sz( ) — Target Area

0.5
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Select M = 0.5
The area approximations will vary depending on the random number generator and seed value that is used
Number of Approximation Number Approximation of
Points of Area of Points Area
100 0.0375 2000 0.04725
200 0.06 3000 0.0435
300 0.06 4000 0.0480625
400 0.0425 5000 0.046
500 0.0435 6000 0.04525
600 0.05125 8000 0.0445937
700 0.0439286 10,000 0.047375
800 0.053125 15,000 0.0449
900 0.0472222 20,000 0.0446375
1000 0.0425 30,000 0.0458

A weighted average of the areas in the table is used to estimate the integral. Therefore,

1/2

I t3 dt
t2—2t+1
0

The actual value of the integral is

=1

181— 3 In 2 ~ 0.0455585.

20 20
3 o -area(i)) / ( 5 n(i)) = 0.0456313 by Monte Carlo.

=1
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o f(& & Target Area
55. )
03 1 3
f(6)=(n6)
02+
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Select M = 0.4
"The area approximations will vary depending on the random number generator and seed value that is used
Number of Approximation Number Approximation of
Points of Area of Points Area
100 0.096 2000 0.095
200 0.104 3000 0.103467
300 0.0986667 4000 0.0999
400 0.095 5000 0.10096
500 0.0992 6000 0.1048
600 0.096 8000 0.10105
700 0.0908571 10,000 0.104
800 0.0985 15,000 0.0995733
900 0.1 20,000 0.1013
1000 0.104 30,000 0.100707

A weighted average of the areas in the table is used to estimate the integral. Therefore,

2 20 20
J (In 6)% d6 ~ ( > -area(i))/( > n(i)) = 0.101054 by Monte Carlo.
1=1 =1

1
The actual value of the integral is 6 +2[(In 2)> —3(In 2)2 46 In 2 - 6] ~ 0.101097.

7.6 L'HOPITAL’S RULE

1

. 1 __
:lxl—»n% x+27 4

Hanitale Tim X—2 _ 1 -1 . X—2 _ x—2 -
1. ’Hopital: ’1(1_)1% x2~4_2xL_2_4or ;l;l—>mz i )1(1__)1'% CED)CEy

2. PHopital: lim SL5X _5c0sBX|  _ 5o fyy SMOX g5y sinbx_g.q
x—0 1 =0 x—0 5);—:?0 5x

3
Spital: lim 2= 8X _ iy 10x=3 _ . 10_5_ . 5x*-3x_ . O—-% 5
3. I’Hopital: A W—)}Lrlgo i —xlggol =yor lerrgo i1 = lim 7+%_7
3 2 3 - 2
4. PHépital: lim —X =1 —jim 3 _3 o0y —xX°=1 _ o & D2 +x+1)

x>l 4x%—x -3 xo1 12x2 -1 117 x=1 4x®—x—3 " x=1 (x—1)(4x® + 4x + 3)

(x2+x+1) 3

= lim ~———W— ==

x—1 (4x2+4x+3)_ 11
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5. I’Hopital: ,l(irr%) 1-— COS X — Jim sin X _ 1im co; X _ % or lim 1 =COS X  |im [1 — cos x(l +cos x)]
- X

x—-0 24X x—0 x—0 X x—0 x? 1+4cosx

2 ) .
-1 sin“x _ 1 sin x )(sin x 1 _1
_,1(% x2(1+cos x) —,l(ll,r(l) [( X )( X )(l+cos x)]_fl

2,3
2 2 )
6. PHopital: Jlim 2T = fim AXE3 i A g or Jim 2EEI - i < __0_p
x—00 y3 L x4 1 x—00 3yx2 4 1 X—00 Gy x—00 x3 4 v 41 x—>ool+_l_+l 1
2 3
x4 x
7. Tim S00% — Jiy 2008 6% _ (9)(0) cos (0)% =0
) 8—0 [4 6—0 1
: l1—sinf _ —cos @ _ sing _ sinm/2 1
8 o T cos 20~ gony2 2 sin 56 = o1 0y, “dcos 20 —dcosm 4
9 lim COS t—l — liIIl —sint= lim cos t __ 1
* =0 et—t.—l t—0 et_.l t—0 et'
. t—1 — 1 _ 1 1
10. it ¥ —in nt“%‘_'ﬁ%__,,co”t‘l—w(_1)”7r+1
1 1 !
1 lim POAD o XL g X022 i 12 =In2
X—00 logzt x—o0 1 x—=00 x4+ 1 X—00
x1n 2
log, x E (x+3)in 3 In3+3In3
2 % xIn2 _ . X nd .. xln3+3m3_ ;. In3_Ind
2. Jim ey =, = SRy TR T <k A2 T2
(x+3)In3
2y + 2
2 2
2
15, 1 ln(si ) i ¥ 41-2y: Fim y(§Y+2)= lim 2E i ;y+§=4(0)+2:g___1
y—»O+ ny y—0 y y-—»0+ y +2y y—v0+ yo+2y y-—»0+ y+ 2(0)+2 2
(E—y)siny (Zr——y)cosy+(—1) siny (Z-Z)cosT+(-1)sin%
e . \2 2 279)8 7 2
14. lim (——y)tany: lim o8 = lim : = —
y—r/2\2 y—m/2 y y—w/2 —sin y —sin
_(DW _,
—(1)
1 2
15. lim xIlnx= lim BX= lim Xr= lim &= lim —x=0
x—+0+ x—+0 X x—>0+ -3 x—0 x—0
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1 21
1 — = sec” ¢
. . tang | 2 X
lim x tan 1 = lim X = lim —X =lim_sec? & = sec?0 =1
X—00 X Tx=o00 1 X—00 _1 X—00 X
X x2
1 _cosx 1 —cos x 4+ cos x sin X

222 4 cos x) = lim

lim (csc x —cot x+cos x) = lim (
x—0

X0 ot sin X sinXx sin x
. sin X 4 cos X ¢os X —sin x sin X __
= hm =1

- COos X

x—0

Jim (In 2x —In(x + 1)) = Jlim ln( +1) Let f(x) = 1=> lim —2X_ = Jim %:2. Therefore,

x—=00 X+ 17 x—=60

lim (In 2x —In sin x) = lim In f(x) =1In 2
X—00 X—00

lim (In x —In si lim_In <X let f lim =X_= lim gig=1 Th
x—l-Icr)l (In x —In sin x) = x_l’rclll n i le (x) = x=>x—l>r(1)1+ e 1m+ o5 % erefore,

lim (Inx—Insinx)= lim Inf(x)=In1=0
x—0 x—0t

1- 5

X =0

1__1

lim ({$——=\= lim
x-—;0+ (x \/J—() x—->0+

X
The limit leads to the indeterminate form 1%°. Let f(x) = (X +x)}/* = In (e* +x)/* = I__n_(ex;x)
e +1
In (e + X) e* +x
1

x—vO

In f(x) —e2

= lim =2 = lim (*+x)'/*lim e
x—0 x—0 x—0

()

X X
The limit leads to the indeterminate form oo®. Let f(x) = (%) = In (%) =xIn (Lz) =
X X X

Pl

inf L -2/x
x? l/x2 1 * o Inf(x) _ 0
= lim = lim 2—hrn2x——0:>hm =) =lim e™ ™ =¢=1
x—0 % x—0 —1/X x—0 —0\ x x—0 .
lim —3X=5% - jim S _-=0

x— £ co 2x2_x+2—x-—+rjr:loo 4x -1

lim sin 7x TcosTx _ T
x—0 tan 11x 7~ x50 11 sec?11x 11

The limit leads to the indeterminate form oo®. Let f(x) = (In x)l/ *= In(ln x)l/ *= El—w

" 1/x
In (In x) . Inx

= Jim, —— = lim, 7 = lim, oy

1/x

=0= lim (Inx)
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606 Chapter 7 Integration Techniques, L’Hépital’s Rule, and Improper Integrals

96. The limit leads to the indeterminate form oo®. Let f(x) = (1 + 2)()1/(2 n%) o In 1+ 2){)1/(2 In x) . lﬂéll:—ixl
In (1 + 2x) e
m %)  tim 22X fm X — lim =1 1 1/(2 In x)
dim, =y = A Ty = T = A = 2 7 i, (12
X
= Jim. RO NV Jy
27. The limit leads to the indeterminate form 0°. Let f(x) = (x? —2x + 1)*~! 9% — 2
x —
2 _ 2 _ 3
= In(x?-2x+1)* 1 = (x—1) In(x* - 2x +1) =l-n—(x—12i+—1—) = lim In(x 12X+1) = lim X _2’1('*'1
X— x—1 _
x—1 x—1 (x— 1)2
2(x—-1)
: (x— 1)2 : : 2 x—1 : In f(x) 0
= lim =———— =lim -2(x-1)=0= lim (x*—2x+1)*"" =lim e =e =1
x—1 _ 1 x—1 x—1 x—1
(x—1)?
928. The limit leads to the indeterminate form 0°. Let f(x) = (cos x)°*® * = In (cos x)°**
_ _ In(cos x) . In(cos x) _ .. _cgisnxx o —tan x
= (cos x) In (cos %) = —geex— 7 lim _ —seex— = lim_ oSn= =, i,- secx tanx
= lim_ —cosx=0= lim_ (cosx)****= lim _ ) = 0 =
x—w /2 x—r/2 x—r/2
29. The limit leads to the indeterminate form 1%°. Let f(x) = (1+ )Y/* =11 +x)1/x = El—(—l;-—)—(-)-
In(1 :
o fim PO4X) o TEX o gim (140Y = lim 2T el
+ X 1 + +
x—0 x—0 x—0 x—0
30. The limit leads to the indeterminate form 1%°. Let f(x) = x'/®) = In x!/-1) = ln.x.
o lim X i VX215 g /) = lim P = e
x>1x—17x51 1 x—1 x—1
31. The limit leads to the indeterminate form 0°. Let f(x) = (sin x)* = In(sin x)* = x In (sin x) = l‘—l—(—si—m-(l
X
. cos X
= 1 In (sin x) = lim SDX — lim —xr‘r COS X _ |im x% sin }éo—; ?{x COS X _
x—0t i x—0T —% x—0t Sin x x—=0
X

= lim (sin x)*= lim ) — 0
x—0 x—0
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The limit leads to the indeterminate form 0°. Let f(x) = (sin x)**® ¥ = In (sin x)ta® X

In (sin x) In (sin x) sinx

) n (sin x . In(sinx . : . .

=tan x In(sin x) = — 55~ = lim ———>= lim 28X = lim (—sinxcosx) =0
x—0t x—0t —csc“x  yx 0t

= lim (sinx)*®*= lim ) =¢0=1
x—0t x—0t

The limit leads to the indeterminate form 1=, Let f(x) = x'/(!™%) = In x!/(—%) = ___11n_ X
1
= lim BX = jim X =_1= lim x/0 = fim 1o
x—rl+ —-X x—+1+ - x—1 x—1
: 2 —x . x? . 2x . 2
lim x% ™ = lim 2= lim %= lim %=0
X300 X—=00 e X=30 e X—00 e

X—

2x

. . 2x . 2

Jim I %—dt:xlgrolo [Intl]" = Jim ln(%)=1n2
X

X

J In t dt 1 (l)
s 1 nx R X))
xll'nf}o xIn x xllvnolo Inx+1 xll»“olo (l)_l

X

lim cos0—1 _ lim sin 6 _ lim =<8 _ 4
00 9_9_1 6-0 -1 6-0 of
lm St g €2 o 2 g ety
t—oo et_]_ t—o0 et t—oo et t—oo et

\/9X+1_ 9x + 1 X _ _
x=00 x+1 T VxS0 x+1 xll.nolo T—\/_'—
lim v = = /i=
x—0t 4/sin x im SX 1

lim  SX = lim  (mhy)(X)= i L=t
x—T/27 tan x x—w/27 €08 X /\ sin x x—w /27 sin x

(cos x)
. . sin x .
lim X _— Jim = lim cosx=1

CSC X ™
x—00+ x—oO+ ( < 1 ) x—>0+
sin X

Part (b) is correct because part (a) is neither in the % nor g3 form and so "Hopital’s rule may not be used.
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44. Answers may vary.

(a) f(x) =3x+1;g(x) =x

o f(x) o B3x4+1_ 3_
i, oo = A, Tx =i, 13
(b) f(x) = x+1; g(x) = x*
. f(x)_ . x+1_ 1 1 _
i, oy = A o7 = 9 =0
(¢) f(x) =x%g(x) =x+1
2
T (GO U

45. If f(x) is to be continuous at x =0, then lim f(x) = f(0) = ¢ =f(0) = lim 9x—8sin3x _ )3, 9—9 cos 3x
x—0 X =0 5)(3 x—0 15)(2
_ oy 27sin3x _ oy 81 cos3x _ 27
=lm T M T 100

/ _d _ ' _d _ . f’(x) _1_ .
46. (a) For x #0, f'(x) = dx(x+ 2)=1and g'(x) = dX(x+ 1) = 1. Therefore, ’l(l_l’% d 1= 1, while
o f(x) _x+2_042_
by g "X+ 01
(b) This does not contradict ’Hopital’s rule because neither f nor g is differentiable at x = 0

(as evidenced by the fact that neither is continuous at x = 0), so ’Hopital’s rule does not apply.

47. (a) The limit leads to the indeterminate form 1%°. Let f(k) = (1 +%) = In f(k) =kt ln(l +ﬁ) =—71—"
k
-1
tin(1+4+L t(=5)(1+5
k—oo 1 k—o0 -1 k—oo 145 1
k K2 k

kt kt
. I _ : r — : In f(k) _ rt
= lim Ao(145)" = o lim (1+5)7 = Ao fim, €T = Aoe

(b) Part (a) shows that as the number of compoundings per year increases toward infinity, the limit of interest

compounded k times per year is interest compounded continuously.

48. The graph indicates a limit near —1. The limit leads to the
2x2 — (3x +1) \/x+2

x—1

_9.1/2_1,-1/2
4x 5 X 5

indeterminate form 9: lim
0" x>1

2x2-—3x3/2—x1/2+2=

= lim x—1 lim T
9 1

47379 _a-5_

- 1 -1
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49. (a) The graph indicates a limit near —0.225. The limit y
—_1)\2
leads to the indeterminate form J: lim (x-1) ! x
0" x>1 xIn x—x—cos(7x) 2 |
z
, 2(x — 1) . 2 V-x
= lim I - = lim T 2
x=>1 Inx+1—-1+msin(mx) x-1 14 72 cos(x) ) -1
9 9 Ve x-x—cos (nx)
Tl 1-x?
(x=1)°

(b) The graph of y =

has a vertical
x In x — x — cos (7x) a y

asymptote near x = 2.552.

x=1 2
Y= T x-x—cos (=x)

50. (a) In f(x)g(x) = g(x) In f(x)
lim (g(x) In f(x)) = (lim g(x))(lim In f(x)) = co(—00) = o0

X—=C

lim £0050 = Jim o €05 _ -0 _ g
X—C X-=C

(b) Jim (8(x) In £(x)) = (fim 60)(Jim In f(x)) = (~o0)(~00) = 00

Jim (0 = Jimg & 05 _ oo _ oo
51. (a) Because the difference in the numerator is so small compared to the values being subtracted, any calculator
or computer with limited precision will give the incorrect result that 1 — cos x8 is 0 for even moderately
small values of x. For example, at x = 0.1, cos x® & 0.9999999999995 (13 places), so on a 10-place
calculator, cos x6 =1 and 1 —cos B =0

(b) Same reason as in part (a) applies.

. 1—cosx® _ v 6x°sinx®_ . sinx®_ 6x° cos x% _ . cosx®_1
(¢) lim —gy—= lim ==—= = lim & = lim = =
x—0 X x—0  12x x—0 2x x—0 12x x—=0 2

(d) The graph and/or table on a grapher shows the value of the function to be 0 for x-values moderately close
to 0, but the limit is 1/2. The calculator is giving unreliable information because there is significant
round-off error in computing values of this function on a limited precision device.
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52. (b) The limit leads to the indeterminate form oo — oo:

Jim, (= VA7) = i, (- «T)(ﬂ) _ Jim (ﬁ) - . ()

x+vVx2+x X200\ x4+ vVx2+x X=00 X2 4+ x

. -1 -1 1
= lim = =—3
x=00 (1+\/1+}1_() 1+4/1+0 2
53. (a) f(x) = &< (1 +1/%)
14+4>0whenx<—lorx>0
Domain: (—o0,—1) U (0,00)
(b) The form is 071, so lim1 f(x) = o0
Xt —
-1
1 1
‘ N+l (‘;)(”i) oy
(C) x—l-laglooXln(1+i)=xll>r—noo-—1—:xllvr—r}oo——1———=xhr—nco 1 1=1
X ) +x
X
= _lim_f(x)=_lim X In(l+1/%) _ ¢
X——00 X—=00
1
’ #)(x)—Inx
54. (a) y=x/*=Iny =ln—x:y—=(—x—>——=> y' = 1=Inx\(41/%)  The sign pattern is
X v 2 2
y' = | + + + + + | — — — — which indicates a maximum value of y = e!/® when x = e
0 €
1)(x?)
) 1 lg)x*)-2xInx 2
(b) y= X/ 3 hny= ln_zx = yy = (_—_x) n =y = (————————1 = 231n x)(xl/x ) The sign pattern is
X X X
y = |+ + + | — = — — which indicates a maximum of y = e'/2¢ when x = \/f_:
0 €
L)(x)- (In x)(nxn_l) n-1
(c) y= /<" = In y= l—l;n—)s = (x) T =>y' = 5———(12:1&«1/"“. The sign pattern is
X X
y'= |+ + + | — — — — which indicates a maximum of y = el/P¢ when x = Ve
0 n

€

n
(d) xll,nc}o xl/xrl — th (e].nx)l/x — xl_l_’ngo e(ll’lX)/xn — exp(xli_%lo 1_1)%’1)_(_) — exp( im (L)) — e0 =1

X300 nxn

55.
@ k
Ke 1 l(x)-‘xk;‘l
k=05
1
7.
k= 0.1
=Inx
2. kam05

~2.5f when k= + 0.05 and - 0.1 the graphs

-7.

ofy = f(x) ar@ neary = in x

- &- -1
J 10 20 30 40 50
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xklnx__lnx
=

k
. x*—1_ 3
®)  Jim = i

56. (a) We should assign the value 1 to f(x) = (sin x)* to

make it continuous at x = 0.

1
i ; < (cos x)
(b) In f(x) = x In (sin x)zlr}_(_gm_x)ﬁ lim In f(x) = lim E‘ﬂx_)= lim (SJI_L‘)___
(1) x—0t -0t (1) ot 1
L o @) (-5)
2
— Tim —=Xo — lim —2X : — o0 =
= lm = i 2= 0% iy f=c"=1

(c) The maximum value of f(x) is close to 2 near the point x & 1.55 (see the graph in part (a)).

yl

(d) The root in question is near 1.57.

¥y =(in(sin x) - x cotx)(sin x)*

(e) ¥/ =0 = (In(sin x) — x cot x)(sin x)* =0 => In(sin x) —x cot x = 0. Let g(x) = In (sin x) —x cot x
8(xn)

= g/(x) = cot x —cot x+x csc’x = x csc?x. Using Newton’s method, g(x) = 0 = Xp41 = Xq — )
g (X,

In (sin x,) — X, cot
_Infsin xy) =% €0 Xy o x, = 1,55 = x, = 1.57003 = x, = 1.57080 = X4 = 157080

Xn CSC2 Xn
= x, = 1.57080, k > 3.
0 |x 1.55 1.57 1.57080
(sin x)* | 0.999664854 | 0.999999502 1

7.7 IMPROPER INTEGRALS

1. (a) The integral is improper because of an infinite limit of integration.

o0 b
dx  _ dx_ _ 1 N -1 -
(b) J X lim J > S bll»ngo [tan x]o = bllrmco (tan™" b—10) = %

=1l
x!4+1 b-ooo J xt+1

The integral converges.
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©F

2. (a) The integral is improper because the integrand has an infinite discontinuity at x = 0.

b J§£= lim [d—xz lim [2¢5] = 1m (2-2vb)=2
) 3 —ot ) VX b—+0+[ \/—1*’ b—:)l"'( vb)
The integral converges.

(c) 2

3. (a) The integral involves improper integrals because the integrand has an infinite discontinuity at x = 0.

1 0 1

dx dx dx

o | 35| S5+ 3%

—8x —8x Ox
4] b

dx _ dx _ 3.2/3F _ o (3523 _g)—
uns bllfél—] %1 3_bli.m [2x ]_8 bl—l.rg ( b 6) 6
-8 -8
1 1

1

dx _ oy J dx _ fim (3 2/3L= lim (3-3p2/%)=3
[ = im, | Sa= lim, (3] = tim, (5-50%°)
0 b
1

dx _ 3-_93
I@‘s‘““ﬂ“ 2

The integral converges.

(©) -3

4. (a) The integral is improper because of two infinite limits of integration.

00 0 (&9
2x dx 2x dx 2x dx
(b) I 2 2=I 2 2"’[ 2 2
S+t (x4 O(X +1)
o0 0
2xdx__ 2xdx _ (2 1P - _ 2 -1 _
_L (x2+1)2—b£13>o l[(x2+1)2 b-l—1>IPoo[ 6"+ D ](li bllvrlloo[ 1+ )7 =1
&) b
2xdx  _ 1 2xdx  _ 1 2 -1p
l(x2+1)2‘bli.“éo l(x2+1)2_b-l-£go[ o+~
o0
2x dx  _ —

—00

The integral converges.
(c) 0

5. (a) The integral is improper because the integrand has an infinite discontinuity at 0.




10.

11.

12.

13.
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In 2 In 2
2
(b) J x 2% dx = lim J x2e/* dx = lim, [—e!/*}" " = lim [/ 2 1 el/%]= oo
2 b—oT b—oT b—oT

The integral diverges.

(c¢) No value

. (a) The integral is improper because the integrand has an infinite discontinuity at x = 0.
/2 /2 w/2
2
(b) j cot § df = lim J cot 6 df = lim J co8 048 — Jim [insin 9|l:/ = lim (0—1Inlsin bl) = oo
3 b—ot b—oT ! sm p—ot b—ot
The integral diverges.
(c) No value
o] b b
dx _ dx _ —0.0011° _ : —1000 _
! 1007 = im, j L1007 = im, [-1000x = Jim (bo.om + 1000) = 1000

1 0 1
dx _ d dx _ 1/3]P . 1/3]1
| $e= | S| Sem i 0 i (s
0

c—0

4
I dr = lim_ [-2\/4—r];’=b1ix?_ [—2\/4—b—(—2\/1)]=0+4=4
4]

1
. 1 .
J roﬁggg = lim_[1000:°%"], = lim_ (1000 —1000b%°*") = 1000 -0 = 1000
0 b—0 b—0

,—-———ldi x2 = bl_i;r{l_ [sin“lx]:; = bligl_ (sin—l b _ Sin—-l 0) — % _0= -72£

[ L

2
2 dx : -1 x)? . -1 -1 T T 3
= & =1 - b)=X (-F)\=2T
_L x2+4 bllor—noo [tan 2]b b—ltlzloo (tan 1-tan ) 4 ( 2) 4
-2 -2 -2 ) -2
2dx _ dx dx _ 1 T AT -2 _ x—1
J x24+1 J x—1 I X+1" pim, [1nl= 1|]b plim [ln|x+1|]b =pim [lnlx+ll]
—00 —00 —00 b

= lim (lnlz—?'—lnH:;H):lnS—ln( lim E%l)zln3—ln1:ln3

b——co b——00
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[e o] oo
14, J 3dt =I
21
2 2
1-1

=3 lim [1n(bgl)—1n(%)]=3])1111;° [m( 1b)+ln 2]:3(In1+ln 9)=31n2

Lo

o
p—

oo
b
dt [ 3dt_ L b_ o t—1
.[_t _bl—lfolo BlIn(t—1)—31n t]z_bll)ngo [3 ln(———t )]L
2

1 3
o+1 | u=0%+2¢ J‘ du _ J du _ 3_ .
" l e [du=2(9+1) da]_* 5 25 pogt : 2y e V0], = i, (v3-v8)
=v3-0=13

4 c
= lim J du_ 4 jim J 45— lim [\A]*+ lim [sin!8
b0t ) 2y/u e~ I Va-s o VAl [ 2]
= lim (2-+b)+ lim (sm 1‘:—sin‘10)=(2—-0)+(Zr--—0)=4+7"
b—0 c— 2 2
(=] u=\/i b
o A N FTSr FYNARY
x) /X = A4X_ —00 —00
du_2\/)_( 2 u’ + 3 u‘ 4+
: -1y _ “10)—of/T\_ —
_]}Ln;o (2 tan"'b—1 tan™10) 2(2) 200) =
() 2 o0 2 c
dx __J dx J dx o J dx : J dx
18. = + = lim —==— lim —_—
1 xVx2—1 i x x2—1 ) x -1 bt : xVxt-1 7% ) xVx*-1
= bl—i'l’{l+ [sec"1 Ix |]i + Jlim [sec_1 |1x |]; = bl_i'r;'x_{_ (sec"1 2 —sec”! b) + Cli{pﬂ (sec_1 c—sec! 2)
=(Z _ T_T\_T
=(5-9)+(5-%)=3%
4 2
ds . -1 -1 . -1 s T
19. J —a = lim [sec s] =sec” 2— lim sec T 'b=%-0=%
1 s 82—1 b—1Tt b b—1t 3 3
T g+2[]° b+2 142
o _ + . +2[ 1 [=142| = g _ynfl) =
20. J 02+5o+6‘131.‘¥,‘o[1“ 0+3H % [l“ b+3” lnl—1+3| 0-In(})=In2
e -
bt b
2dv _ 1. v=1P_ b—1| o1 |2=1]\_ o (1) _ _
21. J' 24v = lim [210 |45 I]Z_blggo(mn\ =L]-2m |23 D_an(l) 2in(3)=0+2In2=1n4
2




22.

23.

24.

25.

26.

27.

28.

29.

30.

[~ C—— Oy we———8

I

ds  _ . _18]P _
4—32_ l:m [sm i]o_
_4rdr
1—1t
dv
(1+v2)(1+tan_1v)
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=1n(1+g)—1n(1+o) =1n(1+%)

' 1 2
16 tan” " x 1 -1
J- ——1 2 dx = blgxgo [S(tan x) ]
0

I
|

0

0a9— Tt 0_.01°
J be 49 = lim [6e’—e’], =(0
—00

dx
/X

b

b

= lim
0 b—oo

4

Jim_ (~2v/-b)~(-2y/~(-D)+2v4-6 lim 2/c=0+2+2-2-0=6
— c—0

dx

1 2

dx

d . /—1b ——12
x—11 J \/%4'] \/m:bl_‘f{‘— [-2v1-x]g+ fim, [2vx -1,
0 .

1

c—1

= I dx g dx — ym [—92./=%1P . 4
=g | e im [ k=i LoVl s i AL

o s 12V o n~ 1 (b2 —92sin10=92.T_¢0 =
_bllx?_[2s1n (r )]o—bl_lgl_hsm (b2)] -2 sin 0=2-5-0=m

Jim_ (—2v/1-b)=(-2y/1-0)+2/2-1— lim, (2y/c—1)=0+2+2-0=4

—1—
b

——00

=-1-0=-1

o——8

b

c—1

-eo—eo)—blim [beb—eb]= —i — lim

——00 b——oo

lim (ﬁ) (’Hépital’s rule for &2 form)

2¢% gin 6 d§ = lim J' 2¢=% sin 6 d9
b-soo

lim 2
b—o0

0

-6
[ﬁ (—sin 8 —cos 0)]

b

0

(FORMULA 107 with a = —1, b= 1)

(

b-1
oD

b
— T t=1] — 1 b—1| 1.]12=1]\_ i) = _
1-_bhm [ln t+1\]2—bli’ngo <ln|b+1| ln|2+1D—ln(1) ln(3)—-0+ln3_ln3

b
= lim [1n|1+tan-1v|]0=‘}Ln;o [ln|1+tan"1b|]—ln|1+tan_10|

[8(tan"1 b)2] - 8(t‘.an'1 0)2 =8 (12"-)2 —8(0) = 272

)

615




616 Chapter 7 Integration Techniques, L’Hopital’s Rule, and Improper Integrals

31.

32.

33.

34.

35.

36.

37.

38.

=1

- lim —2(sin b :— cos b) + 2(sin 0 -i(-)cos 0) 04+ 2(0+1)
b—oo 2e 2e 2

- — 00

0 0

I e_""dx:J e* dx = lim [e] = lim (1-e?)=(1-0)=1
b b——o0

—o0 —o0

T 2 T 2 N 2 2]° 2]°
—x — —-X —X — 1 _a—X : =X

J 2xe™™ dx = J 2xe dx+J 2xe dx--bl_l_'rr;° [ e ]b+cll)n°71° [ e ]0

—00 —o00 0

— tim |-1-(—e 2)]+Clg§° [~ (1)) = (-1-0)+ @+ 1) =0

b——o00

1 1

2 2 2 2
J xInxdx= lim [x-flnx—xf] :(%ml-%)— lim (%lnb—b—)=—%— im 8k 4o
0

b0t b boot 4 boot %
b

PN

- =14 jim (b—)=—l+o=—
4 b-+o+< 4) 47 oot \ 4 4

(-lnx)dx = l1m+ [x—xIlnx}i=[1-1In1]- lim (b—blnbl=1-0+ 11m Inb_,_ hm

O

=1+ lim b=140=1
b—0

w/2

I tan 6 d0 = lim [—lnlcosﬂl]:;: lim [~Inlcosbl]+In1= lim [—In]|cos bl]= -0
b—-»%_ b—-»%— b—-qg_

0

the integral diverges

w/2
J cot § dd = lim [In |sin ol] =In1- lim [Inlsinbl]= — lim [ln|sin bl]= —co
! boot b—ot b—ot

the integral diverges

T Q m E e
J iil‘-\/%;[w—f):x]_._J sinxdx:J sin X dX  gipce 0 < SR X < Lforall()<x<7randj
0 ™ 0

e x v SVk S

g

™
converges, then J sin X gy converges by the Direct Comparison Test.
X
0
/2 9 4o x=m-20 cos(i--—%) dx 2?7 sm(%) dx sin % )
_cosgdy .| g_T_X |, J = I . Since 0 < ——-—forall
J (7!' 20)]/3 2 2 2X1/3 J 2x1/3 - x1/3 x 1/3

b0 b0t b—ot (]_13.) boot (_




39.

40.

43.

45.

1
dt . __ 1 _1 im 1) _
I _.mt,letf(t)_t_sintandg(t)_t3,then 2% =
0
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27 27 . xdx

sin &
0 <x<27and I 1’(/3 converges, then J % 73~ converges by the Direct Comparison Test.
9 ) 2x
In2 1/In2 . 0o
-2 —1/x ,[;__ ] yeVdy _ =Y du — T [_a=y]P -b ~1/In2
[ wremagfb=y] | e [ evay=im el = gim el
0 oo 1/In2

1/In2 _ ~1/In2

=0+e” , so the integral converges.

1
—4/x
J € \/_ dx; [y = \/)_(] — 2 J e”Y dy = 2 — 2e, so the integral converges.
0 \/)_( )

n

T
41. J —dt Gincefor0<t<m 0 <—1———<Land J 4t converges, then the original integral
3 Vt+sint == "\/E+sint_\/f 2 \/f ges 8 g

converges as well by the Direct Comparison Test.

i 3 3t2 . 6t

g(t) ¢50 T—snt %1_1}(1) T-cost  to0 sint

1 1

6 _ dt o (-] =—1- ym [ L]= ich di —dt__

= lim = 6. Now, J 3 lim [ ] ==-3 bEI(I)l_'_[ 2b2]—+00, which diverges = J t—ant
0 0

diverges by the Limit Comparison Test.

2 i 1 b
dx dx _ o |1 1+x‘ _ 1. |14+b]|_q— :
J " J J 1—xzandl T_2 = oo [21" 1—x]0‘bl_‘f{‘ [21“ 1—b] 0 = oo, which

2
diverges = J dx 5 diverges as well.
1—x

2 1 2 1
J 1‘?‘){: J ld—xx+ J 1d_xx and J 1d_xx=bl_i'r{1_ [—ln(l—x)]E:J_igl_ [-In(1-1b)]-0 = oo, which
0 0 1 0
2
diverges = I I(E(x diverges as well
0
1 0 1 1
J lnixidx = -[ In(—x) dx + '[ In x dx; I lnxdx= lim [xIlnx-— x]b_[l 0—1]—— 11m [blnb—Db]
-1 -1 0 b—o*
0 1
=-1-0=-1; J n(—x)dx=-1= J In | x| dx = —2 converges.
21 =
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1 0 1 1

2 2 2
I (=xIn|x|)dx = J —xln(—-x)]dx+J (—xInx) dx = lim [x—lnx—x—] — lim [’—%—lnx—ﬁ—
2 2 0 b—o™t b c—ot c

_[1 - i 12210 b-b2[_[L 1 i € l__1
_[71n1~74—]— lim [2 Inb 4]—[§ln1—z~]+c£rél+ —2—1nc——z =-z- 0+l +0-.0$themtegral
converges (see Exercise 33 for the limit calculations).

o0

[o 0] [e <}
47. J & .o<—Ll <Lfor1 <x < oo and I dg( converges = J ] ix 5 converges by the Direct
bq
1

1+x3’ = x3 +1_ 2

Comparison Test.

48. T dx . (\/)_cl_ )_
4 \/,‘{ 4

1 \/;{ [o o}
i T i _ 1 _ dx _
ﬁ—l’ X600 ( ) "xll..nclo \/‘_1“::11?30 1 -—T_—O—landI ——\/—_—_ hm [2\/_]

o0
which diverges = J 7 diverges by the Limit Comparison Test.
4

T o0
- o _ N dv _ 1 b_
49'! ST (&) = T = 1_o“la“dl O = dim [2V7]; =

[ o] oo -
2dt . o 32 _ I?dt_ i [2at-172]° = i (= _ 24t
50. J t3/2+1’t.13& t3/2+1—1and t32—bli»n<:o[ 4t ]4—1}L1&(ﬁ+2)—2=> an
4

[o o]

= _2dt converges by the Direct Comparison Test.
32 41

b
dx s 1
dx _ 1
s = Jim [ ]

b—oo

o0 1
51. J' dx I dx +
0

»
+
—_
A
(=
"ale-
+ P
—

+
H<—ﬁ8
"l
o
=

(=¥
Hb—,g

=)
o0
52.J dx__ jim Q—‘-l—
2

It
g
»
1l
g
i
ve——8
o L
o
"
|
g
5
o
T
|
8

converges
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which diverges =

ms_,g
o,
kol
&
<
g
1)
®
1
o
>
=+
=
a®
£
8
=N
Q
[=]
g
®
=
7]
=}
B
=
o
&

x \/—T
bhm [ 2x~1/ 2] = bhm (—\_72+ 2) =2= J X+ dx converges by the Limit Comparison Test.
1

'y

—X
o] 4 o0
xdx . ( x—l)_ . vxt 1 _ xdx_ dx _
- J T A Ty T e T i L | 2= §=\lim dnx3=o,
2

() ko

\/x“—l

oo
which diverges = J —xdx diverges by the Limit Comparison Test.
2

=300

e o] oo
. J 2—'1;:# dx; 0 < % < M% for x > 7 and J de = blim [In x]l,’r = 00, which diverges
k3 w

o0
= J _2__t§gs_x_ dx diverges by the Direct Comparison Test.

T

o0 o
b
1+s1nx 1+smx 2 a1 _2] e _2.2\_2
. J 2 dx; 0 < —/5—= 2 x forx>7ra.ndj xzdx_bll)ngo[ x“__bhm ( b+7r)—7r
™ k3

(o o)
= 2 dx J 1 +sin x

£~ converges => 5— dx converges by the Direct Comparison Test.
x? x

3

o o] [o 0]

dg 1 1 dg _ 1 -g)P -b

. . L < av = — = - =

J 1+e9’osl+e eforO 9<ooandJ; X ‘l)l_l'{i(l)[ e ]0 ban;c( e +1) 1
0

dG dé

+e

= g converges = 5 converges by the Direct Comparison Test.

ob-,g
O‘q8

dx_.

Inx’

o0 [ o] .
;0<% ic T—l—— for x > 2 and [ (%{_x diverges => I l—gix diverges by the Direct Comparison Test.
2 2

N&—ﬂg

r—&—ﬁg

[o o] o0
X X
% dx; 0 < % <% for x > 1 and J %c—x diverges = J £ xdx diverges by the Direct Comparison Test.
1 1
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o) x O
60. J In (In x) dx; [x = ¢¥] — J (Iny)e’ dy; 0 <Iny < (In y)e¥ for y > e and J Inydy :blim [y In y—y]]:
—00
ee € [}

[o'o) x
= oo, which diverges = J In e¥ dy diverges = J In (In x) dx diverges by the Direct Comparison Test.
€ ee

T 4 e —x Ve 1 1 T a /2
61. J —&X . lim ~———<%= lim = lim = =1; J X — [ e X4 dx
] X —x XT%® ( 1 ) X—+00 /ex _x X0 /1 _ 25( \/1 —0 ) ) /——ex )

o0 o0
b
= lim [—2e_x/2]1 = lim (—Ze_b/2 + 2e_1/2) =2 o J e™*/2 dx converges = ‘[ dx converges
b—oo b—oo \/5 ! e*—x
by the Limit Comparison Test.
0o ( - 1 ) 0 b
. -2 . . -
62. J excE{Zx;xl-l—vngo . 1 ’}Lnéo ex—2x—)(ll*IIolo 12 x=1—l-0-=1a.l'ld J d—xzbll,nolo [_e x]l
1 (?) - (é’ 1
oo o0
= ])1_1_{120 (—e by e’l) = % = J d_x converges = J. d—x2x converges by the Limit Comparison Test
1 1

[o o]
63. I —dx__ _»

[o o]
2 Vxt41 J; X417 xi4 xt+1 x*+1 x*+1
1 o0 (&) b (o)
< J (ix +J d—’z(and J = = lim ["i] = lim (—%+1 =1= J _dx converges by the
2 x*+1 1 X i X b—oo 1 b-oo J x4+1

Direct Comparison Test.

o o] o0 o0 o0

dx  _ dx 1 1 . dx dx

64. J Fre ¥ 2 I Tt % 0< T3 % < pr for x > 0; J X < converges => 2 J Frex converges by the
0 0

—0o0

Direct Comparison Test.

2
In2
e dt _ 1 1-p Y p!-P 1 1-p
65. (a) «1[ x(ln x)P’ [t =Inx]— J P _bl1r;1+ [ p+1t ]b —bilél+ _p—1+1 _p(ln 2)
=> the integral converges for p < 1 and diverges for p > 1
o0 x
(b) J x(ld )p, [t =Inx]— I ‘ti—; and this integral is essentially the same as in Exercise 67(a): it converges
In2

for p > 1 and diverges for p <1




66.

67.

68.

69.

70.

71.

72.
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[o o] (o]
J 2;{ dx _ hm [ln (x + 1)] = llm [ln (b2 + 1)] 0= hm ln(b2 + 1) = 0o => the integral J 22x dx
x2+1 oo X +1

b

diverges. But lim f %: lim [ln(x2+1)]b l)m [ln(b2+1)—ln(b2+1 ]— hm ln(
b—o0 x“ 41 b—oo

= bl:rr;o (nl)=0

b—oo b—oo

oo

A=J e *dx = lim [—e"x]:; lim (—e=?)—(-e°)
0
+

oo o0
V=J 2nxe™™* dx =27 J xe_xdx_21rblim [—xe™* —e~¥]
—00
0 0
o0 oo b
— 2 g4y — —2X Jy — : 1 -2«
V—Jﬂ'(e ) dx wJe dx—wban;o[ 3¢ ]0_
0 0
w/2
_ _ o _ b_ .. tan b|
A-J (sec x tanx)dx—bl_l%l_ [In |sec x + tan x| 1n|secx|]o—bl_1%1_ (ln\1+——secbl lnl1+0|>
0
= lim In|l+sinb|=1In2
b—Z~
2
[o/e]

x—2 x—2

o0 o)
J (——1———) dx # J dx__ J dx , since the left hand integral converges but both of the right hand
3 3 3

integrals diverge.
b a b [ oo b
(a) The statement is true since J f(x) dx = J f(x) dx + I f(x) dx, J f(x) dx = J' f(x) dx — I f(x) dx
~00 —00 a b a a
b
and J f(x) dx exists since f(x) is integrable on every interval [a,b].
a

f(x) dx + J f(x) dx

O

(b) T f(x) dx + J f(x) dx = T f(x) dx + J f(x) dx —

a b )
f(x) dx + J f(x) dx + l f(x) dx = _J;o f(x) dx + l f(x) dx

8%0‘
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b—oo

73. (a) T e 3 dx = lim [—%e_:’x]::bﬁm (—%e'3b)—(—%e'3'3)=0+%—-e_9=%e"9

2 2
~ 0.0000411 < 0.000042. Since e < e~3* for x > 3, then | e™* dx < 0.000042 and therefore

we——m8

3
2 2
e * dx can be replaced by J e™* dx without introducing an error greater than 0.000042.
0

2
e * dx =0.88621

Ot w O—8

(b)
74. (a)
y
1
08
sint
016 y .T—
08 Si(z) = J§ i2tdt 04
0.6
04 02

02 _ ] .
07 B ) % X 02

(b) Maple command:
> int((sin(t))/t, t=0..infinity); (answer is %)

75. (a)

08
0.6
-2

04 erf(z) = f§ dt

0.2

0 TSR X
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(b) Maple commands:

> fi= 2xexp(—t"2)/sqrt(Pi);
> int(f, t=0..infinity); (answer is 1)

76. (a) f(x) = —me"/2

VT

=3, 3] by [0, 0.5}

f is increasing on (—o0,0]. f is decreasing on [0,00). f has a local maximum at (0,f(0)) = (O,-——l——->

Vr

(b) Maple commands:
>fi=exp(—x"2/2)(sqrt(2xpi);

>int(f,x=—1..1); ~ 0.683
>int(f,x=-2..2); ~ 0.954
>int(f,x=-3..3); ~ 0.997

b
(c) Part (b) suggests that as b increases, the integral approaches 1. We can make J f(x) dx as close to 1 as
-b

0o -b
we want by choosing b > 1 large enough. Also, we can make J f(x) dx and J f(x) dx as small as we want
b -0
by choosing b large enough enough. This is because 0 < f(x) < e*/? for x > 1. (Likewise, 0 < f(x) < e*/?
o0
for x < —1.) Thus, | f(x) dx < j e~*/? dx.
b

e /2 dx = Jim_ [—2e_x/2]: = lim [—2e7¢/2 4 2¢7P/?] = 9¢7b/2

ge——a T—8

o .
J e ™/? dx = lim
C—00
b
[ o]
As b — oo, 2e7P/2 0, for for large enough b, J f(x) dx is as small as we want. Likewise, for large
b
-b
enough b, j f(x) dx is as small as we want.
—00

77-80. Use the MAPLE or MATHEMATICA integration commands, as discussed in the text.
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CHAPTER 7 PRACTICE EXERCISES

du = 8x dx

=4x%-9 3/2
1. IX\/4X2—9dx;[u x }—»Hﬁdu:%-%u3/2+0=—11§(4x2—9) +C

=2x+1 -
2. Jx(?x—l—l)l/2 dx; [Zu:}; dx]_'%,[ (u21)\/ﬁdu:%<Ju3/2 du—Jul/2 du):%(%us/z—%us/z)-kc

+C

C(x+1)%? (2x+1)3?
=710~ 6

3 [ _xdx .[u=8x2+1 ]_,LJ_dlzL.Zul/2+C=————V8x2+1+C
) VexZ+1 | du=16xdx 16 w16 8
4. u —Q—g—i%,[ 31]:___22;3(; ]—4%‘[ d—dl—=%ln|u|+0=%ln(25+y2)+C
e B e
’ -3
7. : (1si_nc202 gz)z"{dgzzgogﬁa]_’ﬂ %%:—%4_(3:—2(1—;5 29)+C
8. : %‘1—%%5{(133;2“53&]"%] QU limjui+C=4n|1+sin2t[+C
9. " (sin 2x) €% ** dx; [du _—l.lf2c:isn2;x dx} - —% J e’ du = —%e“ +C= —%ec°52x+C
10. : % sec? (eo) dé; [duuzzegodﬂ] — J' secludu=tanu+C = tan(e9)+ C
i {2 lax=Z 40
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— J dT}l:lnlu|+C=ln|2+tan_1x|+C

1,1 =Llgn-1(3t
sin u+C—3sm (4)+C

=Lltan—lutcC =Ltan_1(%)+c

_ l4cos 6x ; _ x , sin 6x
3xdx = J. —2——dx—§+1—2+C
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du=—%sin§d0

30 9
2
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3 _ 20, _ 2 _ . u=2t
23. Jtan 2t dt = J (tan 2t)(sec?2t — 1) dt = Itan 2t sec? 2t dt Itan 2t dt’[du=2dt]

—>%Jtan u sec?u du—%[tan u du:%tan2u+%ln|cos u|+C=%tan22t‘,+%—lnlcos 21+ C

:%tanZZt—%lnlsec 2|+ C

24. —dx = dx csc2xdx=—lln|csc2x+cot2x|+C
2 sin X cos X sin 2x 2

2d 2dx .| u=2x du _ _
% [cosz — —,[cos;x’{du=2dX}_) I cos}lu-—Jsecudu_ln|secu+tanu|+C

X —sin“x

=1In |sec 2x +tan 2x|+C

w/2 w2
26. J Vescly —1dy = J cotydy:[lnlsinyl]”ﬂ:ln 1-ln-l-=1n+2
w/4 \/5
w/4 w/4
3r/4 3r/4
27. J Veot?t +1 dt = J csv:tdt:[—lnlcsct-{-cottl]::f;‘/:=—ln‘csc~341-+-cot:%"|+lnlcsc%—kcoti£
w/4 w/4
=—ln|\/§—l‘+ln|\/§+1|:ln \é—;-*—i =ln\(\/§+2l)_(}/§+1)l=ln(3+2\/§)
27 27 T 27 . 2
28. J ,/l—sinzgdx:J lcos%ldx:] cos%dx—[ cos%dx:[2sin%]o—[2sin%]:
0 0 0 T
=(2-0)—(0-2) =4
/2 /2 x/2
29. I VT —cos 2t dt = /2 J Isintldt:2\/§J sin t dt =[-24/2 cost]:/2=2\/§[0—(—1)]=2\/§
- /2 —n/2 0
27 2 37!’/2 2
30. J \/1+cos2tdt:\/§J lcos t| dt = —y/2 J cos t dt + /2 J cos t dt
ko m T

3x/2

= —/3 (sin t137/2 4 \/2 [sin t13% /5 = —/2(—1— 0) + /2 [0 — (-1)] = 2¢/2
/
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x“ dx 4 dx -1(Xx
—x— | Adx _y_9y b AW
X Jx2+4 X an (2)+

3ax _ [|x(2+9)-9x|, _ 9 _x2_9 2
X ’g__ 219 dx= | (x—-==X dx.—32——§ln(9+x)+c
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J
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Chapter 7 Practice Exercises

=%ln(y2+1)+4 tan~ly +C

v +1 yi+1

t+2 dt:J t dt +2J dt = /—_4—t2+2sin“1(%)+c

V4 —t? 41t

2, T2
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sinx+1" 2 2

tan x dx _ _ J sin x dx __ J (sin x)(ll—sin X) dx = J sin x—l+coszxdx
1—sin“x cos“x

) +J‘dx=®%—tanx+x+0=x—tan x+secx+C

C082 X COs™ X

1

b'e csc(x2+3) dx =5 J csc(x2+3)d(x2+3)= —% In |csc(x2+3)+cot(x2+3)|+C
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3 5
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5 3 3 5

-3/2 z=4tan 6 4sec?9dg _ 1 1

16 +22) "% dz; Jﬁ_=_J §do=Lsing+C=—0 2T
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SR Sy

1/2
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5
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dx | x=sinf | cos 6d6 _ 2 - _ _ _cos@ -V1-x*
43 J'xzm’[dxzcosede} JSinzﬁcos - Jcsc 6do = cot0-1_0_'_s1n9+C—'__x__+C

2 = sl s 2
44, j%;[dxx_cf)‘s“:dg]q [ sin 0 cos fdf Isirﬁe o = J 1ocos 26 4p=1g—1sin 26
_x -
-1 2
=%0 %smﬁcos&- n2 x_Z 12 X +C

—dx . x =3 sec § 3secftan 0 df _ | 3 sec § tan 6. df _
45'J /x2—9 [dx—SsecﬁtanﬁdG} J V9 sec20—9 —J 3 tan 0 —Isec0d0

J§(+”(§)2—1|+Cl =In

46 12 dx x = sec f _,j12secotanado J12cos0d0 u =sin 0 12 du
’ (x2 1)3/2 dx = sec 6 tan 8 df tan3 6 sin’0 du=cosfdo| w2
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WI+Cl=ln|x+ VaE—9l+c

=In|sec § +tan §|+C; =In

__12 _ 12 _ _12sect __12x
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47. u=In(x+1),du = dx

+1,dv_dx,v_x,

Iln(x+1) dx=xIn(x+1)— J i—%dx:xln(x+1)— I dx + J x({;_(lzxln(x+1)—x+ln(x+1)+C1

=(x+1)In(x+1)-x+Cy=(x+1) In(x+1)—(x+1)+C, where C=C; +1

48. u:lnx,du:d-%;dvzx2dx,v= x3;

1
3
2 1.3 1.3(1 3 x°
Jx lnxdx_gx lnx——J'gx (i)dx_?lnx——+c

49. w =tan"!3x, du = 3 dx ;dv=dx, v=x;
1+ 9x?

_ 2
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——y
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22— ae"
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dx =4 lnlxl——ln(x +1)+4 tan"'x+C

58. J'3x +4x 44 4 I%dx_J x—4
x3 +x x“+1

(v+3)dv_1 3 5 1),
59'J o_gv 2 (“4‘v+8(v—2)+8(v+2))d"— §ivi+fglnlv=2l+{ginlv+2|+C
L6-2) <v+2)<
=g In v
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2x3 4+ x2 —21x + 24 x 1 dx . 2 dx
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ds . —_eds 2udu _ du du_ _ | du _,|u=1
' J\/e5+1’ du=3 e +1 —’Ju(lﬁ—l) 2[ (u+(u-1)" Ju—l Ju+1_ln‘u+1’+c
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(b) J——i’—éé}-,——;[y=4sinx]—»4j S.m—xéggsx}(;ﬁz——4c0sx+C=—u2——y—+C=—\/l6—y2+C
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J.4a—x cos

——%—ln|4—-x2|+C

@ o=t [ D 1
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~sec § tan @ -5 sec § df 2
1 t 4t -1
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(
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dx _ 1] dx .1 dx _ 1 1, |x+3
73. ,[9——x J3 x+ﬁj3+x ln|3 x|+gn[3+x|+C=5ln 3‘+C

dx .| x=3sinf | [ 3cosh = —gin~1 X
74. J%‘j'[dxﬂcosodo] J3co ed"‘jdg“”c‘s‘“ 3+C

75. J x dx . u:-.\/)_{ J +2u du _

2 2 2.3_ .2
-9 __2 —2.3_ _
=g ~ [ fudu (o -ut2- o) du=Fu’ 04 u-2In 1 4u]+C

=2x—§/3—x+2\/§—2ln(1+\/3_<)+0

_dx x =tan f sec?0 do _ cos39 d0 1 —sin28 )
6. J x(x2+1) [dx =sec?d de]“ J ten D secid ) sin® =21 )d(sin 6)

=In|sin 6|—%sin20+0=1n

x__|_l_x _V.c
\/x7+1| 2(\/x’+1)

u=./x
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X =
4 24/x
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} V142 sec 0
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1

-1V
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3
Bdx 3x+2 _I J dx J dx
. _X dax 2 dx = 2)dx+3 +
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x—1 dy
J Vx—1dx; dy —*Ilny-2ydy;u=lny,du=7;dv=2ydy,v=y2

_2\/
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r 2
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%1_r{(1)————-——t2 —}EPOT—W“”—’O and —oco fort — 0

The limit does not exist.

lim tan 3t _ i 3 sec? 3t 3

t—0 tan bt ~ t—0 5 gec25t O

lim X80 X_ _ ), Xcos x+sinx _ o =X sin x+cos X+ o8 X _ o
x=0 1—Cco8 X~ x—0 sin x x—0 cos X

The limit leads to the indeterminate form 1%°. f(x) = x/(=%) = 1 f(x) = In x

1-x
= lim 48X — lim 1x — 1= lim x/0%) = [im o) = -t =%
x—1 1—-x x—-—1 -1 x—1 x—1
The limit leads to the indeterminate form oc®. f(x) = * = n f(x) = lnTx = lim %3‘- = )}Lm l{_x =0

= lim x/*= lim fx) — 0 =1
X—00 X400

3 V¥ gy In(1+3)
The limit leads to the indeterminate form 1%°. f(x) = (1 + —) = In f(x) =x ln(l +§) =—"

X I
X
in(1+3) e x
o +x) L 143/x 0 3x _ . 3 _ . nf(x) _ .3
ﬁxlaf%o—%——xl% 1 —,Lnsox+3—3=>xll.rg°(1+f)—x11.f§°e =e
2
X

lim €98 — 0 sincelcosr|<1andinr — coasr — oo.
r—% Inr =

lim (0—ZL)secd= lim —9—2-= lim S
6—r/2 ( 2) ~ g—m/2 COS 6—x/2 —sin 0
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| 1
. 1 1 lnx—x+1 . -1 - 1—x -1 1
123. :lcl—qi (x—l lnx)_:lcl—»n{ [(x—l) lnx] llgi X— 1+lnx :lcl—% x—1+xlnx™ ;l¢—>1 1+x/x+lnx 2
124. The limit leads to the indeterminate form oo®. f(x) =(1 + 1) = In f(x) = x ln(l +% ) W
-1/x2
. In(1+1/x) . 1+41/x _ 1Y _ Inf(x) _ 0_
= i, SR = i, T = =0 = i (14d) = i, 0=
125. The limit leads to the indeterminate form 0°. £(8) = (tan 6)° = In () = 0 In (tan ) = !W
2
sec”
. In(tan 9) . tand® . 92 ~20
= lim ————= lim 2% = lim ——F—— lim ——==2——=10
x_l,rél+ 1/6 x.fél-l' - x—ot+ sin 0 cos = _,g+ —sin? 6 + cos? @
= lim (tan §)? = lim e =¢0=1
x—0t x—0
: 2 (1N i SiDE_ 15, COSE
126. 615& 0 sm(a)_tl_lgh_ " —tEI;1+ S =
197, Jim 23041y 36k, 6x—6_
=) 2X2+X—3 T x50 4Ax 1 x4
oo 8xPox4+1_ L 6x—1 _ . 6 _
P B e T 5 5 T e o7 g
3 b b
dx  _ dx 1 a-1(X\1° = i s=1bY_ . -1{0\_7_q_7m
129. J —9—x2 b1_1'1:131 J)‘ 9_x2_b1—1+%1' [sm (3)]0 bl_l.rgx_ sin (3) sin (3)—2 O—2
0
i (3)
130. J Inxdx= lim [xlnx—x1}=(1-In1-1)— lim [(blnb—-bl=-1— lim Inb__y_ jim b
b—ot b0t b0t 1 p—ot _1
0 . b b2

1 0 1 1
dy _ [ dy dy _ dy _ 13t _ 13\
131. J T§_J —2-§+J 2—/3_2J =23 lim, [ ]b_e(l- lim b )_6
sl o Y o Y

y 21 y b—*o b—0
4] -1 0
132. J sz _d6 J _d8 _ o+ 1257 + §0+12/5]‘;
3, 6+ ) (9+1)°° 0+1)>3°5 " [ @+1) ] 9 b_}f‘l+[2( )

= K 5 2/5_5 ' 3_9 2/5)\= 3,5 _
= lim_(3+1) 2)+b_l}£xll+(2 Sb+1)*/%)=-8+5=0
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133.

134.

135.

136.

137.

138.

139.

140.

141.

142
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o0 oo o0 b
2du _ du _ | du_ y; u—=2{ — b=2||_1,[3=2|—g_1m(1l)=
Ju2—2u_,[ == J u..})lgr;[ln' T l]a_bl_x_)n;o[lnl 5 .] ln' 3 |—0 ln(3)-—ln3
3 3 3
® b
3v—1 1,1 4 - 1 1_-
[ it (b deme)ov= e oo
1 1

= I b Y 1} —-1— —Inl - 3
= Jim [In(z2g)-{]-0n1-1-lm8)=imj+1+lm3=1+In3

0
3X Jv — 1 X3x_13x] _ _1_ y bab_13Yy__1_4__1
J"e dx= lim |3¢7-g° ]b §-tim (3o -ge®)=—§-0=-3
—00
o0 o0 o0
dx dx_ _1 dx  _1 po [2.. -1(2x)]P_1 2., —1(2b\]_1,. -1
_L 4xz+9—2J; 4x2+g_2l xz+%—21}l.“i.‘o[3t“ (%)), =3 dim_ [§tan™ (%)}~ 5 tan™ @

—Io 4dx _g 10 ddx o blim [tam“1 (%‘)]Z =2 blim [t:a,n'1 (%)]— tan™1(0) = 2(%)— 0=n

X2 + 16 X2 + 16 —00 —00
oo [> ¢}
. 6 dé 4 dé ;
lim =1 and J. <7 diverges = J diverges
§-00 /6% +1 ) 0 ! VeE+1

. - b
I=| e%cosudu= lim [—e™cosu] —
b—oo 0

0

o~—8
o——8

(o <]
e Usinudu=1- blim [e~" sin u]b + J (=e™) cos u du
—00
0

¢I=1+0+I:>2I:1=>I=—%—converges

T

= oo => diverges

€ oo
Zgp=| 24,4 | B2g,= (]nz)2e+ lim (lnz)2b=(12—0)+ lim [(Inb)?-1
z z 1 " booo € b—oo
1 e

N|=

[oo] o0
-t -t
0< e% <etfort>1and J e~* dt converges = I e717 dt converges
1 1
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144.

145.

146.

147.
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o0 oo 00
1 dx __ dx 2dx
X and J ex+e—x—2 J ex_'_e—x< I oX
-0 0 0

3 + e—2x

oo -1 0 1 o0
'[ dx  _ J J J dx +[ dx .
N x2(1+eX) 2(1+e J 1+e") x*(1+4¢) ) x2(1+¢¥)’
_1_) ; 1
(2 (1+e¥)
. X . X e . .
’1(1_% S — )](13(1) — 7 = lin llm (14e5)= 2andJ %dwerges:} I -xz(Tdi;ﬂdlverges
(1 +e) 0 0
o
= J 2 (fi . )dlverges
—00
Ll _dy=e*d :J;d=J"d="+C- L =4+ B 51=Ap0-1)+B
e s FE R A B A G=D+B)
=(A+B)y-A

Equating coefficients of like terms gives A+ B =0 and —A = 1. Solving the system simultaneously yields
A=-1,B=1.

I-y-(—yl_—l)dy=J 1dy+l —Ldy=-lnjy|+In|y-1[+C, = —lnjy|+In]y —1|=e*+C

Substitute x=0,y=2=>-In24+0=14+CorC=-1-In 2.
The solution to the initial value problem is —In|y|+In|y—1|=e*~1—In 2.

—1 _dy=sins dé; J d _‘[81n0d0=>—L——cose+C

v+ CET +T
Substitutex:%,y=0=>—1=0+CorC=—1.
The solution to the initial value problem is ~~—_}—_—I —cos 6 —1 =>y+1=a)~s—%——q_—1=>y=m—l

- dx .2 = (x — D)% — 1 —_A B = Alx — -
dy—x2_3x+2,x Ix+2=(x-2)(x 1)$x2_3x+2—x_2+x_1=>1—A(x 1) +B(x—2)

=1=(A+B)x—A-2B
Equating coefficients of like terms gives A +B =0, —A — 2B = 1. Solving the system simultaneously yields
A=1,B=-

_ dx _ dx dx — _9l_ —
de_Jx2—3x+2—Jx_2 [x_1=>y_ln|x 2|=In|lx-1|+C

Substitute x=3,y=0=>0=0-In2+CorC=1n 2.
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The solution to the initial value problem is y =In|x —2|~In|x—1|+1In 2.

.42 — 1 _A B
In|s+1|+Cy;t +2t_t(t+2)=>t2+2t_t+t+2

ds _ _dt . ds _1 ds _
- 2x+2" 2

—dt 1] ds__1
2x+2 7 42 4 9t s+172
= 1=A(t+2)+Bt = 1=(A+B)t+2A.
Equating coefficients of like terms gives A +B =0 and 2A = 1. Solving the system simultaneously yields

=lp=_1
A=5B=-3

I t2+2t—J “-dt— | ghgdt =ghitl-ghn|t+2]+Cy = glnfs+1{=5nltI-5Inft+2|+C;

= In|s+1|=Inlt|-In|t+2|+C
Substitute t =1, x=1=>In2=0-In34+CorC=In2+In3 =1In 6.
The solution to the initial value problem is In|s+1|=In|t|—In|t +2|+1n 6 = ln|s+1|=ln|t—(_’:}-§

=+ 1i=[gd

CHAPTER 7 ADDITIONAL EXERCISES-THEORY, EXAMPLES, APPLICATIONS

1.

2 .1
u=(sin"1x), du=2ﬂl_.x2ﬂ; dv =dx, v=x;
1-x

(sin"1 x)2 dx = x(sin_1 x)2 — | Zxsin_xdx sin—x dx;

s —1 dx 2x dx </ 2
u=sin""x,du = —=2—;dv=~ v=2v1-x%
V1-x2 \/1—)(2,

J M: 2(sin'lx)\/1-— 2_ I 2dx = 2(sin'1x)\/1——x2—2x+C; therefore
\/l—x2

J (sin'1 x)2 dx = x(sin"1 x)2 + 2(sin"1 x) V1-x2—2x+C

1_1
X—XxX»

1 _1__1
x(x+1) X x+1’

1 -1 __1 + 1
x(x+1)(x+2) 2x x+1" 2(x+2)’

1 ~1__1 .1 1
EFDEF)x+3) X Zx+1) 2x+2) 6(x+3)’

1 -1 1 1 __ 1 1 ; .
SR ) G | eyl 75 6(x+1)+4(x+2) 6(x+3)+24(x+4) = the following pattern:

1 & (=1)k , d
EIDG ) T 1 W - Rk k) oo J I+ D ()
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=5 I Co b PRT] P
k=0 [ (k!)(m —k)!
2
3. u=sin"1x, du = dx X

71t—-;i;dv=xdx,v=7;

2 2 = si 2 s 2
. -1 X2 -1 x?dx .| x=sinf -1 _x2 . -1, [ sin®0 cos 8 d6
stm xdx—zsln X Jz\/W’[dx:cosGde]_)besm xdx_2sm b J—-—-——-—-———zcoso

2 . 2 .
=-—2—sin"1x—%J sin2¢ d9=x78in'lx—%(%—§ma—2-ﬂ)+0=%sin_1x+§ﬁl_gc%Q;ﬁ+C

z=./y
4, J sin~! \/)7 dy; d \é; — J 22 sin~1z dz; from Exercise 3, J z sin"!z dz

- 7 . -1 T—7 —sin-!
=z231§1 1z+zv1-z4—sm Z 0o ‘[Sin"lﬁdyzysin‘l\/§+\/§‘/ y2 sin \/§+c

|
Cysint ye Y SV

D) +C

5. J'__ﬁ__J cos?6 d0=I 1+ cos 26

1 In |sec 20 + tan 26|+ 26
= dfd =5 | (sec20+1)df =
1—-tan?6 cos? 6 —sin? 9 2 cos 20 2 J ( )

2 +C

6. u=ln(\/)_(+\/1_:a,du=(\/;[+d\x/1+x)(2\1/£+2\/11+x)=2\/§‘\1;1+x;dv=dx,v=x;
Jln(\/i+\/m>dx=xln(\/§+\/m>—%[ x dx ‘IJ x dx

VxV/T+x 2 N 1
(x+3) -1
x+-%—=%—sec0 (sec 0 — 1) -sec 6 tan 6 df
_'ZIL'J 1 =%J(sec20-sec0)d9
dx =1 sec 0 tan 0 df (3tan0)

tan 6 —In |sec 8 + tan 4| 2vx +x—ln|2x+1+2\/x§+x‘

2 2
> [In(yR+ vIFx) de=x n(yR+ vITx) -2 txboarivavitiend
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u=tanf
dt t =sin 6 ] J‘ cos 0 df I do 2 J du
7. J—————; — - = ;|du=sec“8df | —» | —————
t—v/1—t2 |:dt:cosﬂd€ sin § — cos 4 tan -1 46— _du (u—l)(u2+1)
Tul+1
_1 du_ _1 du 1} udu _1 u—1 | _1, -1 1, jtanf—1] 1
'-2Ju—-1 2J'u2+1 2ju2+1_2ln '/uz—l—l{ g tan u+C—2ln sec 26+C

ln(t—\/l—tz)——sm 1t 4+ C

N)I»—l

[ (262 —eX) dx [ u=-e* ]_}J (2u—1) du %I (2u—1)du

"|du = e* dx

\/3u2—6u~

3e2X —GeX — 1

u_1=—2—secﬁ
\/— —»_I._J(—é—sec 0+1)(Sec ) d9=ijse(:20d¢9+L

du_\/_seCGtanb’de VERANE 3 V3
3
=%tan0+%ln|see 6 + tan 0|+Cl=%-,/1—3(u—l)2—1+%ln %(u—1)+\/%(u—1)2—1|+01

3
=2v/3uf—6u—1 -\}—gln‘u—u (u—1)2—§|+(01+ﬁ1n-{—

-3
%[2,/e2x—2ex—§I+ln e"—1+\/e2x—2ex—§il]+0

J.sec 6 df

1 1 1
9. —_—dx=| —————d =I d
Jx‘t 4 J‘(x2+2)2—4x2 * (x® + 2x+2)(x* — 2x +2) *

+
_1_[ 2x+2. 2 %=2 ,_ 2 dx
C+2x+2 (x+1)%24+1 x?-2x+2 (x—-1)%+1

x% 4+ 2x +2
X2 —2x+2

~+ %[t:«m‘1 (x+1)+tan"! (x—1)]+C

1 1 1 1 x—2 x+42
dx = = — + — dx
st—l x 6J<X—1 x+1 " x2_x+1 x2+x+l)

— 2x +1 3
lnlx 1| 1 J 2x—1 3 _ dx
x+1 12 X —-x+1 12 3 X2+X+1 12 3

+C

+xiil 2/Btan™ (270) 2 an (A1)

1l |x=1], 1
“6l“|x+1|+12[“‘

[Z%)
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b
b
11. lim_ J —L— dx= lim_[sin"'x]; = lim_(sin"'b—sin"20)= lim (sin™'b—0)= lim_sin"'b=12
b1 1—x2 b—1 b1 b—1 b1 2
()
X
I tan~1t dt
X
12. xll»nolo % J tan~1t dt = ,}H{.‘o "0“"""")?_ (% form)
0
= lim tan~1 x T
T x—00 1 72

1 —si t
13. y =(cos \/i_)l/x =Iny =%ln(cos V/x)and lim M: lim L\/;c=:l lim o VX

x—ot x—ot 2\/’_( cos \/)_( 2 x—ot \/;

1.-1/2 2
§x/sec\/)—{_ 1

1 . 1/x _ -1/2 _ 1
=-5 lim &—m————=—5= lim (cos{/x =e ==
2 x—o0T %X—I/Z 2 x—0t ( \/_) €
2 2 In(x +e* . oo 2(14e ) x . x
14. y = (x+¢€¥) /X:Inyz#a’g& Iny = lim %‘—)=xll,f§° 12_$ex=xl-1-vnc}o zee?=2
2 :
= Jim, (x+¢5)"/" = Jim &= ¢f
X
15. lim J sin t dt = lim [—cos tI’_y = lim [—cos x+cos(—x)]= lim (—cosx+cosx)= Jim 0=0

—-X

) (Elf) ! y
16. lim I cos2 ¢ dt; lim —lim —4_=1= lim J' c%t dt diverges since J % diverges; thus
0

x—90+ % t—ot (%) t—90+ cos b x—0t
t
1
lim x J &gt dt is an indeterminate 0 - oo form and we apply I’Hoépital’s rule:
x—0 % t
X
1 -t (e
lim x'[ &Szt’dtz lim —1——-—-1——= lim —~%* 2= lim cosx=1
x—0 % t x—0Tt X x—0t (___];2_) x—0T1
X

w/4

1+(\/cos 2t)2 dt = \/5 J Vcos?t dt
0

2
17. %: v/ cos 2x = 1+(g—i> =1+4cos 2x =2 coszx; L=

o
S

=+/2sin t13/4 =1

2 22 2 2 1/2 3
dy _ —2x dy _(l—x ) +4x® 1+ 4+x* _(14+x%2) . _ dy
18. Ix 5 => 1+ =) = T = 5 = 7] L= 1+ Ix dx
—X (1_x2) (1_x2) 1-x )
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1/2 1/2 1/2 1/2
= 1+x - 2 _ 1 1 _ 1+x
- J ( )dx J (—1+1_x2)dx_ I (—-1+1+x+1_x)dx_[——x+ln‘1_x”
0 0

(-3+3)-(0+m1)=1m3-3

1
— shell shell
19. V = J' 2, adius)(helght) dx = J 9mxy dx
0

1 u=1-x
= J x2y/1-xdx;| du=-—dx
0 x?=(1-u)?

0 (1}
—_— ——67r J (1—-11)2\/6 du:—-67r J (u1/2—2u3/2+u5/2)du
1 1
2
3

= o B a3+ ) o (D) oo Iy

157"+21r In 4 ‘

b

_ shell shell _ x

2. V= J 2W(radius)(height) dx = I 27xe™ dx
a

= 27 [xeX ~ex](1) =2

In2
22. V= I 27(ln 2 —x)(eX— 1) dx
0

In2
=2 J [(In 2)e* —1n 2 — xe* +x] dx
0

In2

2
= 21r[(1n 2)e* — (In 2)x —xe* +e* + XT]
0 in2

2 2
=27r[2 In2-(In2)%-21In 2+2+@]—2w(ln 2+41) :2#[—(11122) —In 2+1]
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€

23. (a) V= J 7[1—(In x)?] dx
1

e
=[x —x(In x)?]] — 27 I Inxdx  (FORMULA 110)
1

= w[x—x(ln x)2 +2(x In x—x)]:

= 7[—x —x(In x)?2+2x In x]: = 7r[—e—e+2e—(——1)]= T

(b) V=J r1-Inx)?dx=~ J [1-21nx+ (In x)?] dx
1 1

€
=7[x—2(x In x—x) +x(In x)f"’];3 —27 J. In x dx
1

=7[x~2(x In x—x) +x(In x)?-2(x In x—x)]:

= #[5x —4x In x +x(In x)z]: = r[(5e —4e+e) — (5)]

= n(2e —5)

[(ey)z_l]dy=7r]. (e2y_1)dy=1r[627y_ ]:zw[g_l_(%)]zw(eZ—ﬂ
(ey_1)2 dy = ]. (ezy—2ey+1)dy=1r[327y_2ey+y]1 =1r[

2 5 __1r(e2-—4e+5)
:r(e —2e+—)———2———

25. (a) lim xlhx=0= 1im+ f(x) = 0 = f(0) = f is continuous

x—0 x—0
u = (In x)?
2 dx 2 2
du=(2Inx) 5§ . 3 3
(b) V= J mx%(In x)? dx; do =2 x|, W(bl_lgl‘*' [x-a—(ln x)z]b_ J (%)(2 In x) QXK)

0 - 0

_x

VEY

2
= ﬂ'[(g)(d-dmf"_-— 3 lim, [x; In x_%"] ]___ 7r[ts(1n32)2 B 16(19n 2) +%]
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1 1
2. V = J (—In x)2 dx:w(%in(:) [x(n x)?], 2 J In xdx)
0 0

=—-27 lim [xIn x—x]llJ =27
b—0

__1 —__dy oo _ . on-1 _ oo
27.u_1+y,du_. (1+y)2,dv_ny dy, v =y

1 1
-1 n n
. ny™ T y y _1.,
nllr,%o J T¥y dy—nl_l_r)r.}o ([1+y]0+J 1+y2 dy)—2+ lim
0 0

1 1 1
. yn . n _ 1 yn+1
>0 lim, | rpdvsiig | yidy=gin |heT] =
0 0

+0=

(SIS
DO

28, u = x?—a? = du = 2x dx;

[x(Va=)" ax =} [ (V)" an =} [ wor? d_%(u“”“)m, n# -2

n
2-+-1

n n+2
e (O (/)

=y tC="0gr tC="gx7 €
, L 1 1 \ﬁ
29. 1=sin_ll= sin~1 ¥ =J dx <J —dx_ <I —dx 1 I du
6 2 [ 2]0 Va2 T Va-R—d T Vamad V2 ] V-
= L™ g]\ﬁ =_l_sm—1_\/_§=L(£)=7’\/§
\/5 2], \/' 2 V2\4 8
o0 b ab
ax__ 1\ae_ 1 ax 1\ av — 1o [21n(<2401)_1 LI [l (x2+1)]
30. Jl. (x2+1 2x)dx—bli>ngo J; <x2+1 2x>dx_bli»nolo [2 n(x* +1) 2ln X]l——bll»nolo 2ln X 1
2 2 2 a_'l
=bhm %[ln (b :1) 1 2”];inm (b ¥ ) >bhrn b——bhm b ( 2)=ooifa>%=>the improper
— 00 —00 —00 —00
1/2
; verges ifa > Li fora =L lim Y21 T oo gm L @D ) g
integral diverges 1fa>§,fora_2. bll_{g) 5 _bh—wnolo 1+b2—1 =>bll.rr°1o 2 In 5 —In2
a
_1 11 o)e _In2 ¢, 1, coB241) L (D™ 2a-1 _
_Q(ln 1—§ln2)_—T,1fa<2. Osbl-l—»n;o 5 <bh_'rr°1° b1 _blLr{:o (b+1) =0
. (b2+1) . . . . 1. . .
= bhm In —p =™ = the improper integral diverges if a < 53 in summary, the improper integral
—00

J ( axX —2—1)2) dx converges only when a = % and has the value —!—I—l4—2-
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31. Let u =f(x) = du=f'(x) dx and dv =dx => v=1x;

32.

33.

34.

35.

36.

3r/2 3x/2 3n/2

j £(x) dx._[xf(x)]31r/2_ J xf'(x) dx=[§—27—rf(3—275)—%f(%)]— J cos x dx

w2 w/2 w/2

=3 - Za—(sin X374 =T(3b—a)—[-1-1]=F(3b—a)+2

—tan™! a;

a 0o
dx -1, -1 J dx : —1,0° _ s -1 -1 pud
=t =t . =1 t =1 t. - ==
J T4 [ an x]o an” " a; J T4 Jim [ an x]a Jim ( an~'b —tan a) 5

therefore, tan"la = %— tan"la = tan"la = % =a=1fora>0.

h 2 3/2 1/2
L=4J' 1+(%> dy;x2/3+y2/3=1=>y=(1—x2/3) :%__:_%(1_)(2/3) (x—1/3)(23_)

2 1 1
dyY _1-x*/ _ 1-x*3\ ., _ dx _ a[.2/31 _
=>(d—x) ——2);‘73-—214—4[ 1+< x2’;3 dX—4I 1}/(3 6[ /] =6
0 0

2
(d_y)_lﬁdy Loy=2%x0<x<4

dx dx — \/_

P(x) = ax? + bx +¢, P(0)=c=1andP’(0)=0:>b:0ﬁP(x):ax2+1. Next,
2

ax’+1 _A, B C D

TRUETC AR S R T R 1)2’

D =0. Thus, ax? +1:Bx(x—1)2+C(x—l)2+Ex3=(B+E)x3+(C—2B)x2+(B—2C)x+C

= C=1;B2C=0= B=2; C—2B=a= a=—3; therefore, P(x) = ~3x? +1

for the integral to be a rational function, we must have A =0 and

1
The integral -[ v/1—x2 dx is the area enclosed by the x-axis and the semicircle y = v/1 —x2. This area is half
-1

the circle’s area, or % and multiplying by 2 gives 7. The length of the circular arc y = v/1 —x? from x = —1 to

1

1 1
dy —-x_\? dx 1 . .
x=1isL =I 1+< )dx—[ 14 —== dx=J = =(27) = 7 since L is half the
dx J ,/1_ 2 J, :;I_XZ 2( )

dx .
V1-x?

1 1
circle’s circumference. In conclusion, 2 J V1-x?dx = J
-1 -1
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o o]
37. A= J' i—g converges if p > 1 and diverges if p <1 (Exercise 67 in Section 7.6). Thus, p <1 for infinite area.
1
o0 2 oo
The volume of the solid of revolution about the x-axis is V = J W(;]'f;) dx =7 J’ dT}; which converges if
1 X
2p > 1 and diverges if 2p < 1. Thus we want p > %— for finite volume. In conclusion, the curve y = x7P gives
infinite area and finite volume for values of p satisfying %— <p<l
1
38. The area is given by the integral A = J i—g;
0
p=1: A= lim [lnx}}i=— lim Inb = oo, diverges;
b-ot p—ot
. 1-p]t . 1 .
p>1l: A= lim [x p]b =1- lim b*"P = —co, diverges;
b—ot b—0
1
p<l: A= lim+ [xl‘p]b =1-— lim b!™P =1-0, converges; thus, p > 1 for infinite area.
b—0 b—0
1
The volume of the solid of revolution about the x-axisis V, == J dT’; which converges if 2p <1 or
x
p< %, and diverges if p > % Thus, V, is infinite whenever the area is infinite (p > 1).
o0 o0
The volume of the solid of revolution about the y-axis is V, == J [R(y)]2 dy=mn J % which
1 1Y
converges if %— > 1 & p <2 (see Exercise 39). In conclusion, the curve y = x™P gives infinite area and finite
volume for values of p satisfying 1 < p < 2, as described above.
39. (a)
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= lim
a—r—0o0

P&e—-0

b
£=eX dx +  lim J =) ex dx;
b—+oo

0

= Jim [~ + lim [-e]] = lim [-L+e )4 lim [—e-(eb)+%]=(~%+e°)+(o+%)=1

b—+4o0o

L4 4 1
40. (a) J %dx:] (x6—4x5+5x4—4x2+4—- zil)dxzﬁ—r
2 x + D¢

22 .
7 ~
(b) L—-100% =2 0.04%

(c) The area is less than 0.003

y y
0.5 005
y= x4(x - 1)*
04 004 =
x2+1
y= x‘(x - 1)¢ +
03 x+1 - 003
0.2 002
0.1 001
o 02 04 06 03 — X 0 02 04 06 08 |
41. * (+) cos 3x
2% (o) -:1; sin 3x
4e2% ) —%)- cos 3x
2 2 2 ’ 2
1= sin 3x+ 25 cos 3x— 1 = 1 = € (3 sin 3x +2 cos 3x) = 1 = & (3 sin 3x +2 cos 3x) + C
42, 3% (+) sin 4x
3e3% (-) —-% cos 4x
9o ) _ L sin 4x

3 3 3 3
I=—94—xcos 4x+3—f6—xsin 4x—1—961 =>%%I=§1—6i(3 sin 4x — 4 cos 4x) =>I=§2Tx(3 sin 4x — 4 cos 4x) + C
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43. sin 3x (+) sinx
3 cos 3x (=) —cosx
—9 sin 3x (+) —sin x
I = —sin 3x cos x+ 3 cos 3x sin x + 9] = —8I = —sin 3x cos x + 3 cos 3x sin x
:>I—Sin 3x cos x — 3 cos 3xsinx+c
- 8
44. cos 5x (+) sin 4x
—5 sin 5x (-) —% cos 4x
{+) 1
—25 cos 5x —{g sin 4x

I=—211-cos 5x cos 4x—15—6sin 5x sin 4x+%—(-5i-1 = —19—61= —%cos 5x cos 4x—1%sin 5x sin 4x

=1 2%(4 cos 5x cos 4x) = I =%(4 cos bx cos 4x + 5 sin 5x sin 4x) + C

45, 3% (+4) sin bx
ae®* -) —-% cos bx
aZerx () _ -12— sin bx

b

2 2 2
I.—.—ﬁcos bx+aeax sin bx — 2.1 =>(a +b )I

ax
5 SVE o 7 %,;(a sin bx — b cos bx)

ax .
ﬁl:ﬁ(asm bx —b cos bx) + C

46. X (+) cos bx
ae?* (-) % sin bx
aZe®® B B];i cos bx

2 2 2 :
1= —9;; sin bx+%£:x cos bx———f-'ﬁl ﬁ(%)l =%;(a cos bx + b sin bx)
eax

=1=
a? + b2

(a cos bx + b sin bx) +C

47. In (ax) (+) 1
1_ ()

1
X

I=xIn(ax) - [(%—)xdx:xln(ax)—x+c
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48. In (ax) (+) x2
1 (=) %xs
I= %xs In (ax) — J(%)(x;) dx = %)-xs In (ax) —-%x:s +C
) b
49. (a) T(1) = J ~t gt = J et dt= Jim [~e™t]; = lim [—;%“(*1)]=0+1=1
0 0

(b) u=t%, du = xt*~ =1 4t; dv = et dt, v = —e™%; x = fixed positive real

o0 0o
=>Ix+1)= J tXe~t dt = bli—>H<:o [—-txe_t]z +x I t*"le~t dt = h_}rgo <—%§+ 0xe0)+xf(x) = xI'(x)
0 0
(c) T'(n+1) =nl(n) =nk
n=0: T'(0+1)=T(1) =04
n=k: Assume I'(k+1)=k! for some k > 0;
n=k+1: T'(k+1+1)=(k+1)Ik+1) from part (b)
= (k+ 1)k! induction hypothesis
=(kk+1) definition of factorial
Thus, F(n + 1) = nT'(n) = n! for every positive integer n.
50. (a) T(x) ~ (X)y/2E and nT(n) = n! = n! ~n(2)/2E = (2 V/20r
() n (%)n 2n7 calculator
10 3598695.619 3628800
20 2.4227868 x 108 2.432902 x 10'®
30 2.6451710 x 103 2.652528 x 1032
40 8.1421726 x 10%7 8.1591528 x 10*7
50 3.0363446 x 10%* 3.0414093 x 10%¢
60 8.3094383 x 108! 8.3209871 x 108!
(¢ =n (2)*v/2ur (2207 et/ calculator

[ 10 | 3598695.619 | 3628810.051 I 3628800
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NOTES:




