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Vectors and Tensors in a Finite-Dimensional
Space

1.1 Notion of the Vector Space
We start with the definition of the vector space over the field of real numbers
R.

Definition 1.1. A vector space is a set'V of elements called vectors satisfying
the following axioms.

A. To every pair, x and y of vectors in V there corresponds a vector « + y,
called the sum of  and y, such that

x +y =y + « (addition is commutative),
(x+vy)+2z=x+ (y+ 2z) (addition is associative),
there exists in V a unique vector zero 0, such that 0 +x = x, Ve € V,

to every vector x in V there corresponds a unique vector —x such that

z+ (—x)=0.

B. To every pair a and x, where « is a scalar real number and « is a vector in
V, there corresponds a vector a, called the product of o and «, such that

(B.1) a(Bx) = (of) x (multiplication by scalars is associative),
(B.2) 1z = «,

(B.3) a(x+y) = ax + ay (multiplication by scalars is distributive with
respect to vector addition),

(B4) (a4 B)x = ax + Sz (multiplication by scalars is distributive with
respect to scalar addition),

Va,0 € R, Ve, y € V.
Examples of vector spaces.

1) The set of all real numbers R.
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Fig. 1.1. Geometric illustration of vector axioms in two dimensions

2) The set of all directional arrows in two or three dimensions. Applying the
usual definitions for summation, multiplication by a scalar, the negative
and zero vector (Fig. 1.1) one can easily see that the above axioms hold
for directional arrows.

3) The set of all n-tuples of real numbers R:

ai
a2

29

Indeed, the axioms (A) and (B) apply to the n-tuples if one defines addi-
tion, multiplication by a scalar and finally the zero tuple by

aaq a1 + by 0

aas az + by 0
aa = . , a+b= . , 0=

aay, ay, + by, 0

4) The set of all real-valued functions defined on a real line.
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1.2 Basis and Dimension of the Vector Space

Definition 1.2. A set of vectors @y, s, ..., Ty is called linearly dependent if
there exists a set of corresponding scalars aq,as,...,a, € R, not all zero,
such that
n
> aimi=0. (1.1)
i=1
Otherwise, the vectors 1, xs, ..., x, are called linearly independent. In this

case, none of the vectors x; is the zero vector (Exercise 1.2).

Definition 1.3. The vector

i=1

is called linear combination of the vectors x1,xa,...,x,, where a; € R (i
=1,2,...,n).
Theorem 1.1. The set of n non-zero vectors 1, T, . .., Ty, is linearly depen-

dent if and only if some vector xy (2 < k < n) is a linear combination of the
preceding ones ¢; (i =1,...,k —1).

Proof. If the vectors x1,xo, ..., x, are linearly dependent, then

n
E oG = 0,
i=1

where not all «; are zero. Let oy (2 < k < n) be the last non-zero number, so
that a; =0(i =k +1,...,n). Then,

k k—1

—qy
E ax; =0 = xp = E T;.
N - (673
i=1 i=1

Thereby, the case k = 1 is avoided because ayxy; = 0 implies that ; = 0
(Exercise 1.1). Thus, the sufficiency is proved. The necessity is evident.

Definition 1.4. A basis of a vector space V is a set G of linearly independent
vectors such that every vector in 'V is a linear combination of elements of G.
A wvector space V is finite-dimensional if it has a finite basis.

Within this book, we restrict our attention to finite-dimensional vector spaces.
Although one can find for a finite-dimensional vector space an infinite number
of bases, they all have the same number of vectors.
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Theorem 1.2. All the bases of a finite-dimensional vector space V contain
the same number of vectors.

Proof. Let G = {g1,92,.-.,9n} and F = {f1, f2,..., fm} be two arbitrary
bases of V with different numbers of elements, say m > n. Then, every vector
in V is a linear combination of the following vectors:

f17g17927"'7gn' (]..3)

These vectors are non-zero and linearly dependent. Thus, according to The-
orem 1.1 we can find such a vector gj, which is a linear combination of the
preceding ones. Excluding this vector we obtain the set G’ by

f17g17927"'7gkrflvgk+1v"'7gn

again with the property that every vector in V is a linear combination of the
elements of G’. Now, we consider the following vectors

f17f2agla927'"vgk—hgk-‘rlv'-'mqn

and repeat the excluding procedure just as before. We see that none of the
vectors f; can be eliminated in this way because they are linearly independent.
As soon as all g; (i =1,2,...,n) are exhausted we conclude that the vectors

f17f2a"'7fn+1

are linearly dependent. This contradicts, however, the previous assumption
that they belong to the basis F.

Definition 1.5. The dimension of a finite-dimensional vector space V is the
number of elements in a basis of V.

Theorem 1.3. FEvery set F = {f1, f2,..., fn} of linearly independent vec-
tors in an n-dimensional vectors space V forms a basis of V. Every set of
more than n vectors is linearly dependent.

Proof. The proof of this theorem is similar to the preceding one. Let G =
{91,92,.-.,9n} be abasis of V. Then, the vectors (1.3) are linearly dependent
and non-zero. Excluding a vector g, we obtain a set of vectors, say G’, with
the property that every vector in V is a linear combination of the elements
of G'. Repeating this procedure we finally end up with the set F with the
same property. Since the vectors f; (i = 1,2,...,n) are linearly independent
they form a basis of V. Any further vectors in V, say f,+1, fnt2,... are thus
linear combinations of F. Hence, any set of more than n vectors is linearly
dependent.

Theorem 1.4. Every set F = {f1, fa2,..., fm} of linearly independent vec-
tors in an n-dimensional vector space V can be extended to a basis.
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Proof. If m = n, then F is already a basis according to Theorem 1.3. If
m < n, then we try to find n — m vectors 41, fm+2,--., fn, such that all
the vectors f;, that is, f1, f2,-.-, fms Fm+1,- -, frn are linearly independent
and consequently form a basis. Let us assume, on the contrary, that only
k < n — m such vectors can be found. In this case, for all x € V there exist
scalars o, a1, g, . .., ik, not all zero, such that

axr+orfi+ofo+.. .+ vmprfmyr =0,

where a # 0 since otherwise the vectors f; (i=1,2,...,m + k) would be
linearly dependent. Thus, all the vectors @ of V are linear combinations of
fi i=1,2,...,m+ k). Then, the dimension of V is m + k < n, which con-
tradicts the assumption of this theorem.

1.3 Components of a Vector, Summation Convention

Let G = {g1,92,-..,9n} be a basis of an n-dimensional vector space V. Then,
x= ingi, Ve eV. (1.4)
i=1

Theorem 1.5. The representation (1.4) with respect to a given basis G is
unique.

Proof. Let

n n
T = ingi and x = Zyigi
i=1 i=1

be two different representations of a vector @, where not all scalar coefficients
2t and y* (i = 1,2,...,n) are pairwise identical. Then,

n

O=x+(—xz)=x+ (— CB—ZCIJQZ“FZ Zx—y )gis

i=1

where we use the identity —x = (—1)  (Exercise 1.1). Thus, either the num-
bers x' and y® are pairwise equal 2° = y' (i = 1,2,...,n) or the vectors g; are
linearly dependent. The latter one is likewise impossible because these vectors
form a basis of V.

The scalar numbers z° (i = 1,2, ...,7n) in the representation (1.4) are called
components of the vector & with respect to the basis G = {g1,92,...,9n}

The summation of the form (1.4) is often used in tensor analysis. For this
reason it is usually represented without the summation symbol in a short form
by
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n
T = szgi =1'g; (1.5)
=1

referred to as Einstein’s summation convention. Accordingly, the summation is
implied if an index appears twice in a multiplicative term, once as a superscript
and once as a subscript. Such a repeated index (called dummy index) takes
the values from 1 to n (the dimension of the vector space in consideration).
The sense of the index changes (from superscript to subscript or vice versa)
if it appears under the fraction bar.

1.4 Scalar Product, Euclidean Space, Orthonormal Basis

The scalar product plays an important role in vector and tensor algebra. The
properties of the vector space essentially depend on whether and how the
scalar product is defined in this space.

Definition 1.6. The scalar (inner) product is a real-valued function x -y of
two vectors © and y in a vector space V, satisfying the following conditions.

C. (C1l) z-y=y- = (commutative rule),
(C2) - (y+2z) =z y+z -z (distributive rule),

(C3) a(x-y)=(ax) -y=x-(ay) (associative rule for the multiplica-
tion by a scalar), Va € R, Vo, y,z € V,

(C4) z-x>0 Ve eV, x-x=0 ifand only if = 0.

An n-dimensional vector space furnished by the scalar product with properties
(C.1-C.4) is called Euclidean space E™. On the basis of this scalar product
one defines the Euclidean length (also called norm) of a vector & by

el = Va - . (1.6)
A vector whose length is equal to 1 is referred to as unit vector.

Definition 1.7. Two vectors & and y are called orthogonal (perpendicular),
denoted by x 1y, if

z-y=0. (1.7)
Of special interest is the so-called orthonormal basis of the Euclidean space.

Definition 1.8. A basis £ = {e1, eq,...,e,} of an n-dimensional Euclidean
space E™ is called orthonormal if

ei~ej:5ij, i7j=1,2,...7n, (].8)

where
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I S (1.9)
R 0 for i #j '

denotes the Kronecker delta.

Thus, the elements of an orthonormal basis represent pairwise orthog-
onal unit vectors. Of particular interest is the question of the existence of
an orthonormal basis. Now, we are going to demonstrate that every set of
m < n linearly independent vectors in E™ can be orthogonalized and nor-
malized by means of a linear transformation (Gram-Schmidt procedure).

In other words, starting from linearly independent vectors xi,x2,...,&n
one can always construct their linear combinations eq, e, ..., e, such that
e;-ej =06; (1,7 =1,2,...,m). Indeed, since the vectors x; (¢ = 1,2,...,m)

are linearly independent they are all non-zero (see Exercise 1.2). Thus, we can
define the first unit vector by

T
e = . (1.10)
[E21]
Next, we consider the vector
ey =1z — (z2-€1)e; (1.11)

orthogonal to e;. This holds for the unit vector es = e,/| 5] as well. Tt
is also seen that ||eh]| = \/€} - e, # 0 because otherwise e, = 0 and thus
@y = (@3- e1)er = (z2 - €1) ||x1]| " 1. However, the latter result contradicts
the fact that the vectors @7 and x, are linearly independent.

Further, we proceed to construct the vectors

e;

es =x3— (r3-€x)ex— (z3-€e1)er, e3 (1.12)

les]]
orthogonal to e; and e;. Repeating this procedure we finally obtain the set
of orthonormal vectors e, es,...,e,,. Since these vectors are non-zero and
mutually orthogonal, they are linearly independent (see Exercise 1.6). In the
case m = n, this set represents, according to Theorem 1.3, the orthonormal
basis (1.8) in E™.

With respect to an orthonormal basis the scalar product of two vectors
z =z'e; and y = y'e; in E" takes the form

x-y=zxyt +2%+. .+ 2"y (1.13)
For the length of the vector @ (1.6) we thus obtain the Pythagoras formula

lz| = \/xla:l + 2222+ ... +znzn, xcE" (1.14)



8 1 Vectors and Tensors in a Finite-Dimensional Space

1.5 Dual Bases

Definition 1.9. Let G = {g1,92,-..,9n} be a basis in the n-dimensional Eu-
clidean space E™. Then, a basis G' = {gl,QQ, . ,g”} of E™ s called dual to
g,if

gi-g =06, ij=12. . n (1.15)

In the following we show that a set of vectors G’ = {g',g?,...,g"} satisfying
the conditions (1.15) always exists, is unique and forms a basis in E™.

Let &€ = {e1,es2,...,e,} be an orthonormal basis in E™. Since G also
represents a basis, we can write

ei:afgj, gi:ﬁfej, i=1,2,...,n, (1.16)

where a{ and ﬁf (i =1,2,...,n) denote the components of e; and g;, respec-
tively. Inserting the first relation (1.16) into the second one yields

gi=Bakg,, = 0= (gg ;?—55) gr, i=1,2,....n. (1.17)
Since the vectors g; are linearly independent we obtain

Blak =0F, i k=12, n (1.18)
Let further

g =daie, i=12,..n, (1.19)

where and henceforth we set e/ = e;(j = 1,2,...,n) in order to take the
advantage of Einstein’s summation convention. By virtue of (1.8), (1.16) and
(1.18) one finally finds

gi-g’ = (BFex)-(afe’) = Bhals, = Braf = o], ij=1,2,....n. (1.20)

Next, we show that the vectors g’ (i = 1,2,...,n) (1.19) are linearly indepen-
dent and for this reason form a basis of E™. Assume on the contrary that

aigi = 0,
where not all scalars a; (i = 1,2,...,n) are zero. The scalar product of this
relation with the vectors g; (j = 1,2,...,n) leads to a contradiction. Indeed,

we obtain in this case
Ozaigi~gj=ai5§=aj, j:1,2,...,n.
The next important question is whether the dual basis is unique. Let G’ =

{g*,9% ...,9"} and H' = {h',h? ... A"} be two arbitrary non-coinciding
bases in E™, both dual to G = {g1,92,.-.,9n}. Then,
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h'=hig’, i=12,...,n

Forming the scalar product with the vectors g; (j = 1,2,...,n) we can con-
clude that the bases G’ and H’ coincide:

§i=h'-g; = (hig")-g; =hi6; =h, = h'=g' i=12...,n
Thus, we have proved the following theorem.

Theorem 1.6. To every basis in an Euclidean space E™ there exists a unique
dual basis.

Relation (1.19) enables to determine the dual basis. However, it can also be
obtained without any orthonormal basis. Indeed, let g° be a basis dual to
gi(1=1,2,...,n). Then

g =9g;, gi=gi9’, i=12,...,n (1.21)
Inserting the second relation (1.21) into the first one yields

g =3g"gkg", i=1,2,...,n. (1.22)
Multiplying scalarly with the vectors g; we have by virtue of (1.15)

6 =g9g100 =g gp, i l=1,2,...,n. (1.23)

Thus, we see that the matrices [gx;] and [g"] are inverse to each other such
that

[9"7] = [gns) " (1.24)

Now, multiplying scalarly the first and second relation (1.21) by the vectors
g’ and g; (j = 1,2,...,n), respectively, we obtain with the aid of (1.15) the
following important identities:

97 =9"=9g""9¢, gj=95i=9i-9;, Li=12,...,n (1.25)
By definition (1.8) the orthonormal basis in E™ is self-dual, so that
i

ei=¢€, e-e =0, i,j=12,...,n (1.26)

With the aid of the dual bases one can represent an arbitrary vector in E™ by

x=2'g; = 29", VxcE", (1.27)
where
d=x-¢', zi=x-g; i=12...,n. (1.28)

Indeed, using (1.15) we can write
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i

x-g' = (17g;) g' =278 =",

iB'gi:(Jijgj)-gi:xjéf:xi, 1=1,2,...,n.

The components of a vector with respect to the dual bases are suitable for
calculating the scalar product. For example, for two arbitrary vectors @ =
r'g; = x;9" and y = y'g; = y;g" we obtain

woy=a'ygi; = wiyg” =2y =z (1.29)
The length of the vector @ can thus be written by

lall = /g9 = \Jaiwigy = Vs, (1.30)

Example. Dual basis in E?. Let G = {g1,92,93} be a basis of the
three-dimensional Euclidean space and

9= [919295], (1.31)
where [o e o] denotes the mixed product of vectors. It is defined by
[abc] = (axb)-c=(bxc)-a=(cxa)-b, (1.32)

where “x” denotes the vector (also called cross or outer) product of vectors.
Consider the following set of vectors:

g =9 'g2xg3, g°=9g'gsxg1, g°=9 "'g1 xgo. (1.33)

It seen that the vectors (1.33) satisfy conditions (1.15), are linearly indepen-
dent (Exercise 1.11) and consequently form the basis dual to g; (i = 1,2, 3).
Further, it can be shown that

9% = 19ij (1.34)

where |e| denotes the determinant of the matrix [e]. Indeed, with the aid of
(1.16)2 we obtain

9 =1[919293] = [ﬂieiﬂéeyﬂ:’?ek]
= B13355 leiejex] = 018305 ein = |83, (1.35)

where e;;, denotes the permutation symbol (also called Levi-Civita symbol).
It is defined by

€ijk = €ijk = [ez’e]‘ek]

1 if 75k is an even permutation of 123,
=< —1 if ijk is an odd permutation of 123, (1.36)

0 otherwise,
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where the orthonormal vectors e, es and e3 are numerated in such a way
that they form a right-handed system. In this case, [ejeze3] = 1.
On the other hand, we can write again using (1.16)

3
k ak
9 =9i-9; =) BB}
k=1
The latter sum can be represented as a product of two matrices so that

051 =[] [81] - (137)

Since the determinant of the matrix product is equal to the product of the
matrix determinants we finally have

2
lgi| = |B]| = g°. (1.38)

With the aid of the permutation symbol (1.36) one can represent the identities
(1.33) by

gixgj=eijrgg", i,j=123, (1.39)
which also delivers
[g’bgjgk} = €ijk g, ivjak = 172a3' (140)

Similarly to (1.34) one can also show that (see Exercise 1.12)

[919293] =g =g (1.41)
Thus,
) ik
g'xg’ =" g i,j=123, (1.42)
g

which yields by analogy with (1.40)

o ijk
[gzg]gk] = eg ’ iajvk =1,2,3. (143)

Relations (1.39) and (1.42) permit a useful representation of the vector prod-
uct. Indeed, let a = a'g; = a;g" and b = ngJ = bjgﬂ be two arbitrary vectors
in E2. Then,

a' a? a®

axb=(dag:) x (Vg;) =a'Veyrgg" =g|b* 0° V|,
g' ¢*g*
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. . g 1|91 a2 a3
axb= (aigz) X (bjgj) = aibje”kg_lgk = bl b2 bg . (144)
g1 92 g3
For the orthonormal basis in E? relations (1.39) and (1.42) reduce to

ei X ej =ejjpe’ =erey, i,j=1,2,3, (1.45)
so that the vector product (1.44) can be written by

ay a2 ag
axb= bl b2 bg s (146)
€] €2 €3

where a = a;e* and b = b;e’.

1.6 Second-Order Tensor as a Linear Mapping

Let us consider a set Lin™ of all linear mappings of one vector into another
one within E™. Such a mapping can be written as

y=Axz, yeck" VxeE" VA <€ Lin" (1.47)

Elements of the set Lin™ are called second-order tensors or simply tensors.
Linearity of the mapping (1.47) is expressed by the following relations:

A(rx+y)=Ax+Ay, Vx,ycE", VA ecLin", (1.48)

A(ax)=a(Az), YVreE", VaecR, VA ecLin" (1.49)

Further, we define the product of a tensor by a scalar number a € R as
(tA)x =a(Az) =A(ax), VxecE" (1.50)
and the sum of two tensors A and B as
(A+B)x=Az+Bx, VxecE" (1.51)

Thus, properties (A.1), (A.2) and (B.1-B.4) apply to the set Lin™. Setting in
(1.50) o = —1 we obtain the negative tensor by

—A=(-1)A. (1.52)
Further, we define a zero tensor 0 in the following manner
0x =0, VxcE", (1.53)

so that the elements of the set Lin™ also fulfill conditions (A.3) and (A.4) and
accordingly form a vector space.
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The properties of second-order tensors can thus be summarized by
A+B=B+ A, (addition is commutative),
A+(B+C)=(A+B)+C, (addition is associative),
0+A=A,
A+ (-A)=0,
a(BA) = (af) A, (multiplication by scalars is associative),
1A = A,
a (A +B)=aA + aoB, (multiplication by scalars is distributive
with respect to tensor addition), (1.60)
(a4 08)A =aA+ A, (multiplication by scalars is distributive
with respect to scalar addition), VA,B,C € Lin", Vo, € R. (1.61)

Example. Vector product in E?. The vector product of two vectors in
E? represents again a vector in E?

z=wxz, zcE VYwxcE. (1.62)
According to (1.44) the mapping & — z is linear so that
w X (ax) =a(w X x),

wx(x+y)=wxzrt+wxy, Ywzxyck VacR. (1.63)

Thus, it can be described by means of a tensor of the second order by
wxx=Wz, W cLin®, VzrcE3 (1.64)

The tensor which forms the vector product by a vector w according to (1.64)
will be denoted in the following by w. Thus, we write

w X T = We. (1.65)

Example. Representation of a rotation by a second-order tensor.
A rotation of a vector a in E? about an axis yields another vector r in E3. It
can be shown that the mapping @ — 7 (a) is linear such that

r(aa) =ar(a), r(a+b)=r(a)+r(b), Va €R, Va,bc E>.  (1.66)
Thus, it can again be described by a second-order tensor as
r(a) =Ra, VYacFE® R cLin’ (1.67)

This tensor R is referred to as rotation tensor.
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Fig. 1.2. Finite rotation of a vector in E*

Let us construct the rotation tensor which rotates an arbitrary vector a €
[E? about an axis specified by a unit vector e € E3 (see Fig. 1.2). Decomposing
the vector @ by @ = a* 4+ x in two vectors along and perpendicular to the
rotation axis we can write

a=a"+xzcosw+ysinw=a"+ (a—a*)cosw+ ysinw, (1.68)
where w denotes the rotation angle. By virtue of the geometric identities
a"*=(a-e)e=(e®e)a, y=exx=ex(a—a*)=exa=-eéa, (1.69)

where “®” denotes the so-called tensor product (1.75) (see Sect. 1.7), we
obtain

a = coswa +sinwea + (1 — cosw) (e ® ) a. (1.70)
Thus the rotation tensor can be given by

R = coswI +sinweé + (1 —cosw) e ® e, (1.71)
where I denotes the so-called identity tensor (1.84) (see Sect. 1.7).

Example. The Cauchy stress tensor as a linear mapping of the
unit surface normal into the Cauchy stress vector. Let us consider a
body B in the current configuration at a time t. In order to define the stress
in some point P let us further imagine a smooth surface going through P and
separating B into two parts (Fig. 1.3). Then, one can define a force Ap and
a couple Am resulting from the forces exerted by the (hidden) material on
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Fig. 1.3. Cauchy stress vector

one side of the surface AA and acting on the material on the other side of
this surface. Let the area AA tend to zero keeping P as inner point. A basic
postulate of continuum mechanics is that the limit

t= lim 2P
T Ao AA

exists and is final. The so-defined vector t is called Cauchy stress vector.
Cauchy’s fundamental postulate states that the vector ¢ depends on the sur-
face only through the outward unit normal n. In other words, the Cauchy
stress vector is the same for all surfaces through P which have n as the nor-
mal in P. Further, according to Cauchy’s theorem the mapping n — t is linear
provided t is a continuous function of the position vector « at P. Hence, this
mapping can be described by a second-order tensor o called the Cauchy stress
tensor so that

t=on. (1.72)

On the basis of the “right” mapping (1.47) we can also define the “left”
one by the following condition

(yA) - z=y-(Az), Ve eE", A <cLin" (1.73)

First, it should be shown that for all y € [E” there exists a unique vector yA €
E" satisfying the condition (1.73) for all x € E". Let G = {g1,92,.--,9n}
and G’ = {g*, g% ...,g"} be dual bases in E". Then, we can represent two
arbitrary vectors x,y € E", by * = x;9* and y = y;g". Now, consider the
vector

yA=vyi[g" - (Ag’)] g;.

It holds: (yA)-x = y;x; [g" - (Ag’)]. On the other hand, we obtain the same
result also by
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y- (Az) =y - (2;A9’) = yiz; [g" - (Ag)].

Further, we show that the vector y A, satisfying condition (1.73) for all x € E™,
is unique. Conversely, let a,b € E™ be two such vectors. Then, we have

a-z=b-x = (a-b)-x=0,YVe€eE" = (a-b)-(a—b)=0,

which by axiom (C.4) implies that a = b.
Since the order of mappings in (1.73) is irrelevant we can write them
without brackets and dots as follows

Y- (Az) = (yA) = = yAwx. (1.74)

1.7 Tensor Product, Representation of a Tensor with
Respect to a Basis

The tensor product plays an important role since it enables to construct a
second-order tensor from two vectors. In order to define the tensor product
we consider two vectors a,b € E™. An arbitrary vector € E™ can be mapped
into another vector a (b-x) € E™. This mapping is denoted by symbol “®”
as a ® b. Thus,

(a@b)z=a(b-z), a,bek” VxecE" (1.75)

It can be shown that the mapping (1.75) fulfills the conditions (1.48-1.50) and
for this reason is linear. Indeed, by virtue of (B.1), (B.4), (C.2) and (C.3) we

can write
(a@b)(z+y)=ab-(x+y)=ab-z+b-y)
=(a®b)xz+ (a®b)y, (1.76)
(a®b)(ax) =alb- (ax)]=a(b-x)a
=a(a®b)xz, a,beckE" Vx,ycE" VaeR. (1.77)

Thus, the tensor product of two vectors represents a second-order tensor.
Further, it holds

c®(a+b)=c®a+c®b, (a+b)®c=a®c+b®c, (1.78)
(va) ® (Bb) =af(a®b), a,b,ceE", Va,3eR. (1.79)

Indeed, mapping an arbitrary vector € E™ by both sides of these relations
and using (1.51) and (1.75) we obtain

c(a+b)z=cla-x+b-x)=c(a-x)+c(b-x)

=(c®a)z+ (c@b)z=(cRa+c®b)x,
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[([a+b)@clr=(a+b)(c-z)=a(c-x)+b(c-x)
=(a®c)zx+ (bRc)r=(a®c+b®c)x,

(aa) ® (Bb) x = (aa) (Bb - x)
=afa((b-z)=af(a®b)x, VxeckE".

For the “left” mapping by the tensor a ® b we obtain from (1.73) (see Exercise
1.19)

y(a®b)=(y-a)b, VycE" (1.80)

We have already seen that the set of all second-order tensors Lin™ repre-
sents a vector space. In the following, we show that a basis of Lin™ can be
constructed with the aid of the tensor product (1.75).

Theorem 1.7. Let F = {f1,f2,-.., fn} and G = {g1,92,...,9n} be two

arbitrary bases of E™. Then, the tensors f; ® g; (4,5 =1,2,...,n) represent

a basis of Lin™. The dimension of the vector space Lin™ is thus n>.

Proof. First, we prove that every tensor in Lin" represents a linear combi-
nation of the tensors f; ® g; (4,7 =1,2,...,n). Indeed, let A € Lin™ be an
arbitrary second-order tensor. Consider the following linear combination

A= (f'Ag’) fi®gj,

where the vectors f¢ and g° (i = 1,2,...,n) form the bases dual to F and G,
respectively. The tensors A and A’ coincide if and only if

Az = Az, VzecE" (1.81)
Let ¢ = acjgj. Then
A'z = (f'Ag?) fi® g; (z19") = (f'Ag’) fika5f =z; (f'Ag’) fi.

On the other hand, Az = z;Ag’. By virtue of (1.27-1.28) we can repre-
sent the vectors Ag’ (j =1,2,...,n) with respect to the basis F by Ag’ =

[fi : (Agj)] fi= (fiAgj) fi (7=1,2,...,n). Hence,
Az =z, (f'Ag’) fi.

Thus, it is seen that condition (1.81) is satisfied for all & € E™. Finally,
we show that the tensors f; ® g; (i, =12,..., n) are linearly independent.

Otherwise, there would exist scalars o'/ (i,j =1,2,...,n), not all zero, such
that
a’fi®g;=0.

The right mapping of g* (k=1,2,...,n) by this tensor equality yields then:
a*f, =0 (k=1,2,...,n). This contradicts, however, the fact that the vec-
tors fr (k=1,2,...,n) form a basis and are therefore linearly independent.
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For the representation of second-order tensors we will in the following use
primarily the bases g; ®g;, g'®g’, g'®g; or g;®¢g’ (i, =1,2,...,n). With
respect to these bases a tensor A € Lin" is written as

A=AVgiwg;=Ag' g =Ag0g =A/g ®g; (1.82)
with the components (see Exercise 1.20)

AV =g'Ag’, Ay =giAg;,

Al =g'Ag;, Al =giAg’, i,j=12,..n (1.83)

Note, that the subscript dot indicates the position of the above index. For
example, for the components A}, i is the first index while for the components

A}, i is the second index.

Of special importance is the so-called identity tensor I. It is defined by
Ix =2, VxeE" (1.84)

With the aid of (1.25), (1.82) and (1.83) the components of the identity tensor
can be expressed by

"=g'lg =g' - ¢’ =9, 1;=g9l19;=9i 9; = 9i,

U, =1] =1 =g'lg; =gilg’ =g'-g; =9:- ¢’ = &, (1.85)
where 7,5 = 1,2,...,n. Thus,

I=y,;9'®9 =¢7g:®g;=9g'®gi=9:®g". (1.86)

Tt is seen that the components (1.85); o of the identity tensor are given by
relation (1.25). In view of (1.30) they characterize metric properties of the
Euclidean space and are referred to as metric coefficients. For this reason, the
identity tensor is frequently called metric tensor. With respect to an orthonor-
mal basis relation (1.86) reduces to

=1

1.8 Change of the Basis, Transformation Rules

Now, we are going to clarify how the vector and tensor components transform
with the change of the basis. Let @ be a vector and A a second-order tensor.
According to (1.27) and (1.82)

T =1'g; =g, (1.88)
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A=AYg,0g;=A;g ©g =A,g;0g =A/g' ®g;. (1.89)
With the aid of (1.21) and (1.28) we can write
o' =x-g' =z (979;) = 2;9", wi=m gi=wx(99’) = v’ g, (1.90)
where i = 1,2,...,n. Similarly we obtain by virtue of (1.83)
AV =g'Ag’ = g'A (9" gi)
= (9"g1) A (9’"gr) = Alyg" = g"Aug", (1.91)
Aij = giAg; = giA (gjrg")

= (9ug") A (9jrg") = ALl gr; = guA" g, (1.92)

where ¢,j = 1,2,...,n. The transformation rules (1.90-1.92) hold not only for
dual bases. Indeed, let g; and g, (i =1,2,...,n) be two arbitrary bases in
E", so that

x=ua'g; =2'g,, (1.93)

A=Ag0g;=A"g,©g,. (1.94)
By means of the relations

gi=dalg;, i=12..,n (1.95)
one thus obtains

x=1'g; = xiafgj = @ =za, j=1,2,...,n, (1.96)

A=A"g;®g;= AV (afgk) ® (aégl) = Aijai’caégk ® g,

= A Agkgl k1=1,2,....n. (1.97)

el Rl ) <

1.9 Special Operations with Second-Order Tensors

In Sect. 1.6 we have seen that the set Lin™ represents a finite-dimensional
vector space. Its elements are second-order tensors that can be treated as
vectors in E** with all the operations specific for vectors such as summation,
multiplication by a scalar or a scalar product (the latter one will be defined
for second-order tensors in Sect. 1.10). However, in contrast to conventional
vectors in the Euclidean space, for second-order tensors one can additionally
define some special operations as for example composition, transposition or
inversion.
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Composition (simple contraction). Let A, B € Lin" be two second-
order tensors. The tensor C = AB is called composition of A and B if

Cz=A(Bz), VzecE" (1.98)
For the left mapping (1.73) one can write
y(AB)=(yA)B, VvVyeE" (1.99)
In order to prove the last relation we use again (1.73) and (1.98):
y(AB)z =y -[(AB)z] =y - [A (Bz)]
= (yA) - (Bz)=[(yA)B|-z, Vx cE".

The composition of tensors (1.98) is generally not commutative so that AB #
BA. Two tensors A and B are called commutative if on the contrary AB =
BA. Besides, the composition of tensors is characterized by the following
properties (see Exercise 1.24):

AO=0A=0, AI=IA=A, (1.100)
A(B+C)=AB+AC, (B+C)A=BA+CA, (1.101)
A (BC) = (AB)C. (1.102)

For example, the distributive rule (1.101); can be proved as follows
[AB+C)le=A[B+C)x]=A(Bx+Cz)=A (Bzx)+ A (Cx)
= (AB)z + (AC)z = (AB + AC)z, Va € E".
For the tensor product (1.75) the composition (1.98) yields
(a®b)(c®d)=(b-c)a®d, a,bc,dcE". (1.103)
Indeed, by virtue of (1.75), (1.77) and (1.98)
(a®b)(ced)r=(a@b)[(ced)z]=(d-z)(a®b)c
=(d-z)(b-c)a=(b-¢c)(a®d)x
=[b-c)a®dlxz, VYrecE"
Thus, we can write
AB=A"BJg,0g; = AyBYg' @ g,
=A}Brg;®g' = ABrig' ©g’, (1.104)
where A and B are given in the form (1.82).

Powers, polynomials and functions of second-order tensors. On
the basis of the composition (1.98) one defines by
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A" =AA.. A, m=1,23..., A’=1I (1.105)
- ~ -
m times

powers (monomials) of second-order tensors characterized by the following
evident properties

AFA = AR (AR) = AR (1.106)

(aA)" =a"AF, k1=0,1,2... (1.107)
With the aid of the tensor powers a polynomial of A can be defined by

g(A) =aol + a1 A + asA® + ... +a, A™ :ZakAk. (1.108)
k=0

g (A): Lin™ —Lin™ represents a tensor function mapping one second-order
tensor into another one within Lin™. By this means one can define various
tensor functions. Of special interest is the exponential one

Pt k!

exp (A) (1.109)

given by the infinite power series.

Transposition. The transposed tensor AT is defined by:

AT =xA, VeeE", (1.110)
so that one can also write

Ay =yAT zAy=yATz, Va,yecE" (1.111)
Indeed,

z-(Ay)=(zA) - y=y - (ATz) =yATz ==z (yA"), Vz,y € E".
Consequently,

(AT)" = A. (1.112)
Transposition represents a linear operation over a second-order tensor since

(A+B)"=AT+B" (1.113)
and

(aA)" = aAT, VaeR. (1.114)

The composition of second-order tensors is transposed by
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(AB)" = BTAT. (1.115)
Indeed, in view of (1.99) and (1.110)

(AB)" z =z (AB) = (zA)B = BT (zA) = BTA"Tz, V& € E™

For the tensor product of two vectors a,b € E™ we further obtain by use of
(1.75) and (1.80)

(a®b)’ =b®a. (1.116)

This ensures the existence and uniqueness of the transposed tensor. Indeed,
every tensor A in Lin" can be represented with respect to the tensor product
of the basis vectors in E™ in the form (1.82). Hence, considering (1.116) we
have

AT =AYg;0g,=Aijg’ @g' =Ag g =A/g; @49, (1.117)
or

AT=AN'giwg =Aug ®g =N,g©g;=Algiog. (1.118)
Comparing the latter result with the original representation (1.82) one ob-
serves that the components of the transposed tensor can be expressed by

(AT) = Ay, (AT)Y = A7, (1.119)

%]
(A7) = A% =g Algu, (A7), = Ajl = gAllg". (1.120)
For example, the last relation results from (1.83) and (1.111) within the fol-
lowing steps

(A"), =g'A"g; =g;Ad' = g; (A-klgk ® gl) g' = gixAlig".

According to (1.119) the homogeneous (covariant or contravariant) compo-
nents of the transposed tensor can simply be obtained by reflecting the matrix
of the original components from the main diagonal. It does not, however, hold
for the mixed components (1.120).
The transposition operation (1.110) gives rise to the definition of symmet-
ric MT = M and skew-symmetric second-order tensors WT = —W.
Obviously, the identity tensor is symmetric

I"=1 (1.121)
Indeed,

a2ly=z-y=y = =yle =21y, Va,yecE"
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Inversion. Let
y=Ax. (1.122)

A tensor A € Lin" is referred to as invertible if there exists a tensor A~1 €
Lin™ satisfying the condition

x=A"ly, VreE" (1.123)

The tensor A~ is called inverse of A. The set of all invertible tensors Inv® =
{A € Lin" : JA~'} forms a subset of all second-order tensors Lin".
Inserting (1.122) into (1.123) yields

z=A"'y=A""(Az)=(A"'A)z, Vo cE"
and consequently
A7'A =1 (1.124)

Theorem 1.8. A tensor A is invertible if and only if Ax = 0 implies that
z=0.

Proof. First we prove the sufficiency. To this end, we map the vector equation
Az = 0 by A~!. According to (1.124) it yields: 0 = A"'Az = Iz = x. To
prove the necessity we consider a basis G = {g1,92,...,gn} in E™. It can be
shown that the vectors h; = Ag; (i = 1,2,...,n) form likewise a basis of E™.
Conversely, let these vectors be linearly dependent so that a’h; = 0, where not
all scalars a’ (i = 1,2,...,n) are zero. Then, 0 = a’h; = a'Ag; = Aa, where
a = a'g; # 0, which contradicts the assumption of the theorem. Now, consider
the tensor A’ = g; ® h', where the vectors h? are dual to h; (i = 1,2,...,n).
One can show that this tensor is inverse to A, such that A’ = A~!. Indeed,
let © = 2'g; be an arbitrary vector in E”. Then, y = Az = 2'Ag; = z'h;
and therefore A’y = g; ® h' (¢7h;) = gl bl = 2'g; = x.

Conversely, it can be shown that an invertible tensor A is inverse to A~ and
consequently

AAT' =1 (1.125)

For the proof we again consider the bases g; and Ag; (i =1,2,...,n). Let
y = y*Ag; be an arbitrary vector in E”. Let further & = A~y = 3’g; in
view of (1.124). Then, Az = y*Ag; = y which implies that the tensor A is
inverse to A1

Relation (1.125) implies the uniqueness of the inverse. Indeed, if A~! and
A1 are two distinct tensors both inverse to A then there exists at least one
vector y € E™ such that A~'y # A—ly. Mapping both sides of this vector
inequality by A and taking (1.125) into account we immediately come to the
contradiction.
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By means of (1.115), (1.121) and (1.125) we can write (see Exercise 1.37)
(AN = (AT AT (1.126)
The composition of two arbitrary invertible tensors A and B is inverted by
(AB) ' =B 'A~". (1.127)
Indeed, let
y = ABx.

Mapping both sides of this vector identity by A~! and then by B~!, we obtain
with the aid of (1.124)

r=B A ly, VzecE"

On the basis of transposition and inversion one defines the so-called orthogonal
tensors. They do not change after consecutive transposition and inversion and
form the following subset of Lin™:

Orth" = {QeLin": Q=Q "}. (1.128)
For orthogonal tensors we can write in view of (1.124) and (1.125)
QQT=QTQ =1, VvQ € Orth™. (1.129)

For example, one can show that the rotation tensor (1.71) is orthogonal. To
this end, we complete the vector e defining the rotation axis (Fig. 1.2) to
an orthonormal basis {e, g, p} such that e = ¢ x p. Then, using the vector
identity (see Exercise 1.15)

p(g-z)—qp-x)=(gxp)xz, YrckE’ (1.130)
we can write

eE=pRq—qeDp. (1.131)
The rotation tensor (1.71) takes thus the form

R=coswIl+sinw(p®qg—qep)+(1—cosw)(exe). (1.132)
Hence,

RRT = [coswI+sinw(p®qg—q®p)+ (1 —cosw) (e @ e)]

[coswI —sinw(pRq—qep)+ (1 —cosw) (e® e)]

= cos’wl+sin*w(e®e) +sinw(p@p+qgaq) =L
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It is interesting that the exponential function (1.109) of a skew-symmetric
tensors represents an orthogonal tensor. Indeed, keeping in mind that a skew-
symmetric tensor W commutes with its transposed counterpart W' = —W
and using the identities exp (A + B) = exp (A) exp (B) for commutative ten-

sors (Exercise 1.27) and (Ak)T = (AT)k for integer k (Exercise 1.35) we can
write

I=exp(0) =exp(W-—W)=exp(W+WT)

= exp (W) exp (WT) = exp (W) [exp (W)]T, VW e Skew”. (1.133)

1.10 Scalar Product of Second-Order Tensors

Consider two second-order tensors a ® b and ¢® d given in terms of the tensor
product (1.75). Their scalar product can be defined in the following manner:

(a®@b):(c®d)=(a-c)(b-d), a,bc,decE". (1.134)
It leads to the following identity (Exercise 1.39):

c®d: A=cAd=dA"c. (1.135)
For two arbitrary tensors A and B given in the form (1.82) we thus obtain

A :B=A;B7 =AYB;; = A'B] = A/B,. (1.136)
Similar to vectors the scalar product of tensors is a real function characterized
by the following properties (see Exercise 1.40)
D. (D.1) A: B =B: A (commutative rule),

(D.2) A: (B+C)=A:B+ A : C (distributive rule),

(D.3) a(A:B)=(cA): B=A": (aB) (associative rule for multiplica-
tion by a scalar), VA,B € Lin", Va € R,

(D4) A:A>0 VAeLin”, A:A=0 ifand only if A =0.

We prove for example the property (D.4). To this end, we represent the tensor
A with respect to an orthonormal basis (1.8) in E" as: A = A”¢e; ® e; =
A;;e' @ e’, where AY = Aij,(i,j=1,2,...,n),since e = e; (i = 1,2,...,n).
Keeping (1.136) in mind we then obtain:

A:A=ATA ;=Y ATAT =3 (AY) >0,
ij=1 ij=1

Using this important property one can define the norm of a second-order
tensor by:
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IA| = (A:A)?  AeLn". (1.137)

For the scalar product of tensors one of which is given by a composition we
can write

A: (BC)=(BTA) : C = (ACT) . B. (1.138)
We prove this identity first for the tensor products:

(a@b) : [(cod)(e® f)]=(d-e)[(a®b) : (c® f)]

=(d-e)(a-c)(b-f),

(ced)"(@ab)] : (eaf)=doc)(@ab)] : (eof)
=(a-¢)[(d®b) : (e® f)]
=(d-e)(a-c)(b-f),

(@b ea )] : (cod =lacb)(fee): (cod)
=(b-fllaze): (cod)
=(d-e)(a-c)(b-f).

For three arbitrary tensors A, B and C given in the form (1.82) we can write
in view of (1.120) and (1.136)

AL (Brog) = (BEAL) of = [(BT), A%] ¢/,

AL (Bro) = (ah0) BE = A% (€)] BE (1.139)
Similarly we can prove that

A:B=AT:BT. (1.140)

On the basis of the scalar product one defines the trace of second-order tensors
by:

trA=A:L (1.141)
For the tensor product (1.75) the trace (1.141) yields in view of (1.135)

tr(a®@b)=a-b. (1.142)
With the aid of the relation (1.138) we further write
tr(AB)=A: BT =AT:B. (1.143)

In view of (D.1) this also implies that
tr (AB) = tr (BA). (1.144)
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1.11 Decompositions of Second-Order Tensors

Additive decomposition into a symmetric and a skew-symmetric
part. Every second-order tensor can be decomposed additively into a sym-
metric and a skew-symmetric part by

A = symA + skewA, (1.145)
where
1 1
symA = (A+ AT), skewA = o (A= AT). (1.146)

Symmetric and skew-symmetric tensors form subsets of Lin™ defined by
Sym" = {M € Lin" : M=M"}, (1.147)

Skew" = {W € Lin" : W=-W"}. (1.148)

One can easily show that these subsets represent vector spaces and can be
referred to as subspaces of Lin™. Indeed, the axioms (A.1-A.4) and (B.1-B.4)
including operations with the zero tensor are valid both for symmetric and
skew-symmetric tensors. The zero tensor is the only linear mapping that is
both symmetric and skew-symmetric such that Sym”N Skew” = 0.

For every symmetric tensor M = M"Y g; ® g; it follows from (1.119) that
MY =M% (i # 4, 4,7 =1,2,...,n). Thus, we can write

M=> Mig,ogi+ Y M7 (g;®g;+g;,®g), MEeSym". (1.149)
i=1 Q=1
>

Similarly we can write for a skew-symmetric tensor

W=> W/(g®g,—g;®g), W E Skew" (1.150)
z,ij>7jl

taking into account that W* = 0 and W% = —W7* (i #£ 4, 4,5 =1,2,...,n).
Therefore, the basis of Sym™ is formed by n tensors g; ® g; and én (n—1)
tensors g; ®g; +9g;®g;, while the basis of Skew™ consists of n (n — 1) tensors
gi®g; —9g; ®g;, where ¢ > j = 1,2,...,n. Thus, the dimensions of Sym"
and Skew" are yn (n+ 1) and jn (n — 1), respectively. It follows from (1.145)
that any basis of Skew” complements any basis of Sym™ to a basis of Lin".

Obviously, symmetric and skew-symmetric tensors are mutually orthogo-
nal such that (see Exercise 1.43)

M:W =0, VM e Sym", YW € Skew". (1.151)

Spaces characterized by this property are called orthogonal.
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Additive decomposition into a spherical and a deviatoric part.
For every second-order tensor A we can write

A = sphA +devA, (1.152)
where
1 1
sphA = tr(A)I, devA=A—- tr(A)I (1.153)
n n

denote its spherical and deviatoric part, respectively. Thus, every spherical
tensor S can be represented by S = al, where « is a scalar number. In turn,
every deviatoric tensor D is characterized by the condition trD = 0. Just like
symmetric and skew-symmetric tensors, spherical and deviatoric tensors form
orthogonal subspaces of Lin"™.

1.12 Tensors of Higher Orders

Similarly to second-order tensors we can define tensors of higher orders. For
example, a third-order tensor can be defined as a linear mapping from E™ to
Lin"™. Thus, we can write

Y =Az, Y eLin", VzcE" VAELin", (1.154)

where Lin" denotes the set of all linear mappings of vectors in E” into second-
order tensors in Lin". The tensors of the third order can likewise be repre-
sented with respect to a basis in Lin™ e.g. by

A=A"%g;®g;@gr =Aing ®g @ g
=AL 9,09 @gt=A) g ®g;®g" (1.155)

For the components of the tensor A (1.155) we can thus write by analogy with
(1.139)

Aijk — Azyggsk — A'istgsjgtk — Arstgrigsjgtk7

Aijk = A?ﬁjkgri - A?Ajcgrigsj = Amtgrigsjgtk~ (1156)

Exercises

1.1. Prove that if & € V is a vector and « € R is a scalar, then the following
identities hold.

(a) —0=0, (b)a0=0, (¢)0x=0, (d) —z=(-1)=z, (¢)ifax =0,
then either & = 0 or £ = 0 or both.
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1.2. Prove that ; # 0 (i = 1,2,...,n) for linearly independent vectors
x1, %3, ..., Ty,. In other words, linearly independent vectors are all non-zero.

1.3. Prove that any non-empty subset of linearly independent vectors x1, x2,
..., &y is also linearly independent.

1.4. Write out in full the following expressions for n = 3: (a) dka?, (b) djja‘z?,
, af; .
i J

1.5. Prove that 0 - =0, YV € E™.

1.6. Prove that a set of mutually orthogonal non-zero vectors is always linearly
independent.

1.7. Prove the so-called parallelogram law: ||z + y||* = ||z|* + 2z - y + ||y|*.

1.8. Let G = {g1,92,-..,9n} be a basis in E™ and a € E" be a vector. Prove
that @-g;, =0 (i=1,2,...,n) if and only if a = 0.

1.9. Prove that a =b if and only ifa-z =b-x, Vx € E".

1.10. (a) Construct an orthonormal set of vectors orthogonalizing and nor-
malizing (with the aid of the procedure described in Sect. 1.4) the following
linearly independent vectors:

1 2 4
g1 = 1 y g2 = 1 y g3 = 2 )
0 -2 1

where the components are given with respect to an orthonormal basis.

(b) Construct a basis in E? dual to the given above by means of (1.21)1, (1.24)
and (1.25).

(c) Calculate again the vectors g dual to g; (i = 1,2,3) by using relations
(1.33) and (1.35). Compare the result with the solution of problem (b).

1.11. Verify that the vectors (1.33) are linearly independent.
1.12. Prove identity (1.41) by means of (1.18), (1.19) and (1.36).
1.13. Prove relations (1.39) and (1.42) using (1.33), (1.36) and (1.41).

1.14. Verify the following identities involving the permutation symbol (1.36)
for n = 3: (a) 6¥e;j, = 0, (b) e*™ejky, = 2(5;, (c) e¥kes =6, (d) €™ e, =
L8] — 8161,

1.15. Prove the identity

(axb)xc=(a-c)b—(b-c)a, Va,b,ccE> (1.157)
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1.16. Prove that A0 = 0A = 0, VA € Lin".

1.17. Prove that 0A = 0, VA € Lin".

1.18. Prove formula (1.57), where the negative tensor —A is defined by (1.52).
1.19. Prove relation (1.80).

1.20. Prove (1.83) using (1.82) and (1.15).

1.21. Evaluate the tensor W = w = wx, where w = w'g;.

1.22. Evaluate components of the tensor describing a rotation about the axis
e3 by the angle a.

1.23. Let A =AYg; ® g; , Where
N 0-10
[A”] =000
100
and the vectors g; are given in Exercise 1.10. Evaluate the components A;;,
A?j and A/.
1.24. Prove identities (1.100) and (1.102).

1.}?5. Let A = Al;9;®g’, B=DB/9:®¢g’,C=Cg;®¢’ and D = D!;g;®g’,
where

(020 000 123
[AL]=1{000|, [B,]=|000],[C]=]000],
1000 001 010
[1 0 0
D] =]01/2 0
10 0 10

Find commutative pairs of tensors.

1.26. Let A and B be two commutative tensors. Write out in full (A + B)k,
where k = 2,3,...

1.27. Prove that

exp (A + B) = exp (A) exp (B), (1.158)
where A and B commute.
1.28. Prove that exp (kA) = [exp (A)]", where k = 2,3, ...

1.29. Evaluate exp (0) and exp (I).
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1.30. Prove that exp (—A)exp (A) =exp (A)exp(—A) =1L
1.31. Prove that exp (A + B) = exp (A) + exp(B) if AB =BA =0.

1.32. Prove that exp (QAQT) = Qexp(A)QT, VQ € Orth™.

1.33. Compute the exponential of the tensors D = D?jgi ®g’, E = E_ijgi ®g’
and F = F,ijgi ® g7, where

‘ 200 ‘ 010 ‘ 020
D] =(030], [E4]=]000|, [F;]=1]000
001 000 001

1.34. Prove that (ABCD)" = DTCTBTAT.
1.35. Verify that (Ak)T = (AT)k, where £k =1,2,3,...

1.36. Evaluate the components B¥, Bij, B_ij and BZJ of the tensor B = AT,
where A is defined in Exercise 1.23.

1.37. Prove relation (1.126).
1.38. Verify that (A~1)" = (A%) ™" = A%, where k = 1,2,3, ...
1.39. Prove identity (1.135) using (1.82) and (1.134).

1.40. Prove by means of (1.134-1.136) the properties of the scalar product
(D.1-D.3).

1.41. Verify that [(a®b) (c®d)] : I=(a-d)(b-c).
1.42. Express trA in terms of the components A_ij, Ayj, AY,

1.43. Prove that M : W = 0, where M is a symmetric tensor and W a skew-
symmetric tensor.

1.44. Evaluate trW¥, where W is a skew-symmetric tensor and k = 1,3, 5, ...
1.45. Verify that sym (skewA) = skew (symA) = 0, YA € Lin".

1.46. Prove that sph (devA) = dev (sphA) = 0, VA € Lin".





