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Vector and Tensor Analysis in Euclidean Space

2.1 Vector- and Tensor-Valued Functions, Differential
Calculus

In the following we consider a vector-valued function « (¢) and a tensor-valued
function A (t) of a real variable ¢. Henceforth, we assume that these functions
are continuous such that
tlir? [z (t) —x (t9)] = 0, tlir? [A(t)—A(ty)]=0 (2.1)
—to —to
for all to within the definition domain. The functions x (t) and A (¢) are called
differentiable if the following limits
dx z(t+s)—x(t) dA A(t+s)—A()

dt s—0 S dt 50 (22)

exist and are finite. They are referred to as the derivatives of the vector- and
tensor-valued functions « (¢) and A (t), respectively.

For differentiable vector- and tensor-valued functions the usual rules of
differentiation hold.

1) Product of a scalar function with a vector- or tensor-valued function:

d du dx
MUCEICIESEIURIORS (23)
d du dA
dt [u(t)A ()] = th (t) +u(t) gt (2.4)
2) Mapping of a vector-valued function by a tensor-valued function:
d dA dx
A z@)] = =)+ A() (2.5)

dt dt dt’



34 2 Vector and Tensor Analysis in Euclidean Space

3) Scalar product of two vector- or tensor-valued functions:

d dx dy

Ll o= v Y, (26)

d dA dB

dt [A(®):B(@#)]= g B(t)+A(t): gt (2.7)
4) Tensor product of two vector-valued functions:

d dx dy

Llrheynl="T oynrane Y. (28)
5) Composition of two tensor-valued functions:

d dA dB

gt [A#)B(t)] = gt B(t)+A(t) gt (2.9)
6) Chain rule:

d dz du d dA du

a®OI= g ar atOI= gy (2.10)
7) Chain rule for functions of several arguments:

d Oxdu Oz dv

at” [ (8) 0 (8)] = Ou dt * dv dt’ (2.11)

d 0Adu OJAdv

g AE@uOl= ot s g (2.12)

where 9/0u denotes the partial derivative. It is defined for vector and
tensor valued functions in the standard manner by

O () _ pp @ (ut sw) @ (u) (2.13)
ou s—0 S

OA (up) _ . Alu+tsv)—A(uv) (2.14)
Oou 5—0 s

The above differentiation rules can be verified with the aid of elementary
differential calculus. For example, for the derivative of the composition of two
second-order tensors (2.9) we proceed as follows. Let us define two tensor-
valued functions by

Alt+s)—A(t) dA B(t+s)—B(t) dB

01(s) = s ot 02 (s) = s S odt

Bearing the definition of the derivative (2.2) in mind we have

lir% 0 (s) =0, liH(l) 0, (s) =0.
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Then
d . A(t+s)B(t+s)—A(t)B(t)
LIAMB @)= lim )
= 11_13% . {{A (t) +s%§ + 504 (s)} [B (t) +s(ii]? + 504 ( )]

{ + 0, )] S RN f:.

2.2 Coordinates in Euclidean Space, Tangent Vectors

Definition 2.1. A coordinate system is a one to one correspondence between
vectors in the n-dimensional Fuclidean space E™ and a set of n real numbers
(xt,22%,...,2"). These numbers are called coordinates of the corresponding

vectors.

Thus, we can write

g=2"(r) & r=r(z'2%...,2"), (2.15)
where » € E" and ' € R (i = 1,2,...,n). Henceforth, we assume that the
functions 2 = z* (r) and r = 7 (z*,2?%,...,2") are sufficiently differentiable.

Example. Cylindrical coordinates in E3. The cylindrical coordinates
(Fig. 2.1) are defined by

r=17r(p,z,1r)=rcospe; + rsinypes + zes (2.16)

and
2 2
r:\/(r-el) +(r-e)”, z=r-es,

r-e .

arccos ! ifr-ey >0,
80 = r r-e . (2.17)
27 — arccos TR ey <0,
r

where e; (i = 1,2, 3) form an orthonormal basis in E3.
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Fig. 2.1. Cylindrical coordinates in three-dimensional space

The vector components with respect to a fixed basis, say H = {h1, ha, .. .,
h,}, obviously represent its coordinates. Indeed, according to Theorem 1.5 of
the previous chapter the following correspondence is one to one

r=2z'h; < z'=r-h', i=12...,n, (2.18)

where » € E" and H' = {h',h?,... h"} is the basis dual to H. The compo-
nents z° (2.18), are referred to as the linear coordinates of the vector 7.

Let 2' = 2% (r) and y* = ¢ (r) (i = 1,2,...,n) be two arbitrary coordinate
systems in E™. Since their correspondences are one to one, the functions

=g (yl,y2,...,y”) o yt=q (J;l,xQ,...,x"), i1=1,2,...,n (2.19)

are invertible. These functions describe the transformation of the coordinate
systems. Inserting one relation (2.19) into another one yields

v =9 (@ (R ),
72 (yl,yQ,...,y") R (yl,y2,...7y”)) . (2.20)
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The further differentiation with respect to 37 delivers with the aid of the chain
rule

0y’ B oyt Oz

Oy = gk Oy’ ,j=1,2,...,n. (2.21)

The determinant of the matrix (2.21) takes the form

oy Ok oy’ || 0xzF

Siil=1= = . 222

19 ‘ dzk oy ‘axk oyJ (222)
The determinant |0y’ /92" | on the right hand side of (2.22) is referred to as Ja-
cobian determinant of the coordinate transformation y* = §* (z*,2%,...,2")
(:¢=1,2, ...,n). Thus, we have proved the following theorem.
Theorem 2.1. If the transformation of the coordinates y* = (xl, 22, ., a:”)
admits an inverse form z* = 3° (yl,yQ, e ,y”) (i=1,2,...,n) and if J and

K are the Jacobians of these transformations then JK = 1.

One of the important consequences of this theorem is that

0y’

ok | 70 (2.23)

7-|

Now, we consider an arbitrary curvilinear coordinate system
0'=0"(r) & r=r(0",6°...,0"), (2.24)

where r € E” and ¢° € R (i = 1,2,...,n). The equations

0" =const, i=1,2,....k—1,k+1,...,n (2.25)
define a curve in E” called 6*-coordinate line. The vectors
or
gk:(%k, k=1,2,....,n (2.26)

are called the tangent vectors to the corresponding §*-coordinate lines (2.25).
One can verify that the tangent vectors are linearly independent and form thus
a basis of E". Conversely, let the vectors (2.26) be linearly dependent. Then,
there are scalars o' € R (i = 1,2,...,n), not all zero, such that a’g; = 0. Let
further ' = 2% (r) (i = 1,2,...,n) be linear coordinates in E™ with respect
to a basis H = {h1, ha,...,h,}. Then,

0= of ; Or ; Or Ox’ ;07
Ii=% 9gi = owi 00 ~ “ 091"
Since the basis vectors h; (j = 1,2,...,n) are linearly independent
O
%t —0, j=1,2,....n.
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This is a homogeneous linear equation system with a non-trivial solution
o (i=1,2,...,n). Hence, &rj/aﬁz‘ = 0, which obviously contradicts re-
lation (2.23).

Example. Tangent vectors and metric coefficients of cylindrical
coordinates in E3. By means of (2.16) and (2.26) we obtain

or )
g1 = = —rsinpe; + rcos peq,
¢

_or .
g2 = 9,
gs = gr = cos pe; + sin pes. (2.27)
-
The metric coefficients take by virtue of (1.24) and (1.25) the form
200 - ) 77200
l9ij] = [gi-g;]=]010], [¢7]=9y4] =| 0 10]. (2.28)
001 0 01
The dual basis results from (1.21); by
L1 1. 1
g = ,91=— sinpej + Ccos ez,
T T r
g’ =g> = es,
g° = g3 = cos pe; + sin pes. (2.29)

2.3 Coordinate Transformation. Co-, Contra- and Mixed
Variant Components

Let " = 0 (r) and 0 = ' (r) (i =1,2,...,n) be two arbitrary coordinate
systems in E™. It holds

or  Or 007 007

g.= =" g% i=1,2,...,n. 2.30
9= o6 ~ o0i 091 ~ 9 opi " (2:30)
If g’ is the dual basis to g; (i = 1,2,...,n), then we can write
4 00!
Gt — g7 L
—gaej, 1=1,2,...,n. (2.31)
Indeed,

L L 0f 00! . (00 09!
995 =\9 a1 ) \I'90i ) =9 "9\ oo 0
o (aai aal) op o0 o'

— %\ o6k 0gs 8 ij=1,2,...,n. (2.32)

o0k 061 — opi i 1
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One can observe the difference in the transformation of the dual vectors (2.30)
and (2.31) which results from the change of the coordinate system. The trans-
formation rules of the form (2.30) and (2.31) and the corresponding variables
are referred to as covariant and contravariant, respectively. Covariant and
contravariant variables are denoted by lower and upper indices, respectively.

The co- and contravariant rules can also be recognized in the transforma-
tion of the components of vectors and tensors if they are related to tangent
vectors. Indeed, let

x=u1,9' =2'g, =1,§' = :Eigi, (2.33)

A=A;g®g =AYg;,2g; = A.ijgi ®g’

=A;50g =A"g,0g;=A,g,09. (2.34)
Then, by means of (1.28), (1.83), (2.30) and (2.31) we obtain
S <gjg§> :xjggz, (2.35)
P'=x-g'==x- (gj gz;) = ggj (2.36)
Aij=g,Ag; = (gk ?gj) A (gz§Z;> = ?gj ggj. A, (2.37)
Vopnr - (E)AER)- S
AL =—giAg, = (Qk gg;) A <gl§Z;> = gg; ggj AR (2.39)

Accordingly, the vector and tensor components z;, A;; and z, AY are called
covariant and contravariant, respectively. The tensor components A_ij are re-
ferred to as mixed variant. The transformation rules (2.35-2.39) can similarly
be written for tensors of higher orders as well. For example, one obtains for
third-order tensors

A 20" 96° 06" 00" 907 0Bk
ijk — ijk _ rst
ijk = 8@2 853 aékArsta A = 90" 90° 69tA S (240)

From the very beginning we have supplied coordinates with upper indices
which imply the contravariant transformation rule. Indeed, let us consider

the transformation of a coordinate system 6° = 6" (6*,62,...,6™) (i = 1,2,
...,n). It holds:
00
Aot = 0 de*. i=1,2,...,n. (2.41)

ol
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Thus, the differentials of the coordinates really transform according to the
contravariant law (2.31).

Example. Transformation of linear coordinates into cylindrical
ones (2.16). Let ' = 2* (r) be linear coordinates with respect to an or-
thonormal basis e; (i = 1,2,3) in E3:

d=r-e & r=de,. (2.42)

By means of (2.16) one can write

zt =rcosp, z’=rsing, 2°=z (2.43)
and consequently
ozt . , Ozt 0 Ozt x!
= —rsinp = —x = =cosp =

) v T Oz T Or L

o 2 ) 2 o 2 2

33;0 =rcosy =z, 83; =0, 81;’ =singp = l; , (2.44)
0z ~o, ox? _1, 0z _o

dp 0z aor

The reciprocal derivatives can easily be obtained from (2.22) by inverting the

matrix [ %’i %’”Z %ﬁi } according to Theorem 2.1. This yields:
O 1 . x? dp 1 x! Oy 0
=— sinp=— = cosp= ., =0,
Ozl P o0 r2' 9g2 PP T 2 Oz3
0z 0z 0z
Ozt ’ Ox? ’ Oz3 ’ ( )
or o xt or . x? or 0
f S f = S1n = = .
Ozl = 0z = Ox3

2.4 Gradient, Covariant and Contravariant Derivatives

Let & = @(91,92,...79”), T =x (91,92,...79”) and A = A(91,92,...79”)
be, respectively, a scalar-, a vector- and a tensor-valued differentiable function
of the coordinates #* € R (i = 1,2,...,n). Such functions of coordinates are
generally referred to as fields, as for example, the scalar field, the vector field
or the tensor field. Due to the one to one correspondence (2.24) these fields
can alternatively be represented by

S=0(r), z=x(r), A=A(r). (2.46)
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In the following we assume that the so-called directional derivatives of the
functions (2.46)

d b -9
D (r + sa) = lim (r+ sa) (T),
ds o 50 S
d _
x (r+ sa) :limw(r—i—sa) :I:(r)’
ds o 50 S
d A —A
A(r+sa) = tim AT Al (2.47)
ds o 50 S
exist for all @ € E". Further, one can show that the mappings a —
fo(r+sa)| _,,a— Lo(r+sa) _,anda— L A(r+sa)| _, are lin-

ear with respect to the vector a. For example, we can write for the directional
derivative of the scalar function @ = & (r)

d
= | &[r+ s1a+ sb] , (2.48)

d
®[r+s(a+b)
s=0 ds s=0

ds

where s; and s9 are assumed to be functions of s such that s; = s and sy = s.
With the aid of the chain rule this delivers

d
®[r+ s1a + s2b]

ds 50
0 d81 0 d82
= @ b o) b
{881 [r+51a+52]d8+882 [r—|—51a+52]ds}s_o
0 0
= b (r + s1a + s2b) + b (r + s1a + s2b)
881 s1=0,s52=0 652 51=0,52=0
d d
ds (r+sa) s:0+ ds (r+sb) s=0
and finally
d@[r+s(a+b)] = d@(r+sa) + d@(r+sb) (2.49)
ds o ds so ds <0 '
for all a,b € E". In a similar fashion we can write
d d d (as)
(] = [
ds (r + saa) " d(as) (r + saa) ds |,
d
=a b (r+ sa) , YVa € E", Va € R. (2.50)
S s=0

Thus, comparing (2.49) and (2.50) with the properties of the scalar product
(C.2) and (C.3) we can represent the directional derivative by
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d@(r+sa)

ds =grad®-a, VYacE", (2.51)

s=0

where the vector grad® € E™ is referred to as gradient of the function @ =
b (7).

Example. Gradient of the scalar function ||r|. Using the definition
of the directional derivative (2.47) we can write

= js\/(r+sa)-(r+sa)

o I+ sal

s=0 s=0

(;is\/r-r+2s(r~a)+52(a~a)

1 2(r-a)+2s(a-a)
2r-r+2s(r-a)+s2(a-a) o

Comparing this result with (2.51) delivers

grad ||| = (2.52)

r
Il

Similarly to (2.51) one defines the gradient of the vector function = x (r)
and the gradient of the tensor function A = A (7):

£ (r + sa) = (gradz)a, Va cE", (2.53)
s=0

d n

dsA (r + sa) = (gradA)a, Va c€E". (2.54)
s=0

Herein, grade and gradA represent tensors of second and third order, respec-
tively.

In order to evaluate the above gradients (2.51), (2.53) and (2.54) we rep-
resent the vectors r and a with respect to the linear coordinates (2.18) as

r=2'h;, a=ah,. (2.55)

With the aid of the chain rule we can further write for the directional deriva-
tive of the function & = & (r):

d d ; N

dsé(r + sa) » = dsds (2" + sa’) hy] .
_op d(af+sd)| 0D
O (af + saf) ds ~ ari”
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Comparing this result with (2.51) and bearing in mind that it holds for all
vectors a we obtain
oP . .
d® = | . h'. 2.56

gra O (2.56)
The representation (2.56) can be rewritten in terms of arbitrary curvilinear co-
ordinates r = r (91, 0%, ..., 9”) and the corresponding tangent vectors (2.26).
Indeed, in view of (2.31) and (2.56)

o . 0PI~ . 0D

dd = _ h'= h'= _ g 2.57

BT 0™ T ok 0w T 0019 (2:57)

According to the definition (2.51) the gradient is independent of the choice

of the coordinate system. This can also be seen from relation (2.57). Indeed,

taking (2.31) into account we can write for an arbitrary coordinate system
6' =06 (0",0%,...,0") (i=1,2,...,n):

op . 0P 0o . 0D __
do=_ g'= - . .g"'= _-g. 2.
S 0009 T opi 0009 T 099 (2.38)
Similarly to relation (2.57) one can express the gradients of the vector-valued
function @ = x (r) and the tensor-valued function A = A (r) by

oA .
S ®g°. (2.59)

€T .
: dA =
®g', gra 9pi

grade = 900

Henceforth, the derivatives of the functions & = & (6',6%,...,6"), = =
x (0',6%,...,6") and A = A (6*,6%,...,0™) with respect to curvilinear coor-
dinates % will be denoted shortly by

o ox 0A

@ﬂz 901’ Lyj = 901’ Aai: 90t

(2.60)

They obey the covariant transformation rule (2.30) with respect to the index
1 since
b 0P 00F ox Oz 00k OA _0A 00F
o0 06k 06" 06 06k 06T 00" 9Ok 9
and represent again a scalar, a vector and a second-order tensor, respectively.
The latter ones can be represented with respect to a basis as

(2.61)

z,;=12'|; g; = zj|; g’
A=A, gr0g=Aulig"®g =A"|igr®d, (2.62)

where (e)|; denotes some differential operator on the components of the vector
x or the tensor A. In view of (2.61) and (2.62) this operator transforms with
respect to the index 4 according to the covariant rule and is called covariant
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derivative. The covariant type of the derivative is accentuated by the lower
position of the coordinate index.

On the basis of the covariant derivative we can also define the contravariant
one. To this end, we formally apply the rule of component transformation
(1.90); as (e)|'= g%/ (e)|;. Accordingly,

= g%k, ayl'= g™l

Akl|i: gimAkl|m7 Akl‘i: gimAkl|m7 Akl‘Z: gimAI?l|m ) (263)
For scalar functions the covariant and the contravariant derivatives identically
coincide with the partial one:

D= P|;=d|" . (2.64)

In view of (2.58-2.60), (2.62) and (2.64) the gradients of the functions ¢ =
D (0L,62,...,0"), x =z (01,0%,...,0") and A = A (0%,6%,...,0") take the

form
grad® = @|; g = @\i gi,
grade =127, g; ®g' = 2;/, g ®g' = 27| g; ® g; = 75" ¢’ @ g,
gradA = AM| g, 0 g1 09 = Aulig" g @g' =A% igreg g

=AM gr0g®0gi=Aul"g"®g ®g; =A% g2 g ®g.
(2.65)

2.5 Christoffel Symbols, Representation of the Covariant
Derivative

In the previous section we have introduced the notion of the covariant deriva-
tive but have not so far discussed how it can be taken. Now, we are going to
formulate a procedure constructing the differential operator of the covariant
derivative. In other words, we would like to express the covariant derivative in
terms of the vector or tensor components. To this end, the partial derivatives
of the tangent vectors (2.26) with respect to the coordinates are first needed.
Since these derivatives again represent vectors in E”, they can be expressed
in terms of the tangent vectors g; or dual vectors g° (i = 1,2,...,n) both
forming bases of E™. Thus, one can write

gi,j:Fijkgk erjgk, i,j = 1,2,...,71, (266)

where the components I';;, and Ffj (i,j,k =1,2,...,n) are referred to as the
Christoffel symbols of the first and second kind, respectively. In view of the
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relation g* = g*g; (k =1,2,...,n) (1.21) these symbols are connected with
each other by

Iy =g"Ty, i,k=12,...n (2.67)
Keeping the definition of tangent vectors (2.26) in mind we further obtain

Gii =Ty =Tyji=9gjyi, 4j=12,...,n (2.68)
With the aid of (1.28) the Christoffel symbols can thus be expressed by

Uiji = Tjik = Girj -Gk = 9j»i "Gk, (2.69)
Y =T%=gi;¢"=g;.9", i,j k=12 n (2.70)

For the dual basis g (i = 1,2,...,n) one further gets by differentiating the
identities g* - g; = &} (1.15):

0= (55) w=1(9""9) k=919, +9"  gju
= gi,k ‘g +gi . (Fékgl) = gi,k g + F;k, i, 5,k=1,2,...,n.

Hence,

Uy =T, =—g'%g;=—9";9r i,jk=12,....n (2.71)
and consequently

g'w=-Thg =-Tyg", k=12 n (2.72)
By means of the identity

Gigok=(9i - 95) k= Gisk 95 +Gi - Gjok,  LLk=1,2,....n (2.73)
and in view of (2.67-2.69) we finally obtain

1
Dijk = 9 (Grirj +9kjri —Gijok ) » (2.74)

1 .
FZ = 29kl (glivj +glj7i _gijvl)v Z?]uk: 1727"’7”' (275)

It is seen from (2.74) and (2.75) that all Christoffel symbols identically vanish
in the Cartesian coordinates defined with respect to an orthonormal basis as

r=2a'e;. (2.76)
Indeed, in this case
gij = ei-ej =0iy, 1,j=1,2,....n (2.77)

and hence
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FiijFijO, i,j,k=1,2,...,n. (2.78)

Example. Christoffel symbols for cylindrical coordinates in E3
(2.16). By virtue of relation (2.28); we realize that g11,3 = 2r, while all other
derivatives gix,; (4,4, k =1,2,3) (2.73) are zero. Thus, eq. (2.74) delivers

Pisi =Tsnn=r, Tug=-r, (2.79)

while all other Christoffel symbols of the first kind T';x (¢,7,k = 1,2,3) are
likewise zero. With the aid of (2.67) and (2.28)s we further obtain

T} =g""Tiji =r°Tij1, T3 =g"Tij2 =Tij,
I3 = g% Tys =Tijs, 0,5=1,2,3. (2.80)

By virtue of (2.79) we can further write
1 1 1 3
Py =Tg = ” Iy = -, (2.81)
while all remaining Christoffel symbols of the second kind Ffj (i,j,k=1,2,3)

(2.75) vanish.

Now, we are in a position to express the covariant derivative in terms of
the vector or tensor components by means of the Christoffel symbols. For the
vector-valued function =« (6*,6%,...,0") we can write using (2.66)

T, = (ngz) g = l‘i,j gi + ﬂﬁigz'u'
= xi,j g + mil“fjgk = (xi,j —|—xkffcj) i, (2.82)
or alternatively using (2.72)
T, = (fﬂzgl) 1 = Tiyj g + fﬂigi,j
= Ti,j gi — xiFijgk = (xi,j —xkl‘fj) gi. (283)
Comparing these results with (2.62) yields

k

$i‘j= xi,j +xkf§cj, JJZ“]‘Z Tiyj —Jikrij, ,7=12,...,n. (2.84)

Similarly, we treat the tensor-valued function A = A (6',62,...,6™):
A= (AYg;®g;)
=AY gi®g; +AYgi,0g; +AVg; ® gj1
=AY rgi®g;+AY (Thg) ®g;+A%g; ® (Tq1)

- (Aij,k LAV A”F{k> 9 ® 9. (2.85)
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Thus,
A= AV +AYTY + AT, 05 k=1,2,.. 0. (2.86)
By analogy, we further obtain
Aijl= Agjor — AT, — Ailréka

All= AL +ALT — AT ik =1,2,.. . (2.87)

Similar expressions for the covariant derivative can also be formulated for
tensors of higher orders.

From (2.78), (2.84), (2.86) and (2.87) it is seen that the covariant derivative
taken in Cartesian coordinates (2.76) coincides with the partial derivative:

xi|j: xivj ) xi‘j: Tiyg s

A= AY 5 Ayjl= Ajor A?j|k: A?j?k?? i,j,k=1,2,...,n. (2.88)

Formal application of the covariant derivative (2.84) and (2.86-2.87) to the
tangent vectors (2.26) and metric coefficients (1.85)1 2 yields by virtue of
(2.66), (2.67), (2.72) and (2.74) the following identities referred to as Ricci’s
Theorem:

gilj=gi,;—all; =0, g'l;=g";+4'T}; =0, (2.89)
9iilk=gijk =90t — 9l = gijok —Tikj — Djri = 0, (2.90)
97 k= 9" % +9" Ty, + ¢"T9, = ¢"g"™ (—Gimk +Trks + Likm) =0, (2.91)
where 7, j,k = 1,2,...,n. The latter two identities can alternatively be proved

by taking (1.25) into account and using the product rules of differentiation
for the covariant derivative which can be written as (Exercise 2.6)

Ajjle= ailk bj + aibjli  for Ay = asby, (2.92)
A2j|k: a,i|k bj + a,ibj‘k fOI‘ AZJ - a/ibj, (293)
Alle =d'|x bj +a'bjle  for Al =da'b;, ijk=12...n (2.94)

2.6 Applications in Three-Dimensional Space:
Divergence and Curl

Divergence of a tensor field. One defines the divergence of a tensor field
S (r) by

. o1
divS = ‘;1510 v /SndA, (2.95)
A



48 2 Vector and Tensor Analysis in Euclidean Space
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Fig. 2.2. Derivation of the divergence in three-dimensional space

where the integration is carried out over a closed surface area A with the
volume V and the outer unit normal vector n.

For the integration we consider a curvilinear parallelepiped with the edges
formed by the coordinate lines 1,02, 6% and 6! + A6, 6% + A6?, 6% + A6? (Fig.
2.2). The infinitesimal surface elements of the parallelepiped can be defined
in a vector form by

dA® = £ (dfg;) x (dO*gi) = £gg'd®? 0%, i=1,2,3, (2.96)

where g = [g19293] (1.31) and 4, j, k is an even permutation of 1,2,3. The cor-
responding infinitesimal volume element can thus be given by (no summation
over 1)

AV =dAW . (do'g;) = [d9' g1 dbg> d6*gs]
= [g1g2gs] d9'd6%d63 = gdo'do>de>. (2.97)
We also need the following identities
9k = [919293] sk = Ty, [919293] + Thy, [919193] + Ty, [919291]
=T} [919295] = Ty, (2.98)
(99°) i=9,i9"+99"i=Tl99' —Tigg' = 0. (2.99)

With these results in hand, one can express the divergence (2.95) as follows
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V—0

1
divS = lim v /SndA

~ lim Z/ [s (0" + A0") dAD (0" + A6") + S (07) dAD (9%‘)].

Using the abbreviation
s (07)=S(0")g(0")g" (0"), i=1,2,3 (2.100)

we can thus write
) 3 0F + A% 67+ A6T
divS = lim Z / / [s" (6" + A0") — " (6")] d6”d6
=g 67
3 0k +A0% 07 +A0T 0P+ AOF
o1 os' J ok
=y Z / / / o 1%

ok 07 01
1< st
= &lglovg/ ; av, (2.101)

where i, 7, k is again an even permutation of 1,2,3. Assuming continuity of the
integrand in (2.101) and applying (2.99) and (2.100) we obtain

: L 1 i 1 i i i
g g g
which finally yields by virtue of (2.62)2

divS =8,,g' =S/l g =5 g;. (2.103)

Example. The momentum balance in Cartesian and cylindrical
coordinates. Let us consider a material body or a part of it with a mass
m, volume V and outer surface A. According to the Euler law of motion the
vector sum of external volume forces fdV and surface tractions td A results in
the vector sum of inertia forces &dm, where x stands for the position vector
of a material element dm and the superposed dot denotes the material time
derivative. Hence,

idm = [ tdA+ | fdv. (2.104)
Jron[uas]

Applying the Cauchy theorem (1.72) to the first integral on the right hand
side it further delivers
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/:idm = /andA+/de (2.105)
v

m A

Dividing this equation by V' and considering the limit case V' — 0 we obtain
by virtue of (2.95)

px = dive + f, (2.106)

where p denotes the density of the material. This vector equation is referred
to as the momentum balance.

Representing vector and tensor variables with respect to the tangent vec-
tors g; (1 = 1,2,3) of an arbitrary curvilinear coordinate system as

E=3i'g;, o=07g;0g;, f=/4g:

and expressing the divergence of the Cauchy stress tensor by (2.103) we obtain
the component form of the momentum balance (2.106) by

pit=o; +f i=1,2,3. (2.107)

With the aid of (2.86) the covariant derivative of the Cauchy stress tensor can
further be written by

0= 0" )+l Tl + 0T, i,k =1,2,3 (2.108)
and thus,

oj=0"; +oli Iy + oird

. i=1,23. (2.109)

By virtue of the expressions for the Christoffel symbols (2.81) and keeping in
mind the symmetry of the Cauchy stress tensors ¢ = ¢7* (i # j = 1,2,3) we
thus obtain for cylindrical coordinates:
. 3031
oY) = oM o', oS .
32

2j 21 22 23 g
J]‘j:J 7Lp+0- vz TO7 0 + r )
33
3; 31 32 33 11, 0
oV =0, +0% 407, —ro + . (2.110)

The balance equations finally take the form

-1 11 12 13 30 1
pr =0, 0o+ . + f,

32
-2 21 22 23 g 2
pL° =0, +0*, . +0 ,r+r + f,

33
. g
pid = o* ,+0*2 , +0%3, —rott + .t 13, (2.111)
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In Cartesian coordinates, where g; = e; (i = 1,2, 3), the covariant derivative
coincides with the partial one, so that

oY= 0", =055 - (2.112)
Thus, the balance equations reduce to

pE1 = o11,1 +012,2 +013,3 + f1,
pEa = 021,1 +022,2 +023,3 + f2,
pE3 = 031,1 +032,2 +033,3 +f3. (2.113)

Divergence and curl of a vector field. Now, we consider a differ-
entiable vector field ¢ (6*,6%,6%). One defines the divergence and curl of
t (61,6%,0%) respectively by

. .1
divt = ‘1/1310 v /(t -m)dA, (2.114)
A
It = 1 1/(n><t)dA— I 1/(txn)dA (2.115)
= v R ’ ’
A A

where the integration is again carried out over a closed surface area A with
the volume V' and the outer unit normal vector n. Considering (1.65) and
(2.95), the curl can also be represented by

curlt = — lim ‘1/ /indA = —divt. (2.116)

—0

A

Treating the vector field in the same manner as the tensor field we can write

divt = t,;-g' =t'|; (2.117)
and in view of (2.65)9

divt = tr (gradt) . (2.118)
The same procedure applied to the curl (2.115) leads to

curlt = g' xt,;. (2.119)

By virtue of (2.62) and (1.42) we further obtain (see also Exercise 2.7)
i i jite 1
curlt = t;|; ¢’ x g* = €% ti|; gr. (2.120)
g

With respect to Cartesian coordinates with g; = e; (i = 1,2, 3) the divergence
(2.117) and curl (2.120) simplify to
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divt = tiai = tlal +t272 +t373 = tlul +t272 +t373 ) (2121)

curlt = eﬂkti,j e

= (t3,20 —t2,3)er + (t1,3 —t3,1) €2 + (t2,1 —t1,2) es. (2.122)

Now, we are going to discuss some combined operations with a gradient, diver-
gence, curl, tensor mapping and products of various types (see also Exercise
2.11).

1) Curl of a gradient:

curlgrad® = 0. (2.123)
2) Divergence of a curl:

div curlt = 0. (2.124)
3) Divergence of a vector product:

div (u x v) = v - curlu — w - curlw. (2.125)
4) Gradient of a divergence:

grad divt = curl curlt + div gradt, (2.126)

graddivt = div (gradt)” . (2.127)

The combined operator divgradt appearing in (2.126) is known as the
Laplacian and is also denoted by At.
5) Divergence of a (left) mapping

div (tA) = A : gradt + ¢t - divA. (2.128)

6) Divergence of a product of a scalar-valued function and a vector-valued
function

div (Pt) = t - grad® + Pdivt. (2.129)

7) Divergence of a product of a scalar-valued function and a tensor-valued
function

div (PA) = Agradd + PdivA. (2.130)

We prove, for example, identity (2.123). To this end, we apply (2.65)1, (2.72)
and (2.119). Thus, we write

curlgrad® = g’ x (@\Z gi) = Dij g xg'+d,; g x gi,j

=9’ xg' —®,T},;9" xg" =0 (2.131)
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taking into account that &,;; = &,;;, Féj
(i #7j,4,7=1,2,3).

Example. Balance of mechanical energy as an integral form of
the momentum balance. Using the above identities we are now able to
formulate the balance of mechanical energy on the basis of the momentum

balance (2.106). To this end, we multiply this vector relation scalarly by the
velocity vector v = @

= I‘éi and g* x ¢ = —¢g’ x g

v-(p&) =v-dive +v- f.
Using (2.128) we can further write
v- (p&)+ o : gradv = div (ve) + v - f.

Integrating this relation over the volume of the body V yields

;t/<;v~v> dm+/0':gradvdV:/div(va‘)dV—i—/v-de,
v v v

m

where dm = pdV and m denotes the mass of the body. Keeping in mind the
definition of the divergence (2.95) and applying the Cauchy theorem (1.72)
according to which the Cauchy stress vector is given by ¢ = on, we finally
obtain the relation

1
;t/<211~v> dm+/0':gradvdV:/v~tdA+/v~de (2.132)
v A 1%

m

expressing the balance of mechanical energy. Indeed, the first and the second
integrals on the left hand side of (2.132) represent the time rate of the kinetic
energy and the stress power, respectively. The right hand side of (2.132) ex-
presses the power of external forces i.e. external tractions ¢ on the boundary
of the body A and external volume forces f inside of it.

Example. Navier-Stokes equations for a linear-viscous fluid in
Cartesian and cylindrical coordinates. A linear-viscous fluid (also called
Newton fluid or Navier-Poisson fluid) is defined by a constitutive equation

o=—-pIl+2nD + A (trD) 1, (2.133)
where
1
D= 9 [gradv + (grad’u)T} (2.134)

denotes the spatial strain rate tensor, p is the hydrostatic pressure while 7
and A represent material constants referred to as shear viscosity and second
viscosity coefficient, respectively. Inserting (2.134) into (2.133) and taking
(2.118) into account delivers
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o=—-pl+n [gradv + (gradv)T] + A (dive) I (2.135)
Substituting this expression into the momentum balance (2.106) and using
(2.127) and (2.130) we obtain the relation

pv = —gradp + ndiv gradv + (n + \) grad dive + f (2.136)

referred to as the Navier-Stokes equation. By means of (2.126) it can be rewrit-
ten as

pv = —gradp + (21 + A) grad dive — neurl curlv + f. (2.137)

For an incompressible fluid characterized by the kinematic condition trD =
dive = 0, the latter two equations simplify to

pv = —gradp + nAv + f, (2.138)

pv = —gradp — necurl curlv + f. (2.139)
With the aid of the identity Av = v,,|* (see Exercise 2.13) we thus can write

pv = —gradp + nu,|* +f. (2.140)
In Cartesian coordinates this relation is thus written out as

PO = —p,i +1 (Vi1 +Vis22 +0i,33 ) + f, 1=1,2,3. (2.141)

For arbitrary curvilinear coordinates we use the following representation for
the vector Laplacian (see Exercise 2.15)

Av = g (vF i 4200l =Tk L 415 ot + Th Tt = TITE o) gy
(2.142)

For the cylindrical coordinates it takes by virtue of (2.28) and (2.81) the
following form

—2,1 1 1 —1,1 3.3
Av = (T v,11 022 H0 7,33 3T v 342 Py ,1)91
-2 2 2 2 -1,2
+ (7‘ V7,11 0722 H0T 33+ W ’3)92
—2,3 3 3 —1,1 -1,3 —2.3
+ (7" v7,11 +07 22 +07,33 =217 v, 1T 0,3 =1 T )gg.

Inserting this result into (2.138) and using the representations v = v'g; and
f = fg; we finally obtain

1 1 Op 1 0%t 0%t 9%l 30wt 2 9v?
pvt = f _a<p+" 2 g2 to2t o2t T op )
) dp 1 0%02 0%  0%% 100
p’l}2 = f2 — az +77 (7"2 8902 + 822 + 8’1“2 + r a’r ) 5
.3_f3_8p+ 1821}3+82U3+8203_28v1+18v3_1}3
pU= ar T\ 2 Op? 022 o2 rdp ror r2)°

(2.143)
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Exercises

2.1. Evaluate tangent vectors and metric coeflicients of spherical coordinates
in E3 defined by

r (p, ¢, 1) = rsinpsin ge; + r cos pes + 1 cos  sin pes. (2.144)

o0
2.2. Evaluate the coefficients , .~ (2.41) for the transformation of linear co-

ordinates in the spherical ones and vice versa.

2.3. Evaluate gradients of the following functions of r:

(a) ”11‘”, (b) r-w, (c) rAr, (d) Ar, (e) wXxr,

where w and A are some vector and tensor, respectively.

2.4. Evaluate the Christoffel symbols of the first and second kind for spherical
coordinates (2.144).

2.5. Verify relations (2.87).

2.6. Prove the product rules of differentiation for the covariant derivative
(2.92-2.94).

2.7. Verify relation (2.120) applying (2.103), (2.116) and using the results of
Exercise 1.21.

2.8. Write out the balance equations (2.107) in spherical coordinates (2.144).
2.9. Evaluate tangent vectors, metric coefficients and Christoffel symbols for
cylindrical surface coordinates defined by

r(r,s, z) :rcossel +7‘sinseg + zes. (2.145)

r r

2.10. Write out the balance equations (2.107) in cylindrical surface coordi-
nates (2.145).
2.11. Prove identities (2.124-2.130).

2.12. Write out the gradient, divergence and curl of a vector field ¢ (r) in
cylindrical and spherical coordinates (2.16) and (2.144), respectively.

2.13. Prove that the Laplacian of a vector-valued function ¢ (r) can be given
by At = t,|*. Specify this identity for Cartesian coordinates.

2.14. Write out the Laplacian A® of a scalar field @ (r) in cylindrical and
spherical coordinates (2.16) and (2.144), respectively.

2.15. Write out the Laplacian of a vector field ¢ (r) in component form in
an arbitrary curvilinear coordinate system. Specify the result for spherical
coordinates (2.144).





