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Curves and Surfaces in Three-Dimensional
Euclidean Space

3.1 Curves in Three-Dimensional Euclidean Space

A curve in three-dimensional space is defined by a vector function
r=r(t), rck? (3.1)

where the real variable ¢ belongs to some interval: ¢; < t < t5. Henceforth, we
assume that the function 7 (t) is sufficiently differentiable and

i: £0 (3.2)

over the whole definition domain. Specifying an arbitrary coordinate system
(2.15) as

0" =6"(r), i=1,2,3, (3.3)
the curve (3.1) can alternatively be defined by

' =6"(t), i=1,23. (3.4)

Example. Straight line. A straight line can be defined by

r(t)=a+bt, a,bcE> (3.5)

With respect to linear coordinates related to a basis H = {hi, he, hs} it is
equivalent to

r(t) =a' +b't, i=1,2,3, (3.6)
where r = r*h;, a = a*h; and b = b*h;.

Example. Circular helix. The circular helix (Fig. 3.1) is defined by
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Fig. 3.1. Circular helix
r(t) = Rcos(t)e; + Rsin (t) ex + ctes, ¢ #0, (3.7

where e; (i = 1,2,3) form an orthonormal basis in E3. For the definition of
the circular helix the cylindrical coordinates (2.16) appear to be very suitable.
Indeed, alternatively to (3.7) we can write

r=R, p=t, z=ct (3.8)

In the previous chapter we defined tangent vectors to the coordinate lines. By
analogy one can also define a vector tangent to the curve (3.1) as

dr

9= (3.9)

It is advantageous to parametrize the curve (3.1) in terms of the so-called arc
length. To this end, we first calculate the length of a curve segment between
the points corresponding to parameters ¢; and ¢ as
r(t)
s(t) = / Vdr - dr. (3.10)

r(t1)
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With the aid of (3.9) we can write dr = g;dt and consequently

S(t) = / Vet - gudt = / lge |l dt = / Ve (£)dt. (3.11)

Using this equation and keeping in mind assumption (3.2) we have
ds
= t) # 0. 3.12
q Vou (t) # (3.12)
This implies that the function s = s (¢) is invertible and

v = [ el tas= [ ¢;f<t>’ (3.13)

S(tl) S(tl)
Thus, the curve (3.1) can be redefined in terms of the arc length s as
r=r(t(s)=r(s). (3.14)

In analogy with (3.9) one defines the vector tangent to the curve 7 (s) (3.14)
as

_dr drdt gy

= = = 3.15
MT 4s T dt ds llg:l (3:.15)
being a unit vector: ||a1|| = 1. Differentiation of this vector with respect to s
further yields
da1 d2 T
s= = ) 3.16
an ds ds? (3.16)

It can be shown that the tangent vector a; is orthogonal to ai,s provided
the latter one is not zero. Indeed, differentiating the identity a; - @1 = 1 with
respect to s we have

a -ay,s— 0. (317)
The length of the vector aq,s
#(s) = lla1,s || (3.18)

plays an important role in the theory of curves and is called curvature. The
inverse value

p(s) = (3.19)
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is referred to as the radius of curvature of the curve at the point 7 (s). Hence-
forth, we focus on curves with non-zero curvature. The case of zero curvature
corresponds to a straight line (see Exercise 3.1) and is trivial.

Next, we define the unit vector in the direction of a,

ap,s _ Q1

a2 = =
lavs [ 5(s)

(3.20)

called the principal normal vector to the curve. The orthogonal vectors a
and ay can further be completed to an orthonormal basis in E? by the vector

a3 = a1 X as (321)

called the unit binormal vector. The triplet of vectors a1, as and ag is referred
to as the moving trihedron of the curve.

In order to study the rotation of the trihedron along the curve we again
consider the arc length s as a coordinate. In this case, we can write similarly
to (2.66)

ais=Trap, i=1,23, (3.22)
where I'¥, = a;,s-ay (i,k =1,2,3). From (3.17), (3.20) and (3.21) we imme-
diately observe that I'?, = s and I't, = I', = 0. Further, differentiating the
identities

az-az =1, a;-az3 =0 (3.23)
with respect to s yields

as-as,s =0, ai,s-az+ai-ag,s=0. (3.24)
Taking into account (3.20) this results in the following identity

aj - as,s= —ai,s-az = —xas - az = 0. (3.25)
Relations (3.24) and (3.25) suggest that

as,s = —7(s) as, (3.26)
where the function

7(s) = —asz,s a2 (3.27)

is called torsion of the curve at the point 7(s). Thus, '3, = —7 and
i, = T3, = 0. The sign of the torsion (3.27) has a geometric meaning and
remains unaffected by the change of the positive sense of the curve, i.e. by
the transformation s = —s’ (see Exercise 3.2). Accordingly, one distinguishes
right-handed curves with a positive torsion and left-handed curves with a neg-
ative torsion. In the case of zero torsion the curve is referred to as a plane
curve.
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Finally, differentiating the identities
ag-alzo, 02'02:1, (12'&320

with respect to s and using (3.20) and (3.27) we get

az,s a; = —az - aj,s — —xAay - a4 = —x, (328)
az-az,s=0, azs-a3=-az-as;=r, (3.29)
so that '3, = —s¢, I3, = 0 and '3, = 7. Summarizing the above results we
can write
_ 0 50
[t =|-» or (3.30)
0-70
and
ay,s = »xaz,
ag,s = —xay +Tas, (3.31)
asz,s = —Tas.

Relations (3.31) are known as the Frenet formulas.

a(s)

Fig. 3.2. Rotation of the moving trihedron

A useful illustration of the Frenet formulas can be gained with the aid of a
skew-symmetric tensor. To this end, we consider the rotation of the trihedron
from some initial position at sy to the actual state at s. This rotation can be
described by an orthogonal tensor Q (s) as (Fig. 3.2)
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a;(s)=Q(s)a;(so), =123 (3.32)
Differentiating this relation with respect to s yields
Qi (8) = Qs (s)ai(so), 1=1,2,3. (3.33)

Mapping both sides of (3.32) by Q™ (s) and inserting the result into (3.33)
we further obtain

@i (5) = Qus (5) QT (s) @i (), i=1,2,3. (3.34)
Differentiating the identity (1.129) Q (s) QT (s) = I with respect to s we have
Q. () QT (s) + Q(s)Q"Y,s (5) = 0, which implies that the tensor W (s) =
Q. (s) QT (s) is skew-symmetric. Hence, eq. (3.34) can be rewritten as (see
also [3])

ais(s) =W (s)a;(s), W eSkew’, i=1,23, (3.35)
where according to (3.31)

Au% (S) =T (S) ((13 Xas —as X CLg) + %(8) ((12 RKRa; —a; X (12) . (336)
By virtue of (1.130) and (1.131) we further obtain

W =rT1a; + »as (337)

and consequently

ais=dxa;=da;, i=123, (3.38)
where
d=rT1a + »a3 (3.39)

is referred to as the Darboux vector.

Example. Curvature, torsion, moving trihedron and Darboux
vector for a circular helix. Inserting (3.7) into (3.9) delivers

dr

9= 4 = —Rsin (t) e; + Rcos (t) ez + ces, (3.40)
so that
g1t = gt - g¢ = R? + ¢® = const. (3.41)

Thus, using (3.13) we may set

t(s)

S

= R e (3.42)
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Using this result, the circular helix (3.7) can be parametrized in terms of the
arc length s by

CcS

_ s . s
r(s):Rcos<\/R2+02>el+Rsm<\/R2+82>eg+\/R2+8263.
(3.43)

With the aid of (3.15) we further write

a; = dr_ ! {—Rsin( y )e
T ds T VR4 VR 42 )
s
+ Rcos <\/R2 N 02> er + C€3:| , (3.44)
R

s _ s
@15 == py 2 [cos (\/R2 N c2> e + sin (\/R2 N 02> 62:| . (3.45)

According to (3.18) the curvature of the helix is thus

R

= . .4
* R2 + C2 (3 6)
By virtue of (3.20), (3.21) and (3.27) we have
ai,s S . s
=" = ~ 4
®7 COS(\/R2+C2>31 Sm(mua)”’ 47
a a; xa 1 [ i ( y ) e
- = csin
° ' 2T VR4 2 VR2+¢e2)
s
—CCoS <\/R2 n C2> e + R€3:| . (348)
c s . s
@35 = po 2 {cos (\/R2 N 02> e; +sin (\/R2 N c2> eQ} , (3.49)
c
T= e (3.50)

It is seen that the circular helix is right-handed for ¢ > 0, left-handed for
¢ < 0 and becomes a circle for ¢ = 0. For the Darboux vector (3.39) we finally
obtain

1

d=rT1a; + »a3z = \/RQ—‘,— , €3
C

(3.51)
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3.2 Surfaces in Three-Dimensional Euclidean Space

A surface in three-dimensional Euclidean space is defined by a vector function

r=r(t't*), rek’ (3.52)

of two real variables ¢! and t? referred to as Gauss coordinates. With the aid
of the coordinate system (3.3) one can alternatively write

o' =0"(¢t',*), i=1,2,3. (3.53)

In the following, we assume that the function r (¢*,¢?) is sufficiently differen-
tiable with respect to both arguments and

dr

g 700 a=1.2 (3.54)

over the whole definition domain.

Example 1. Plane. Let us consider three linearly independent vectors
x; (i =0,1,2) specifying three points in three-dimensional space. The plane
going through these points can be defined by

r(th17) =z + ' (w1 — @) + 1* (@2 — @0) - (3.55)

Example 2. Cylinder. A cylinder of radius R with the axis parallel to
e3 is defined by

r (tl,t2) = Rcostle; + Rsintles + t2es, (3.56)

where e; (i = 1,2,3) again form an orthonormal basis in E®. With the aid of
the cylindrical coordinates (2.16) we can alternatively write

=t', z=1t* r=R. 3.57
®

Example 3. Sphere. A sphere of radius R with the center at r = 0 is
defined by

r (t',t*) = Rsint'sint®e; + Rcost’es + Rcost' sint’es, (3.58)
or by means of spherical coordinates (2.144) as

p=t', ¢=t r=R (3.59)

Using a parametric representation (see, e.g., [25])

th=tt @), t*=t() (3.60)
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normal
section

normal plane

Fig. 3.3. Coordinate lines on the surface, normal section and tangent vectors

one defines a curve on the surface (3.52). In particular, the curves t! = const
and t? = const are called t? and t' coordinate lines, respectively (Fig. 3.3).
The vector tangent to the curve (3.60) can be expressed by

dr  or dt!  Or dt? di! de?

pr— f— = . ].
9= "o ar Torar T ar T9q (3.61)
where
0
Go = at’; — 7., a=12 (3.62)

represent tangent vectors to the coordinate lines. For the length of an in-
finitesimal element of the curve (3.60) we thus write

(ds)® = dr-dr = (g¢dt)-(gidt) = (gr1dt* + g2dt?)-(g1dt' + godt?) . (3.63)
With the aid of the abbreviation

9op = 9pa = 9o - 98, «,0=1,2, (3.64)
it delivers the quadratic form

(ds)® = gu1 (dt))? + 2g12dt'de + gao (dt?) (3.65)

referred to as the first fundamental form of the surface. The latter result can
briefly be written as

(ds)? = gapdt®dt?, (3.66)

where and henceforth within this chapter the summation convention is implied
for repeated Greek indices taking the values from 1 to 2. Similar to the metric
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coefficients (1.85)1 2 in n-dimensional Euclidean space gos (3.64) describe the
metric on a surface. Generally, the metric described by a differential quadratic
form like (3.66) is referred to as Riemannian metric.

The tangent vectors (3.62) can be completed to a basis in E3 by the unit
vector

g1 X g2

— 3.67
g1 x gal (3.67)

gs

called principal normal vector to the surface.

In the following, we focus on a special class of surface curves called normal
sections. These are curves passing through a point of the surface r (tl, t2) and
obtained by intersection of this surface with a plane involving the principal
normal vector. Such a plane is referred to as the normal plane.

In order to study curvature properties of normal sections we first express
the derivatives of the basis vectors g; (i = 1,2, 3) with respect to the surface
coordinates. Using the formalism of Christoffel symbols we can write

0g; )
Giva = 8;1 =Tiarg" =5 gn, i=1,2,3, (3.68)
where
Fi(xk = Gisa "Gk, Ff@ =Gia 'gka 1= 17 2a 37 o = 17 2. (369)

Taking into account the identity gs = g* resulting from (3.67) we immediately
observe that

Fi(x3 = F3

S 1=1,2,3, a=1,2. (3.70)
Differentiating the relations

9o-93=0, g3-g3=1 (3.71)
with respect to the Gauss coordinates we further obtain

90393 = —9a 935, 939 =0, aB=172 (3.72)
and consequently

Fi,@ =T3340, I5,=0, a,8=12. (3.73)
Using in (3.68) the abbreviation

bap =bpa =T55 = D308 = gap-gs, of=12, (3.74)

we arrive at the relations

9a:3=T059, +bapgs, o, f=12 (3.75)
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called the Gauss formulas.

Similarly to a coordinate system one can notionally define the covariant
derivative also on the surface. To this end, relations (2.84), (2.86) and (2.87)
are specified to the two-dimensional space in a straight forward manner as

fa|,3: f&aﬁ +fprgﬁa fa‘ﬁ: fomﬁ _prZB, (376)
FOOL=F  +FTS + FT0 . Fagly=Fagry —Fosl%, — Faoll,
Uly=Fy +FT0 —FOTG . a,8,7=1,2. (3.77)

Thereby, with the aid of (3.76)2 the Gauss formulas (3.75) can alternatively
be given by (cf. (2.89))

Golg= bapgs, «a,0=1,2. (3.78)

Further, we can write

b2 = bapg”’ = —Ts0,9" = -Th., a,f=1,2. (3.79)
Inserting the latter relation into (3.68) and considering (3.73)s, this yields the
identities

93,0 = g3la= —b0g,, a=1,2 (3.80)

referred to as the Weingarten formulas.

Now, we are in a position to express the curvature of a normal section. It
is called normal curvature and denoted in the following by s¢,. At first, we
observe that the principal normals of the surface and of the normal section
coincide in the sense that a; = +g3. Using (3.13), (3.28), (3.61), (3.72); and
(3.74) and assuming for the moment that as = g3 we get

dt
My — —A2,5 A1 = _g335 ° gt - - (g-?)at d ) ° gt = _g37t : gt 2
gl s/ gl llgell

= (90 ) (952 Y 190l = s 2 gl
T \Ie g 95 qp )19t = 0B gy gy 190

By virtue of (3.63) and (3.66) this leads to the following result

bapdtdt?
* Gapdtedts (3:81)
where the quadratic form
bapdt®dt? = —dr - dgs (3.82)

is referred to as the second fundamental form of the surface. In the case
as = —gs the sign of the expression for s, (3.81) must be changed. Instead of
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that, we assume that the normal curvature can, in contrast to the curvature
of space curves (3.18), be negative. However, the sign of s, (3.81) has no
geometrical meaning. Indeed, it depends on the orientation of g3 with respect
to ae which is immaterial. For example, g3 changes the sign in coordinate
transformations like ¢! = 2, 2 = ¢!,

Of special interest is the dependence of the normal curvature s¢, on the
direction of the normal section. For example, for the normal sections passing
through the coordinate lines we have

b2z

b1
st = 2 3.83
L i = (3.8

Xn ‘tQ:const =

In the following, we are going to find the directions of the maximal and mini-
mal curvature. Necessary conditions for the extremum of the normal curvature
(3.81) are given by

0,

ot
Rewriting (3.81) as

=0, a=1.2. (3.84)

(bap — #ngap) dt“dt? =0 (3.85)
and differentiating with respect to t* we obtain
(bap — #ngap) dt’ =0, a=1,2. (3.86)

Multiplying both sides of this equation system by ¢“? and summing up over
a we have with the aid of (3.79)

(v 5n0f) at’ =0, p=1,2. (3.87)
A nontrivial solution of this homogeneous equation system exists if and only
if

1 1
by — s, b

= 0. 3.88
B b (3.88)

Writing out the above determinant we can also write
s — b, + [bG] = 0. (3.89)

The maximal and minimal curvatures s and sz resulting from this quadratic
equation are called the principal curvatures. One can show that directions of
principal curvatures are mutually orthogonal (see Theorem 4.5, Sect. 4). These
directions are called principal directions of normal curvature or curvature
directions (see also [25]).

According to the Vieta theorem the product of principal curvatures can
be expressed by
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K =50 = |b| = 99 (3.90)
where
b1 b12 2
b= |bag| = = by1ba20 — (b , 3.91
|bas] byt b 11022 — (b12) (3.91)
, |91 912 0 ,
9> =1[919293]" = | 921 922 0| = g11922 — (g12)" - (3.92)
0 01
For the arithmetic mean of the principal curvatures we further obtain
1 1
H = (%1 + %2) = ba. (393)

2 2

The values K (3.90) and H (3.93) do not depend on the direction of the
normal section and are called the Gaussian and mean curvatures, respectively.
In terms of K and H the solutions of the quadratic equation (3.89) can simply
be given by

so=H+\VH?— K. (3.94)

One recognizes that the sign of the Gaussian curvature K (3.90) is defined
by the sign of b (3.91). For positive b both 3¢, and s are positive or negative so
that sz, has the same sign for all directions of the normal sections at r (tl, t2).
In other words, the orientation of as with respect to gs remains constant. Such
a point of the surface is called elliptic.

For b < 0, principal curvatures are of different signs so that different normal
sections are characterized by different orientations of as with respect to gs.
There are two directions of the normal sections with zero curvature. Such
normal sections are referred to as asymptotic directions. The corresponding
point of the surface is called hyperbolic or saddle point.

In the intermediate case b = 0, sz, does not change sign. There is only one
asymptotic direction which coincides with one of the principal directions (of
1 or »5). The corresponding point of the surface is called parabolic point.

Example. Torus. A torus is a surface obtained by rotating a circle about
a coplanar axis (see Fig. 3.4). Additionally we assume that the rotation axis
lies outside of the circle. Accordingly, the torus can be defined by

r (tl,tz) = (Ro + RcostQ) costle;
+ (Ro + Rcost®) sint'e; + Rsint’es, (3.95)

where Rg is the radius of the circle and R is the distance between its center
and the rotation axis. By means of (3.62) and (3.67) we obtain

gy = — (Ro + Rcost2) sint'e; + (Ro + RcostQ) COSt1€2,
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333

A

€3

RO AW,
€1 tl

331
Fig. 3.4. Torus
go = —Rcost'sint’e; — Rsint! sint?es + RCOSt2€3,
gs = cost! cost?e; + sint! cost?es + sint’es. (3.96)

Thus, the coefficients (3.64) of the first fundamental form (3.65) are given by

gi1 = (RO + RCOSt2)2, gi2 = 0’ goo = RQ. (397)

In order to express coefficients (3.74) of the second fundamental form (3.82)
we first calculate derivatives of the tangent vectors (3.96); 2

g1.1=— (Ro + Rcost?) cost'e; — (Ro + Rcost®) sint'es,

gi,2=g2,1 = Rsint!sint’e; — Rcost! sint2eg,

g2,0= —Rcost! cost’e; — Rsint! cost’e; — Rsint’es. (3.98)
Inserting these expressions as well as (3.96)3 into (3.74) we obtain

bi1 = — (R() + Rcos t2) Ccos t2, bio = b1 =0, by =—R. (399)

In view of (3.79) and (3.97) b? = b} = 0. Thus, the solution of the equation
system (3.88) delivers
b11 cos t2

bao
%1:[)%: = %2:b%:

— =—-RL. 3.100
g1 R[) + R COS t2 ’ g22 ( )

Comparing this result with (3.83) we see that the coordinate lines of the torus
(3.95) coincide with the principal directions of the normal curvature. Hence,
by (3.90)



3.3 Application to Shell Theory 71

cos t?
R(Ro + Rcost?)

Kz%l%g =

(3.101)

Thus, points of the torus for which —7/2 < t? < /2 are elliptic while points
for which /2 < t? < 3m/2 are hyperbolic. Points of the coordinates lines
t? = —7/2 and t? = /2 are parabolic.

3.3 Application to Shell Theory

Geometry of the shell continuum. Let us consider a surface in the three-
dimensional Euclidean space defined by (3.52) as

r=r(tt*), rek’ (3.102)

and bounded by a closed curve C' (Fig. 3.5). The shell continuum can then be
described by a vector function

r*=r* (12, 8%) = r (1, 7) + gst®, (3.103)

where the unit vector g3 is defined by (3.62) and (3.67) while —h/2 < 3 <
h/2. The surface (3.102) is referred to as the middle surface of the shell.
The thickness of the shell A is assumed to be small in comparison to its other
dimensions as for example the minimal curvature radius of the middle surface.

Every fixed value of the thickness coordinate t* defines a surface 7* (¢!, t?)
whose geometrical variables are obtained according to (1.40), (3.62), (3.64),
(3.79), (3.80), (3.90), (3.93) and (3.103) as follows.

gL =1"0=ga+tg3.a= (05 —t°2) g,. a=12, (3.104)
.« 91 %95 .

gs= ", L =r"3=gs, (3.105)
8 llg: < g5l
* * * 2

9ip =G0 95 = gap — 2bag + (%) baphl, @, 8=1,2, (3.106)

9" = lgigsg3] = [(07 = °b7) g, (65 — 1°b3) gg3]
= (07 — t°bY) (03 — °03) gepys = g |05 — 03]
—g[1-20m+ () K], (3.107)
The factor in brackets in the latter expression

p= gg —1-20H + ()’ K (3.108)

is called the shell shifter.
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middle surface

Z___ boundary
curve C

Fig. 3.5. Geometry of the shell continuum

Internal force variables. Let us consider an element of the shell contin-
uum (see Fig. 3.6) bounded by the coordinate lines t* and t*+ At* (a = 1,2).
One defines the force vector f* and the couple vector m® relative to the mid-
dle surface of the shell, respectively, by

h/2 h/2

fo= / pog*edt’, me = /ur*x(ag*o‘)dt?’, a=1,2, (3.109)
—h/2 —h/2
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F2(8 + A?)

m?(t* + At?)

Fig. 3.6. Force variables related to the middle surface of the shell

where o denotes the Cauchy stress tensor on the boundary surface A(®)
spanned on the coordinate lines t* and % (3 # «). The unit normal to this
boundary surface is given by

*Qr *Qu *

n@= 9 = T = g Bra=12, (3.110)
lg*ll Vg V958

where we keep in mind that g** - gj; = g** - g3 = 0 and (see Exercise 3.7)

g*aa _ gié?’ ﬂ 7& o= 172 (3111)
g

Applying the Cauchy theorem (1.72) and bearing (3.108) in mind we obtain

h/2 h/2
1 1
o= £ tde? o= £ (r* x t)dt? 112
o= [ttt me= gt xnae, )
—h/2 —h/2

where again 0 # a = 1,2 and t denotes the Cauchy stress vector. The force
and couple resulting on the whole boundary surface can thus be expressed
respectively by

tPLALP h/2 tP+ALP

/ tdA@ = / /t\/gfwdt?’dtﬂz / gfdt’, (3.113)

Ale) 8 —h/2 th
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tP+ AP h/2
/ (r* x t)dA©® = / / (r* xt) \/ggﬁdt?’dtg
Ale) tP —h/2
tP AL
= / gmdt’, B#a=1,2, (3.114)

s

where we make use of the relation
dA@) = g*\/graadtPds® = \/ggﬁdtﬁdt?’, BAa=1,2 (3.115)

following immediately from (2.96) and (3.111).
The force and couple vectors (3.109) are usually represented with respect
to the basis related to the middle surface as (see also [1])

F*=f*Pgs+q°gs, m™=m*Pgs x gs = gess,m*’g". (3.116)
In shell theory, their components are denoted as follows.

faﬁ - components of the stress resultant tensor,

e}

q® - components of the transverse shear stress vector,

meP - components of the moment tensor.

External force variables. One defines the load force vector and the load
moment vector related to a unit area of the middle surface, respectively by

p=0'gi;, c=c"g3xg, (3.117)

The load moment vector ¢ is thus assumed to be tangential to the middle
surface. The resulting force and couple can be expressed respectively by

24 A2 ALY 2 A AL

/ / pgdttde?, / / cgdttdt®. (3.118)

t2 t1 t2 t1

Equilibrium conditions. Taking (3.113) and (3.118); into account the
force equilibrium condition of the shell element can be expressed as

P L ALP
3 / [ (1% + ALY £ (12 + AL) — g (t2) £ (1)] dt?
a,f=1 Iy

o
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2 A LAY

+ / / pgdt'dt* = 0. (3.119)
t2 tl

Rewriting the first integral in (3.119) we further obtain

2+ AL? At

/ / [(9F) s +gp] dt'dt? = 0. (3.120)

Since the latter condition holds for all shell elements we infer that
(9f%)atgp=10, (3.121)
which leads by virtue of (2.98) and (3.73)3 to
fa+p=0, (3.122)

where the covariant derivative is formally applied to the vectors f* according
to (3.76);.

In a similar fashion we can treat the moment equilibrium. In this case, we
obtain instead of (3.121) the following condition

[¢g(M* +7 X f9)],a+gr xp+gc=0. (3.123)
With the aid of (3.62) and keeping (3.122) in mind, it finally delivers
m%|, +go X fC+c=0. (3.124)

In order to rewrite the equilibrium conditions (3.122) and (3.124) in compo-
nent form we further utilize representations (3.116), (3.117) and apply the
product rule of differentiation for the covariant derivative (see, e.g., (2.92-
2.94)). By virtue of (3.78) and (3.80) it delivers

(f*la =004" +1°) 9o + (f*bap + 4o +1°) g5 = 0, (3.125)

(Mo —¢” + ) g3 X g, + g €apsf*Pgz = 0 (3.126)
with a new variable
flr = 1 vime, a,p=1,2 (3.127)

called pseudo-stress resultant. Keeping in mind that the vectors g; (i = 1,2, 3)
are linearly independent we thus obtain the following scalar force equilibrium
conditions

[l =b0q" +p" =0, p=1,2, (3.128)

bap fP + q%a +p> =0 (3.129)
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and moment equilibrium conditions
m*|e —¢”+c” =0, p=1,2, (3.130)

fP =7 a,8=12 a#p. (3.131)

With the aid of (3.127) one can finally eliminate the components of the stress
resultant tensor f*° from (3.128) and (3.129). This leads to the following
equation system

FoPlo = (0m*) |0 —bEg™ +p* =0, p=1,2, (3.132)
foB Bra @ 3 _

bagf™ = bapbim™® +q%|a +p° =0, (3.133)

m*la —¢" +c” =0, p=12, (3.134)

where the latter relation is repeated from (3.130) for completeness.

Example. Equilibrium equations of plate theory. In this case, the
middle surface of the shell is a plane (3.55) for which

bag =03 =0, o, =12 (3.135)

Thus, the equilibrium equations (3.132-3.134) simplify to

fPa+p”=0, p=12, (3.136)
¢*a+p° =0, (3.137)
m*,,—q¢" +c” =0, p=1,2, (3.138)

where in view of (3.127) and (3.131) f# = f8« (a # 3= 1,2).

Example. Equilibrium equations of membrane theory. The mem-
brane theory assumes that the shell is moment free so that
m* =0, =0 apf=12. (3.139)

In this case, the equilibrium equations (3.132-3.134) reduce to

fPla+p” =0, p=1,2, (3.140)
bas P 4+ p> =0, (3.141)
=0, p=1,2, (3.142)

where again f% = f8e (o # 5 =1,2).
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Exercises

3.1. Show that a curve 7 (s) is a straight line if 5 (s) =0 for any s .

3.2. Show that the curves r (s) and ' (s) = r (—s) have the same curvature
and torsion.

3.3. Show that a curve 7 (s) characterized by zero torsion 7 (s) = 0 for any s
lies in a plane.

3.4. Evaluate the Christoffel symbols of the second kind, the coefficients of
the first and second fundamental forms, the Gaussian and mean curvatures
for the cylinder (3.56).

3.5. Evaluate the Christoffel symbols of the second kind, the coefficients of
the first and second fundamental forms, the Gaussian and mean curvatures
for the sphere (3.58).

3.6. For the so-called hyperbolic paraboloidal surface defined by
t1t?
T (tl,tz) =tle; + t?es + e3, ¢>0, (3.143)
c

evaluate the tangent vectors to the coordinate lines, the coefficients of the
first and second fundamental forms, the Gaussian and mean curvatures.

3.7. Verify relation (3.111).

3.8. Write out equilibrium equations (3.140-3.141) of the membrane theory
for a cylindrical shell and a spherical shell.





