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Applications to Continuum Mechanics

8.1 Polar Decomposition of the Deformation Gradient

The deformation gradient F represents an invertible second-order tensor gen-
erally permitting a unique polar decomposition by

F = RU = VR, (8.1)

where R is an orthogonal tensor while U and v are symmetric tensors. In
continuum mechanics, R is called rotation tensor while U and v are referred to
as the right and left stretch tensor, respectively. The latter ones have already
been introduced in Sect. 7.1 in the context of generalized strain measures.

In order to show that the polar decomposition (8.1) always exists and
is unique we first consider the so-called right and left Cauchy-Green tensors
respectively by

C=F'F, b=FF". (8.2)

These tensors are symmetric and have principal traces in common. Indeed, in
view of (1.144)

tr (C*) = tr (FTF...F'F) = tr (FFT...FFT) = tr (b") . (8.3)
N~ ~ -~ N~ ~ -~
k times k times
For this reason, all scalar-valued isotropic functions of C and b such as prin-
cipal invariants or eigenvalues coincide. Thus, we can write

i=1 i=1

where eigenvalues A; are positive. Indeed, let a; be a unit eigenvector asso-
ciated with the eigenvalue A;. Then, in view of (1.73), (1.99), (1.110) and by
Theorem 1.8 one can write
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A;=a; (MNa;) = a; - (Ca;) = a; - (F'Fa;)

= (aiFT) - (Fa;) = (Fa;) - (Fa;) > 0.

Thus, square roots of C and b are unique tensors defined by

U=VC= Z VAP, v=vb= Z VAip;. (8.5)

i=1 i=1

Further, one can show that

R=FU (8.6)
represents an orthogonal tensor. Indeed,

RR" =FU 'U'F' = FU *F' =FC'F"'

~F(F'F) 'FT=FF 'FTF' =1L

Thus, we can write taking (8.6) into account

F—=RU= (RURT) R. (8.7)
The tensor
RUR' = FR" (8.8)

in (8.7) is symmetric due to symmetry of U (8.5);. Thus, one can write
(RURT)2 - (RURT) (RURT)T - (FRT) (FRT)T
=FR"RF' =FF" =b. (8.9)

In view of (8.5)2 there exists only one real symmetric tensor whose square is
b. Hence,

RUR" = v, (8.10)

which by virtue of (8.7) results in the polar decomposition (8.1).

8.2 Basis-Free Representations for the Stretch and
Rotation Tensor

With the aid of the closed-form representations for analytic tensor functions
discussed in Chap. 7 the stretch and rotation tensors can be expressed directly
in terms of the deformation gradient and Cauchy-Green tensors without any
reference to their eigenprojections. First, we deal with the stretch tensors
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(8.5). Inserting in (7.61) g (A;) = v/A; = \; and keeping in mind (7.31) we
write
U=¢01+(P1C+<PQC2, V=(p01+<,01b+<,02b2, (8.11)
where [44]
0o = A A2Az (A1 + A2 + A3)
T O+ A2) Qo+ As) (s + A1)

AT AT AT A + A2ds 4+ A
¥ A4+ 22) Ao+ A3) A+ A1)
1
= — . 8.12
P27 T 00 4 A0) Qo+ 23) (A3 + A1) (8.12)

These representations for ¢; are free of singularities and are therefore generally
valid for the case of simple as well as repeated eigenvalues of C and b.
The rotation tensor results from (8.6) where we can again write

U! :§OI+§1C+§202. (8.13)

The representations for ¢, (p =0, 1,2) can be obtained either again by (7.61)
where g (A;) = A;l/ 2 = )\;1 or by applying the Cayley-Hamilton equation
(4.91) leading to

U™ =1l (U2 - IyU + yl)

= 115" [(ITy — @olu) I+ (1 — ¢11y) C — oIy C?, (8.14)
where
Tu =X+ 22+ 23, IIu=XMA+ AAg + Ashy, Iy = A A3, (8.15)

Both procedures yield the same representation (8.13) where

o = Ahe oA+ Ash (A1 + A2 + Ag)

0 A1A223 (A 4+ 22) A2+ A3) (Mg + A1)’

o = 1 B ()\%+/\%+)\§+)\1/\2+)\2)\3+/\3/\1) (/\1 +)\2+/\3)

! A1 A2 A3 A1 A2 A3 ()\1 + /\2) (/\2 + /\3) (/\3 + )\1) ’

A1+ A2+ A3

27 Mg (A1 4 X2) (A2 + Az) (As + Ar) (8.16)
Thus, the rotation tensor (8.6) can be given by

R =F (oI +6C+oC?), (8.17)

where the functions ¢; (i = 0,1, 2) are given by (8.16) in terms of the principal
stretches \; = v/A;, while A; (i = 1,2, 3) denote the eigenvalues of the right
Cauchy-Green tensor C (8.2).
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Example. Stretch and rotation tensor in the case of simple shear.
In this loading case the right and left Cauchy-Green tensors take the form (see

Exercise 4.1)

, [ oy 0]
C=Cle; @€, [C;]: y1+92 0],
0 1
‘ 4 ‘ 1442~ 0]
b=bie; ®e, [b;]: v 10
0 01]

with the eigenvalues

Aijp=1+

2 2

For the principal stretches we thus obtain

4492+
>\1/2=\/A1/2=\/ ; 7, A3 =+/As = 1.

The stretch tensors result from (8.11) where

1+ +4
SRR IV SV
_1+4/y%+4
e 2+ /2 +4
1
Y2 =

oAt 244
This yields the following result (cf. Exercise 7.2)

- g y
VR4 VP

U=Ule e, [U]= gl 242
VR4 VP
Lo 0
[ 7P +2 %
VYR +4 /2 +4

v:véei ®el, [v;] = v 2
VYR +4 2+ 4
Lo 0

2
w2i\/472+74_<vi\/4+72> I
- 9 3 — 1

(8.18)

(8.19)

(8.20)

(8.21)

(8.22)

(8.23)

(8.24)
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The rotation tensor can be calculated by (8.17) where

1

= 244— ,
0 =7 942 + 4+ 2 + 4

3+ V2 +4+92
1= )
2+ /12 +4
L+ /92+4
o= Vv . (8.25)
2V +4+92+4

By this means we obtain

2 v 0
V2+4 /2 +4
R=Rje;®e/, [R;]=|_ 7 2 : (8.26)
VR4 /24
0 0o 1

8.3 The Derivative of the Stretch and Rotation Tensor
with Respect to the Deformation Gradient

In continuum mechanics these derivatives are used for the evaluation of the
rate of the stretch and rotation tensor. We begin with a very simple represen-
tation in terms of eigenprojections of the right and left Cauchy-Green tensors
(8.2). Applying the chain rule of differentiation and using (6.125) we first write

Up=CY2¢:Cp=C/2 - [(I@F)t +FT®I}. (8.27)

Further, taking into account the spectral representation of C (8.4); and keep-
ing its symmetry in mind we obtain by virtue of (7.49-7.50)

Cc=Y (Ai+X)" (Pi@P;). (8.28)
ij=1
Inserting this result into (8.27) delivers by means of (5.33), (5.47), (5.54)2 and
(5.55)

Ur= > (hi+A)"" [(Pi ®FP,)" + P,FT @Pj]. (8.29)
ij=1
The same procedure applied to the left stretch tensor yields by virtue of
(6.126)
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S

vie= > (A +A) " [ @ FTp; + (pF @) (8.30)

i,j=1

Now, applying the product rule of differentiation (6.123) to (8.6) and taking
(6.122) into account we write

Rr=(FU ') p=I0U ' +FU 'y:Up

—IeU ' -F(U'eU ) :Us. (8.31)
With the aid of (7.2) and (8.29) this finally leads to

Rr=1® (Z )\i‘lPi>

i=1

SF Y [+ A) A [(Pi ®FP,)' +P,FT PJ} . (8.32)
i,j=1

Note that the eigenprojections P; and p; (i = 1,2, ..., s) are uniquely defined
by the Sylvester formula (4.54) or its alternative form (7.43) in terms of C and
b, respectively. The functions p;, appearing in (7.43) are, in turn, expressed
in the unique form by (7.81), (7.83) and (7.85) in terms of the eigenvalues
In order to avoid the direct reference to the eigenprojections one can obtain
the so-called basis-free solutions for U,r, v,r and R,p (see, e.g., [8], [13],
[17], [37], [46], [48]). As a rule, they are given in terms of the stretch and
rotation tensors themselves and require therefore either the explicit polar
decomposition of the deformation gradient or a closed-form representation for
U, v and R like (8.11) and (8.17). In the following we present the basis-free
solutions for U,g, v,r and R,r in terms of the Cauchy-Green tensors C and
b (8.2) and the principal stretches \; = v/A; (i = 1,2,...,s). To this end, we
apply the representation (7.38) for the derivative of the square root. Thus, we

obtain instead of (8.28)

2 2
Cc= Y mg(CP®CY), b= ny (b’ @b, (8.33)
p,q=0 p,q=0

where the functions 7,, result from (7.62) by setting again g (A;) = VA; = \;.
This leads to the following expressions (cf. [17])

oo = AT YT — IHIIG Ty + 1T
—I3 Iy (311§ — 21115) + 3LulI{ I — Myllly],
o1 = mo = ATHIGIIy — IHIE — I§lyIly

+2I3; (I + IIT3y) — AT I Ty + 21y Il — 11 ],



8.3 The Derivative of the Stretch and Rotation Tensor 167
No2 = n20 = A [Ig1ITy + IHILR; — IGITuIlly — Iulll ],
mi = AT - 4ylly + 3141y
HATHITR; — 615 TuIlly + Lullly + 1],

M2 =11 = A7 -1 + 21411y — 203111y + ylly] ,

M2 = A7 I + Iy, (8.34)
where
A =2 (Iylly — Hly)* Iy (8.35)

and the principal invariants Iy, IIy and IIly are given by (8.15).
Finally, substitution of (8.33) into (8.27) yields

2
Ur= 3 [(CP ®FC?)' + C*FT Cq] . (8.36)

p,q=0

Similar we can also write

2
VE= D [bp ® FTb? + (b’F @ bq)t} . (8.37)
P,q=0

Inserting further (8.13) and (8.36) into (8.31) we get

2
Rrp=10)» ¢C?

p=0

2
— F Z SrStTpg |:(CP+7” ® FCq+t)t + CP+TFT ® Cq+t ’ (838)

p,q,7,t=0

where ¢, and 7,4 (p,q =0,1,2) are given by (8.16) and (8.34), respectively.
The third and fourth powers of C in (8.38) can be expressed by means of the
Cayley-Hamilton equation (4.91):

C3 —1cC? +1IcC — Il = 0. (8.39)
Composing both sides with C we can also write

C* —1cC? +1IcC? — 1IcC = 0. (8.40)
Thus,

C? =1cC? —1IcC + I,
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C* = (Ig - lig) C? + (Ill¢ — IcIlc) C + IcHIcl. (8.41)

Considering these expressions in (8.38) and taking into account that (see, e.g.,
[43])

Ic =15 — 20y, llg = 11§ — 2yllly, Ilc = I (8.42)

we finally obtain
2 2
Rr=10Y C"+F 3 1, [(CP ©FCY)' + CPFT © cq] L (3.43)
p=0 p,q=0

where

proo = T~ HIGIIY + DY TG — 3IGIIG Iy — TIGITGIIT,
TGS + STHIT IR, + 613,111y — 313,115, 1Ty
—6IG I + 3Tullpllly, — IR, + 1105 ],
po1 = pio = T IGIIY + IGIIE Ty — 110G — 6IG 1Tl + I Ty
+BIGIITy 4 214 T1E + AT T TG — 615G Ty
—6IG U1 + 6IuIIH I + Iyllly — 21 IIY |
fo2 = poo = =1 [IGIIR; + IGIIG Iy — IHITG — AIG T,
+3IHII Iy + AT I — SIGIIGIIL, + Mullly ],
pun =Y HIGIy + I — 714 Tu Iy — AIGII
+5IG TG + 161G 11Ty + 41311 — 16151y I
—12I4 1T 1Ty + SIGIIY + 121G I, — 3IIullly ],
iz = po1 = =Y IGIy + IYHIY — 5IgITyIly — 204115

HATHIILR; + 61511 Ty — 61yl + I

pa2 = Ty [y + 1L — 3Tullyllly + 3] (8.44)
and
T = —2(Iylly — y)® 11, (8.45)

while the principal invariants Iy, Iy and IIly are given by (8.15).
The same result for R, also follows from

Rrp=(FU ') p=I0U '+FU 'c:Cp (8.46)
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by applying for U™!,¢ (7.38) and (7.62) where we set g (A;) = (Ai)_l/2 =\t
Indeed, this yields

2
C'Pc=Ulc= ) p(CPaC), (8.47)
p,q=0

where pq (p, ¢ =0,1,2) are given by (8.44).

8.4 Time Rate of Generalized Strains

Applying the chain rule of differentiation we first write
E=Ec:C, (8.48)

where the superposed dot denotes the material time derivative. The derivative
E,c can be expressed in a simple form in terms of the eigenprojections of E
and C. To this end, we apply (7.49-7.50) taking (7.18) and (8.5) into account
which yields

E,c= il fii (P @ Py, (8.49)
ingm
where
! /2(;) if i = j,

A Dbasis-free representation for E,c can be obtained either from (8.49) by
expressing the eigenprojections by (7.43) with (7.81), (7.83) and (7.85) or
directly by using the closed-form solution (7.38) with (7.62), (7.78) and (7.80).
Both procedures lead to the same result as follows (cf. [21], [47]).

2
Ec= Y 1y (CP®CI)°. (8.51)

p,q=0

Distinct eigenvalues: A1 # Ao # Az # A1,

SN (N S AL () — £ ()]
770022 J2/\ZA§ - Z j(Af—)\f)?’Ak !

)
i=1 i,j=1
()
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A2 X2 AIAZ S (A)
770127710:—2( ’ ;lizk

3
(A7 + AR XX LS () = £ ()]
" (A2 = X2)° A

i,j=1
i#]

)

2‘”’: ML) Z A2X2[F (M) = F ()]

No2 = 120 =

= 2)‘2'Ai2 i1 (/\Z2 - /\?)3 Ay ’
i£j
3 I )T F () )y (S (TR0 = F )]
i=1 2XiA7 ij=1 (A2 - /\?)3 Ay ’
i#£]
(2D ) (2D IF ) — ()]
J k t i k i J
= = — + ,
7712 7721 ; 2)\ZA12 ijl ()\12 _ A3)3 Ak
i#]
Z Z %) iFjFEF (8.52)
20 A2 Ak’ ’ ’
Z#J
with
A= (N =X) (N =), i#iAk#i=1,23 (8.53)

Double coalescence of eigenvalues: N\j # Xj = A\, = A,

Too :—2)\2/\2f( i) —f(A )+/\5f'()\i)_|_)\z5f/(/\)

(A2 = a2 2NA (A2 —A2)%
( ) FO) N N)+ NN
o =mo = (X + X 2P a2 —a2)?
__f(/\i)_f() Af’( i)+ Aif ()
M1 = —2 ,
(A2 — a2 204 (A2 — A2)?
Mo2 = 120 = M2 = N21 = N22 = 0. (8.54)

Triple coalescence of eigenvalues: A1 = Ao = A3 = A,

ACY S
00 =" oy v oL =110 = M = T2 = 120 = M2 =21 = 22 = 0. (8.55)
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8.5 Stress Conjugate to a Generalized Strain

Let E be an arbitrary Lagrangian strain (7.6);. Assume existence of the so-
called strain energy function ¢ (E) differentiable with respect to E. The sym-
metric tensor

T=v(E).Er (8.56)

is referred to as stress conjugate to E. With the aid of the chain rule it can
be represented by

1
T:w(E),ct C,E: 2S : C,E, (857)

where S = 2¢ (E) ,c denotes the second Piola-Kirchhoff stress tensor. The
latter one is defined in terms of the Cauchy stress o by (see, e.g., [45])

S =det(F)F 'oF T, (8.58)

Using (8.56) and (7.7) one can also write
) . 1. )
¢=T;E:S:QC=S:E<2>. (8.59)

The fourth-order tensor C,g appearing in (8.57) can be expressed in terms of
the right Cauchy-Green tensor C by means of the relation

P=Egr=Ec:Cg, (8.60)

where the derivative E,¢ is given by (8.49-8.50). The basis tensors of the latter
representation are

P;®P;) if i = j,
Pij = (Ps &) .ot (8.61)
(Pi@P; +P;@P;)° ifi#j.

In view of (4.44), (5.33) and (5.55) they are pairwise orthogonal (see Exercise
8.2) such that (cf. [47])

(8.62)

P ifi=kandj=lori=1[andj=Ek,
Pij: P = .
O  otherwise.

By means of (4.46) and (5.84) we can also write

i: P = (iR) ® f:Pj = (I®I)° =7 (8.63)
i=1 j=1

4,j=1
Jjzi

Using these properties we thus obtain
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Co=Y f;' (PP (5.64)

i,j=1

where fi; (4,7 =1,2,...,s) are given by (8.50). Substituting this result into
(8.57) and taking (5.22)1, (5.46) and (5.47) into account yields [18]

1<,
=, > f;'PiSP;. (8.65)

4,j=1

In order to avoid any reference to eigenprojections we can again express them
by (7.43) with (7.81), (7.83) and (7.85) or alternatively use the closed-form
solution (7.38) with (7.62), (7.78) and (7.80). Both procedures lead to the
following result (cf. [47]).

2
T= ) n,CrSC. (8.66)
p,q=0

Distinct eigenvalues: A1 # Aa # A3 # A1,
23: X‘X‘A 23: AZAZ)d
1A S 2= [0 = F O] A

i#]

A2+ A2)A2N2 )\
7701:7710:_2( ]f/()l\ci))AJQk

()\2 +/\2) /\2)\2
A [F (N) = F ()] A

zg 1
3 )\2>\2)\ 3 /\1‘2)‘%
Zf’ _i;12(A?—A?) [F (M) = fF ()] A
i#j
3 A2+A2) R SR R
g ;1 2N =23 [f (\) = F )] Ax
i#j
IR Y O R PV Y A2+ A2
i#]
3 \, 3 1
=2 p 6t Z 2 (M2 = X2) [f (\) — £ (\)] A (8.67)
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where i # j # k # i and A; are given by (8.53).

Double coalescence of eigenvalues: ;i # Aj = A = A,

A2\ i A3 bV
mm:_M?—VHfM»—f@H+(g—A%2LWMY+WOJ’
A7+ A2 i A i
ml:mo:2@?—*ﬂf@0—f@ﬂ_(ﬁ—A%2b%M)+f%My
1 1 Ai A
=702 202 [F ) = FO] T (a2 - a2)? {f’ SO m] ’
Mo2 = 720 = M2 = 721 = 722 = 0. (8.68)

Triple coalescence of eigenvalues: A1 = Ao = A3 = A,

A
00 = gy yyr 00T O = L= Tz =120 = e = 1 = Tz = 0. (8.69)

8.6 Finite Plasticity Based on the Additive
Decomposition of Generalized Strains

Keeping in mind the above results regarding generalized strains we are con-
cerned in this section with a thermodynamically based plasticity theory. The
basic kinematic assumption of this theory is the additive decomposition of
generalized strains (7.6) into an elastic part E. and a plastic part E, as

E—E.+E, (8.70)

The derivation of evolution equations for the plastic strain is based on the
second law of thermodynamics and the principle of maximum plastic dissipa-
tion. The second law of thermodynamics can be written in the Clausius-Planck
form as (see, e.g. [45])

D=T:E—4¢ >0, (8.71)

where D denotes the dissipation and T is again the stress tensor work conju-
gate to E. Inserting (8.70) into (8.71) we further write

o\ . .
D=(T- E.+T:E, >0, 8.72
(T gp ) Bt T8, > (5.72)
where the strain energy is assumed to be a function of the elastic strain as
Y = 1) (Ee). The first term in the expression of the dissipation (8.72) depends
solely on the elastic strain rate E., while the second one on the plastic strain
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rate Ep. Since the elastic and plastic strain rates are independent of each other
the dissipation inequality (8.72) requires that

o
T = . .
OE, (8.73)
This leads to the so-called reduced dissipation inequality
D=T:E,>0. (8.74)

Among all admissible processes the real one maximizes the dissipation (8.74).
This statement is based on the postulate of maximum plastic dissipation (see,
e.g., [28]). According to the converse Kuhn-Tucker theorem (see, e.g., [6]) the
sufficient conditions of this maximum are written as

. 0P

Ey=(ope €20, (=0, 2<0, (8.75)

where @ represents a convex yield function and C denotes a consistency pa-
rameter. In the following, we will deal with an ideal-plastic isotropic material
described by a von Mises-type yield criterion. Written in terms of the stress
tensor T the von Mises yield function takes the form [31]

2
& = |[devT| — \/SUy, (8.76)

where oy denotes the normal yield stress. With the aid of (6.51) and (6.130)
the evolution equation (8.75); can thus be given by

EP = C HdeVT” sT
. devT . devT

= (|| devT|| ,devr : devT,p = Py = ) 8.77

VT et devTor =€ (0 Pae =€ (0 (87

Taking the quadratic norm on both the right and left hand side of this identity

delivers the consistency parameter as ¢ = ||E,||. In view of the yield condition
& = 0 we thus obtain
2 E

devT = \/3Jy e (8.78)

[
which immediately requires that (see Exercise 1.46)
trE, = 0. (8.79)

In the following, we assume small elastic but large plastic strains and spec-
ify the above plasticity model for finite simple shear. In this case all three
principal stretches (8.21) are distinct so that we can write by virtue of (7.6)



8.6 Finite Plasticity Based on Generalized Strains 175

3 3

E,=E=> f)APi+)> f(\) P (8.80)

i=1

By means of the identities trP; = 1 and trP; = 0 following from (4.61) and
(4.62) where r; =1 (i = 1,2, 3) the condition (8.79) requires that

Zf’ (M) Ai = 0. (8.81)

In view of (8.21) it leads to the equation
)= (AHa?=0, VvrA>0, (8.82)

where we set \; = A and consequently Ay = A~!. Solutions of this equations
can be given by [21]
L e Za0) foraz0
— ra ,
fa(AN) = 20 (8.83)
In A for a = 0.

By means of (7.6); or (7.18); the functions f, (8.83) yield a set of new gen-
eralized strain measures

1 1
. 5y (U -0 = (C/2 —C~%/2)  for a #0,

_ X (8.84)
an:2lnC for a =0,

among which only the logarithmic one (a = 0) belongs to Seth’s family (7.7).
Henceforth, we will deal only with the generalized strains (8.84) as able to
provide the traceless deformation rate (8.79). For these strains eq. (8.78) takes
the form

) Ef{a)
deVT<“>:\/ oy . (8.85)
3 HE<a>

where T{(® denotes the stress tensor work conjugate to E(®. T itself has
no physical meaning and should be transformed to the Cauchy stresses. With
the aid of (8.57), (8.58) and (8.60) we can write

77 detF = detF

F (T<“> : fPa) FT, (8.86)
where

P, = 2B ¢ (8.87)
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can be expressed either by (8.49-8.50) or by (8.51-8.55). It is seen that this
fourth-order tensor is super-symmetric (see Exercise 5.11), so that T() : P, =
P, : T{®). Thus, by virtue of (1.152) and (1.153) representation (8.86) can be
rewritten as

7= deltFF (fpa : T<a>> F!
- ¥ {:Pa  devT®@ 4 L@ (P : 1)] FT. (8.88)
detF 3
With the aid of the relation
P, I=2 ;tE<“> (C +1I) .
_od Znga <\/)\2 +t> P, = if’ () ATIP; (8.89)
dt i=1 ' =0 i=1 ‘ '

following from (6.111) and taking (8.83) into account one obtains
1 1
F (P, : I)FT = 2F (Ca/2—1 4 C—a/2—1> FT — ) (ba/2 4 b—a/2) .
Inserting this result into (8.88) yields

1

7= detF

F (?a , devT<“>> F' 14 (8.90)

with the abbreviation

trT{e)
5 = pa/2 b_“/2> . 8.91
77 detF (b2 + (8.91)
Using the spectral decomposition of b by (8.4) and taking into account that
in the case of simple shear detF = 1 we can further write

&= T [(X* 4 A7) (b1 + p2) + 23] (8.92)
where A is given by (8.21). Thus, in the 1-2 shear plane the stress tensor &
has the double eigenvalue étrTW> (A% 4+ A7%) and causes equibiaxial tension
or compression. Hence, in this plane the component & (8.91) is shear free and
does not influence the shear stress response. Inserting (8.85) into (8.90) and
taking (8.18) and (8.48) into account we finally obtain

2 P,: P, A
_ F a a FT A .
o \/30’y [ 1P Al } + 0, (8.93)

where
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Fig. 8.1. Simple shear of an ideal-plastic material: shear stress responses based on
the additive decomposition of generalized strains

L 0 1/20
A:2_C: 1/2 v 0| e;®e;. (8.94)
v 0 00

Of particular interest is the shear stress o'? as a function of the amount
of shear v. Inserting (8.51-8.52) and (8.87) into (8.93) we obtain after some

algebraic manipulations

o2 2/(44 ) D22 (1) + 42 (D)

8.95
Ty 4 4+ ’}/2 ’ ( )
where
4+7?
F:g+\/27 (8.96)

and 7y = oy /v/3 denotes the shear yield stress. Equation (8.95) is illustrated
graphically in Fig. 8.1 for several values of the parameter a. Since the presented
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plasticity model considers neither softening nor hardening and is restricted to
small elastic strains a constant shear stress response even at large plastic
deformations is expected. It is also predicted by a plasticity model based on
the multiplicative decomposition of the deformation gradient (see, e.g., [21]
for more details). The plasticity model based on the additive decomposition
of generalized strains exhibits, however, a non-constant shear stress for all
examined values of a. This restricts the applicability of this model to moderate
plastic shears. Indeed, in the vicinity of the point v = 0 the power series
expansion of (8.95) takes the form

Ul2:1+1a272—|— 1a4—3a2—1 v+ 0 (7°) (8.97)
Ty 4 16 4 ' '

Thus, in the case of simple shear the amount of shear is limited for the log-
arithmic strain (a = 0) by 7* < 1 and for other generalized strain measures
by 72 < 1.

Exercises
8.1. The deformation gradient is given by F = F;e; ® €7, where
120

[F5]=1-220
001

Evaluate the stretch tensors U and v and the rotation tensor R using (8.11-
8.12) and (8.16-8.17).

8.2. Prove the orthogonality (8.62) of the basis tensors (8.61) using (4.44),
(5.33) and (5.55).





