Solutions

Exercises of Chapter 1
1.1 (a) (A4), (A.3):
0=0+(-0)=—0.
(b) (A.2-A.4), (B.3):
a0 =0+a0 =ax+ (—ax)+ a0
=a(0+z)+ (—ax) =ax + (—ax) = 0.
(c) (A.2-A.4), (B.4):
Ox =0x+ 0 =0z + 0x + (—0x) =0z + (—0x) = 0, VaxeV.
(d) (A.2-A.4), (B.2), (B.4), (c):
(-e=(-l)x+0=(-1)x+z+ (—x)
=(-14+4)z+(—z)=0x+(—z)=0+(—x) =—=x, YxeV.
(e) If, on the contrary, o # 0 and « # 0, then according to (b), (B.1), (B.2):
0=a"'0=a"(ax) ==.
1.2 Let, on the contrary, x; = 0 for some k. Then, > . a;x; = 0, where
ap=1,0;,=0,0=1,...;k—1,k+1,...,n.

1.3 If, on the contrary, for some k < n: Zle a;x; = 0, where not all
a;, (1 =1,2,...,k) are zero, then we can also write: Y . ay&; = 0, where
a;=0,fori=k+1,...,n.

1.4 (a) 6k’ = dja' + 0%a* + 650° = a’,
(b) 5ijxixj =dpxtet + Sorta? + ..+ dg32%2® = ola! + 222? + 2323,

(c) 0} =61 + 65 + 63 = 3,
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8ﬂ j__aﬁ 1 8ﬂ 2 8ﬂ 3
(d) &rjdm = &rldm + 8m2dx + axgdx .

1.5 (A.4), (C.2), (C.3), Ex. 1.1 (d):
0. z=[z+(—x)] - z=z+(-1)z]- z=z-z—x-x=0.

1.6 Let on the contrary Y .- a;g; = 0, where not all o; (i =1,2,...,m)
are zero. Multiplying scalarly by g; we obtain: 0 = g; - (3.~ a;g;). Since
gi - g; = 0 for ¢ # j, we can write: ajg;-g; = 0(j = 1,2,...,m). The fact
that the vectors g; are non-zero leads in view of (C.4) to the conclusion that
a; =0(j =1,2,...,m) which contradicts the earlier assumption.

1.7 (1.6), (C.1), (C.2):

lz+yl* = (@+y) (@ +y)
—z-ztae-y+y-a+y-y= || +2z-y+y|*.

1.8 Since G = {g1,92,...,9n} is a basis we can write a = a'g;. Then,
a-a=a(g;-a). Thus,ifa-g; =0 (i=1,2,...,n), then a-a = 0 and
according to (C.4) a = 0 (sufficiency). Conversely, if @ = 0, then (see Exercise
1.5)a-g;=0(i=1,2,...,n) (necessity).

1.9 Necessity. (C.2):a-x=b-x = a-x—b-x=(a—b)-x=0,Vx € E".
Let € = a — b, then (@ — b) - (a — b) = 0 and according to (C.4) a —b = 0.
This implies that a = b. The sufficiency is evident.

1.10 (a) Orthonormal vectors e;, es and e3 can be calculated by means of
the Gram-Schmidt procedure (1.10-1.12) as follows

V2/2
= g = V22 [
g1 0
1/2 o V2/6
¢ =g lgerer = 12 b, e & = Vo 1.
-9 =24 _2\/2/3
10/9 , 2/3
e =g3—(gs-e)es—(gs-e)er=1¢ —10/9 p, es= =< —2/3
5/9 HeSH 1/3

(b) First, we calculate the matrices [g;;] and [¢”/] by (1.25); and (1.24)

3 6

P75 T3

236 y ! 3 6 2
[9ii]=1g:-9;]=1398 |, [¢7]=1l95] = |- ,

68921 5 25 25

6 2 9

5 25 25
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With the aid of (1.21) we thus obtain

-1

g =g +9%g2+9%g3 =4 2 7,
0

15

9> =0*'g1 +g%Pgs +9%gs={ —1/5 %,
—2/5
2/5

g’ =g*"g1+g%g> +9**g3 = { —2/5
1/5

(¢) By virtue of (1.35) we write

110
g=pi|=]21-2|=-5.
42 1

Applying (1.33) we further obtain with the aid of (1.46)

1 2 1 =2
g =g X g3 =" 4 2 1 |=-a+2ay,
a; as as

IR

g =glgsxg=—,|110|=_(a1—az-2a3),
ai az ag

o)y

g =g7lgxg2=—_|2 1 -2/ = (a1 ~2a>+as),
a; as as

where a; denote the orthonormal basis the components of the original vectors
gi (i =1,2,3) are related to.

1.11 Let on the contrary Z _, ;g = 0, where not all o; are zero. Multi-
plying scalarly by g; we obtain by virtue of (1.15): 0 = g; - (Z?Zl ;g ) =
S bt =a; (j=1,2,3).
1.12 Similarly to (1.35) we write using also (1.18), (1.19) and (1.36)
lg'9%°] = [0 1eza2ej Sek] _ a1a2ai [eiejek]
_a1a2a3ezﬂc ‘aj‘_‘l@z‘

1.13 In view of (1.33), (1.36) and (1.38) the left and right hand side of (1.39)
yield for the case

71



182 Solutions
t=J:
gixgi=0, eigg" =0,
Jk such that ijk is an even permutation of 123:

gi X g; = 9192931 9",  eijigg' = [919293] g%,

Jk such that ijk is an odd permutation of 123:

9i X g; = —g; X gi = — (9192951 9", eiji99' = — (919295 g".
Using the result of the previous exercise one proves in the same manner (1.42).
1.14 (a) 5ij6ijk =0M"e1 1, 4+ 02e1ok + ... + 6%3es3, = 0.

b) Writing out the term etkme . we first obtain
J

ik 111 112 133
e mejkm =¢e' ej11 + e ej12+ ...+ e €533

112 121 113 131 132 123
= e €12 + e €jo1 + e €13 + e €31 + e €32 + e €j23.

For i # j each term in this sum is equal to zero. Let further i = j = 1.
Then we obtain 62126j12 + 612163‘21 + 621363‘13 + 62316j31 + 61326j32 + 612363‘23 =
el32e130 + e12e1a3 = (—1) (—1) +1-1 = 2. The same result also holds for the

ses i = j =2 and i = j = 3. Thus, we can write e**™e.,, = 25%.
cases 2 and 3. Thus, we can write e**™e; 26}

(c) By means of the previous result (b) we can write: e¥*e; ;) = 26! = 2(51 +
82 4+ 63) = 6. This can also be shown directly by
eijkeijk = e'Peras + ¥z + eBearz + e easr + e Pezin + ¥ egn

=1-14+(-1)-(-)+(-1)- (-1)+1-1+1-1+(-1)-(=1) =6.
(d) €™ eppn = elepy + e92ekn + e¥3ep3. Tt is seen that in the case i = j
or k = [ this sum as well as the right hand side ;6] — ;67 are both zero. Let
further 7 # j. Then, only one term in the above sum is non-zero if k =i and

[ = j or vice versal =i and k = j. In the first case the left hand side is 1 and
in the last case —1. The same holds also for the right side &7 — ;67 Indeed,

we obtain for k=i # 1 =j: 6.6] — 06, =1-1—0=1and for i =i # k = j:
§idl — 810l =0—-1-1=-1.

1.15 Using the representations a = a'g;, b = bjgj and ¢ = ¢;g' we can write
by virtue of (1.39) and (1.42)

(axb) x c=[(a'gi) x (Vg;)] x e = (a'Veirgg") x (ag')
= aibjcleijkeklmgm = aibjcleijkelmkgm.

With the aid of the identity e™eg,, = 5,@5{ — 5;5i (Exercise 1.14) we finally
obtain
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(axb)xc=able (567 —07"0L) gm = a't 10,67 gm — a'b 1676 gy

=a'tVc;g; —a'Vejgi = (a-c)b—(b-c)a.
1.16 (A.2-A.4), (1.48):
0=Az+ (—Az)=A(x+0)+(—Az)=Ax+ A0 + (—Ax) = AQ.

1.17 (1.49), Exercises 1.1(c), 1.16: (0A)z = A (0z) = A0 = 0, Vx € E™.
1.18 (1.61), Bx. 1.17: A+ (—A) = A+ (—1)A = (1—1)A = 0A = 0.

1.19 Indeed, a scalar product of the right-hand side of (1.80) with an arbitrary
vector z yields [(y - a)b]-x = (y - @) (b - ). The same result follows also from
y-[(a@b)x]=(y-a)(b-z), Va,y € E" for the left-hand side. This implies
that the identity (1.80) is true (see Exercise 1.9).

1.20 For (1.83); we have for example
iA G i AR G AKL (i G\ _ Aklsisi _ Adj

9'Ag’ =g (A gk®gl)g =A"(g" gir) (9:-g°) = A¥6;.6] = AY.
1.21 For an arbitrary vector x = z'g; € E® we can write using (1.28), (1.39)
and (1.75)

Wx=wxx= (wigi) X (xjgj)

= cijrgw'a’ g" = eipgu’ (z - ¢') ¢" = eingu’ (6" © ¢7) .

Comparing the left and right hand side of this equality we obtain

W = eijkgwigk ® gj, (S.1)

so that the components of W = Wy,;g* ® g’ can be given by Wy; = e;jrgw’
or in the matrix form as
‘ 0 —w® w?
Wiil=g [eijsz] =g| w? 0 —w!

—w? w0

This yields also an alternative representation for Wa as follows

Wz = g [(w2x3 _ w3x2) gl + (w3x1 _ w1x3) g°+ (w1x2 -~ w2x1)g3] .
It is seen that the tensor W is skew-symmetric because W' = —W.
1.22 According to (1.71) we can write

R =cosal +sinaés + (1 —cosa) (e3 ® e3) .

Thus, an arbitrary vector a = a’e; in E? is rotated to Ra = cosa (aiei) +
sinaes x (a'e;) + (1 — cosa) a®es. By virtue of (1.45) we can further write
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Ra = cosa (aiei) + sin o ((1162 — a261) + (1 —cosa) aes
= (al cosa — a® sma) e + (a sina+ a cosa) (D) —|—a es.

Thus, the rotation tensor can be given by R = R7e; ® e;, where
cosa —sina 0

sina cosa 0
0 0 1

R] -

1.23 With the aid of (1.83) and (1.92) we obtain

‘ ‘ ‘ 0-10] [236 ~3-9-8
[AL] = [Azkgkj} - [A”“] g]=1000|[398|=| 0 0 of,
1 00][6821] | 2 3 6
‘ } A 236 [0-10] [ 6-2 0]
[Aﬁ}::[mkAﬁq :[gﬁj[Akq —[398|looo|l=|8-3 of,
6821 [1 00| [21-6 0]
[Aij] = [gikA. ] [gik] .j = {A kgk]} = |:Azj| [9k5]
236 -3 -9 -8 6-2 0 236 6 020
=1398 0 0 O 8§-3 0 398 | =| 7-324
6 8 21 2 3 6 21-6 0 6821 24 978
1.24 By means of (1.53), (1.84), (1.98), Exercise 1.16 we can write
(AO)z=A(0x)=A0=0, (0A)xz=0(Az)=20
(Al)x = A (Iz) = Az, (IA)x=1I(Az)= Az,
A (BC)z = A[B(Cz)] = (AB) (Cz) = [(AB)Cl]z, Vx cE"

1.25 To check the commutativeness of the tensors A and B we compute the
components of the tensor AB — BA.:

[(AB - BA) | = [A5BY — BiAk] = [a%] [B] - [Bi] [A]

0207 [000 0007 020 000
—looo||ooo|-]oo0o0||000|=1]000
000] 001 001|000 000
Similar we also obtain
. [o-20 } 0-10
{(AC—CA)?J.]: 0 00, (AD—DA)?j]: 0 00,
0 00 0 00
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‘ 00-3 ‘ 000
[(BC—CB)Z}: 00 o0, [(BD—DB)?j —looo|,
01 0 000
4 0 1-27
[(CD—DC)Z]: 0 0 0
019/2 0

Thus, A commutes with B while B also commutes with D.

1.26 Taking into account commutativeness of A and B we obtain for example
for k =2

(A+B)’=(A+B)(A+B)=A>+AB+BA+B?=A%?+2AB+B2

Generalizing this result for £ = 2,3, ... we obtain using the Newton formula
Lk k k!

A+B)" = AFBi wh = T S.2

(A+B) §<z> »where (z) it (k —i)! (8-2)

1.27 Using the result of the previous Exercise we first write out the left hand
side of (1.158) by

[ 1 k k" Py ook Ak—iBi
:kzzok!;i!(k—i)!Ak B :kzﬂ;i!(k—i)!'

Changing the summation order as shown in Fig. S.1 and using the abbre-
viation [ = k — 7 it yields

P
exp(A+B) = ZZAZ';?
=0 i=0

The same expression can alternatively be obtained by applying formally the
Cauchy product of infinite series (see e.g. [23]). For the right hand side of
(1.158) we finally get the same result as above:

[e's) 1 i
exp<A>exp<B>=<Zﬁ><Z ) ZZAuﬁ

1=0 i=0 1=0 i=0
1.28 Using the result of the previous Exercise we can write
exp (kA) =exp[(k—1)A+ Al =exp[(k—1) Alexp (A)
=exp|(k—2) Al fexp (A)]* = ...
= oxp (A) [exp (A)]*" = [exp (A)]".



186 Solutions

i=k i=k
s 7
a 7
r == r _7
o I o0 summation
: : area
3 summation 3
area )
2 2 &
1 1
0 0 ~
| e
0o 1 2 3 00 k 0o 1 2 3 o0 k

Fig. S.1. Geometric illustration of the summation order

1.29 Using the definition of the exponential tensor function (1.109) we get

exp(0) =Y  =I1+0+0+. =T
k=0

oo

— I” I — 1
exp (I) :Z il :Z 1l :IZ Il =exp(1)I=el
k=0 k=0 k=0

1.30 Since the tensors A and —A commute we can write
exp (A)exp (—A) =exp(—A)exp(A) =exp[A + (—A)] =exp(0) =1L
1.31 (1.109), (S.2):

. (A+B)f X AF4+BF
eXp(A+B):Z( k! : => k!
k=0 ’ k=0 ’

=exp (A) + exp (B).

1.32 (1.109), (1.129):

wo(@ra”) =3 | (ara") -3 araaaq . aaa’
k=0 ~

k times

=) AT =q (Z . A’“) Q" = Qexp(4)Q".
k=0 """ k=0 """

1.33 We begin with the power of the tensor D.
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D? =DD = (D’,g; ® ¢’) (D,klgk ® gl)
= D!;Didlg; @ g' =DiDgiwg' = (D?) gi® g,
where {(D2)ZJ = [Dz]] [DZ]] Generalizing this results for an arbitrary integer
exponent yields

‘ » » 2m 0 0
(o] =]y = | 0 3 0

m times

We observe that the composition of tensors represented by mixed components
related to the same mixed basis can be expressed in terms of the product of
the component matrices. With this result in hand we thus obtain

exp(D)= ) =exp(D);9:®g",
m=0 :
where
20 0
m=o . 00
[exp(D)Z} = 0 XU 0 |=]oc0
m= 0 0e
0 0 ﬁ
m=0

For the powers of the tensor E we further obtain
E"=0,k=2,3...

Hence,

(o] Em
exp(E) =Y —I+E+0+0+...=1+E,
m=0

m)!
so that
4 110
{exp (E).]={o010
001

To express the exponential of the tensor F we first decompose it by F = X+Y,
where

, 000 4 020
(X5]=1000{, [Y;]=]000
001 000
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X and Y are commutative since XY = YX = 0. Hence,
exp(F) =exp(X+Y) =exp(X)exp(Y).

Noticing that X has the form of D and Y that of E we can write

‘ 100 4 120
[exp (X)?j] ~lo10], [eXp (Y)?]} ~lo10
00e 001
Finally, we obtain
‘ ‘ ‘ 1007 [120 120
[exp (F)?j] - {exp (X)?j} {exp (Y)?j] —loto| [o10|=1010
00el| 001 00e

1.34 (1.115): (ABCD)" = (CD)" (AB)" = DTCTBTAT.
1.35 Using the result of the previous Exercise we can write

(AA.. A" = ATAT AT = (AT)".
- ~ - ~ ~ -~

k times k times

1.36 According to (1.119) and (1.120) BY = A%", B;; = A;;, B/ = A/, and
B!; = A}l so that (see Exercise 1.23)

3 o 001] 6 7 24
[BY] = [A¥] = | -100|, [Byl=[Ay]"=] 0-3 9],
| 000 20 24 78
. . [302] _ o 6 8 21
[B7] = [a)" = | -003|. [Bj]=[a]] =|-2-3 -6
| —806 | 0 0 O

1.37 (1.115), (1.121), (1.125):

T

1=1"=(AA ) = (A )T AT

1.38 (A"“)_1 is the tensor satisfying the identity (A"“)_1 AF = 1. On the
other hand, (A~1)"A¥ = A"'A"'...A"'AA...A = L Thus, (A-1)" =
< ~ SN
k times k times

(a%) "

1.39 An arbitrary tensor A € Lin™ can be represented with respect to a
basis for example by A = A”g; ® g;. Thus, by virtue of (1.134) we obtain:

cod:A=cod: (Ag;®g;) =A"(c-gi)(g;d)
=c(A7g;®gj)d=cAd=dA"c.
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1.40 The properties (D.1) and (D.3) directly follow from (1.134) and (1.136).
Further, for three arbitrary tensors A, B = BYg; ® g; and C = CYg; ® g;
we have with the aid of (1.135)
A: (B+C)=A: [(BY+CY)(g;i®g;)] = (BY +CY) (g:Ag;)
= BY (g9:Ag;) +C" (9iAg;)
=A: (B”gi®gj) + A : (Cmgi(@gj) =A:B+A:C,
which implies (D.2).
1.41 By virtue of (1.103), (1.84) and (1.135) we obtain
(a®b)(cod)] 1=(b-c)(@ed) : I
=(b-c)(ald)=(a-d)(b-c).
1.42 By virtue of (1.23), (1.82), (1.86), (1.91) and (1.134) we can write
tA=A:1=(Ag;®g;) : (9x©g") =AY (gi-g1) (9, -9")
= AY g0} = AVg;; = AligYgiy = A6 = Al = Ajig”
1.43 (1.140): M: W=MT : W'=M: (-W)=—-(M: W) =0.
1.44 WP is skew-symmetric for odd k. Indeed, (Wk)T = (WT)k =
(—W)’c = (—1)’C Wk = —WF, Thus, using the result of the previous Exercise
we can write: trW* = W* : T = 0.

1.45 By means of the definition (1.146) we obtain

sym (skewA) = ; [skewA + (skewA)T}
_ ; ; (A—AT) + ; (A—AT)T}
LT

1. 1,.p 1.p
= — A—
2_2A oA Ty

1
2

Al-o

The same procedure leads to the identity skew (symA) = 0.
1.46 On use of (1.153) we can write

1 1
sph (devA) = sph {A - 1tr(A) I] = ntr {A - ntr (A) I] I=0,
n

where we take into account that trI = n. In the same way, one proves that
dev (sphA) = 0.

Exercises of Chapter 2

2.1 The tangent vectors take the form:
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or
912890
or
92=a¢
_Or
g3_8r

= r cos @ sin ¢e; — rsin psin ges,
= rsin @ cos ¢e; — rsin pes + 1 Ccos p cos pes,

= sin @ sin ge; + cos pea + cos Y sin ges.

For the metrics coefficients we can further write:

g1-g1 = (rcosypsinge; — rsinpsin ges)
- (r cos @ sin pe; — rsin @ sin pes) = 12 sin® ¢,
g1-g2= (rcosypsinge; — rsinpsin ges)
- (rsin ¢ cos ¢peq — rsin pes + r cos ¢ cos pes)
= 72 (sin ¢ cos psin ¢ cos ¢ — sin @ cos @ sin ¢ cos ¢) = 0,
g1-9g3 = (rcosypsinge; — rsinpsin ges)
- (sin p sin ey + cos pes + cos p sin ges)
=7 (sin @ cos psin? ¢ — sin ¢ cos @ sin? ¢) =0,
ga-g2= (rsinycosge; — rsindes + r cos p cos pes)
- (r sin @ cos pe; — rsin pes + r cos ¢ cos pes)
= 72 (sin2 @ cos® ¢ + sin? ¢ + cos? p cos? ng) =72,
g2-gs = (rsinycosgpe; — rsinges + r cos p cos pes)
- (sin p sin ey + cos pes + cos p sin ges)
= 7 (sin® ¢sin ¢ cos ¢ — sin ¢ cos ¢ + cos® psin pcos ¢p) = 0,
gs-gs = (sinpsinge; + cos pes + cospsin ges)
- (sin p sin ey + cos pes + cos p sin ges)
= sin? psin? ¢ + cos? ¢ + cos® psin? ¢ = 1.
Thus,
[72sin%¢ 0 0
l9ii] = gi - 951 = 0 20
| 0 01
and consequently
r 1
b0, 00
3 o r? sin” ¢
[9”] =gyl = 0 12 0
r
L 0 01

(S.4)
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Finally, we calculate the dual basis by (1.21);:

1 cos ¢ sin ¢
1 -1 -1
9 = 5.2, 91=T . e —rT . es,
r2sin” ¢ sin ¢ sin ¢
2 _ 1 -1 -1 -1
g = ,g2=r" sinpcospe; —r " singes + 17" cospcos pes,
r

g° = g3 = sinpsin ge; + cos pey + cos ¢ sin pes.

2.2 The connection between the linear and spherical coordinates (2.144) can
be expressed by

zl' =rsinpsing, 2 =rcos¢, x3=rcospsing.

Thus, we obtain

Ot = rcospsin ¢ ot = rsin ¢ cos ¢ Ot = sin psin ¢

Dp — CWPERG gy TURRPERG, -, T ERYRREG,

o0z 0z ox?

6350 =0, ag;) = —rsing, aa; = cos @,

O’ = —rsinpsin ¢ O = 7" COS (Y COS @ O = cos psin ¢

9 = ¥ ) 96 = ¥ ) or ¥ .
Inverting the so-constructed matrix Ozt O O further yields

dp O0¢ Or

dp  cosp dp 0 dy _sing

orl  rsing’ ox2 0x3  rsing’

d¢  sinpcos¢ oo} _ _sing d¢ _ cospcosd

oxt r Toox2 r o 0x3 T ’

0 0
P sin p sin ¢, 63; = oS ¢, oud = cos @ sin ¢.

2.3 Applying the directional derivative we have

d _ d _
(a): ds |7 + sall ! _ = 1s [(r + sa) - (r + sa)] 1/2 »
_d [r-r+2sr-a+52a-arl/2
ds <=0
_ 1 2r-a—+2sa-a r-a
= — = — 3+
2((r + sa) - (v + sa)]*/? 40 ]

Comparing with (2.51) finally yields
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T

-1
grad [r] "t =~ "
Il

d d
(b): ds (r+sa)- - w T ds (r-w+sa-w) - =a-w
Hence, grad (r - w) = w.
d d 9
(c): ds (r+sa) A (r + sa) = ds (rAr + saAr + srAa + s*aAa)
s=0 s=0

=aAr+rAa=(Ar)-a+ (rA)-a=(Ar+7A)-a,
Thus, applying (1.110) and (1.146); we can write

grad (rAr) = Ar +rA = (A + AT) r=2(symA)r.

(d): (fSA(r—&—sa) _d

A A = Aa.
- ds( r + sAa) a

5=0
Comparing with (2.53) we then have
grad (Ar) = A.
(e): In view of (1.64) and using the results of (d) we obtain
grad (w x r) = grad (Wr) = W.

With the aid of the representation w = w'g; we can further write (see Exercise
1.21)

‘ ‘ 0 —w® w?
W = Wijgz ® g7, [WU} =g w3 0 —wh
—w? w! 0

2.4 We begin with the derivative of the metrics coefficients obtained in Ex-
ercise 2.1:

o) [S00] ) | s gene OO
[9ijo1] = 9 =1000], [gij2] = 26 = 0 00/,
v1 looo 0 00
_ B 8gij _2rsin2¢ 0 0
sl =1 5| = 0 2r0
0 0 0

Thus, according to (2.74)
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(1
[Tiji] = 9 (G1ivj +9155i —Gijs1 )}
i 0 r?singcos¢ rsin’ ¢
= | r?sin¢cos¢ 0 0 ,
rsin? ¢ 0 0
1 [ —rZsingcosp 0 0
[Lijo] = {2 (92i+j +92j+i —Gij2 )} = 0 07|,
i 0 r 0
_ L
1 —rsin“¢ 0 0
[Tija] = {2 (9314 +935i —Yij»3 )} = 0 —r 0
0 00

With the aid of (2.67) we further obtain

Lij1 o
lej = gllrijl = gufm + glzrijQ + ngFij?, = 4 i,j=1,2,3,

r2sin® ¢’
0 cot¢p r—t
Th]=|cote 0 0 |, (S.5)
r~t 0 0

Cij2 .
F?j = ¢*Tij = ¢*'Tij1 + g% Tijo + ¢%Tijz = ;; . i,j=1,2,3,
—singcos¢p 0 O

3] = 0 0 r ', (S.6)
0 r~1 0

1% = g% = ¢*' Tijt + g% Tijo + g% Tijs = Tyys, 1,5 =1,2,3,

—rsin®?¢ 0 0
%] = 0 -ro0f. (S.7)
0 00

2.5 Relations (2.87) can be obtained in the same manner as (2.85). Indeed,
using the representation A = A;;g° ® g’ and by virtue of (2.72) we have for
example for (2.87);:

A= (Aijgi ®gj) ok
=Aijrg @9 +Aijg" k®g + Aijg' @ gk
= Aijak gi ®gj + Aij (—kagl) ® gj + Az]gl ® (—F{kgl)

= (Aijo —AyTY — Ailré'k) g og.
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2.6 Using (2.87); we write for example for the left hand side of (2.92)
Ajjle= Aijo — AT — AilFék.

In view of (2.84)y the same result holds for the right hand side of (2.92) as
well. Indeed,

aili bj + aibjlk = (aik —ailly) by + a; (bj, —biThy)
= ik by + aibj ke —aib;Th, — aibi Ty,
= Ajje —AyT — ATl
2.7 By analogy with (S.1)
t=c"%g g, ®g;.

Inserting this expression into (2.116) and taking (2.103) into account we fur-
ther write

curlt = —divt = — (eijkg_ltigk & gj) ,lgl~

With the aid of the identities (gflgj) 29" =0(j = 1,2,3) following from
(2.66) and (2.98) and applying the product rule of differentiation we finally
obtain

ijk

curlt = —e g_ltz’,j gk — eijkg_ltigkaj

ijk jik

= —e" g, 98 = —e7 g7 |5 g = g7 i gn

keeping (1.36), (2.68) and (2.84)2 in mind.
2.8 We begin with the covariant derivative of the Cauchy stress components

(2.109). Using the results of Exercise 2.4 concerning the Christoffel symbols
for the spherical coordinates we get

13
A , , ; o
ot|;= o' +013Fl1j + U”F{j =o' 4020 +0"% 3 +30 2 cotp +4
r

2. 25 . _ljp2 20j
o7|j =0, +0'T}; + 07Ty,
23
_ 21 22 23 11 22 o
=0“" 140" ,9+0°°,3—0 " singcos¢+ g cotp + 4 -

3. — 39 4 olT3 3lJ
o7y =0";+071} + 071y,
33
=03 +0% 5 +0% 3 —crsin® ¢ — 0®r + 0P cotp+2° .
r

The balance equations (2.107) take thus the form
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13
. o
pit = ot 4012 54013 34302 cot ¢ + 4 . + f

23
-2 21 22 23 11 o 22 g 2
pi° =01 4+0“9+0"° 3 —0 "singdcosp+ o““cotd+4 , + f7,

33
.. . o
pid = o3 4032 5 4033 3 —otlr sin®? ¢ — o22r + 022 cot ¢ + 2 ., + f3.

2.9 The tangent vectors take the form:

or s s . s . s s s
g1 = =(cos + sin e+ (sin — cos |eo,
or ror r ror r
or .S s or
gs = = —sIn ej;+cos e, g3z= = es3.
0s T T 0z

The metrics coefficients can further be written by

S S 1 0
I+, =0 -
39 -1 2
gl =loi-gil= _* 1 of "] =Ml =% 147 0
r r T
0 01 0 0 1

For the dual basis we use (1.21);:

1 S S .8
g =gi1+ g2=cos e;—+sin ea,
r r r

S 52
9'= g1+ <1+T2>gz

.S S s s s . s
= (— sin  + cos ) e + (cos + sin ) es,
roor r roor r
gs = 93 = ées.
The derivatives of the metrics coefficients become
52 S 25 1
_ -0
25 g2 0 oo 000
[9ij1] = S o ol leuel=_1 o ol losl=]000
r2 r 000
0 00 0 0 O

For the Christoffel symbols we thus obtain by means of (2.74) and (2.67):

2

_S S
r3 r2 000 000
[Fijl] = S _1 E [Fijg] =000 s [Fijg] =1000 s
72 T 000 000

0 00
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82 S 0 53 52 0
3 rtord 000
1 2 3
T3] s Lol Ml=1 & _s | [h]=1000
r2 r r3 r2
0 0 0

000
0 0 0

2.10 First, we express the covariant derivative of the Cauchy stress compo-
nents by (2.109) using the results of the previous exercise:

15 11 12 13 1152 o
Jj‘j:O— v +o s 07,2 —0

s

3 +2017 27

r r r
s° s 52

2 21 22 23 11 22 12

0¥ j= 0% +07 s +0%,, —0 a0 r2+20 3

34 31 32 33

0 j= 0" +0°% s +0°° 5.

The balance equations (2.107) become

1 11 12 13 11 52 0% 125 1
pi- =040 st0 0 —0 o — +20° ,+ [,
r r r

2 21 22 23 11 5
pre =0, +0" s +07,, —

2
a

s s

22 12 2
a0 T2+20 + f5,
-3 31 32 33 3

pr” =07, 077, +0 2 7

2.11 (2.117), (2.119), (1.32), (2.72):
divcurlt = (gi X t,i) 2 ~gj = (— ngk X t,; +gi X t,ij) -gA

=—( ijgj X gk) by + (gj X gi) t,;=0,

where we take into consideration that t,;; = t,;, Fé] = Fé»i and g' x g/ =
_g] X gl (7’ 7&]7 Za] = 17273)

(2.117), (2.119), (1.32):
div(uxv) = (uxv),;-g' = (Ui xv+uxv,;) g

= (9" xu;) v+ (vixg') u=v-curlu—u-curlv.
(2.6), (2.65)1, (2.117):

grad divt = (t,i ~gi) W g’

= (tij9') 9’ + (tig')g
Using the relation

(ti-g'y)g = [ti (-Tig")] g’

= (ti-g") (-Tivg’) = (ti-g")g' k= (ti-g") g, (S.8)
following from (2.72) we thus write
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graddivt = (t,;;-g") ¢’ + (t..-9’) g',; -
(2.119), (1.157):
curlcurlt = g7 x (gi X t,i) = g’ x (gi,j xt,i) +g7 x (gi X t,ij)
= (97 ti)g'i— (9" 9" ti+ (9" tij)g" — g7t
(2.8), (2.59)1, (2.117), (1.116), (S.8):
divgradt = (t,; ©g') ,;-g’ = (t.i; @9') - ¢’ + (t.i2g",;) - ¢’
= g7t + (9" -9") b -
: T i\ T j i j i j
div (gradt) = (£, @9") ;-¢' = (9’ @t,;)- ¢+ (g'; %t ) - g’
= (ti;9°) 9" + (ti-g’) 9"
The latter four relations immediately imply (2.126) and (2.127).
(2.5), (1.135), (2.103), (2.117), (2.59):
=A:t,;®¢ +t - (A,;g') = A :gradt +t-divA.
(2.3), (2.58), (2.117):
=t (P,ig") + 9 (tig') =t gradd + &divt.
(2.4), (2.58), (2.103):
=A(D,:g')+2(Aig') = Agrad® + SdivA.
2.12 Cylindrical coordinates, (2.65)2, (2.84), (2.81):
gradt = ti‘j gi ® gj = (ti,j —tkl“fj) gi & gj
=ti,;9®g +rtsg' g —r 't (gt 0 g’ +g°®g"),
or alternatively
gradt = t'; g; ® ¢’ = (t',; +1"T};) gi @ ¢’
=t'yg:0g +r g eg +t' (rgiog’ —rgs0g').
(2.28), (2.118):
divt = trgradt = t;,; g7 + rtsgtt — 2r 1 g"3

= T72t1,1 +t272 +t373 +7"71t3,

197
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or alternatively
divt = trgradt = t*,; +r~ "% =t +r Mg = t',1 +7 0 +1% 5 +r 7 .
(2.84), (2.120):
curlt = e/ lti\j gk
g
=g ' [(tsla —tal3) g1 + (t1l3 —t3]1) g2 + (t2 —t1]2) g3]

=77 (ts,2 —t2,3) g1 + (t1.3 —t3,1 ) g2 + (t21 —t1,2) g3) -
Spherical coordinates, (S.5-S.7):
gradt = (ti,j —tkffj) g g

= (t1,1 +tasingcos ¢ + t3rsin® ¢) g' ® g' + (2,2 +t37) g° ® g°

+ 13,3 g?’ & g3 + (t1,2 —t1 cot ¢) g1 & g2 + (t2,1 —ty cot ¢) g2 ® gl

+ (ts—tir ) g  @g’ + (tsn —tir ") g’ ® g

+ (tas —tar ') g* @ g° + (tz,2 —tar™') g° ® g%,

or alternatively

gradt = (t',; +t"T%;) gi ® ¢’ = (t' 1+t cot g + t*r ') g1 @ g'
+ (Po+tr ) g 0g* + 123930 4°
+ (t'2+t' cot ) g1 @ g° + (1 —t'singcosp) g2 ® g
+ (tl,g e ) 1®g° + (t?’,l —ttr sin? (;3) gz g’
+ (Pa+tPr ) g0 g® + (2 —17r) g3 ® g°,
(2.84), (2.118), (2.120), (S.3-S.7):

t
. _ L k 17 151
let = (tlvj thZ]) g = 7«2 Sin2 ¢
=t +tPTL, = t1,) 125 +12 3 + cot ¢t? 4 2713,
curlt = g~ [(ts|2 —t2]3) g1 + (t1|s —ts|1) g2 + (t2[1 —t1]2) g3]
1
= 25 [(t3,2 —t2,3) g1 + (t1,3 —t3,1) g2 + (t2,1 —t1,2) g3 -

2.13 According to the result (S.9) of Exercise 2.11

At = div gradt = gijt,ij + (gi,j -gj) t,.

+ T_2t2,2 +t3,3 +7’_2 cot pto + 2r~ ¢

3
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By virtue of (2.63), (2.72) and (2.84)2 we further obtain
At = gt —Ffjgijt,k =g (t,; —T? ) = g7ta;=1t." .
In Cartesian coordinates it leads to the well-known relation
divgradt = t,11 +t,20 +1,33 .
2.14 Specifying the result of Exercise 2.13 to scalar functions we can write
AP = g7 (b, TP ) = D" .

For the cylindrical coordinates it takes in view of (2.28) and (2.81) the fol-
lowing form
10% 9°0 09°¢ 109

AP = r 2P & o “1p .= .
r a11+ 722+ 133 +r )3 7’2 8802 + 022 + 87"2 + r a"’

For the spherical coordinates we use (S.4-S.7). Thus,

1 cos
AD=  ~, Dy 41 Do+ P+ , ¢ Do +2r 1D
r28in” ¢ r2sin ¢
1 oo 0% 0P, (600 100
= T CO .
2 sin? o Op? o¢p?  Or? 8¢ or
2.15 According to the solution of Exercise 2.13
At = g7 (t; —Tjitm ), (S.10)

where in view of (2.62);
ti=t"]; gr, t;=tij gr.

By virtue of (2.84); we further write t*|;= t*,; + T ¢! and consequently
tF]ig= tF]i g TR ™ o= tF i ATt + Tt 4Tk ™ + T Tt

Substituting these results into the expression of the Laplacian (S.10) finally
yields

At = g (t% 55 +2Tfth; —TPtr o+t + Ty Tt = TPTE ) g

Taking (S.4-S.7) into account we thus obtain for the spherical coordinates
(2.144)
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th P th PP 1
At = <r2sin2¢ + 2 + 1

3 cot qﬁtl ; 2cosd o 4t Qt?’w o
72 " r2sin®g 7 r 3 sin? ¢
t2ww t2»¢¢ 2
<r2 sin? ¢ * r2 + e
2 cot cot 4¢2, 23, 1 — cot?
_ 2 ¢t1w+ r2¢t2’¢+ TT+ r3¢_’_ 2 ¢t2 9>
tsaw t3,¢¢ + 43
r2sin? ¢ r2 "

2t 212, cot 2t3,  2cot 2t3
ST Ty 2¢t3,¢+ r_2eoté, , )gg.
r r r r r r

Exercises of Chapter 3

3.1 (C4), (3.18): a1 = dr/ds = const. Hence, r (s) = b+ sa;.

3.2 Using the fact that d/d (—s) = —d/ds we can write by means of (3.1
(3.18), (3.20), (3.21) and (3.27): @) (s) = —a1 (), ah(s) = a2 (s), ajs(s)
—agz (s), » (s) = s (s) and 7/ (s) = 7 (s).

5);

3.3 Let us show that the curve 7 (s) with the zero torsion 7 (s) = 0 belongs to
the plane p (t',¢2) = 7 (so) + t*a1 (so) + t2az2 (s0), where a1 (so) and a3 (so)
are, respectively, the unit tangent vector and the principal normal vector at
a point sg. For any arbitrary point we can write using (3.15)

r(s) s
r(s)=7r(so) + / dr =7 (so) + / a1 (s)ds. (5.11)
r(s0) 50

The vector a; (s) can further be represented with respect to the trihedron at sg
as a1 (s) = o' (s) a; (so). Taking (3.26) into account we observe that as,s = 0
and consequently as (s) = as (so). In view of (3.23)2 it yields a1 (s)-as (so) =
0, so that a;i (s) = a'(s)ai (so) + a?(s) az (so). Inserting this result into
(S.11) we have

S S

r(s) =7 (s0) + a1 (s0) /Oé1 (s)ds + as (so)/a2 (s)ds

S0 S0

=7r (So) + tlal (So) + tQCLQ (80) s



Solutions 201
where we set t' = [ o’ (i=1,2).
3.4 Setting in (2.28) r = R yields

[9as] = {%2 ﬂ :

By means of (2.81), (3.74), (3.79), (3.90) and (3.93) we further obtain
-RO o —-R71'0 2
bosl = [t0] - 1= |75 0] Themri=0 as-e

_ | _la__l —1
K =[5 =0, H= bg=- R (S.12)

3.5 Keeping in mind the results of Exercise 2.1 and using (S.5-S.7), (3.58),
(3.62), (3.67), (3.74), (3.79), (3.90) and (3.93) we write

g1 = Rcost!sint’e; — Rsint!sint’es,

g2 = Rsint! cost’e; — Rsint’es + Rcost! cost’es,

gs = — sint! sin t261 — cos t262 — cost!sin 15263,7

R?sin’t? 0 Rsin?t? 0 o R' 0

[Ffllﬂ} _ [ 0 cottz}7 [Fi[ﬂ _ {—sinthost2 0}7

cott? 0 0 0
=[b3| =R H= ;bg =R (S.13)
3.6 (3.62), (3.67), (3.143):
or . or -
9128t1:€1+t63, 9228t2:€2+t63,
gs = 91792 _ ! (—2?261 —tles + 63) )

g1 x g2 \/1 + (51)2 + (52)2
ot
where t* = (i = 1,2). Thus, the coefficients of the first fundamental form
c
are

911291'91=1+(t) , 912 = g21 = g1-g2 = 1'1°, goo = g2-g2 = 1+(F ) .

For the coefficients of the inversed matrix [¢g*”] we have

1

Y1 e @y

g

1+ () e
-2 14 ()7

The derivatives of the tangent vectors result in
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1
g1,1=0, gi2=g21= & 9227 0.

By (3.74), (3.79), (3.90) and (3.93) we further obtain

1
b1 =0, bia=0ba = , b =0,
e\/1+ () + ()?
2] 1 B2 14 (9)21
o - 2 bl
c[1+(£1)2+(52)2]3/2 L+ (#)" —t'#
o 1 2 2172
K =|bg] = - I e O X G N
¢ [1+ () + ()]
1. te?
H= b=~ 2o

3.7 Taking (3.105) into account we can write

911 912 0 - . 1 932 —951 0
[ij] = 193195201, [9*”] = [ij] = | . =912 911 O,
0 01 g5l | 0" o 1

which immediately implies (3.111).

3.8 For a cylindrical shell equilibrium equations (3.140-3.141) take by means
of (3.77); and (S.12) the form

PO 2apt =0, 2 4f2 492 =0, —Rf4p%=0.
For a spherical shell we further obtain by virtue of (S.13)
a4+ 2 +3cott? f12 4+ pt =0,

120 4+122, —sint?cost? f1 4+ cot 222 + p? = 0,
Rsin® £ f' + Rf? +p* = 0.

Exercises of Chapter 4

4.1 In the case of simple shear the right Cauchy-Green tensor C has the
form:

. R Loy 0
C=Cjei®el, [C)]=[Cyl=[71+7*0
0 0 1
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The characteristic equation can then be written by

1—A y 0
v 14 -A 0 =0 = (1-A){A2-A(2+4?) +1}=0.
0 0 1-A

Solving the latter equation with respect to A we obtain the eigenvalues of C
as

2
2:|: 42 4 + 4 2
Ap=1+" Vit :(7 v +7> . A =1 (S.14)

2 2

The eigenvectors a = a’e; corresponding to the first two eigenvalues result
from the equation system (4.16);

P FVI A

2
= 0’
9 +va
2 2 4
4
’yal +'7 :F\/Q'Y + 7y a2 —0,
VP FVAR A
a® =0.
2
Since the first and second equation are equivalent we only obtain
+ /4 2
2= Vit a', =0,
2
so that a® = v/Aja' or a® = —\/Aza'. In order to ensure the unit length of

the eigenvectors we also require that
(") + (@) + (a*)" = 1.

This yields

1 A4 1 \/ Ao
_ = — . (S.15
a \/1+A1€1+\/1+A1€2, as \/1+A2€1 1+A262 ( )

Applying the above procedure for the third eigenvector corresponding to the
eigenvalue A3 = 1 we easily obtain: a3 = es.

4.2 Using (4.26)1_3 we write

Ia =trA,
Iy = [(r)? - wra?]
2 )

1
Mla = o [[atrA - IatrA® 4 trA®].
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Inserting the first and second expression into the third one we obtain

1 (1
IITA 3 { 9 [(trA)2 - trAQ] trA — trAtrA? + trA3}

1 1
3 [trA3 - ;trAQtrA + 9 (trA)?’} .

4.3 Since r; = t; for every eigenvalue \; we have exactly n = >_°_, r; eigenvec-
tors, say al(»k) (i=1,2,...,8k=1,2,...,r;). Let us assume, on the contrary,
that they are linearly dependent so that

(k)

where not all a; ’are zero. Since linear combinations of the eigenvectors a; =

; k . . . .
Sy a( )a( ) associated with the same eigenvalue )\; are again eigenvectors
we arrive at

S
E EiQ; = 0,
i=1

where ¢; are either one or zero (but not all). This relation establishes the
linear dependence between eigenvectors corresponding to distinct eigenvalues,
which contradicts the statement of Theorem 4.2. Applying then Theorem 1.3

for the space C" instead of V we infer that the eigenvectors agk)

of C".
4.4 (4.40), (4.42):

P,P; = (Z a(k ®b; k)> (Z a(l) ® b(l)> Z5zj5kla§k) ® b§l)
k=1

form a basis

— 0 ifi#j.

4.5 By means of (4.40) and (4.42) we infer that Piagl) = 5Z]a() Ev-
ery vector & in C" can be represented with respect the basis of thls space
al? (i=1,2,...,5k=1,2,...,m) byx =37 >z (k) ( ) Hence,

| (Sr)e- 333 dpap

i=1 j=1 k=1

Nk k P; ifi=j,
=5ijza£)®b§)={ e,

s Tj

—ZZZm(k i@ k) ny“w =x, VeeC"

i=1 j=1k=1 j=1k=1
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which immediately implies (4.46).

4.6 Let A1, Ao,..., A\, be eigenvalues of A € Lin". By the spectral mapping
theorem (Theorem 4.1) we infer that exp (\;) (i =1,2,...,n) are eigenvalues
of expA. On use of (4.24) and (4.26) we can thus write: det[exp (A)] =

I] exp Ai = exp <Z )\i> = exp (trA).

i=1 i=1

4.7 Let us consider the right hand side of (4.54) for example for ¢ = 1. In
this case we have

HA M _ A AT A — AsT
— X A1 — Az
J#l

On use of (4.43), (4.44) and (4.46) we further obtain

> (Ni— )Py 233 (Aj —A3) Pj

A — AQI A — AgI =1 j=1
M=o A — A3 Al — As A1 — A3
3 3
'21 (i = A2) (A = A3) 0P 37 (A — A2) (A — A3) Py
L= — =1
(A1 = A2) (A1 = A3) (A1 = A2) (A1 = A3)

(A= A2) (M = A3) Py
(A=A (A= Ag)

In a similar way, one verifies the Sylvester formula also for ¢ = 2 and 7 = 3.

=P;.

4.8 The characteristic equation of the tensor A takes the form:

—-2-X 2 2
2 1-Xx 4 |=0.
2 4 1-AX

Writing out this determinant we get after some algebraic manipulations
A —27TA—54=0
Comparing this equation with (4.28) we see that
Ia =0, IIa=-27, IIIa =54. (S.16)
Inserting this result into the Cardano formula (4.31) and (4.32) we obtain
213 — 9TATT + 271105
¥ = arccos 3/2
2 (I3 — 311a)

27 - 54

= arccos
[2 (3-27)%/2

] = arccos (1) =0,
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1
3

= g\/3~27cos <§7r(k— 1)) = 6cos <§w(k— 1)) , k=1,2,3.

Thus, we obtain two pairwise distinct eigenvalues (s = 2):

1
e {IA+2\/13—3HACOS3 [19+27T(k—1)}}

A =6, Xo=A;=—3. (S.17)

The Sylvester formula (4.54) further yields

2 (122
A-XNT A—XI A+31 1 .
P =] A; = A; _ARSL Loy e ®el,
i1 AT A 1~ A2 9 Y1244
j#1 -
5 [ 8 -2 -2
A-XI A-\NI A—6I 1 4
P, = \ A; = A; - oL_1) 5 54 e;®el.
j=1 T 27 M -9 9 -2 -4 5
J#2 -

4.9 The spectral representation of A takes the form

A= Z ANiP; = \{P; + APy = 6P, — 3P5.

i=1

Thus,

S

A=) exp(\)P;

i=1

=exp (A )P1 +exp(A2) Pa =exp (6) P; + exp (—3) Py

b 122 o3 8 -2 -2
= 2414 e, Re;+ 9 -2 5 -4 e; Qe
2414 —2—-4 5

el +8e3 2e¢0 —2¢73 2¢6 —2¢73
=4 260 —2e73 4eb +5e73 4eb —4e3 | e; @ e;.
2e8 — 2e73 46 — 4¢3 4e8 4 5e~3

4.10 Components of the eigenvectors a = a'e; result from the equation
system (4.16)

(Al =6iN)a’ =0, i=1,23. (S.18)
Setting A = 6 we obtain only two independent equations

—8a' +2a? +2a> =0,
2a' —5a? +4a® = 0.
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Multiplying the first equation by two and subtracting from the second one
we get a® = 2a! and consequently a® = 2a'. Additionally we require that the
eigenvectors have unit length so that

(") + (a®)° + (%) =1, (S.19)
which leads to

1+2 +2
a = _e e es.
1= g1 1 g€ 463

Further, setting in the equation system (S.18) A\ = —3 we obtain only one
independent linear equation

a' +2a® + 24> =0 (S.20)

with respect to the components of the eigenvectors corresponding to this dou-
ble eigenvalue. One of these eigenvectors can be obtained by setting for ex-
ample a® = 0. In this case, a®> = —a® and in view of (S.19)

a(l): 1 €y — 1 €3

Ve Ve
Requiring that the eigenvectors agl) and aéz) corresponding to the double
eigenvalue A = —3 are orthogonal we get an additional condition a? = a? for

the components of aéQ). Taking into account (S.19) and (S.20) this yields

With the aid of the eigenvectors we can construct eigenprojections without
the Sylvester formula by (4.42):

Pi=a®a;

122
e3>: 244 e;®ej,
244

w N

_ 1e +2e +2e ® le +2e n
S \3T T3 37t 3™
1 1 1 1
Pzzaél)®a§1)+aéz)®a§2)=(\/262—\/263>®<\/262—\/263>

4 1 1 4 1 1
+ | — e+ e+ e3 | ® | — el + ey + e
( 3v2 1 3v2 0 3y 3) ( 3v2 1 3v2 T 3y 3)
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4.11 Since linearly independent vectors are non-zero it follows from (4.9)
that ¢;-¢; #0 (i = 1,2,...,m). Thus, the first vector can be given by
— 1

Ver-er’

such that a; - a1 = 1. Next, we set

a;

aj=cy— (c2-a1)ay,

so that a), - a3 = 0. Further, a), # 0 because otherwise ca = (¢c2-a1)a; =
(e2-a1)(er - cl)_l/2 ¢1 which implies a linear dependence between ¢; and cs.
Thus, we can set ay = ab/+/a}, - a}. The third vector can be given by

/

a
as = /3 ,» Where ay=c3— (c3-az)az — (c3-ai)as,
\/as 1 as
so that a3 - a; = a3 - az = 0. Repeating this procedure we finally obtain the
set of vectors a; satisfying the condition a;-a; = d;;, (4,5 =1,2,...,m). One

can easily show that these vectors are linearly independent. Indeed, otherwise
Yot a;a; = 0, where not all «; are zero. Multiplying this vector equation
scalarly by a; (j =1,2,...,m) yields, however, a; =0 (j =1,2,...,m).
4.12 Comparing (4.63); with (4.71); we infer that the right eigenvectors
agk) (k=1,2,...,t;) associated with a complex eigenvalue \; are simulta-
neously the left eigenvalues associated with A;. Since A; # \; Theorem 4.3
implies that agk) . az(-l) =0 (k,1=1,2,...,t).

4.13 Taking into account the identities trW¥ = 0, where k = 1,3,5, ... (see
Exercise 1.46) we obtain from (4.29)

Iw =trW =0,

w = ; [(trW)2 - trW2]

1 s 1 ) T 1 ) 1 2
= — W2 == (W:WT) = (W: W)= [W]°,

Hlw = ; [trW3 - 2trW2trW + ; (trW)?*| =0,
or in another way
Iw = detW = detW?T = —detW?T = —IIIw = 0.
4.14 Eigenvalues of the rotation tensor (Exercise 1.22)
cosa —sina 0

R = R,ijei ®e’, where [R’]] = [Rij] = sir(;a coga (1)
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result from the characteristic equation

cosa— A\ —sina 0
sinae  cosa—A O =0.
0 0 1—-A

Writing out this determinant we have
(1=X) (A =2Xcosa+1) =0
and consequently
A1 =1, Ag/3=cosa=xisina.

Components of the right eigenvectors a = a’e; result from the equation system
(4.16)

(R, =6\ o’ =0, i=1,2,3. (S.21)
Setting first A = 1 we obtain a homogeneous equation system

a' (cosa — 1) — a*sina = 0,

a'sina + a? (cosa— 1) = 0,

leading to a! = a? = 0. Thus, a1 = a®es, where a® can be an arbitrary real
number. The unit length condition requires further that

a; = e3.

Next, inserting A = cos « & isin «v into (S.21) yields

a? = :Fial, a® =0.

Thus, the right eigenvectors associated with the complex conjugate eigenvalues
Ag/3 are of the form ay/3 = a' (e1 Fiey). Bearing in mind that any rotation
tensor is orthogonal we infer that ay/3 = as/s = a' (e; :iey) are the left
eigenvectors associated with Ay /3. Imposing the additional condition az-as =
as - a3 =1 (4.38) we finally obtain

V2

2
9 (61 +i€2) .

as = (61 — 162), as =

2
The eigenprojections can further be expressed by (4.42) as

Pi=a1®a1 =e3®es,

2 . 2 .
P;=ax®a; = (e1 —ieg) ® (e1 +ieq)

2 2

1 1.
= 2(e1®el+ez®ez)+21(el®ez—ez®e1),
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2 . .
P3=a3®a3 = 9 (e1 +ieg) ® 9 (e; —ieq)
1 1,
:2(€1®€1+€2®62)—21(€1®62—€2®61)-

4.15 First, we write

o [-222][-222 12 6 6
(A = | 214| | 214] = | 62112,
241) | 241 12 21

(A% =] 62112| | 214 54 81 108

2
6
61
[12 6 6 -222 {O 54 54

| 6 12 21 241 54 108 81
Then
0 54 54
pa (A) =A% —27A —54I= |54 81 108 | e; ®e;
54 108 81
-222 100 000
—27 214 €i®€j—54 010 e, ®e; = 000 e; R e;.
241 001 000

4.16 The characteristic polynomial of F (4.23) can be represented by
pa (A) = (1= ))>. Hence,

3

0—~0 ~ [ooo 4
pr(F)=I-F)P>=1]0 00| e,/ =[000]|e;@e’ =0.
0 00 000

Exercises of Chapter 5

5.1 By using (1.101);, (D.2) and (5.17) one can verify for example (5.20),
and (5.21); within the following steps

AR(B+C): X =AX(B+C)=AXB+AXC=(A®B+A®C):X

AoB+C): X=A[(B+C):X]=A(B:X+C:X)
=AB:X)+A(C:X)
=(A®B+A®GC):X, VX eLin"

The proof of (5.20)2 and (5.21)5 is similar.
5.2 With the aid of (5.16), (5.17) and (1.138) we can write

(Y:A®B): X=Y:(A®B:X)=Y:AXB = ATYB": X,
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(Y:A0B): X=Y:(AeB:X)=Y:[AB:X)]

=(Y:A)B:X)=[(Y:A)B]: X, VX,Y €Lin".

5.3 Using the definition of the simple composition (5.40) and taking (5.17)
into account we obtain

AB®C)D:X=A(B@C:X)D = A (BXC)D
= (AB)X (CD) = (AB) @ (CD) : X,
ABOC)D:X=ABoC:X)D=A[B(C:X)|D
= ABD(C:X)=(ABD)®C:X, VX € Lin"
5.4 By means of (1.140), (5.17), (5.22) and (5.45) we can write

(A@B) :X=X:(A®B)=A"XBT = (AT B") : X,

(AoB)":X=X:(A0B)=(X:A)B=(BOA):X,

(AeB)':X=(AeB):X"=A(B:X")
=ABT:X)=(AoB"):X, VXe€Ln"

Identities (5.51) and (5.52) follow immediately from (1.116) (5.23), (5.24)
(5.49)1 and (5.50) by setting A=a®b,B=c®dorA=a®d, B=bRc,
respectively.

5.5 Using (5.51) and (5.52) we obtain for the left and right hand sides different
results:
(a2bocod) =(a®cobod) =cRad®b,
(a2bocad)" =boadoe) =bodoa®ec.
5.6 (5.31), (5.32), (5.45):
A:B)T:X=X:(A:B)=(X:A):B
— BT (X:A)=B": (AT;X) - (:BT;AT) X,
(A:B) :X=(A:B): X"=A:(B:X")
=A:(B":X)=(A:B"):X, VXeLn"

5.7 In view of (1.115), (5.17) and (5.45) we write for an arbitrary tensor
X € Lin"
(A®B)': (CeD): X =(A®B)": (CXD)=(A®B): (CXD)"

=(A®B): (D"X"CT) = AD"X"C"B
= [(AD") ® (C™B)] : X" = [(AD") ® (C"B)]" : X,



212 Solutions
(A®B)': (CoOD): X=(A®B)": [(D:X)C]
=(A®B): [(D:X)C"] =(D:X)AC'B=(AC'B)oD: X.
5.8 By virtue of (5.51) and (5.52) we can write
€T = (Citg, 0 g, 09,2 g) = CMg g, 2g @ g
= ejilkgi ®9g; dgr D gi,
.. t ..
€' = (Mg, vg,0gi®g) =CMg0g,0g;®g
= eikﬂgi ®9g; Dgr D gi.

According to (5.60) and (5.61) €T = €' = €. Taking also into account that
the tensors g; ® g; @ gr ® g; (4,4,k,01=1,2,...,n) are linearly independent
we thus write

Gz]kl e]zlk sz]l

The remaining relations (5.70) are obtained in the same manner by applying
the identities € = €""" and € = €'

5.9 With the aid of (1.140), (5.16) and (5.79) we get

(Y:7): X=Y:(T:X)=Y: XT"=Y":X, VX, Y €Lin"
5.10 On use of (5.31), (5.45)2 and (5.79) we obtain

(A:T): X=A:(T:X)=A:XT=A":X, V¥XcLin"

The second identity (5.83) can be derived by means of (5.54), (5.78) and (5.81)
as follows

T T
ATT = (9. )T = (AT :J) (AT : :Jt) - (AT : ‘J’) — T A
The last identity (5.83) can finally be proved by
(T:7):X=T:(T:X)=7:XT=X=7:X, VXecLin"

5.11 € possesses the minor symmetry (5.61) by the very definition. In order
to prove the major symmetry (5.60) we show that €: X =X : €, VX € Lin".
Indeed, in view of (5.17)1, (5.22); and (5.48)

C:X=(M; @Ms+MyeM;)’: X =M; ®Ms+Ms®M;): symX
= M; (symX) My + My (symX) My,

X:€=X:(M; ®M;y+M;®M;)*
=sym[X : (M; ® My + M3 ® M;)]

= sym (M1XM2 + MQXMl) =M, (Sme) M, + M, (Sme) M;.



Solutions 213

5.12 (a) Let e; (i = 1,2,3) be an orthonormal basis in E3. By virtue of (5.77),
(5.82) and (5.84) we can write

3
< 1
J° = E Qei®(ei®ej+ej®ei)®ej.

i,j=1
Using the notation

M, =e®e;, =123 My= e1®e;+e®e

V2 ’
eg1®est+ez®e esRext+ex®e
M = 1 3\/23 1’ Mg = 3 2\/2 2 3 (.22)

and taking (5.23) into account one thus obtains the spectral decomposition of
J° as

6
F=> M,oM,.
p=1

The only eigenvalue 1 is of multiplicity 6. Note that the corresponding eigen-
tensors M, (p=1,2,...,6) form an orthonormal basis of Lin3.

(b) Using the orthonormal basis (S.22) we can write

Psph = il)) (M; + M3 + M3) © (M + M; + M;)
111000
) 111000
1
= Y PAM,OM,,  where [P = Coonoe
pa=t 000000
000000

Eigenvalues and eigenvectors of this matrix can be represented as

O OO ==

Coo0 O~
coco RO
cor~r oo o
o~ ococoo
—oocococo
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Thus, the orthonormal eigentensors can be given by

— 1 1. = 2 2
M, — % Vv

M; +Ms + Msj) = I, My=—-"M M
/3 (M7 + My + Ma) V3 2 9 1+ g Mo,
— 6 —
M3 - —\é Ml - \é M2 \é M37 Mp = Mpa p = 4a 576’ (823)

where the tensors My, (¢ =1,2,...,6) are defined by (S.22).

(c) For the super-symmetric counterpart of the deviatoric projection tensor
(5.87)2 (n = 3) we can write
000]

000

l\DO.')HOJH

6
Zev = Z :PngMp @ M‘]’ Where [:szv} =
p,q=1

000
3

0100
0010
0001,

ooom»—lwl—\wm
|
ooom»—ﬂwww»—\

Thus, the eigenvalues of Pg,, are Ay =0, A, =1 (¢
responding eigentensors are again given by (S.23).

(d) With respect to the orthonormal basis (S.22) the elasticity tensor (5.91)
can be represented by

2,

w

,...,6). The cor-

6
€= ) er"M,oM,,
p,q=1
where
2G4+ XA A A 0 0 O
A 2G4+ A 0 0 O
ere] — A A 2G+X 0 0 O
- 0 0 0 2G 0 0
0 0 0 0 2G 0
0 0 0 0 0 2G

The eigentensors of € are the same as of Pgpp, and Pj, and are given by (S.23).
The eigenvalues are as follows: Ay = 2G+3\, Ay =2G (¢ =2,3,...,6). They
can be obtained as linear combinations of those ones of Py, and P,

Exercises of Chapter 6

&1(@f(QAQT):aQAQTb¢aAh
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(b) Since the components of A are related to an orthonormal basis we can
write

FA) =AM £ AZ L AP = AL + AL + A% = A7, = trA.

Trace of a tensor represents its isotropic function.

(c) For an isotropic tensor function the condition (6.1) f(QAQT) = f(A)
must hold on the whole definition domain of the arguments A and VQ €
Orth®. Let us consider a special case where

100 010
A=1]000 e Qej, Q=1|-100 e ®e;.
000 001
Thus,
000
A'=QAQ"=|010|e;®e;
000

and consequently
f(A):AH—!—Alz—i—AlS:1#0:A'11—|—A’12+A'13:f<QAQT),

which means that the function f (A) is not isotropic.

(d) detA is the last principal invariant of A and represents thus its isotropic
tensor function. Isotropy of the determinant can, however, be shown directly
using the relation det (BC) = detBdetC. Indeed,

det (QAQT) — detQ detA detQT = detQ detQTdetA
= det (QQ") detA = detIdetA = detA, VQ € Orth™

(e) Eigenvalues of a second-order tensor are uniquely defined by its principal

invariants and represent thus its isotropic functions. This can also be shown
in a direct way considering the eigenvalue problem for the tensor QAQT as

(QAQT>a:Aw

Mapping both sides of this vector equation by QT yields
(QTQAQT) a=2Qa.

Using the abbreviation a’ = QTa we finally obtain

Aad = )\a'.
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Thus, every eigenvalue of QAQT is the eigenvalue of A and vice versa. In
other words, the eigenvalues of these tensors are pairwise equal which imme-
diately implies that they are characterized by the same value of A\.x. The
tensors obtained by the operation QAQT from the original one A are called
similar tensors.

6.2 Inserting
_ 1 T _ 1 AT
M=_(A+A%), W=_(A-A")
into (6.17) we obtain
trM = ; (trA +trA") = trA,
2 1 T)2
trM= = 4tr(A+A )
= le [trA? + tr (AAT) + tr (ATA) + tr (AT)’]
=, [A? 41 (AAT)],
trM? = ;tr (A+ AT)3
1 3 2AT T T2
= {rA? o (A2AT) 4t (AATA) +tr [A (AT)°]
+ tr (ATA?) + o (ATAAT) + tr [ (A7) A] + tr (A7)"}
= le [trA® + 3tr (A%A7T)],
trw? = itr (A — AT)2

oAk wa7) A

, [irA? i (AAT)]
tr (MW?) = ;tr [(A+AT) (A-AT)’]
- ; {trA? —tr (A%AT) — tr (AATA) + tr [A (AT)’]

1oty (ATAQ) —tr (ATAAT) —tr [(AT)Q A] + tr (AT)3}
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= | [A? —tx (A%A7)],

i (MPW?) = tr [(A+ AT) (A - AT)?]

16

_ 116tr {[A%+AAT+ATA + (A7)"] [A2 - AAT - ATA + (A7)"]}

1
= 6t {A‘l — ASAT — A’ATA + A2(AT)" + AATA? — AATAAT

~A(AT)’A+A(AT) + ATA? — ATA2AT — ATAATA

+ ATA(AT)" + (AT)° A2 - (AT)’ AAT - (AT)° A+ (AT)"]
= ; [rAt — tr (AAT)"],
tr (M*W>*MW)

1
= o r[AT - APAT — AZATA + A% (AT)” + AATA? — AATAAT

~AATYA+A(AT) + ATAS — ATA2AT — ATAATA
+ATA (A7)’ + (AT)* A7 - (AT)’ AAT - (AT)° A+ (AT)"]
A2 - AAT + ATA - (A7)]}

1
16
Finally, trA* should be expressed in terms of the principal traces trA‘ (i

= 1,2, 3) presented in the functional basis (6.18). To this end, we apply the
Cayley-Hamilton equation (4.91). Its composition with A yields

tr[(AT)* AZATA - A? (AT)’ AAT].

A* —TAA3 +1I4A? —TIIpA =0,
so that
trA? = IatrA® — IIatrA? + IIIatrA,

where Ia, IIo and IIIA are given by (4.29). Thus, all the invariants of the
functional basis (6.17) are expressed in a unique form in terms of (6.18).

6.3 By Theorem 6.1 % is an isotropic function of C and L; (i =1,2,3).
Applying further (6.15) and taking into account the identities

LL;=0, LF=1L; tLf=1,i#ji7j=123 k=12,... (S5.24)
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we obtain the following orthotropic invariants
trC, trC?, +trC3,
tr (CLy) = tr (CL}), tr(CLy)=tr(CL3), tr(CL3)=tr(CLj),
tr (C°Ly) = tr (C?L}), tr (C?Ly) = tr (C?L3), tr (C?Ls) = tr (C°L3),
tr (LZCL]) = tr (CL]LZ) = tr (L]LZC) = 0, ) 75_] = 1, 2, 3. (825)

Using the relation

Y Li=1 (S.26)

one can further write

tr(C):CI:C(L1+L2+L3)
:CL1+CL2—|—CL3:tr(CL1)+tr(CL2)—|—tr(CL3)

In the same manner we also obtain
tr (C?) = tr (C°Ly) + tr (C*Ly) + tr (C*Ls) .

Thus, the invariants trC and trC? are redundant and can be excluded from
the functional basis (S.25). Finally, the orthotropic strain energy function can
be represented by

¥ = ¥ [tr (CLy), tr (CLy) , tr (CLs)
tr (C?Ly) , tr (C*Ly) , tr (C°Ls) , trC?] . (S.27)

Alternatively, a functional basis for the orthotropic material symmetry can be
obtained in the component form. To this end, we represent the right Cauchy-
Green tensor by C = CYl; ® I;. Then,

tr (CL;) = (c’”lk ®ll> Loli=Cl =123,

tr (CL;) = (€M) + (C?)" + (CP)*, i=1,2,3,

tr(C%) = (C")* + (€2)" 4 (C¥)° +3(C12)* (C' + C2)
+3(C1)7(CM + C¥) 43 (C%)* (2 + CF) + 6C12C1C2,

Thus, the orthotropic strain energy function (S.27) can be given in another
form as

=1 [CH, o2 33, (C12)2 ’ (C13)2 ’ (023)2 ,CIQCIP’CQ?’] .

6.4 (6.52), (6.54), (6.93), (6.119), (6.123), (6.127) (6.131), (S.27):
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2 . .
S = 8tC3C +2 Zat z+2z(9t (L) (CL; + L;C),

021 24

_ 2 2
=30 pcroncs © 0O T Z dtr (CL,) dtr (CL,)

LiQLj

8%

+4 Z ot (C2Ly) ot (C21,;) (Ol # 140 © (CL + 1C)

3 ~

82w 2 2
12 ; dtr (CLy) o (L1 © € +C O L)
+ 12 Z 0%
dtr (C2L;) 9trC?

+4> 0%
=1 otr (CLZ) otr (CQLJ)

0
I (CQLZ)

0 c LN
+12, o (COI+IRC) +4;5t

(L; o T+1I®L;)°.

219

[C*® (CL; + L;C) + (CL; + L;C) ® C?|

[L; ® (CL; + L;C) + (CL; + L,C) © L]

6.5 Any orthotropic function S (C) is an isotropic function of C and
L; (i =1,2,3). The latter function can be represented by (6.100). Taking

(S.24) and (S.26) into account we thus obtain

3
S =Y [aiL; + f; (CL; + CL;) + v; (C°L; + L;C?)] ,
i=1

where «;, §; and ~; (i =1,2,3) are some scalar-valued orthotropic functions

of C (isotropic functions of C and L; (i = 1,2, 3)).

6.6 Applying (6.15) and taking into account the identities L7 = L;, trLI" =

1(i=1,2;m=1,2,...) we obtain similarly to (S.25)
trC, trC?%, trC?,
tr (CL;) = tr (CL}), tr(CLs) = tr (CL}),
tr (LyLy) = tr (LyL3) = tr (LiLy)
=L ®h): (la®l) = (I -1y)* = cos’ ¢,

tr (C°Ly) = tr (C°L}), tr (C?Ly) = tr (C°L3), tr (L1CLs),
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where ¢ denotes the angle between the fiber directions I; and l5. Thus, we
can write

¢ =9 [trC,trC?, trC?, tr (CLy) , tr (CLy),

tr (C2L1) 7tI‘ (C2L2) ,tI‘ (L1L2) 7tI‘ (LchQ)] .
6.7 Using (6.57), (6.120), (6.122) and (6.127) we obtain

S = 222 + pCfl = 2c1lc,c +2collc,c -HDC*1
=2c114 2¢5 (IcI — C) -l-pCfl =2(c1 + c2le) I — 2¢2C + pCil,
aS s
=2 . =4, (IOI-F)-2p(C'aC!)".

6.8 Using the abbreviation A; = A? (i = 1,2,3) for the eigenvalues of C we
can write

¥ (C) = f: " (A2 + A5/ 4 a5/ = 3)
r=1 "

Assuming further that Ay # Ay # As # Ay and applying (6.69) we obtain

8 - @ — @ — Q[ a—
S=200 =3 (A7 Ao +AS P e 1A )

r=1

_ Zﬂr (A?r/qul +A;‘7‘/271P2 +A§w/271P3> _ Zurcar/2_l~
r=1 r=1

Note that the latter expression is obtained by means of (7.2).
6.9 Using the identities

Q'LQ=QLQ"=L;, vQeg,
and taking (1.144) into account we can write
tr (QCQTLZ»QCQTLJ») — tr (CQTLZ»QCQTL]»Q)
=tr (CL;CL;), VQE€ g,.
Further, one can show that
tr (CL;CL;) = tr? (CL;), i=1,2,3, (S.28)

where we use the abbreviation tr2 () = [tr (¢)]*. Indeed, in view of the relation
tr (CLZ) =C.: (lz ® ll) = [;Cl; we have



Solutions 221
tr (CL;CL;) = tr (Cl; ® I;Cl; ® I;) = ;Cl;tr (Cl; ® I;)
= I,Clitr (CL;) = tr* (CL;), i=1,2,3.
Next, we obtain
3
tr (C°L;) = tr (CICL;) = tr[C (Ly + Ly + L3) CL;] = ) _ tr (CL;CL;)
j=1
and consequently
tr (CLyCL;) + tr (CL3CL;) = tr (C?Ly) — tr* (CL,),
tr (CL3CLy) + tr (CL;CLs) = tr (C?Ls) — tr* (CLy),
tr (CL;CL3) + tr (CL2CL3) = tr (C?Ls) — tr? (CL3) .
The latter relations can be given briefly by
tr (CL;CL;) + tr (CL;CL;)
=tr (C°L;) —tr*(CL;), i#j#k#1i;4,5,k=1,2,3.
Their linear combinations finally yield:
tr (CLOLy) =  [ir (C°Ly) + tr (C7Ly) — tr (C7Ly)]

- ; tr? (CL;) + tr* (CL;) — tr* (CLy)] ,
where ¢ #j #k #14; i,5,k=1,2,3.

6.10 We begin with the directional derivative of tr (]:DLZELJ»):

(;ittr [(E+X)Li (B +1X) L]

t=0

dt [ELEL; + t (XLBL; + BL:XL; ) + £*XL; XL]

t=0

(XLiEL; + BLiXL; ) : T = (XLEL; + LELX) : 1
- - - - T
~ (LBL; + LEL) : X" = (LEL; + L;EL;) : X.
Hence,
tr (ELiELJ) B = LZ'ELJ‘ + LjELi.

For the second Piola-Kirchhoff stress tensor S we thus obtain



222 Solutions

o 1 . 1 .
S = 8E = 9 Z aijLitl" (EL]) + 9 i]zz:l Clijtl" (ELz) Lj

ij=1
3
z,jg;l
3 3
= Z aijLitr (EL]) +2 Z GZ]LZELJ
i,j=1 i,j=1

J#i
By virtue of (5.42), (6.120), (6.123) and (6.127) the tangent moduli finally
take the form

S 3 3 .

C= ~ = E aszl®L]+2 E Gi]‘ (L1®L]) .
OE  — —
3,j=1 1,4]#—41
VE)

6.11 Setting (6.145) in (6.144) yields
8] o ()« oo 1) - 51|
¥ an [tr (ELl) tr (ELQ) Tt (ELl) tr (ELg)}
+ agstr (ELQ) tr (ELg) + (g2 — ags) tr (ELQELg)
+2Gys [tr (EL1EL2) Yt (ELlf]Lg)} .
Thus, we can write keeping in mind (S.28)
8] o ()« o () ()
¥ ajgtr (ELl) [tr (ELQ) Tt (ELg)}
1

2 (
Using the abbreviation L = L; and taking (S.26) into account one thus obtains

~ ~ 2 - ~
+ age — asg3) tr (EL2 + EL3) + 2Gatr [ELlE (Ly + L3)] .

v(B) = ;antrQ (BL) + ;@3 B~ tr (EL)T

+ aqaotr (EL) [trf] —tr (EL)] +2G12 [tr (EQL) — tr? (EL)}

1 _ ) _
+ , (a2 — az) [trE2 T (EQL) +tr? (EL)} .
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Collecting the terms with the transversely isotropic invariants delivers

~ 1 - 1 B 3
(0 (E) = 2a23tr2E + 9 (a22 — a23) trE? + (a23 — Q99 + 2G12) tr (EQL)

1 1 - - ~
+ <2a11 + 2@22 —aip — 2G12> tr? (EL) +(a12 — agg) trEtr (EL) .

It is seen that the function 1/)(]:]) is transversely isotropic in the sense of the
representation (6.29). Finally, considering (6.146) in the latter relation we
obtain the isotropic strain energy function of the form (6.99) as

=\ 1, o= )
b (E) = 7B+ GurE.
6.12 The tensor-valued function (6.103) can be shown to be isotropic. Indeed,
g (QAZQTy ijQT) _ Q//Tg (QHQAiQTQ//T) //7 VQ € Orthn,
where Q" is defined by (6.39). Further, we can write taking (6.41) into account
Q/ng (QIIQAiQTQIIT) QII — Q//Tg (Q*QIAiQITQ*T) QII
— QIITQ*g (QIAZQ/T) Q*TQII — QQITg (QIAZQ/T) QIQT
= Qj (A, X;)Q",
which finally yields
7(QA,Q%,QX;Q") = Q4 (A;,X;)QT, VQ e Orth™.
Thus, the sufficiency is proved. The necessity is evident.

6.13 Consider the directional derivative of the identity A~¥A* = I. Taking
into account (2.9) and using (6.116) we can write

d

k—1
G At tX)7" AP ATk (Z AiXA’“—l—i> =0
=0

t=0

and consequently

k—1
G(lit (A+1X)7" ~AF (Z AiXAk‘l‘i> Ak
t=0 i=0

k—1
> ATEXAT
=0

Hence, in view of (5.17);
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k

A a==> AFlTgA (S.29)
j=1

6.14 (2.4), (2.7), (5.16), (5.17)s, (6.111):
dr-
G)a:X= A+tX)g(A+1tX

U@ aix= g [farmgasm]
= df(A+tX) G+fd (A +tX)
St o at? o

= (fia:X)G+ f(Ga: X)
= (GO fia+fG,a): X,

d
(G:H),ao: X = dt[g(A-ﬁ-tX):h(A-i—tX)}
t=0
_ 4 (A +tX) H+ G: dh(A+tX)
~ar’ =0 - dt t=0

=(Ga:X):H+G:(Ha:X)
=H:Ga+G:H,a):X, VXeLin"
where f = f(A), G =g(A) and H=h(A).

6.15 In the case n =2 (6.137) takes the form
2 k
0= A>3 (1) I [or (ATTB) I~ BAT]
k=1 i=1
= Atr(B)I-B] -1 [tr (B)I — B] + tr (AB)I — BA
and finally

AB+BA —tr(B)A—tr(A)B+[tr (A)tr(B) —tr (AB)]I=0. (S.30)

Exercises of Chapter 7

7.1 By using (4.79) and (4.81) we can write
R (w) =Py +e“Py +e “Ps.
Applying further (7.2) we get
R (w) = 1Py + (ei‘”)a Py + (e_i“’)a P3
=P, + e %Py + e %P3 =R (aw) .



Solutions 225

7.2 (7.5)1, (S.14), (S.15):

U= iAiPi :i\//\iai(@ai =e3®e3
=1 im1

+ VA ! e +\/ A e | ® ! e +\/ A e
v+ T Ve VIAA TV 14,2
1 Ay 1 \/ Ay
A _ _
S% 2<\/1+A261 \/1+A262>®<w1+A261 1+A262>

7% +2

V2 4

ei®e; + (e1®ex+ex®er)+ es ® ey

_ 2 ot
V2 +4 VA2 +4
+ e3 X es.

7.3 The proof of the first relation (7.21) directly results from the definition
of the analytic tensor function (7.15) and is obvious. In order to prove (7.21),
we first write

FA) =y § 1O A)"d h(A) h(C) (T - A) e

27 I

where the closed curve I'' of the second integral lies outside I" which, in turn,
includes all eigenvalues of A. Using the identity

(A=A (CT-8) " = -0 [c1- A = (1-A)
valid both on I" and I we thus obtain

_ 1 / _ =1 M1 -1 /
@ = Lo f 4 ronea-aT e A i

| L[ Oh) .
frf(o 7( A¢’ (T — A) " d¢

2 i Jro 1= ¢
1 N B A (S B
+%ﬁh(mQWing_C,dC(CI—A) d¢’.

Since the function f (¢) (¢ — C/)fl is analytic in ¢ inside I" the Cauchy theorem
(see, e.g. [5]) implies that

1 fQ
27riﬁ§—(’d<_0'

Noticing further that

1 h(¢')
2mi Jpr ¢ = ¢

we obtain

d¢’ = h(c)
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f(A)h(A)

2ri 10 %fc a0 (GL - A g
=i fHOR@O@-A)

= o 9= A dC =g ().

Finally, we focus on the third relation (7.21). It implies that the functions
h and f are analytic on domains containing all the eigenvalues \; of A and

h(X) (i=1,2,...,n) of B=h(A), respectively. Hence (cf. [24]),
£ A) = F(B) =, § FOET-B) A (5:31)
i
where I" encloses all the eigenvalues of B. Further, we write

1
2mi

((I-B) ' = (A -h(A) " = 74 (C—h(C) " (CT-A) " dc,

(S.32)

where I’ includes all the eigenvalues A; of A so that the image of I/ under h
lies within I". Thus, mbertmg (S.32) into (S.31) delivers

A= 74 74 FOC—h(C) (T A) " dcdC

(2ri)? 7{7{ () dC(CT-A)T A

o 74 @) ET- )Tl

— i g CT-A) =g (A).

2mi

7.4 Inserting into the right hand side of (7.54) the spectral decomposition in
terms of eigenprojections (7.1) and taking (4.46) into account we can write
similarly to (7.17)

—1
1 -1 —1 - . .
2mf_(a—A) dC—Qmﬁi (a—;&m) A

i

St

1]1

=} [fj(c—mP
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In the case i # j the closed curve I; does not include any pole so that

1
2mi

f C=X)""dC =655, i,j=1,2,...s.
I;
This immediately leads to (7.54).

7.5 By means of (7.43) and (7.83) and using the result for the eigenvalues of
A by (S.17), A; =6, A = —3 we write

2 A 1 1. 1
P, = AP = — I A= I+ A
1 ;pl” IV C VIR VA R
2. 1
2 1 3 9

Taking symmetry of A into account we further obtain by virtue of (7.56) and
(7.84)

2
PlvA = Z Vlpgq (Ap ® Aq)s

P,9=0
22\ s Ai + A s s
= - 3+ s I®A+ARI) — s (A®A)
(Ai = A) (Ai = A) (Ai = A)
= 4JS+ ! I®A+ARI) (A®A)
- 81 243 729 '
The eigenprojection Py corresponds to the double eigenvalue A = —3 and for

this reason is not differentiable.

7.6 Since A is a symmetric tensor and it is diagonalizable. Thus, taking
double coalescence of eigenvalues (S.17) into account we can apply the repre-
sentations (7.77) and (7.78). Setting there A\, = 6, A = —3 delivers

ef + 2e73 ed —e3

exp (A) = 3 I+ 9 A,

_ 13e5 + 32e*3gs N 10e® — 19e~3

exp (A),a 81 oy (ASTHI®A)
7e% + 11e™3 ,
A®A)P.
* 729 (A®A)
Inserting
—222
A= 214 e ®e;

241
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into the expression for exp (A) we obtain

€S+ 873 2e0 —2e73 26 — 23
exp(A) = _ [2e0 —2e73 4eb +5e73 4e6 —4e73 | e; @ e,
2e6 — 273 460 — 4¢3 466 4 5e73

which coincides with the result obtained in Exercise 4.9.

7.7 The computation of the coefficients series (7.89), (7.91) and (7.96), (7.97)
with the precision parameter € = 1-107% has required 23 iteration steps and
has been carried out by using MAPLE-program. The results of the compu-
tation are summarized in Tables S.1 and S.2. On use of (7.90) and (7.92) we
thus obtain

exp (A) = 44.96925I + 29.89652A + 4.974456A%,

exp (A) ,a = 16.205823° +6.829754 (I ® A + A ® I)® +1.967368 (A ® A)®
+1.039719 (I® A® + A’ ®1)" +0.266328 (A® A> + A*© A)°
+0.034357 (A2 @ A?)°.

Taking into account double coalescence of eigenvalues of A we can further
write

AZ = (Mg +A) A = X\ A =3A + 181

Inserting this relation into the above representations for exp (A) and exp (A) ,a
finally yields

exp (A) = 134.509461 + 44.81989A,,

exp (A) 4 = 64.767379° + 16.59809 (I ® A + A ® I)° + 3.87638 (A © A)* .

Note that the relative error of this result in comparison to the closed-form
solution used in Exercise 7.6 lies within 0.044%.

Exercises of Chapter 8

8.1 By (8.2) we first calculate the right and left Cauchy-Green tensors as

5-20 _ 520 4
C=F"F=|-2 80|e;®e/, b=FF'=|280|e;®¢,
0 01 001

with the following eigenvalues Ay =1, Ay =4, A3 = 9. Thus, \; = VA; =1,
A2 = VAy = 2, A3 = VA3 = 3. By means of (8.11-8.12) we further obtain
Yo = §, Y1 = 152’ Y2 = _610 and



Table S.1. Recurrent calculation of the coefficients wy,

() (r)

r arwy Arwy

0 1 0

1 0 1

2 0 0

3 9.0 4.5

4 0 2.25

5 12.15 6.075

6 4.05 4.05

23 (-107°%) 3.394287 2.262832

©p 44.96925 29.89652

Solutions
(r)

ang”
0

0

0.5

0
1.125
0.45
1.0125

0.377134
4.974456

Table S.2. Recurrent calculation of the coefficients EI(JZ)

r ar€ly)  ael)  akly)  al)  adl)  anly)

1 1 0 0 0 0

2 0 0.5 0 0 0

3 0 0 0.166666 0.166666 0 0

4 4.5 1.125 0 0.041666 0

5 0 0.9 0.225 0.45 0 0.008333
6 4.05 1.0125 0.15 0.15 0.075 0

23 (‘10’6) 2.284387 1.229329 0.197840 0.623937 0.099319 0.015781
Npq 16.20582 6.829754 1.039719 1.967368 0.266328 0.034357

3 5 1
=1 — -
v 5 +120 GOC

3 5 1.5
V—5I+12b—60b =

Eqs. (8.16-8.17) further yield o = 55, ¢1 = —}, &2 = 4

37 1 1 1

30 4

11 -2 0 ,
-2 140|e;®e€’,
0 05

11 20 |
214 0| e; ®@é€’.
0 05

o and

340 ‘
—430|e; Q€.
005

8.2 (4.44), (5.33), (5.47), (5.55), (5.83);:

229
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fpij P = (P @P; +P; ®Pi)s (PP, + Py ®Pk)s
=[(Pi®P; +P;@P;)": (PL@P; + P @ Py)]°

1
2

{[Pi (39 Pj + Pj QR P; + (Pi (39 Pj)t + (Pj ® Pi)t}
: (Pk QP +P® Pk)}s

= (5ik5jl + 5il5jk) (Pi ® Pj + Pj ® Pi)s, ) 75 i, k#1.

In the case i = j or k = [ the previous result should be divided by 2, whereas
for ¢ = j and k =1 by 4, which immediately leads to (8.62).
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Index

algebraic multiplicity of an eigenvalue,
82, 87, 90, 93

analytic tensor function, 145

anisotropic tensor function, 115

arc length, 58

asymptotic direction, 69

axial vector, 96

basis of a vector space, 3
binomial theorem, 146
binormal vector, 60

Cardano formula, 85
Cartesian coordinates, 45, 47, 51, 54
Cauchy
integral, 146
integral formula, 144
strain tensor, 99
stress tensor, 14, 73, 99, 175
stress vector, 15, 53, 73
theorem, 15, 53
Cayley-Hamilton equation, 157, 163,
167
Cayley-Hamilton theorem, 96, 145
characteristic
equation, 82
polynomial, 82
Christoffel symbols, 44-46, 50, 55, 66,
7
coaxial tensors, 125
commutative tensors, 20
complex
conjugate vector, 80
number, 79

vector space, 79
complexification, 79
compliance tensor, 99
components

contravariant, 39

covariant, 39

mixed variant, 39

of a vector, 5
composition of tensors, 20
contravariant

components, 39

derivative, 44
coordinate

line, 37, 65

system, 35

transformation, 37
coordinates

Cartesian, 45, 47, 51, 54

cylindrical, 35, 38, 40, 46, 50, 54

linear, 36, 40, 42, 55

spherical, 55
covariant

components, 39

derivative, 44

on a surface, 67
curl of a vector field, 51
curvature

directions, 68

Gaussian, 69

mean, 69

normal, 67

of the curve, 59

radius of, 60
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curve, 57
left-handed, 60
on a surface, 64
plane, 60
right-handed, 60
torsion of, 60
cylinder, 64
cylindrical coordinates, 35, 38, 40, 46,
50, 54

Darboux vector, 62
defective

eigenvalue, 87

tensor, 87
deformation gradient, 134, 154, 161
derivative

contravariant, 44

covariant, 44

directional, 118, 131

Gateaux, 118, 131
determinant of a tensor, 84
deviatoric

projection tensor, 109

tensor, 28
diagonalizable tensor, 87, 144, 148
dimension of a vector space, 3, 4
directional derivative, 118, 131
divergence, 47
dual basis, 8
dummy index, 6
Dunford-Taylor integral, 143, 148

eigenprojection, 88
eigentensor, 107
eigenvalue, 81
defective, 87
problem, 81, 107
left, 81
right, 81
eigenvector, 81
left, 81
right, 81
Einstein’s summation convention, 6
elasticity tensor, 99
elliptic point, 69
Euclidean space, 6, 79, 80
Eulerian strains, 142
exponential tensor function, 21, 88, 125,
154, 159

fourth-order tensor, 99
deviatoric projection, 109
spherical projection, 109
super-symmetric, 105
trace projection, 109
transposition, 108

Frenet formulas, 61

functional basis, 111

fundamental form of the surface
first, 65
second, 67

Gateaux derivative, 118, 131
Gauss
coordinates, 64, 66
formulas, 67
Gaussian curvature, 69
generalized
Hooke’s law, 109
Rivlin’s identity, 136
strain measures, 142
geometric multiplicity of an eigenvalue,
82, 87, 90, 93
gradient, 42
Gram-Schmidt procedure, 7, 91, 93, 98
Green-Lagrange strain tensor, 128, 134,
142

Hill’s strains, 142
Hooke’s law, 109
hyperbolic
paraboloidal surface, 77
point, 69
hyperelastic material, 113, 128, 134

identity tensor, 18
invariant
isotropic, 111
principal, 83
inverse of the tensor, 23
inversion, 23
invertible tensor, 23
irreducible functional basis, 112
isotropic
invariant, 111
material, 113, 128, 134
symmetry, 115
tensor function, 111

Jacobian determinant, 37



Kronecker delta, 7

Lagrangian strains, 142
Lamé constants, 109, 129
Laplace expansion rule, 97
Laplacian, 52
left
Cauchy-Green tensor, 134, 161
eigenvalue problem, 81
eigenvector, 81
mapping, 15, 17, 20, 100-103
stretch tensor, 142, 161
left-handed curve, 60
length of a vector, 6
Levi-Civita symbol, 10
linear
combination, 3
coordinates, 36, 40, 42, 55
mapping, 12, 27, 28, 99, 108, 109
linear-viscous fluid, 53
linearly elastic material, 99, 128
logarithmic tensor function, 143

major symmetry, 105
mapping
left, 15, 17, 20, 100-103
right, 15, 100, 102
material
hyperelastic, 113, 128, 134
isotropic, 113, 128, 134
linearly elastic, 99, 128
Mooney-Rivlin, 113
Ogden, 113
orthotropic, 138
St.Venant-Kirchhoff, 129

transversely isotropic, 115, 130, 134

mean curvature, 69
mechanical energy, 53
membrane theory, 76

metric coefficients, 18, 66
middle surface of the shell, 71
minor symmetry, 106

mixed product of vectors, 10
mixed variant components, 39
moment tensor, 74
momentum balance, 50
Mooney-Rivlin material, 113
moving trihedron of the curve, 60
multiplicity of an eigenvalue

Index

algebraic, 82, 87, 90, 93
geometric, 82, 87, 90, 93

Navier-Stokes equation, 54
Newton’s formula, 84
normal

curvature, 67

plane, 66

section of the surface, 66

yield stress, 174

Ogden material, 113
orthogonal

spaces, 27

tensor, 24, 92, 94

vectors, 6
orthonormal basis, 6
orthotropic material, 138

parabolic point, 69
permutation symbol, 10
plane, 64
plane curve, 60
plate theory, 76
point
elliptic, 69
hyperbolic, 69
parabolic, 69
saddle, 69
polar decomposition, 161
principal
curvature, 68
invariants, 83
material direction, 115, 138
normal vector, 60, 66
stretches, 142, 163, 164, 166
traces, 84
proper orthogonal tensor, 95
Pythagoras formula, 7

radius of curvature, 60
representation theorem, 126, 128
residue theorem, 146, 147
Ricci’s Theorem, 47

Riemannian metric, 66

right
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Cauchy-Green tensor, 113, 116, 128,

134, 161
eigenvalue problem, 81
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eigenvector, 81

mapping, 15, 100, 102

stretch tensor, 142, 159, 161
right-handed curve, 60
Rivlin’s identities, 135
rotation, 13

tensor, 13, 161
Rychlewski’s theorem, 129

saddle point, 69
scalar
field, 40
product, 6
of tensors, 25

second Piola-Kirchhoff stress tensor,

128, 138, 171
second-order tensor, 12
Seth’s strains, 142
shear yield stress, 177
shell

continuum, 71

shifter, 71
similar tensors, 216
simple shear, 83, 154, 159, 164
skew-symmetric

generator, 129

tensor, 22, 94, 95
spectral

decomposition, 87, 107

mapping theorem, 81
sphere, 64
spherical

coordinates, 55

projection tensor, 109

tensor, 28
St.Venant-Kirchhoff material, 129
straight line, 57
strain energy function, 113
strain tensor

Cauchy, 99

Green-Lagrange, 128, 134, 142
strains

Eulerian, 142

Hill’s, 142

Lagrangian, 142

Seth’s, 142
stress resultant tensor, 74
stress tensor

Cauchy, 14, 73, 99

second Piola-Kirchhoff, 128

stretch tensors, 142, 161

structural tensor, 115

summation convention, 6
super-symmetric fourth-order tensor,

105

surface, 64

hyperbolic paraboloidal, 77

Sylvester formula, 89, 148
symmetric

generator, 129
tensor, 22, 90, 91

symmetry

major, 105
minor, 106

symmetry group, 115

anisotropic, 116

isotropic, 115

of fiber reinforced material, 138
orthotropic, 138

transversely isotropic, 115, 130
triclinic, 115

tangent

moduli, 134
vectors, 37

tensor

defective, 87
deviatoric, 28
diagonalizable, 87, 144, 148
field, 40
function, 33
analytic, 145
anisotropic, 115
exponential, 21, 88, 125, 154, 159
isotropic, 111
logarithmic, 143
identity, 18
invertible, 23
left Cauchy-Green, 134, 161
left stretch, 142, 161
monomial, 21, 144
of the fourth order, 99
of the second order, 12
of the third order, 28
orthogonal, 24, 92, 94
polynomial, 21, 88, 125
power series, 21, 142
product, 16



proper orthogonal, 95

right Cauchy-Green, 113, 116, 128,

134, 161
right stretch, 142, 161
rotation, 13, 161
skew-symmetric, 22, 94, 95
spherical, 28
structural, 115
symmetric, 22, 90, 91

tensors

coaxial, 125
commutative, 20
composition of, 20
scalar product of, 25

third-order tensor, 28

torsion of the curve, 60

torus, 69

trace, 26

trace projection tensor, 109
transposition, 21

transposition tensor, 108

transverse shear stress vector, 74
transversely isotropic material, 115,

130, 134

triclinic symmetry, 115
unit vector, 6

vector

axial, 96

Index

binormal, 60
complex conjugate, 80
components, 5

Darboux, 62
field, 40
function, 33
length, 6
product of vectors, 10, 13
space, 1
basis of, 3

complex, 79
dimension of, 3, 4
Euclidean, 6
zero, 1
vectors
mixed product of, 10
orthogonal, 6
tangent, 37
velocity gradient, 141, 154, 159
Vieta theorem, 68, 83, 145
von Mises yield function, 174

Weingarten formulas, 67
yield stress
normal, 174

shear, 177

zero tensor, 12
zero vector, 1
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