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Identifying Functions; Mathematical Models

There are a number of important types of functions frequently encountered in calculus. We
identify and briefly summarize them here.

Linear Functions A function of the form f(x) = mx + b, for constants m and b, is
called a linear function. Figure 1.34 shows an array of lines f(x) = mx where b = 0, so
these lines pass through the origin. Constant functions result when the slope m = 0
(Figure 1.35).
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FIGURE 1.34 The collection of lines
v = mx has slope m and all lines pass FIGURE 1.35 A constant function
through the origin. has slope m = 0.
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Power Functions A function f(x) = x“, where a is a constant, is called a power func-
tion. There are several important cases to consider.

(a) a = n, apositive integer.

The graphs of f(x) = x", forn = 1, 2, 3, 4, 5, are displayed in Figure 1.36. These func-
tions are defined for all real values of x. Notice that as the power n gets larger, the curves
tend to flatten toward the x-axis on the interval (—1, 1), and also rise more steeply for
|x| > 1. Each curve passes through the point (1, 1) and through the origin.
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FIGURE 1.36 Graphs of f(x) = x",n = 1,2, 3,4, 5 defined for —co < x < 00,

b)a=-1 o a=-2.

The graphs of the functions f(x) = x~! = 1/x and g(x) = x 2 = 1/x? are shown in
Figure 1.37. Both functions are defined for all x # 0 (you can never divide by zero). The
graph of y = 1/x is the hyperbola xy = 1 which approaches the coordinate axes far from
the origin. The graph of y = 1/x? also approaches the coordinate axes.

Domain: x # 0
Range: y#0 0

Domain: x # 0
Range: y >0

() (b)

FIGURE 1.37 Graphs of the power functions f(x) = x¢ for part
(a)a = —1 and for part (b) a = —2.
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The functions f(x) = x'/? = Vx and g(x) =x'3 = Vx are the square root and cube
root functions, respectively. The domain of the square root function is [0, ©0), but the
cube root function is defined for all real x. Their graphs are displayed in Figure 1.38 along
with the graphs of y = x¥?and y = x%3. (Recall that x*/> = (x'/?)? and x** = (x'/?)?))
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FIGURE 1.38 Graphs of the power functions f(x) = x“ fora = 232 andg.
Polynomials A function p is a polynomial if
px) = apx" + ap-ix" '+ - 4+ aix + ap
where n is a nonnegative integer and the numbers ay, a1, az, . . ., a, are real constants

(called the coefficients of the polynomial). All polynomials have domain (—00, 00). If
the leading coefficient @, # 0 and n > 0, then # is called the degree of the polynomial.
Linear functions with m # 0 are polynomials of degree 1. Polynomials of degree 2, usu-
ally written as p(x) = ax*> + bx + c, are called quadratic functions. Likewise, cubic
functions are polynomials p(x) = ax® + bx* + cx + d of degree 3. Figure 1.39 shows
the graphs of three polynomials. You will learn how to graph polynomials in Chapter 4.
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FIGURE 1.39 Graphs of three polynomial functions.
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Rational Functions A rational function is a quotient or ratio of two polynomials:

_ W
1 =55

where p and g are polynomials. The domain of a rational function is the set of all real x for
which ¢(x) # 0. For example, the function

_2x* -3
flx) = Tx + 4

is a rational function with domain {x| x # —4/7}. Its graph is shown in Figure 1.40a
with the graphs of two other rational functions in Figures 1.40b and 1.40c.
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FIGURE 1.40 Graphs of three rational functions.

Algebraic Functions An algebraic function is a function constructed from polynomials
using algebraic operations (addition, subtraction, multiplication, division, and taking
roots). Rational functions are special cases of algebraic functions. Figure 1.41 displays the
graphs of three algebraic functions.

Trigonometric Functions We review trigonometric functions in Section 1.6. The graphs
of the sine and cosine functions are shown in Figure 1.42.

Exponential Functions Functions of the form f(x) = a*, where the base ¢ > 0 is a
positive constant and a # 1, are called exponential functions. All exponential functions
have domain (—00, 00) and range (0, 00). So an exponential function never assumes the
value 0. The graphs of some exponential functions are shown in Figure 1.43. The calculus
of exponential functions is studied in Chapter 7.

Logarithmic Functions These are the functions f(x) = log, x, where the base a # 1 is
a positive constant. They are the inverse functions of the exponential functions, and the
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FIGURE 1.41 Graphs of three algebraic functions.
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(a) f(x) =sinx

FIGURE 1.42

12
10

8
6
4
2
= |

y=10*

y=2"

-1 -05 O

1
0.5 1

(@ y=2%y=3%y=10"

FIGURE 1.43
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Graphs of exponential functions.

(b) f(x) = cos x

Graphs of the sine and cosine functions.
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calculus of these functions is studied in Chapter 7. Figure 1.44 shows the graphs of four
logarithmic functions with various bases. In each case the domain is (0, 00) and the range

is (—00, 00).

Transcendental Functions These are functions that are not algebraic. They include the
trigonometric, inverse trigonometric, exponential, and logarithmic functions, and many

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html

y =logjpx

FIGURE 1.44 Graphs of four
logarithmic functions.

FIGURE 1.45 Graph of a catenary or
hanging cable. (The Latin word catena
means “chain.”)
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other functions as well (such as the hyperbolic functions studied in Chapter 7). An exam-
ple of a transcendental function is a catenary. Its graph takes the shape of a cable, like a
telephone line or TV cable, strung from one support to another and hanging freely under
its own weight (Figure 1.45).

EXAMPLE 1 Recognizing Functions

Identify each function given here as one of the types of functions we have discussed. Keep
in mind that some functions can fall into more than one category. For example, f(x) = x>
is both a power function and a polynomial of second degree.

@ f@)=1+x-352 ) gh) =T () =7

(d) y(r) = sin(t - %)

Solution

@ fx)=1+x-— %xs is a polynomial of degree 5.
(b) g(x) = 7" is an exponential function with base 7. Notice that the variable x is the
exponent.

(¢) h(z) =z’ is a power function. (The variable z is the base.)

(d) y(1) = sin (t — %) is a trigonometric function. ]

Increasing Versus Decreasing Functions

If the graph of a function climbs or rises as you move from left to right, we say that the
function is increasing. If the graph descends or falls as you move from left to right, the
function is decreasing. We give formal definitions of increasing functions and decreasing
functions in Section 4.3. In that section, you will learn how to find the intervals over which
a function is increasing and the intervals where it is decreasing. Here are examples from
Figures 1.36, 1.37, and 1.38.

Function Where increasing Where decreasing

y = x? 0=x< —00 <x=0

y=x —00 < x < 00 Nowhere

y=1/x Nowhere -0 <x<0and0 < x <
y = 1/x? —00 <x<0 0<x<o

y = Vi 0=x< ™ Nowhere

y=x2/3 0=x< o0 -0 <x=0

Even Functions and 0dd Functions: Symmetry

The graphs of even and odd functions have characteristic symmetry properties.
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FIGURE 1.46 In part (a) the graph of

y = x? (an even function) is symmetric
about the y-axis. The graph of y = x3 (an
odd function) in part (b) is symmetric
about the origin.

DEFINITIONS  Even Function, 0dd Function
A function y = f(x) is an

even function of x if f(—x) = f(x),
odd function of x if f(—x) = —f(x),

for every x in the function’s domain.

The names even and odd come from powers of x. If y is an even power of x, as in
y = x%or y = x*, it is an even function of x (because (—x)*> = x? and (—x)* = x*). If y
is an odd power of x, as in y = x or y = x°, it is an odd function of x (because
(=x)!' = —xand (—x)} = —x3).

The graph of an even function is symmetric about the y-axis. Since f(—x) = f(x),a
point (x, y) lies on the graph if and only if the point (—x, y) lies on the graph (Figure
1.46a). A reflection across the y-axis leaves the graph unchanged.

The graph of an odd function is symmetric about the origin. Since f(—x) = —f(x),
a point (x, y) lies on the graph if and only if the point (—x, —y) lies on the graph (Figure
1.46b). Equivalently, a graph is symmetric about the origin if a rotation of 180° about the
origin leaves the graph unchanged. Notice that the definitions imply both x and —x must
be in the domain of f.

EXAMPLE 2  Recognizing Even and 0dd Functions

flx) = x2 Even function: (—x)? = x? for all x; symmetry about y-axis.

f(x) = x>+ 1 Even function: (—x)*> + 1 = x? + 1 for all x; symmetry about
y-axis (Figure 1.47a).

y=x*+1

(@) (b)

FIGURE 1.47 (a) When we add the constant term 1 to the function

y = x2, the resulting function y = x> + 1 is still even and its graph is
still symmetric about the y-axis. (b) When we add the constant term 1 to
the function y = x, the resulting function y = x + 1 is no longer odd.
The symmetry about the origin is lost (Example 2).
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1.4 Identifying Functions; Mathematical Models 35

flx) =x 0Odd function: (—x) = —x for all x; symmetry about the origin.
f(x) =x+ 1 Notodd: f(—x) = —x + 1,but —f(x) = —x — 1.The two are
not equal.
Noteven: (—x) + 1 # x + 1 forall x # 0 (Figure 1.47b). ]

Mathematical Models

To help us better understand our world, we often describe a particular phenomenon mathe-
matically (by means of a function or an equation, for instance). Such a mathematical
model is an idealization of the real-world phenomenon and is seldom a completely accurate
representation. Although any model has its limitations, a good one can provide valuable re-
sults and conclusions. A model allows us to reach conclusions, as illustrated in Figure 1.48.

_ Simplification
Real-world Model
data
Verification Analysis
Predictions/ Mathematical
explanations I - conclusions
nterpretation

FIGURE 1.48 A flow of the modeling process
beginning with an examination of real-world data.

Most models simplify reality and can only approximate real-world behavior. One sim-
plifying relationship is proportionality.

DEFINITION  Proportionality

Two variables y and x are proportional (to one another) if one is always a con-
stant multiple of the other; that is, if

v = kx

for some nonzero constant k.

The definition means that the graph of y versus x lies along a straight line through the
origin. This graphical observation is useful in testing whether a given data collection rea-
sonably assumes a proportionality relationship. If a proportionality is reasonable, a plot of
one variable against the other should approximate a straight line through the origin.

EXAMPLE 3  Kepler's Third Law

_id A famous proportionality, postulated by the German astronomer Johannes Kepler in the
Video early seventeenth century, is his third law. If 7'is the period in days for a planet to complete
one full orbit around the sun, and R is the mean distance of the planet to the sun, then Kepler

postulated that 7 is proportional to R raised to the 3/2 power. That is, for some constant £,

T = kR32.
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Let’s compare his law to the data in Table 1.3 taken from the 7993 World Almanac.

TABLE 1.3 Orbital periods and mean distances of planets
from the sun

T R Mean distance
Planet Period (days) (millions of miles)
Mercury 88.0 36
Venus 224.7 67.25
Earth 365.3 93
Mars 687.0 141.75
Jupiter 4,331.8 483.80
Saturn 10,760.0 887.97
Uranus 30,684.0 1,764.50
Neptune 60,188.3 2,791.05
Pluto 90,466.8 3,653.90

The graphing principle in this example may be new to you. To plot 7 versus R>/ we
first calculate the value of R*? for each value in Table 1.3. For example,
3653.90%2 ~ 220,869.1 and 36*> = 216. The horizontal axis represents R*? (not R val-
ues) and we plot the ordered pairs (R¥2, T') in the coordinate system in Figure 1.49. This plot
of ordered pairs or scatterplot gives a graph of the period versus the mean distance to the 3/2
power. We observe that the scatterplot in the figure does lie approximately along a straight
line that projects through the origin. By picking two points that lie on that line we can eas-
ily estimate the slope, which is the constant of proportionality (in days per miles X107%).

90, 466.8 — 88

220869.1 — 216 ~ 0410

k = slope =

We estimate the model of Kepler’s third law to be 7 = 0.410R*? (which depends on our
choice of units). We need to be careful to point out that this is not a proof of Kepler’s third

T
— 90,000 -
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= 60,000 -
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&
30,000
G 1 1 1 1 1 L 3/2
0 80,000 160,000 240,000
(Miles X 107%)

FIGURE 1.49 Graph of Kepler’s third law as a
proportionality: 7 = 0.410R>? (Example 3).
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1.4 Identifying Functions; Mathematical Models 37

law. We cannot prove or verify a theorem by just looking at some examples. Nevertheless,
Figure 1.49 suggests that Kepler’s third law is reasonable. ]

The concept of proportionality is one way to test the reasonableness of a conjectured

relationship between two variables, as in Example 3. It can also provide the basis for an
empirical model which comes entirely from a table of collected data.
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