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EXERCISES 10.1

Identifying Graphs

Match the parabolas in Exercises 1-4 with the following equations

x2=2, x*=-6y, y*=8x, y’= -4

Then find the parabola’s focus and directrix.
1. vy

2. Y

Match each conic section in Exercises 5—8 with one of these equations:

2 ),2 2
XS X 2 _
4+9 1, 2-|-y 1,
2 2 2

Y - x Y _
4—)8—1, i 9L
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Then find the conic section’s foci and vertices. If the conic section is a

7. 8.

hyperbola, find its asymptotes as well.
y
: x
y

\V/

—_—]>X

N
N | S

30. > —x* =4
32, y2 =32 =3
34. 64x2 — 36y = 2304

29. 2 —x2=38
31. 8x2 — 292 =16
33. 82 — 2x2 =16

Exercises 35-38 give information about the foci, vertices, and asymp-
totes of hyperbolas centered at the origin of the xy-plane. In each case,
find the hyperbola’s standard-form equation from the information given.

35. Foci: (0, +V/2) 36. Foci: (+2,0)
Asymptotes: y = +x Asymptotes: y = :tix
V3
37. Vertices: (£3,0) 38. Vertices: (0, £2)
Asymptotes: y = :I:%x Asymptotes: y = :I:%x

Shifting Conic Sections

Parabolas

Exercises 9-16 give equations of parabolas. Find each parabola’s fo-
cus and directrix. Then sketch the parabola. Include the focus and di-
rectrix in your sketch.

9. y2 = 12x 10. x* = 6y 11. x? = -8y
12. y? = —2x 13. y = 4x? 14. y = —8x?
15. x = —3y? 16. x = 2)?

Ellipses

Exercises 17-24 give equations for ellipses. Put each equation in stan-
dard form. Then sketch the ellipse. Include the foci in your sketch.

17. 16x% + 25y% = 400 18. 7x% + 16y% = 112
19. 2x2 + y2 =2 20. 2x* + 2 =4

21. 3x2 + 22 =6 22. 9x% + 10y% = 90

23. 6x2 + 9y = 54 24, 169x + 25y% = 4225

Exercises 25 and 26 give information about the foci and vertices of
ellipses centered at the origin of the xy-plane. In each case, find the
ellipse’s standard-form equation from the given information.

25. Foci: (+V/2,0) 26. Foci: (0, +4)
Vertices: (£2,0) Vertices: (0, £5)
Hyperbolas

Exercises 27-34 give equations for hyperbolas. Put each equation in
standard form and find the hyperbola’s asymptotes. Then sketch the
hyperbola. Include the asymptotes and foci in your sketch.

|27. x2—yr=1

28. 9x2 — 16y% = 144

39. The parabola y? = 8x is shifted down 2 units and right 1 unit to
generate the parabola (y + 2)> = 8(x — 1).

a. Find the new parabola’s vertex, focus, and directrix.

b. Plot the new vertex, focus, and directrix, and sketch in the
parabola.

40. The parabola x> = —4y is shifted left 1 unit and up 3 units to

generate the parabola (x + 1) = —4(y — 3).

a. Find the new parabola’s vertex, focus, and directrix.

b. Plot the new vertex, focus, and directrix, and sketch in the
parabola.

41. The ellipse (x2/16) + (y?/9) = 1 is shifted 4 units to the right
and 3 units up to generate the ellipse
— 4 2 -3 2
-4 =3
16 9

1.

a. Find the foci, vertices, and center of the new ellipse.

b. Plot the new foci, vertices, and center, and sketch in the new
ellipse.

42. The ellipse (x2/9) + (y2/25) = 1 is shifted 3 units to the left and
2 units down to generate the ellipse

+3)° +2)?
+3)° 0+
9 25

a. Find the foci, vertices, and center of the new ellipse.

b. Plot the new foci, vertices, and center, and sketch in the new
ellipse.

43. The hyperbola (x2/16) — (y%/9) = 1 is shifted 2 units to the
right to generate the hyperbola

(x-27% »

9

16 = 1.

a. Find the center, foci, vertices, and asymptotes of the new

hyperbola.
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b. Plot the new center, foci, vertices, and asymptotes, and sketch
in the hyperbola.
44. The hyperbola (y%/4) — (x2/5) = 1 is shifted 2 units down to
generate the hyperbola

(y+2) 2
4 5
a. Find the center, foci, vertices, and asymptotes of the new

hyperbola.

b. Plot the new center, foci, vertices, and asymptotes, and sketch
in the hyperbola.

64. 4x> + 2 + 8x — 2y = —1
65. x> —y* —2x + 4y =4
67. 2x> —y2 + 6y =3

66. x> — y> + 4x — 6y = 6
68. y> — 4x? + 16x = 24

Inequalities

Sketch the regions in the xy-plane whose coordinates satisfy the in-
equalities or pairs of inequalities in Exercises 69—74.

Exercises 45-48 give equations for parabolas and tell how many units
up or down and to the right or left each parabola is to be shifted. Find
an equation for the new parabola, and find the new vertex, focus, and
directrix.

69. 9x2 + 16y* = 144

70. x> +y?>=1 and 4x*+)y* =4
71. x> + 42 =4 and 4x> + 9% =36
72. (X242 — 4P+ 9?2 —-9) =0

73. 4y — x> =4 74, |x2 =y =1

45. y2 = 4x, left2,down3
47. x? = 8y, right1,down7 48. x*> = 6y,

46. y? = —12x,
left 3, down 2

right 4, up 3

Exercises 49-52 give equations for ellipses and tell how many units up
or down and to the right or left each ellipse is to be shifted. Find an
equation for the new ellipse, and find the new foci, vertices, and center.

2
X yo

49. 6 + 5 = 1, left2, down 1
2

50. 5 +y2=1, right3,up4
2 2
X yo .

51. 3 + 7= 1, right2,up3
2 2
X Yoo

52. 16 + 25 = 1, left4, down5

Exercises 53-56 give equations for hyperbolas and tell how many
units up or down and to the right or left each hyperbola is to be shifted.
Find an equation for the new hyperbola, and find the new center, foci,
vertices, and asymptotes.

()
<

X

53. T 5= 1, right2,up2
2 2
X Yoo
54. 16 9 = 1, left2, down 1
55. y2 — x> =1, leftl,down I
32
56. E x2 =1, rightl,up3

Find the center, foci, vertices, asymptotes, and radius, as appropriate,
of the conic sections in Exercises 57-68.

57. x2 + 4x + 2 =12

58. 2x2 + 2y — 28x + 12y + 114 =0

59. x2+2x+4—3=0 60. y2—4y—8x —12=0
61. x? + 5y + 4x =1 62. 9x> + 6y + 36y = 0
63. x>+ 2yr —2x — 4y = —1

Theory and Examples

75. Archimedes’ formula for the volume of a parabolic solid The
region enclosed by the parabola y = (44/b)x* and the line
y = h is revolved about the y-axis to generate the solid shown
here. Show that the volume of the solid is 3/2 the volume of the
corresponding cone.

76. Suspension bridge cables hang in parabolas The suspension
bridge cable shown here supports a uniform load of w pounds per hor-
izontal foot. It can be shown that if / is the horizontal tension of the
cable at the origin, then the curve of the cable satisfies the equation

b _w

x  HY
Show that the cable hangs in a parabola by solving this differen-
tial equation subject to the initial condition that y = 0 when
x=0.

| — —— — — ——

0

Bridge gible
‘M x
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77.

78.

79.

80.

81.

82.

83.

84.

8s.

86.

87.

88.

89.

Find an equation for the circle through the points (1, 0), (0, 1),
and (2, 2).

Find an equation for the circle through the points (2, 3), (3, 2),
and (—4, 3).

Find an equation for the circle centered at (—2, 1) that passes
through the point (1, 3). Is the point (1.1, 2.8) inside, outside, or
on the circle?

Find equations for the tangents to the circle (x — 2)> + (y — 1)* =
5 at the points where the circle crosses the coordinate axes. (Hint:
Use implicit differentiation.)

If lines are drawn parallel to the coordinate axes through a point P
on the parabola y? = kx, k > 0, the parabola partitions the rec-
tangular region bounded by these lines and the coordinate axes
into two smaller regions, 4 and B.

a. If'the two smaller regions are revolved about the y-axis, show
that they generate solids whose volumes have the ratio 4:1.

b. What is the ratio of the volumes generated by revolving the
regions about the x-axis?

y
y2 = kx
@
X
0
Show that the tangents to the curve y? = 4px from any point on
the line x = —p are perpendicular.

Find the dimensions of the rectangle of largest area that can be in-
scribed in the ellipse x> + 4y? = 4 with its sides parallel to the
coordinate axes. What is the area of the rectangle?

Find the volume of the solid generated by revolving the region en-
closed by the ellipse 9x> + 4y% = 36 about the (a) x-axis, (b) y-axis.

The “triangular” region in the first quadrant bounded by the x-axis,
the line x = 4, and the hyperbola 9x? — 4y% = 36 is revolved
about the x-axis to generate a solid. Find the volume of the solid.

The region bounded on the left by the y-axis, on the right by the
hyperbola x> — y? = 1, and above and below by the lines
y = %3 is revolved about the y-axis to generate a solid. Find the
volume of the solid.

Find the centroid of the region that is bounded below by the x-axis
and above by the ellipse (x2/9) + (y2/16) = 1.

The curve y = Vx2 + 1,0 = x < \/i, which is part of the
upper branch of the hyperbola y? — x* = 1, is revolved about
the x-axis to generate a surface. Find the area of the surface.

The circular waves in the photograph here were made by touching
the surface of a ripple tank, first at 4 and then at B. As the waves

expanded, their point of intersection appeared to trace a hyper-
bola. Did it really do that? To find out, we can model the waves
with circles centered at 4 and B.

At time ¢, the point P is r4(¢) units from 4 and rp(¢) units
from B. Since the radii of the circles increase at a constant rate,
the rate at which the waves are traveling is

dVA dVB

dr  dt-
Conclude from this equation that 4 — r has a constant value, so
that P must lie on a hyperbola with foci at 4 and B.

. The reflective property of parabolas The figure here shows a

typical point P(xq, vo) on the parabola y*> = 4px. The line L is tan-
gent to the parabola at P. The parabola’s focus lies at F'(p, 0). The
ray L' extending from P to the right is parallel to the x-axis. We
show that light from F to P will be reflected out along L’ by show-
ing that B equals «. Establish this equality by taking the following
steps.

a. Show that tan B = 2p/yj.
b. Show thattan ¢ = yo/(xo — p).
c. Use the identity

tan ¢ — tan B

fanar = 1 + tan¢ tan B

to show that tan @ = 2p/yy.
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Since @ and S are both acute, tan 8 = tan «a implies 8 = «.
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2N Yo

/
P

O\ F(p,0)

91. How the astronomer Kepler used string to draw parabolas

Kepler’s method for drawing a parabola (with more modern tools)
requires a string the length of a T square and a table whose edge
can serve as the parabola’s directrix. Pin one end of the string to
the point where you want the focus to be and the other end to the
upper end of the T square. Then, holding the string taut against the
T square with a pencil, slide the T square along the table’s edge. As
the T square moves, the pencil will trace a parabola. Why?

Ag
P
o
F
Focus ¢
B
Directrix
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92. Construction of a hyperbola The following diagrams ap-

peared (unlabeled) in Ernest J. Eckert, “Constructions Without
Words,” Mathematics Magazine, Vol. 66, No. 2, Apr. 1993, p.
113. Explain the constructions by finding the coordinates of the
point P.

93.

94.

y y
1 1
A C
P ) P
B
0 D(1, 0) 0 D(1,0) *
(a) (b)
The width of a parabola at the focus Show that the number 4p

is the width of the parabola x> = 4py (p > 0) at the focus by
showing that the line y = p cuts the parabola at points that are 4p
units apart.

The asymptotes of (x2/a?) — (y*/b?) =1 Show that the ver-
tical distance between the line y = (b/a)x and the upper half
of the right-hand branch y = (b/a)\V/x?> — a® of the hyperbola
(x%/a®) — (¥2/b*) = 1 approaches 0 by showing that

. b b, /3 >\ _ b ..
lim (Exfa X fa)—ahm (xf

x—>00 x—>00

Similar results hold for the remaining portions of the hyperbola
and the lines y = +(b/a)x.
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