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10.2 Classifying Conic Sections by Eccentricity

We now show how to associate with each conic section a number called the conic section’s
eccentricity. The eccentricity reveals the conic section’s type (circle, ellipse, parabola, or
hyperbola) and, in the case of ellipses and hyperbolas, describes the conic section’s gen-
eral proportions.

Eccentricity

Although the center-to-focus distance ¢ does not appear in the equation

x> Y ’
; + ? =1, (a > b)
for an ellipse, we can still determine ¢ from the equation ¢ = Va? — b?. If we fix a and
vary ¢ over the interval 0 = ¢ = a, the resulting ellipses will vary in shape (Figure 10.17).
They are circles if ¢ = 0 (so that ¢ = b) and flatten as ¢ increases. If ¢ = a, the foci and
vertices overlap and the ellipse degenerates into a line segment.

We use the ratio of ¢ to a to describe the various shapes the ellipse can take. We call

this ratio the ellipse’s eccentricity.
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TABLE 10.2 Eccentricities of
planetary orbits

Mercury 0.21 Saturn  0.06
Venus 0.01 Uranus 0.05
Earth 0.02 Neptune 0.01
Mars 0.09 Pluto 0.25
Jupiter  0.05
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FIGURE 10.18 The orbit of the asteroid
Icarus is highly eccentric. Earth’s orbit is so
nearly circular that its foci lie inside the sun.

Chapter 10: Conic Sections and Polar Coordinates

e=1 1;2

FIGURE 10.17 The ellipse changes from a circle to a line segment as ¢ increases from 0 to a.

DEFINITION Eccentricity of an Ellipse
The eccentricity of the ellipse (x*/a?) + (y*/b?) = 1(a > b) is
¢ Va*-b?
€=~a= a

The planets in the solar system revolve around the sun in (approximate) elliptical or- |
bits with the sun at one focus. Most of the orbits are nearly circular, as can be seen from
the eccentricities in Table 10.2. Pluto has a fairly eccentric orbit, with e = 0.25, as does
Mercury, with e = 0.21. Other members of the solar system have orbits that are even
more eccentric. Icarus, an asteroid about 1 mile wide that revolves around the sun every
409 Earth days, has an orbital eccentricity of 0.83 (Figure 10.18).

EXAMPLE 1 Halley’s Comet

The orbit of Halley’s comet is an ellipse 36.18 astronomical units long by 9.12 astronomi-
cal units wide. (One astronomical unit [AU] is 149,597,870 km, the semimajor axis of
Earth’s orbit.) Its eccentricity is

V@ =2 V6618/2)° — (9.12/2 V(1809 — (456 09
T a7 (1/2)(36.18) = 18.09 ~097. =

Whereas a parabola has one focus and one directrix, each ellipse has two foci and two
directrices. These are the lines perpendicular to the major axis at distances +a/e from the
center. The parabola has the property that

PF =1-PD (1)

for any point P on it, where F is the focus and D is the point nearest P on the directrix. For
an ellipse, it can be shown that the equations that replace Equation (1) are

PF, = e+ PD, PF, = e+ PD,. (2)

Here, e is the eccentricity, P is any point on the ellipse, F} and F are the foci, and D; and
D, are the points on the directrices nearest P (Figure 10.19).

In both Equations (2) the directrix and focus must correspond; that is, if we use the
distance from P to F, we must also use the distance from P to the directrix at the same
end of the ellipse. The directrix x = —a/e corresponds to Fi(—c, 0), and the directrix
X = a/e corresponds to F»(c, 0).

The eccentricity of a hyperbola is also e = ¢/a, only in this case ¢ equals Va? + b?
instead of \Va? — b2. In contrast to the eccentricity of an ellipse, the eccentricity of a hy-
perbola is always greater than 1.
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y
Directrix 1 Directrix 2 DEFINITION Eccentricity of a Hyperbola
e b T The eccentricity of the hyperbola (x?/a?) — (y%/b?) = 1is
¢ Va*+b?
Fi(=c,0) Fy(c, 0) e =4 a .
bl . 4 X
eD,
In both ellipse and hyperbola, the eccentricity is the ratio of the distance between the
DREAESEN foci to the distance between the vertices (because ¢/a = 2¢/2a).
a
z

FIGURE 10.19 The foci and directrices
of the ellipse (x%/a?) + (y2/b%) = 1.

Directrix 1 corresponds to focus F, and Eccentricity =
directrix 2 to focus F,.

distance between foci
distance between vertices

In an ellipse, the foci are closer together than the vertices and the ratio is less than 1. In a
hyperbola, the foci are farther apart than the vertices and the ratio is greater than 1.

EXAMPLE 2  Finding the Vertices of an Ellipse

Locate the vertices of an ellipse of eccentricity 0.8 whose foci lie at the points (0, £7).

Solution Since e = ¢/a, the vertices are the points (0, +a) where

c 7
a=g=@=8.75,

or (0, £8.75). (]

EXAMPLE 3  Eccentricity of a Hyperbola
Find the eccentricity of the hyperbola 9x> — 16y? = 144.

Solution We divide both sides of the hyperbola’s equation by 144 to put it in standard

Directrix 1 y Directrix 2 form obtaining
a &l
x=_4
‘ 9x? 16y : XXy :
=1 ad - —-% =1
D, 144 144 16 9

With a2 = 16and b2 = 9, we find that ¢ = Va? + b2 = V16 + 9 = 5, 50

o’ _¢c _ 5
Fi(=c, 0) e=g4= Z [ |
<—a— As with the ellipse, it can be shown that the lines x = ta/e act as directrices for the
hyperbola and that
<C = ae
PF, = e+ PD; and PF, = e+ PD,. (3)

FIGURE 10.20 The foci and directrices Here P is any point on the hyperbola, | and F; are the foci, and D; and D; are the points
of the hyperbola (x*/a*) — (y*/b*) = 1. nearest P on the directrices (Figure 10.20).

No matter where P lies on the hyperbola, To complete the picture, we define the eccentricity of a parabola to be e = 1. Equa-
PFy = e-PDjand PF, = e* PD;. tions (1) to (3) then have the common form PF = e- PD.
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DEFINITION Eccentricity of a Parabola
The eccentricity of a parabolaise = 1.

The “focus—directrix” equation PF = e - PD unites the parabola, ellipse, and hyperbola
in the following way. Suppose that the distance PF of a point P from a fixed point F (the
focus) is a constant multiple of its distance from a fixed line (the directrix). That is, suppose

PF = e PD, (4)

where e is the constant of proportionality. Then the path traced by P is

(a) aparabolaife = 1,
(b) an ellipse of eccentricity e ife < 1, and
(¢) a hyperbola of eccentricity e ife > 1.

There are no coordinates in Equation (4) and when we try to translate it into coordinate
form it translates in different ways, depending on the size of e. At least, that is what hap-
pens in Cartesian coordinates. However, in polar coordinates, as we will see in Section 10.8,
the equation PF = e+ PD translates into a single equation regardless of the value of e, an
equation so simple that it has been the equation of choice of astronomers and space scien-
tists for nearly 300 years.

Given the focus and corresponding directrix of a hyperbola centered at the origin and
with foci on the x-axis, we can use the dimensions shown in Figure 10.20 to find e. Know-
ing e, we can derive a Cartesian equation for the hyperbola from the equation
PF = e+ PD, as in the next example. We can find equations for ellipses centered at the
origin and with foci on the x-axis in a similar way, using the dimensions shown in
Figure 10.19.

EXAMPLE 4  Cartesian Equation for a Hyperbola

Find a Cartesian equation for the hyperbola centered at the origin that has a focus at (3, 0)
and the line x = 1 as the corresponding directrix.

Solution We first use the dimensions shown in Figure 10.20 to find the hyperbola’s ec-
centricity. The focus is

(c,0)

(3,0) SO c=3.

The directrix is the line

_a_
z =L SO a

I
o

When combined with the equation e = ¢/a that defines eccentricity, these results give

c
e=,=3 ) er = and e=\/§.
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FIGURE 10.21 The hyperbola and
directrix in Example 4.
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Knowing e, we can now derive the equation we want from the equation PF = e« PD.
In the notation of Figure 10.21, we have

PF = e-PD Equation (4)
Vi =32+ -072=V3x—1| e=\3
x2—6x+9+y2=3u2-2x+1)
w2 —yr=6
Lz—)ﬁ=l ]
3 6 '

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html

	copyright: 
	yti1_4: 
	yti1_5: 
	yti1_6: 
	bio4_5: 


