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10.7 Areas and Lengths in Polar Coordinates

This section shows how to calculate areas of plane regions, lengths of curves, and areas of
surfaces of revolution in polar coordinates.

Area in the Plane

The region OTS in Figure 10.48 is bounded by the rays § = « and # = 3 and the curve
r = f(0). We approximate the region with n nonoverlapping fan-shaped circular sectors
based on a partition P of angle TOS. The typical sector has radius , = f(6;) and central
angle of radian measure A6y. Its area is Af;/2 times the area of a circle of radius 7y, or

1 1
Ak = *2 }"kz AOk = *2 (f(()k))z A()k
lhe area Of region OTS iS approximately

(£(60))* Ay

N[ —

n n
Ak =
1 =1

k= k
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If f is continuous, we expect the approximations to improve as the norm of the partition
|IP||— 0, and we are led to the following formula for the region’ area:

n

4= tim 3 2(f60) A0,

Pll—0 =1

B
=L (1)) do.

Area of the Fan-Shaped Region Between the Origin and the Curve

r=f0),a=0=p
a= [ L2
(04 2 .

FIGURE 10.48 To derive a formula for This is the integral of the area differential (Figure 10.49)
the area of region OTS, we approximate the 1 1
region with fan-shaped circular sectors. dA = ) r’de = ) (f(8))*de.

EXAMPLE 1  Finding Area

Y Find the area of the region in the plane enclosed by the cardioid » = 2(1 + cos 0).
dA = %rzde Solution We graph the cardioid (Figure 10.50) and determine that the radius OP
\ P(r, 0) sweeps out the region exactly once as 6 runs from 0 to 27r. The area is therefore
46 7 0=2m 2
N l1’2d<9= l-4(1 + cos 0)* do
0=0 2 o 2
3
[7) x 2m
0 =/ 2(1 + 2cos + cos’0) do
0
FIGURE 10.49 The area differential d4 2 |+ 20
for the curve n = f(0). = / (2 + 4cosf + ZZOS) do
0
2
=/ (3 + 4cosb + cos20)do
0
. 2
r=2(1 + cos ) = {30+4Sln0+m220] =6 — 0= 6. |
P(r, 0) 0
EXAMPLE 2 Finding Area
2 6=02m
4 / Find the area inside the smaller loop of the limagon
X
o r=2cosf + 1.
Solution After sketching the curve (Figure 10.51), we see that the smaller loop is
traced out by the point (7, 6) as 0 increases from § = 277/3 to § = 4ar/3. Since the curve

is symmetric about the x-axis (the equation is unaltered when we replace 6 by —6), we may
calculate the area of the shaded half of the inner loop by integrating from 6 = 27/3 to
0 = ar. The area we seek will be twice the resulting integral:

4 =2/ éﬁde:/ 2do.
27/3 2m/3
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Since

r=2cosf+1 r?=(2cosO + 1)> = 4cos’0 + 4cosh + 1

= 4-%4— 4cosf + 1

=2+ 2cos20 + 4cosf + 1

_4m
=3

FIGURE 10.51 The limagon in Example 2.
Limacon (pronounced LEE-ma-sahn) is an
old French word for snail.

=3+ 2cos20 + 4cos,

we have

w

A= (3 4+ 2cos20 + 4cos6)do
27/3

m

{30 + sin 260 + 4 sin 0]

3m) — <27T - % + 4\§§>

2m/3

y B 3V3
=7 - . (]
0=p " 2
To find the area of a region like the one in Figure 10.52, which lies between two polar
curves 71 = r1(0) and r, = r»(0) from 6 = « to 6 = B, we subtract the integral of
r (1/2)r > df from the integral of (1/2)r,* df. This leads to the following formula.
0=a
Area of the Region 0 < r(0) = r = r,(0), a=0=p
X
0

FIGURE 10.52 The area of the shaded
region is calculated by subtracting the area

P15 P15 b1 2
A= [ grido— | Frido= | 3 (r2 = r2) a6 (1)

of the region between r1 and the origin EXAMPLE 3  Finding Area Between Polar Curves
from the area of the region between 7, and

the origin. Find the area of the region that lies inside the circle » = 1 and outside the cardioid
r=1—rcos#.
Solution We sketch the region to determine its boundaries and find the limits of inte-
gration (Figure 10.53). The outer curve is 7, = 1, the inner curveisr; = 1 — cos 6, and 0
Y Upper limit runs from —7/2 to 7r/2. The area, from Equation (1), is
rp=1-cos@ 0=m/2

m
/r2=1 A:/ 2l(l"22_7‘12)d0

/2 2

(rzz - 7’12) do Symmetry

N —

FIGURE 10.53 The region and limits of
integration in Example 3.

/2
0 :2/
¥ 0

/2
=/ (1 = (1 — 2cosf + cos’0)) do
0

. /2 /2
Lower limit — — cod? — _ 1+ cos26
0=—m/2 = l (2cos® — cos“0) do = K (2 cos 0 7 )d()
_ 9 sin20|"* | &
_[2sm9—2— 1 ]0 =2-7 -
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y
r=1—cosf
P(r, 6)
r 1
N
X
2 0

FIGURE 10.54 Calculating the length
of a cardioid (Example 4).

Length of a Polar Curve

We can obtain a polar coordinate formula for the length of a curve r = f(0),a = 0 = 83,
by parametrizing the curve as

x =rcosh = f(0)cosh, y =rsinf = f(0)sin0, a=0=8. ()

The parametric length formula, Equation (1) from Section 6.3, then gives the length as

This equation becomes
B 2
_ 2 (dr
L= l re+ < d@) do

when Equations (2) are substituted for x and y (Exercise 33).

Length of a Polar Curve
If r = f(0) has a continuous first derivative for « =< 6 =< B8 and if the point
P(r, 0) traces the curve r = f(0) exactly once as 0 runs from « to B, then the

length of the curve is
B 2
_ 2 dr
L —ﬁ e+ (dﬂ) de. (3)

EXAMPLE 4  Finding the Length of a Cardioid

Find the length of the cardioid » = 1 — cos 6.
Solution We sketch the cardioid to determine the limits of integration (Figure 10.54).
The point P(r, 0) traces the curve once, counterclockwise as 6 runs from 0 to 277, so these

are the values we take for o and .
With

. dar .
r=1—cosé, a0 - sin 6,
we have

(1 — cos0)* + (sin0)?

~
()
+
T
S5
N——
S}
Il

1 —2cos + cos?f + sin?0 =2 — 2cos 6
08 U T Sin ¢
]

£l dr')’ m
= [N (&Y a0 = [TVareian
:/ZW\/mde l*COSHZZSinzg
0 2

and
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FIGURE 10.55 The right-hand half of a
lemniscate (a) is revolved about the y-axis

to generate a surface (b), whose area is

calculated in Example 5.
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sin

2
- [
0

2
=/ ZSIngO sin%zo for 0=6<2nm
_ 0 _
—{ 2}0 =4+ 4 =8, [

Area of a Surface of Revolution

To derive polar coordinate formulas for the area of a surface of revolution, we parametrize
the curve r = f(0), « = 6 = B, with Equations (2) and apply the surface area equations
for parametrized curves in Section 6.5.

Area of a Surface of Revolution of a Polar Curve

If » = f(0) has a continuous first derivative for « = 6 = B and if the point
P(r, 0) traces the curve r = f(0) exactly once as 0 runs from « to B8, then the
areas of the surfaces generated by revolving the curve about the x- and y-axes are
given by the following formulas:

1. Revolution about the x-axis (y = 0):

B . 2 dr :
S —l 27rsin , [r° + (d@) do (4)
2. Revolution about the y-axis (x = 0):
B 2
_ 2, [dr
S—l 2mrcos O, [r- + <d0> de (5)

EXAMPLE 5  Finding Surface Area

Find the area of the surface generated by revolving the right-hand loop of the lemniscate
r? = cos 26 about the y-axis.

Solution We sketch the loop to determine the limits of integration (Figure 10.55a). The
point P(r, ) traces the curve once, counterclockwise as 6 runs from —/4 to /4, so
these are the values we take for « and 3.

We evaluate the area integrand in Equation (5) in stages. First,

dr\? dr\’
2mrcos 0, [r? + g ) = 2mcost rt+ ra) - (6)

Next, 7> = cos 26, so

2r% = —2sin 260
r% = —sin 26
2
<r2h(;> = sin®26.
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Finally, 7* = (#*)? = cos® 26, so the square root on the right-hand side of Equation (6)
simplifies to

2
4 dl" _ 2 () —
rT+ <rd0) \/ cos” 260 + sin” 20 1.

All together, we have

B dr\*
SZ/ 2mrcosf . |1+ <d0> do Equation (5)

/4
=/ 27 cos 0+ (1) do
—m/4

/4
=2 {sin 0]
—/4

{\/ + \/} = 27V2. [

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html

	copyright: 
	yti3_5: 
	yti3_6: 
	yti3_7: 
	yti3_8: 
	yti3_9: 


