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FIGURE 12.35 A point P lies on L
through P, parallel to v if and only if Py P
is a scalar multiple of v.

12.5 Lines and Planes in Space

In the calculus of functions of a single variable, we used our knowledge of lines to study
curves in the plane. We investigated tangents and found that, when highly magnified, dif-
ferentiable curves were effectively linear.

To study the calculus of functions of more than one variable in the next chapter, we
start with planes and use our knowledge of planes to study the surfaces that are the graphs
of functions in space.

This section shows how to use scalar and vector products to write equations for lines,
line segments, and planes in space.

Lines and Line Segments in Space

In the plane, a line is determined by a point and a number giving the slope of the line. In
space a line is determined by a point and a vector giving the direction of the line.
Suppose that L is a line in space passing through a point Py(xo, yo, zo) parallel to a

vector v = vii + v»j + vsk. Then L is the set of all points P(x, y, z) for which PFID is

parallel to v (Figure 12.35). Thus, P?P = tv for some scalar parameter ¢. The value of 7 de-
pends on the location of the point P along the line, and the domain of 7 is (=00, 00). The
expanded form of the equation PyP = tv is

(x —x)i + (y = yo)j + (z — z0)k = t(vii + v2j + »3k),
which can be rewritten as
xi + yj + zk = xoi + yoj + zok + #(vii + vj + »k). (1)

If r(7) is the position vector of a point P(x, y, z) on the line and ry is the position vector
of the point Poy(xo, yo, z9), then Equation (1) gives the following vector form for the equa-
tion of a line in space.

Vector Equation for a Line

A vector equation for the line L through Py(xy, yo, 7o) parallel to v is
r(t) = ro + tv, —00 <t < 00, ()

where r is the position vector of a point P(x, y, z) on L and ry is the position
vector of Py(xq, 0, 20) -

Equating the corresponding components of the two sides of Equation (1) gives three
scalar equations involving the parameter ¢:

X = Xx9 t+ tvy, Yy =Yy T tvy, z = zo + tvs.

These equations give us the standard parametrization of the line for the parameter interval
—00 << 00,
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FIGURE 12.36 Selected points

and parameter values on the line
x=—-2+2ty=4tz=4 — 2t. The
arrows show the direction of increasing ¢
(Example 1).

v=2i+4j— 2k

0(1,-1.4) .

FIGURE 12.37 Example 3 derives a
parametrization of line segment PQ. The

arrow shows the direction of increasing .
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Parametric Equations for a Line
The standard parametrization of the line through Py(xy, yy, z9) parallel to
vV = V]i + V2j + V3kiS

xX=x9gt+tv,, y=yot+tvy, z=z9+ tvy, —00 << X (3)

EXAMPLE 1  Parametrizing a Line Through a Point Parallel to a Vector
Find parametric equations for the line through (=2, 0, 4) parallel to v = 2i + 4j — 2k
(Figure 12.36).
Solution With  Py(xo, yo, z0) equal to (—2,0,4) and wii + wj + vk equal to
2i + 4j — 2k, Equations (3) become

x = =2+ 2t y =41, z =4 — 2t. [ |

EXAMPLE 2 Parametrizing a Line Through Two Points
Find parametric equations for the line through P(—3, 2, —3) and Q(1, —1, 4).

Solution The vector
PO = (1~ (=3))i + (=1 = 2)j + (4 — (-3))k
=4i —3j + 7k
is parallel to the line, and Equations (3) with (x¢, o, z0) = (=3, 2, —3) give
x = —3 + 4¢, y=2-73t z= =3+ 7t.
We could have chosen Q(1, —1, 4) as the “base point” and written
x=1+4, y=—-1-3t, z=4+ "7t

These equations serve as well as the first; they simply place you at a different point on the
line for a given value of 7. [

Notice that parametrizations are not unique. Not only can the “base point” change, but
so can the parameter. The equations x = —3 + 4¢>,y =2 — 3¢>,andz = —3 + 7¢3 also
parametrize the line in Example 2.

To parametrize a line segment joining two points, we first parametrize the line
through the points. We then find the 7-values for the endpoints and restrict ¢ to lie in the
closed interval bounded by these values. The line equations together with this added re-
striction parametrize the segment.

EXAMPLE 3  Parametrizing a Line Segment

Parametrize the line segment joining the points P(—3,2,—3) and QO(1, —1,4)
(Figure 12.37).

Solution We begin with equations for the line through P and Q, taking them, in this
case, from Example 2:

x = =3 + 4¢, y =2 -3t z= =3+ 7t.
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We observe that the point

(x,y,z) = (=3 + 41,2 — 31, =3 + Tt)

on the line passes through P(—3,2, —3)at¢ = 0Oand Q(1, —1,4) at = 1. We add the re-

striction 0 = ¢ = 1 to parametrize the segment:
x = —3 + 4¢, y=2 -3t z= -3+ 17t 0=r=1. [ |
The vector form (Equation (2)) for a line in space is more revealing if we think of a

line as the path of a particle starting at position Py(x¢, yo, zo) and moving in the direction
of vector v. Rewriting Equation (2), we have

r(t) =rg + tv
v

=1 + t|v| v (4)
Initial Time Speed Direction

position

In other words, the position of the particle at time ¢ is its initial position plus its distance
moved (speed X time) in the direction v/ |v| of its straight-line motion.

EXAMPLE 4  Flight of a Helicopter

A helicopter is to fly directly from a helipad at the origin in the direction of the point (1, 1, 1)
at a speed of 60 ft/sec. What is the position of the helicopter after 10 sec?

Solution We place the origin at the starting position (helipad) of the helicopter. Then
the unit vector

1 . 1 . 1
u=—F7i+—7j+—FKk
Vi V3T V3
gives the flight direction of the helicopter. From Equation (4), the position of the helicop-
ter at any time ¢ is

r(t)

ro + f(speed)u

0+ t(60)<1i + g+ 1k>

Vi V33
=20V31(i + j + k).
When ¢ = 10 sec,

r(10) = 200V/3 (i + j + k)

= <200\/§, 200V/3, 200\/§>.

After 10 sec of flight from the origin toward (1, 1, 1), the helicopter is located at the point

(200\@, 200\/5, 200\/5) in space. It has traveled a distance of (60 ft/sec)(10 sec) =
600 ft, which is the length of the vector r(10). [
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FIGURE 12.38 The distance from

S to the line through P parallel to v is
|17:S’ | sin 6, where 6 is the angle between
PSandv.
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FIGURE 12.39 The standard equation for
a plane in space is defined in terms of a
vector normal to the plane: A point P lies
in the plane through Py normal to n if and
onlyifn'P_O}J =0.
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The Distance from a Point to a Line in Space

To find the distance from a point S to a line that passes through a point P parallel to a vec-
tor v, we find the absolute value of the scalar component of PS in the direction of a vector
normal to the line (Figure 12.38). In the notation of the figure, the absolute value of the
|PS X v|

v

scalar component is, | PS| sin 0, which is

Distance from a Point § to a Line Through P Parallel to v
_|PS x v

M

(5)

EXAMPLE 5  Finding Distance from a Point to a Line
Find the distance from the point S(1, 1, 5) to the line
L: x=14+1t y=3-—-1t z=2.

Solution We see from the equations for L that L passes through P(1, 3, 0) parallel to
v =1i— j + 2k With

PS=(1—-1i+(1—=3)j+(5-0k=-2j+ 5k

and
i j k
PSXv=|0 -2 5|=i+5j+2k
1 -1 2
Equation (5) gives

|PS X v| _Vi+25+4_ V30 s

d:
v Vi+1+4 Ve

An Equation for a Plane in Space

A plane in space is determined by knowing a point on the plane and its “tilt” or orienta-
tion. This “tilt” is defined by specifying a vector that is perpendicular or normal to the
plane.

Suppose that plane M passes through a point Py(xy, yg, zg) and is normal to the
nonzero vector n = = Ai + Bj + Ck. Then M is the set of all pomts P(x, y, z) for which
POP is orthogonal to n (Figure 12.39). Thus, the dot product n * POP = 0. This equation is
equivalent to

(Ai+ Bj + Ck)+[(x —x0)i + (y —»0)j + (z — z20)k] =0
or

A(x — x0) + B(y — yo) + C(z — z) = 0.
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Equation for a Plane
The plane through Py(xo, yo, zo) normal tom = Ai + Bj + Ck has

Vector equation: n- P?P =0
Component equation: Alx — x0) + By —yo) + C(z — z9) = 0
Component equation simplified: Ax + By + Cz = D, where

D = Axg + Byy + Cz

EXAMPLE 6  Finding an Equation for a Plane
Find an equation for the plane through Py(—3, 0, 7) perpendicular ton = 5i + 2j — k.

Solution The component equation is
5x = (=3) +2(y —0) + (=1)(z—7) = 0.

Simplifying, we obtain

0
—=22. ]

Sx +15+2y —z+7

Sx +2y —z

Notice in Example 6 how the components of n = 5i + 2j — k became the coeffi-
cients of x, y, and z in the equation 5x + 2y — z = —22.The vector n = Ai + Bj + Ck
is normal to the plane Ax + By + Cz = D.

EXAMPLE 7  Finding an Equation for a Plane Through Three Points
Find an equation for the plane through A4(0, 0, 1), B(2, 0, 0), and C(0, 3, 0).
Solution We find a vector normal to the plane and use it with one of the points (it does

not matter which) to write an equation for the plane.
The cross product

i k
AB X AC =12 0 —1|=3i+2j+ 6k
0 3 -1
is normal to the plane. We substitute the components of this vector and the coordinates of
A(0, 0, 1) into the component form of the equation to obtain
3x—0)+2(y—0)+6(z—1)=0
3x + 2y + 6z = 6. [

Lines of Intersection

Just as lines are parallel if and only if they have the same direction, two planes are parallel
if and only if their normals are parallel, or n; = knj; for some scalar k. Two planes that are
not parallel intersect in a line.
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FIGURE 12.40 How the line of
intersection of two planes is related to the
planes’ normal vectors (Example 8).
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EXAMPLE 8  Finding a Vector Parallel to the Line of Intersection of Two Planes

Find a vector parallel to the line of intersection of the planes 3x — 6y — 2z = 15 and
2x +y — 2z = 5.

Solution The line of intersection of two planes is perpendicular to both planes’ normal
vectors n; and n; (Figure 12.40) and therefore parallel to n; X m,. Turning this around,
n; X ny is a vector parallel to the planes’ line of intersection. In our case,

i j k
n Xm=|3 -6 —2|=14i+2j+ 15k
2 1 -2
Any nonzero scalar multiple ofn; X n, will do as well. [

EXAMPLE 9  Parametrizing the Line of Intersection of Two Planes

Find parametric equations for the line in which the planes 3x — 6y — 2z = 15 and
2x + y — 2z = 5 intersect.

Solution We find a vector parallel to the line and a point on the line and use
Equations (3).

Example 8 identifies v = 14i + 2j + 15k as a vector parallel to the line. To find a
point on the line, we can take any point common to the two planes. Substituting z = 0 in
the plane equations and solving for x and y simultaneously identifies one of these points as
(3, —1, 0). The line is

x =3+ 14¢, y=-—1+2, z = 15¢.

The choice z = 0 is arbitrary and we could have chosen z = 1 or z = —1 just as well. Or
we could have let x = 0 and solved for y and z. The different choices would simply give
different parametrizations of the same line. [

Sometimes we want to know where a line and a plane intersect. For example, if we are
looking at a flat plate and a line segment passes through it, we may be interested in know-
ing what portion of the line segment is hidden from our view by the plate. This application
is used in computer graphics (Exercise 74).

EXAMPLE 10  Finding the Intersection of a Line and a Plane

Find the point where the line

x=§+2t, y = -2t z=1++1

intersects the plane 3x + 2y + 6z = 6.

Solution The point

<§ Y on 21+ t>
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lies in the plane if its coordinates satisfy the equation of the plane, that is, if

3<§ + 2t> +2(=2t) +6(1 +¢) =6

8+6t—4t+6+6t=06
8t = —8
—1.

t

The point of intersection is

8 2
(x,y,z)|,=71 = (3 - 2,2,1 - 1> = (3,2,0>. u

The Distance from a Point to a Plane

If P is a point on a plane with normal n, then the distance from any point S to the plane is
the length of the vector projection of PS onto n. That is, the distance from S to the plane is

d= ‘ﬁn
[n|

(6)
where n = 4i + Bj + Ck is normal to the plane.

EXAMPLE 11  Finding the Distance from a Point to a Plane
Find the distance from S(1, 1, 3) to the plane 3x + 2y + 6z = 6.

Solution We find a point P in the plane and calculate the length of the vector projection
of PS onto a vector n normal to the plane (Figure 12.41). The coefficients in the equation
3x + 2y + 6z = 6 give

n=3i+2j+ 6k

Z
n=3i+2j+6k
5(1,1,3)
6

0,0, 1)

3x + 2y + 6z =
|
P4
~_ 1z
O/Y\\\
a T
|

/ (/2, 0, 0) P(0, 3, 0)

FIGURE 12.41 The distance from S to the plane is the
length of the vector projection of PS onto n (Example 11).

Distance from
S to the plane

y
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The points on the plane easiest to find from the plane’s equation are the intercepts. If
we take P to be the y-intercept (0, 3, 0), then

PS=(1-0)i+(1—-3)j+(3-0k
=i—2j + 3K,
VG2 + QP+ (62 = V49 = 7.

The distance from S to the plane is

|n|

d= E\SFT' lenglhof‘projnﬁ
P £ T T
= (i — 2j + 3Kk) (7l+7j+7k>‘
_3_4 18 _17
Jo 777" 7‘ 7" =

Angles Between Planes
FIGURE 12.42 The angle between two

Th le bet two i ting pl is defined to be th t le determi
planes s obtained from the angle between e angle between two intersecting planes is defined to be the (acute) angle determined by

their normals. their normal vectors (Figure 12.42).
EXAMPLE 12  Find the angle between the planes 3x — 6y — 2z = 15 and
2x +y —2z=5.

Solution The vectors
n; = 3i — 6j — 2k, n, =2i +j— 2k

are normals to the planes. The angle between them is
~( np°n
6 = cos ! (12)
[ [y

cos™! 4
21

1.38 radians. About 79 deg |

1%
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