
960 Chapter 13: Vector-Valued Functions and Motion in Space

Motion in a Cartesian Plane
In Exercises 1 and 2, graph the curves and sketch their velocity and
acceleration vectors at the given values of t. Then write a in the form

without finding T and N, and find the value of at
the given values of t.

1. and 

2.

3. The position of a particle in the plane at time t is

Find the particle’s highest speed.

4. Suppose Show that the angle be-
tween r and a never changes. What is the angle?

5. Finding curvature At point P, the velocity and acceleration of
a particle moving in the plane are and

Find the curvature of the particle’s path at P.

6. Find the point on the curve where the curvature is greatest.

7. A particle moves around the unit circle in the xy-plane. Its posi-
tion at time t is where x and y are differentiable
functions of t. Find dy dt if Is the motion clockwise, or
counterclockwise?

8. You send a message through a pneumatic tube that follows the
curve (distance in meters). At the point (3, 3), 
and Find the values of and at (3, 3).

9. Characterizing circular motion A particle moves in the plane
so that its velocity and position vectors are always orthogonal.
Show that the particle moves in a circle centered at the origin.

10. Speed along a cycloid A circular wheel with radius 1 ft and
center C rolls to the right along the x-axis at a half-turn per sec-
ond. (See the accompanying figure.) At time t seconds, the posi-
tion vector of the point P on the wheel’s circumference is

r = spt - sin ptdi + s1 - cos ptdj.

a # jv # ja # i = -2.
v # i = 49y = x3

v # i = y .>r = xi + yj,

y = ex

a = 5i + 15j .
v = 3i + 4j

rstd = set cos tdi + set sin tdj.

r =

121 + t2
 i +

t21 + t2
 j.

rstd = A23 sec t B i + A23 tan t B j, t = 0

p>4rstd = s4 cos tdi + A22 sin t B j, t = 0

ka = aTT + aNN

Chapter 13 Practice Exercises

a. Sketch the curve traced by P during the interval 

b. Find v and a at and 3 and add these vectors to
your sketch.

c. At any given time, what is the forward speed of the topmost
point of the wheel? Of C?

Projectile Motion and Motion in a Plane
11. Shot put A shot leaves the thrower’s hand 6.5 ft above the

ground at a 45° angle at 44 ft sec. Where is it 3 sec later?

12. Javelin A javelin leaves the thrower’s hand 7 ft above the
ground at a 45° angle at 80 ft sec. How high does it go?

13. A golf ball is hit with an initial speed at an angle to the hori-
zontal from a point that lies at the foot of a straight-sided hill that
is inclined at an angle to the horizontal, where

Show that the ball lands at a distance

measured up the face of the hill. Hence, show that the greatest
range that can be achieved for a given occurs when

i.e., when the initial velocity vector bisects
the angle between the vertical and the hill.
a = sf>2d + sp>4d ,
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Chapter 13 Practice Exercises 961

14. The Dictator The Civil War mortar Dictator weighed so much
(17,120 lb) that it had to be mounted on a railroad car. It had a 13-
in. bore and used a 20-lb powder charge to fire a 200-lb shell. The
mortar was made by Mr. Charles Knapp in his ironworks in Pitts-
burgh, Pennsylvania, and was used by the Union army in 1864 in
the siege of Petersburg, Virginia. How far did it shoot? Here we
have a difference of opinion. The ordnance manual claimed 4325
yd, while field officers claimed 4752 yd. Assuming a 45° firing
angle, what muzzle speeds are involved here?

15. The World’s record for popping a champagne cork

a. Until 1988, the world’s record for popping a champagne cork
was 109 ft. 6 in., once held by Captain Michael Hill of the
British Royal Artillery (of course). Assuming Cpt. Hill held
the bottle neck at ground level at a 45° angle, and the cork
behaved like an ideal projectile, how fast was the cork going
as it left the bottle?

b. A new world record of 177 ft. 9 in. was set on June 5, 1988,
by Prof. Emeritus Heinrich of Rensselaer Polytechnic
Institute, firing from 4 ft. above ground level at the Woodbury
Vineyards Winery, New York. Assuming an ideal trajectory,
what was the cork’s initial speed?

16. Javelin In Potsdam in 1988, Petra Felke of (then) East Germany
set a women’s world record by throwing a javelin 262 ft 5 in.

a. Assuming that Felke launched the javelin at a 40° angle to the
horizontal 6.5 ft above the ground, what was the javelin’s
initial speed?

b. How high did the javelin go?

17. Synchronous curves By eliminating from the ideal projectile
equations

show that This shows that projec-
tiles launched simultaneously from the origin at the same initial
speed will, at any given instant, all lie on the circle of radius 
centered at regardless of their launch angle. These
circles are the synchronous curves of the launching.

18. Radius of curvature Show that the radius of curvature of a
twice-differentiable plane curve is given by
the formula

19. Curvature Express the curvature of the curve

as a function of the directed distance s measured along the curve
from the origin. (See the accompanying figure.)
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20. An alternative definition of curvature in the plane An alter-
native definition gives the curvature of a sufficiently differen-
tiable plane curve to be where is the angle between T
and i (Figure 13.40a). Figure 13.40b shows the distance s meas-
ured counterclockwise around the circle from the
point (a, 0) to a point P, along with the angle at P. Calculate 
the circle’s curvature using the alternative definition. (Hint:

)f = u + p>2.
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FIGURE 13.40 Figures for
Exercise 20.
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Motion in Space
Find the lengths of the curves in Exercises 21 and 22.

21.

22.

In Exercises 23–26, find T, N, B, and at the given value of t.

23.

24. rstd = set sin 2tdi + set cos 2tdj + 2e t k, t = 0

rstd =

4
9

 s1 + td3>2 i +

4
9

 s1 - td3>2j +

1
3

 tk, t = 0

tk ,

rstd = s3 cos tdi + s3 sin tdj + 2t3>2k, 0 … t … 3

rstd = s2 cos tdi + s2 sin tdj + t2k, 0 … t … p>4
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25.

26.

In Exercises 27 and 28, write a in the form at 
without finding T and N.

27.

28.

29. Find T, N, B, and as functions of t if 

30. At what times in the interval are the velocity and ac-
celeration vectors of the motion 
orthogonal?

31. The position of a particle moving in space at time is

Find the first time r is orthogonal to the vector 

32. Find equations for the osculating, normal, and rectifying planes
of the curve at the point (1, 1, 1).

33. Find parametric equations for the line that is tangent to the curve
at 

34. Find parametric equations for the line tangent to the helix 

at the point where t = p>4.A 2 cos t B i + A 2 sin t B j + tk

r(t) =

t = 0.rstd = e ti + ssin tdj + ln s1 - tdk

rstd = t i + t2j + t3k

i - j.

rstd = 2i + a4 sin 
t
2
b j + a3 -

t
p bk.

t Ú 0

s3 sin tdkrstd = i + s5 cos tdj +

0 … t … p

A22 cos t B j + ssin tdk.

rstd = ssin tdi +tk ,

rstd = s2 + tdi + st + 2t2dj + s1 + t2dk
rstd = s2 + 3t + 3t2di + s4t + 4t2dj - s6 cos tdk

t = 0a = aTT + aNN

rstd = s3 cosh 2tdi + s3 sinh 2tdj + 6tk, t = ln 2

rstd = ti +

1
2

 e2tj, t = ln 2
35. The view from Skylab 4 What percentage of Earth’s surface

area could the astronauts see when Skylab 4 was at its apogee
height, 437 km above the surface? To find out, model the visible
surface as the surface generated by revolving the circular arc GT,
shown here, about the y-axis. Then carry out these steps:

1. Use similar triangles in the figure to show that 
Solve for 

2. To four significant digits, calculate the visible area as

3. Express the result as a percentage of Earth’s surface area.

y
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y0

x � �(6380)2 � y2

VA = L
6380

y0

2pxC1 + adx
dy
b2

 dy .

y0 .6380>s6380 + 437d .
y0>6380 =
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