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EXERCISES 14.2

Limits with Two Variables

Find the limits in Exercises 1-12.

3x - y + 5 . X
1. lim ——— 2. lim ——
() 00) 2 + y2+2 (x2)=04) \/),
3 lm VST 4 lim (l + l)z
(5, )—(4) =2, -3\ Y
5. i 6. i 4y
. m sec x tan . m COS ————
() =(0.m/4) g =00 X Fy+1
7. lim e 8. lim In|l+ x2y?
(x,)—(0,In2) (x, »)—(1,1)
o
9. lim &SR 10.  lim  cosV|xy| — 1
(x.»)—(0.0) (x.y)—(L1)
X sin cosy + 1
1. lim L 2. lim =T
)= (10) x? + 1 (v,y)=(m/2,0) y — sinx

Continuity in the Plane

At what points (x, y) in the plane are the functions in Exercises 27-30
continuous?

27. a. flr,y) =sin(x +y) b flx,y) = In(x? +y?)
x+y

28. a. f(x,y) =z =75 b- fley) =57
R x+y

29. a. glx,) = sin 3 b. 206 )) = 3 osx

30 (x,y) = o () =

.a.gx,y—x2_3x+2 - &g y) =

Continuity in Space
At what points (x, y, z) in space are the functions in Exercises 31-34
continuous?

Limits of Quotients

Find the limits in Exercises 13—20 by rewriting the fractions first.

2 2
—2xy +y - y?
13. lim ——————— 14, lim ———
()= (1,1) -y (%, y)e(l n XYy
X#Fy
—y—2x+2
15. lim u
()= (1,1) x =1
x#1

+4
16. .

lim
(e, 3)—(2, 4)xy—xy+4x — 4x
y#E—d, x#x

e XYt 2Vx = 2VYy
m
(x,7)=(0,0) Vi =V
xX#Fy
x+y—4 V2x —y —2

18. 19.

lim
(xy)—’”)vx +y-2 (xy>—>(20> 2x—y—4
x+y#4 —y#4

VioVie

im
wy—@43) x—y—1
x#y+1

17.

20.

31. a. f(x,y,z) = x2 + y? — 222
b. f(x,y,2) = Vx2+y2 —1

b. f(x,y,z) = e*"Vcosz
1
24221
1
lxy| + |z

32. a. f(x,y,z) = Inxyz

33. a. h(x,y,z) = xy sin% b. h(x,y,z) =

34. a. hix,y,z) = b. h(x,y,z) =

o

I
|+ =]

Limits with Three Variables
Find the limits in Exercises 21-26.

. 1,1 1 . 2xy + yz
21, 1 E RN ST 2. 1 -
P—(15.4) (x y Z) P11 x2 + 22

23.  lim (sin’x + cos’y + sec’z)

P—(3,3,0)

24, lim tan! xyz 25.  lim  ze ¥ cos2x
P—(~1/4,7/2.2) P—(1,0,3)

26.  lim  InVx? + p? + 22
P—(0,-2,0)

No Limit at a Point

By considering different paths of approach, show that the functions in
Exercises 3542 have no limit as (x, y) — (0, 0).

X x4

35. f(x,y) = —

36. f(x,y) =

o4 2
— R
37. fx.y) = TR 38. flx,y) = o
Xy xty
3. gny) =11 4. gxy) =3y =5
2
X7+ 2
a1 hxy) = ! 2. hix,y) = =+
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Theory and Examples
43. If lim, y)—(x, v f(x, ¥) = L, must f be defined at (xo, yo)? Give

reasons for your answer.
44. 1f f(x0, y0) = 3, what can you say about

im X,
(x, )= (x0, o) f( y)

if f is continuous at (xg, y9)? If f is not continuous at (xo, yo)?
Give reasons for your answer.

The Sandwich Theorem for functions of two variables states that if
g(x,y) = f(x,y) = h(x, y) forall (x,y) # (xo, o) in a disk centered
at (x9,)0) and if g and A have the same finite limit L as
(x, ¥) = (x0, yo), then

lim x,y) = L.
(x,y)—)(Xo,yu)f( Y)

Use this result to support your answers to the questions in Exercises
45-48.

45. Does knowing that

| Xy tan”' xy
3 xy
tell you anything about
tan! xy

i 9
w00 W

Give reasons for your answer.

46. Does knowing that

2.2
X
2|xy| — Ty <4 — 4cos Vl]xy| < 2|xy]

tell you anything about
) 4 — 4cos V|xy|
lim @ ———F——7
(6,)=(0,0) |xy]
Give reasons for your answer.
47. Does knowing that|sin (1/x)| = 1 tell you anything about
lim  ysin Ly
=00 X7
Give reasons for your answer.
48. Does knowing that|cos (1/y)| = 1 tell you anything about
. 1
lim xcos?
(x,)=>(0,0) Y
Give reasons for your answer.
49. (Continuation of Example 4.)

a. Reread Example 4. Then substitute m = tan 6 into the formula

f(x.) 2m

= 2
y=mx 1 +m

983

14.2 Limits and Continuity in Higher Dimensions

and simplify the result to show how the value of f varies with
the line’s angle of inclination.

b. Use the formula you obtained in part (a) to show that the limit
of f as (x,y) — (0, 0) along the line y = mx varies from —1
to 1 depending on the angle of approach.

50. Continuous extension Define f(0, 0) in a way that extends

) x2—y?
X, V) =Xy ——"7%
Y yx2+y2

to be continuous at the origin.

Changing to Polar Coordinates

If you cannot make any headway with lim, ,)—,0) f(x, y) in rectan-
gular coordinates, try changing to polar coordinates. Substitute
x = rcos 6,y = rsinf, and investigate the limit of the resulting ex-
pression as » — 0. In other words, try to decide whether there exists a
number L satisfying the following criterion:
Given € > 0, there exists a & > 0 such that for all » and 0,

rl <6 = |f(r,0) —L|<e. (1)

If such an L exists, then

lim )f(x,y) = li_%f(r, 0)=1L.

(x,»)—(0,0
For instance,
3 3.3
. X . _r’cos’ 6 . 3
lim ———=1lim———— = limrcos’0 = 0.
@n)—=00x2 +y2 =0 2 r—

To verify the last of these equalities, we need to show that Equation (1)
is satisfied with f(r, 8) = rcos® 6§ and L = 0. That is, we need to show
that given any € > 0 there exists a 6 > 0 such that for all  and 6,

[r|<é = |rcos’d — 0] <e.

Since
[rcos® 0| = |r||cos® 6] < |r|-1 = |r|,
the implication holds for all 7 and 6 if we take 6 = e.

In contrast,

2 2

X _ r?cos?O

x2 +y2 I"2

cos’ 0

takes on all values from 0 to 1 regardless of how small || is, so that
lim,, ,)—(0.0)x2/(x> + ¥?) does not exist.

In each of these instances, the existence or nonexistence of the limit
as r — 0 is fairly clear. Shifting to polar coordinates does not always
help, however, and may even tempt us to false conclusions. For example,
the limit may exist along every straight line (or ray) # = constant and
yet fail to exist in the broader sense. Example 4 illustrates this point. In
polar coordinates, f(x, y) = (2x2y)/ (x* + »?) becomes

7 cos 6 sin 26

rcos@,rsinf) = ————————
A ) r2cos*0 + sin’0
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for r # 0. If we hold 6 constant and let » — 0, the limit is 0. On the
path y = x2, however, we have rsin 6 = r2 cos? § and

7 cos 6 sin 20
r2cos* + (rcos?0)?

f(rcos 6, rsinf) =

_ 2rcos’fsinf _ rsinf

212 cos* 0 r2cos 0

In Exercises 51-56, find the limit of f as (x, y) — (0, 0) or show that
the limit does not exist.

St fey) = 52. f(x,) (x3_y3)
fxy) = . f(x,y) = cos
y x2 +y2 y X2 +y2
2
y 2x
53. f(x,y) = 54. f(x,y) = — 22—
[, ) R f(x,») R
IXI+|y|>
55. f(x,y) = tan”! (7
f(x,») R
2 2
xt -y
56. f(x,y) =
[, ) N

In Exercises 57 and 58, define f(0, 0) in a way that extends f to
be continuous at the origin.

3x2 — x%y? + 3y
57. f(x, y) = In (W)
3x%y
x? + y2

58. f(x,y) =

Using the 6-¢ Definition

Each of Exercises 59-62 gives a function f(x, y) and a positive num-
ber €. In each exercise, show that there exists a 6 > 0 such that for all

(x, ),
Vxl+y2<s = |f(x,y) = f(0,0)] <e.

59. f(x,y) = x>+ % € =001

60. f(x,y) =y/(x2+ 1), € =10.05

61. f(x,y) = (x + y)/(x> + 1), € =0.01
62. f(x,y) = (x +»)/(2 + cosx), €= 0.02

Each of Exercises 63—66 gives a function f(x, y, z) and a positive num-
ber €. In each exercise, show that there exists a & > 0 such that for all

x,»,2),

Vx2+32+22<8 = |f(x,y,2) — f(0,0,0)] < e.

63. f(x,y,z) = x>+ y2+z% €=0015

64. f(x,y,z) = xyz, € = 0.008
x+y+z

24y +z22+ 1

66. f(x,y,z) = tan’x + tan’y + tan’z, e = 0.03

67. Show that f(x,y,z) = x + y — z is continuous at every point
(x0, 0, 20)-

68. Show that f(x, y,z) = x2 + y? + z2 is continuous at the origin.

65. f(x,y,z) = e = 0.015

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html

	copyright: 
	ex1: 
	ex13: 
	ex21: 
	ex27: 
	ex31: 


