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The Chain Rule

The Chain Rule for functions of a single variable studied in Section 3.5 said that when
w = f(x) was a differentiable function of x and x = g(¢) was a differentiable function of ¢,
w became a differentiable function of ¢ and dw/dt could be calculated with the formula

dw _ dw dx

dt — dx dt’
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| To remember the Chain Rule picture the
diagram below. To find dw/dt, start at w

and read down each route to 7,
multiplying derivatives along the way.
Then add the products.

Chain Rule

w=f(x,y) Dependent
variable

Intermediate
variables

Independent
variable

t

dw _awdx | ow dy
dt — ox dt dy dt

14.4 The Chain Rule 997

For functions of two or more variables the Chain Rule has several forms. The form
depends on how many variables are involved but works like the Chain Rule in Section 3.5
once we account for the presence of additional variables.

Functions of Two Variables

The Chain Rule formula for a function w = f(x, y) when x = x(¢) and y = y(¢) are both
differentiable functions of 7 is given in the following theorem.

THEOREM 5  Chain Rule for Functions of Two Independent Variables

Ifw = f(x, y) has continuous partial derivatives f, and f, and if x = x(¢),y = y(¢)
are differentiable functions of 7, then the composite w = f(x(z), y(¢)) is a differ-
entiable function of ¢ and

d
Y~ 10 50) 30 + [0, 1(0) (1),

or

dv _f a3 dv
dt ox dt dy dt’

Proof The proof consists of showing that if x and y are differentiable at z = #,, then w is
differentiable at 7, and

daw) _ (aw) (dx\ | (aw) (&
dr ), \ox Jp \dt), =\ )p\dt),’

where Py = (x(f), y(tp)). The subscripts indicate where each of the derivatives are to be
evaluated.

Let Ax, Ay, and Aw be the increments that result from changing ¢ from 7, to 7y + At.
Since f is differentiable (see the definition in Section 14.3),

d d
Aw = ((%:)PO Ax + (a;v)Po Ay + €1Ax + €Ay,

where €1, e, — 0 as Ax, Ay — 0. To find dw/dt, we divide this equation through by Az
and let Az approach zero. The division gives

Aw _ fow) Ax  (ow) By Ax Ay
At ax Jp At Ny Jp At T TV Ar T TP AL

Letting At approach zero gives

iy AW
dl fo Ar—0 Af

_(ow) (ax aw) (D dx b
a <ax >P(] <dt>l1) " <ay >P() <dt>l() " 0 <dt>l1) " 0 (dt )Io'

The tree diagram in the margin provides a convenient way to remember the Chain
Rule. From the diagram, you see that when ¢ = #;, the derivatives dx/dt and dy/dt are
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evaluated at fy. The value of £, then determines the value x for the differentiable function x
and the value yj for the differentiable function y. The partial derivatives dw/dx and dw/dy
(which are themselves functions of x and y) are evaluated at the point Py(x, yo) correspon-
ding to fy. The “true” independent variable is z, whereas x and y are intermediate variables
(controlled by ¢) and w is the dependent variable.

A more precise notation for the Chain Rule shows how the various derivatives in The-
orem 5 are evaluated:

dw af af

d. dy
ar (1) = 5 (0. 30) G (10) + 5 (0. 30) + 5 (1),

EXAMPLE 1 Applying the Chain Rule
I_ia Use the Chain Rule to find the derivative of
Video
w =Xy
with respect to ¢ along the path x = cos#, y = sint. What is the derivative’s value at

t=m/2?

Solution We apply the Chain Rule to find dw/dt as follows:
dw _owdx | owdy

dt ~— ox dr 9y dt

i) 4 ) 4, .
o -E(cost)-l— 3y -E(smt)

= (y)(=sinz) + (x)(cos )

= (sint)(—sint) + (cost)(cos t)

= —sin’t + cos’¢
= cos 2t.

In this example, we can check the result with a more direct calculation. As a
function of ¢,

. 1 .
w =Xy = costsint = §s1n2t,

SO

dw _ d (1 . _ 1, _
ar - dr (2sm2t) =5 2 cos2t = cos2t.

In either case, at the given value of 7,

(dw) = cos (2-W)=cos77=—1. ]
dt t=1/2 2

Functions of Three Variables

You can probably predict the Chain Rule for functions of three variables, as it only in-
volves adding the expected third term to the two-variable formula.
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THEOREM 6  Chain Rule for Functions of Three Independent Variables
Ifw = f(x,y, z) is differentiable and x, y, and z are differentiable functions of ¢,

then w is a differentiable function of ¢ and
Jd af d [é)
dw _lde WD 0 g

dt — oxdt  dydt  dzdt-

Here we have three routes from w to 7 The proof is identical with the proof of Theorem 5 except that there are now three
instead of two, but finding dw/dt is still intermediate variables instead of two. The diagram we use for remembering the new
the same. Read down each route, equation is similar as well, with three routes from w to ¢.
multiplying derivatives along the way;
then add. EXAMPLE 2 Changes in a Function’s Values Along a Helix '

Chain Rule i

Find dw/dt if .
w =f(x,y,z) Dependent ) Video
variable w=xy + z X = cost, y = sint, z =1

In this example the values of w are changing along the path of a helix (Section 13.1). What

is the derivative’s value at 7 = 0 ?
Intermediate

variables
Solution
dw _owdx  owd  owdz
Independent dt ox dt dy dt 0z dt
variable
dw _dwdx  owdy  owdz = (¥)(=sin?) + (x)(cost) + (1)(1)
dt ~ dx dt ' dy dt ' 9z dt
= (sin#)(—sint) + (cost)(cost) + 1 Substitute for
the intermediate
= —sin’t + cos’fr + 1 = 1 + cos 2. variables.
dw
— =1+ = 2. [ |
(dt )z—o cos (0)

Here is a physical interpretation of change along a curve. If w = T(x, y, z) is the
temperature at each point (x, y, z) along a curve C with parametric equations
x = x(¢),y = y(¢), and z = z(¢), then the composite function w = T(x(z), y(1), z(¢)) rep-
resents the temperature relative to ¢ along the curve. The derivative dw/dt is then the in-
stantaneous rate of change of temperature along the curve, as calculated in Theorem 6.

Functions Defined on Surfaces

If we are interested in the temperature w = f(x, y, z) at points (x, y, z) on a globe in space,
we might prefer to think of x, y, and z as functions of the variables » and s that give the
points’ longitudes and latitudes. If x = g(r, s),y = h(r, s), and z = k(r, s), we could then
express the temperature as a function of 7 and s with the composite function

w = f(g(r,s), h(r,s), k(r, s)).

Under the right conditions, w would have partial derivatives with respect to both r and s
that could be calculated in the following way.
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THEOREM 7 Chain Rule for Two Independent Variables and Three

Intermediate Variables
Suppose that w = f(x, y,z),x = g(r,s),y = h(r, s), and z = k(r, s). If all four
functions are differentiable, then w has partial derivatives with respect to  and s,
given by the formulas

aw _awox , awd | owoz
ar dx dr ~ dy or dz or

aw _owax _ awdy | owoz
as ox ds dy ds dz 0s

The first of these equations can be derived from the Chain Rule in Theorem 6 by hold-
ing s fixed and treating r as ¢. The second can be derived in the same way, holding r fixed
and treating s as ¢. The tree diagrams for both equations are shown in Figure 14.19.

w=f(xy,2)

Dependent
variable I—T—I

Intermediate | -. -. |
. X y 4
variables

Independent
variables

N
w = f(g(r,s), h(r,5), k(r,5) dw  dw Ox dw dy | dw Iz dw _ dw dx | dw dy | Iw Iz

ar  ox ar ' 9y or | oz or 9s  dx ds | dy ds | 0z os

() (b) (©

FIGURE 14.19 Composite function and tree diagrams for Theorem 7.

Ii EXAMPLE 3  Partial Derivatives Using Theorem 7
. Express dw/dr and dw/ds in terms of 7 and s if
Video
w=x+2y+zz, x=§, y=r2+1ns, z = 2r.

Solution

aw _owax | awdy  owaz
or ox or dy or Jdz or

:4UG)+umw+amm

1 1 Substitute for intermediate
=5t 4r + (4r)(2) = 5t 12r variable z.
w _owax  awd | awaz
as ox 0s dy ds 0z ds
r 1 2 _r
= (1)<_52) + (2)<S> + (22)(0) = 5 sz [ ]
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Chain Rule

w=f(x,y)

r

dw _ dw ox

ar ~ dx ar

dw dy
dy dr

FIGURE 14.20 Tree diagram for the
equation

aw _awax | owdy

ar ox dr  dy or’
Chain Rule

w = f(x)

ow _ dw ix
or ~ dx or
ow _ dw ix
ds ~ dx s

FIGURE 14.21 Tree diagram for
differentiating f as a composite function of
rand s with one intermediate variable.

14.4 The Chain Rule 1001

If f is a function of two variables instead of three, each equation in Theorem 7 be-
comes correspondingly one term shorter.

Ifw = f(x,y),x = g(r,s),and y = h(r, s), then

ow 0y

aw ow %
dy or

w _ dw ox w
dy ds°

_ g w_awox
ar ox ar

ds ~ dx Os

Figure 14.20 shows the tree diagram for the first of these equations. The diagram for
the second equation is similar; just replace » with s.

EXAMPLE 4  More Partial Derivatives
Express dw/dr and dw/ds in terms of 7 and s if
w=x2+y2, X=r—=s, y=r+s.
Solution
ow _awax | owy aw _owax | awdy
or dx or ~ dy or as dax 0s ay ds
= (20)(1) + (2y)(1) = (2x)(—1) + (2y)(1) igxiblfgme
=2(r—s) +2(r +s) = =2(r—s)+2(r +s) intermediate
— 4 _ g variables.

If f is a function of x alone, our equations become even simpler.

Ifw = f(x) and x = g(r, s), then

w _ dw ox
Jar dx or

ow _ dw ox

and 5= s

In this case, we can use the ordinary (single-variable) derivative, dw/dx. The tree diagram
is shown in Figure 14.21.

Implicit Differentiation Revisited

The two-variable Chain Rule in Theorem 5 leads to a formula that takes most of the work
out of implicit differentiation. Suppose that
1. The function F(x, y) is differentiable and

2. The equation F(x,y) = 0 defines y implicitly as a differentiable function of x, say
y = h(x).
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w = F(x,y)

gy D
FIGURE 14.22 Tree diagram for
differentiating w = F(x, y) with respect to
x. Setting dw/dx = 0 leads to a simple
computational formula for implicit
differentiation (Theorem ).

Since w = F(x,y) = 0, the derivative dw/dx must be zero. Computing the derivative from
the Chain Rule (tree diagram in Figure 14.22), we find

Theorem 5 with ¢ = x

dw dx dy

0= “Fa gy s
d
= Fyl + F- 2
X

If F, = ow/dy # 0, we can solve this equation for dy/dx to get
dy  F

dx~  F,

This relationship gives a surprisingly simple shortcut to finding derivatives of implicitly
defined functions, which we state here as a theorem.

THEOREM 8 A Formula for Implicit Differentiation
Suppose that F(x, y) is differentiable and that the equation F(x, y) = 0 defines y
as a differentiable function of x. Then at any point where F, # 0,

dy  Fy

dx~  F,-

EXAMPLE 5
Use Theorem 8 to find dy/dx if y> — x* — sinxy = 0.

Implicit Differentiation

Solution  Take F(x,y) = y? — x? — sinxy. Then
dy  F.  —2x — ycosxy
dx F, 2y — xcosxy
_ 2x + ycosxy

T2y — xcosxy’

This calculation is significantly shorter than the single-variable calculation with which we
found dy/dx in Section 3.6, Example 3. [

Functions of Many Variables

We have seen several different forms of the Chain Rule in this section, but you do not have
to memorize them all if you can see them as special cases of the same general formula.
When solving particular problems, it may help to draw the appropriate tree diagram by
placing the dependent variable on top, the intermediate variables in the middle, and the
selected independent variable at the bottom. To find the derivative of the dependent vari-
able with respect to the selected independent variable, start at the dependent variable and
read down each route of the tree to the independent variable, calculating and multiplying
the derivatives along each route. Then add the products you found for the different routes.
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In general, suppose that w = f(x, y,..., v) is a differentiable function of the vari-
ables x,y,...,v (a finite set) and the x,y,...,v are differentiable functions of
P>q,-..,t (another finite set). Then w is a differentiable function of the variables p
through ¢ and the partial derivatives of w with respect to these variables are given by
equations of the form

ow _owax | awd | oway
ap dox dp dy dp Jv dp’
The other equations are obtained by replacing p by g, ..., ¢, one at a time.

One way to remember this equation is to think of the right-hand side as the dot
product of two vectors with components

ow ow ow ox 9y v
o T ey o and el
ox’ dy Jv dp’ dp ap

Derivatives of w with Derivatives of the intermediate
respect to the variables with respect to the
intermediate variables selected independent variable
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