16.1 Line Integrals 1147

EXERCISES 16.1

Graphs of Vector Equations
Match the vector equations in Exercises 1—8 with the graphs (a)—(h)

given here.
a. b. c.
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FIGURE 16.6 The paths of integration for Exercises 15 and 16.
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Lr(t)=¢t+0-0j 0=t=1
2.r()=i+j+rk, —-1=r=1
3. r(¢) = (2cost)i + (2sint)j, 0=¢=2mw
4. r(t) =14, —-1=r=1
5.r()=ti+tj+tk, 0=tr=2
6. r(t) =tj + (2 -2k, 0=r=1
7.r()= (> - Dj+2uk, —-1=1=1
8. r(r) = (2cost)i + 2sin)k, 0==t=m

16. Integrate f(x,y,z) = x + Vy — z* over the path from (0, 0, 0)
to (1, 1, 1) (Figure 16.6b) given by

Ci: r()=1tk, 0=r=1
Co: r(t) = tj + K,
Cy: r(t)=rn+j+Kk

0=r=1

0=r=1

17. Integrate f(x,y,z) = (x + y + z)/(x*> + y* + z?) over the path
r(t)) =ti+¢j+k0<a=rtr=bh

18. Integrate f(x, y,z) = —Vx? + z% over the circle

r(t) = (acost)j + (asint)k, 0=t=2m.

Evaluating Line Integrals over Space Curves

Line Integrals over Plane Curves

In Exercises 19—22, integrate f over the given curve.

9. Evaluate [.(x + y)ds where C is the straight-line segment
x=ty=(1—1),z=0,from(0,1,0)to(l,0,0).

10. Evaluate fc (x —y +z—2)ds where C is the straight-line
segmentx =,y = (1 — ¢),z = 1, from (0, 1, 1) to (1, 0, 1).

11. Evaluate fc (xy + y + z)ds along the curve r(z) = 2fi +
tj+Q2-20k0=r=1

12. Evaluate fc Vx? + y? ds along the curve r(r) = (4 cos )i +
(4sint)j + 31k, =27 =t = 2.

13. Find the line integral of f(x, y,z) = x + y + z over the straight-
line segment from (1, 2, 3) to (0, —1, 1).

14. Find the line integral of f(x,y,z) = \ﬁ/(x2 + y2 + z%) over
the curve r(¢) = fi + ¢j + tk, 1 = ¢ = o0,

15. Integrate f(x,y,z) = x + Vy — z* over the path from (0, 0, 0)
to (1, 1, 1) (Figure 16.6a) given by

Ci: r()=ti+1¢%, 0=t=1

C: r(t)=i+j+rk, 0=r=1

19. f(x,y) =x3/y, C: y=x%2, 0=x=2

20. f(x,y) = (x + y)/V1 +x% C y=x*2from (1, 1/2) to
(0,0)

21. f(x,y) =x+y, C:
(2,0) 10 (0,2)

22. f(x,y) =x*—y, C
0,2)to (V2, V2)

x? + y? = 4 in the first quadrant from

x2 + y% = 4 in the first quadrant from

Mass and Moments

23. Mass of a wire Find the mass of a wire that lies along the curve
r(t) = (> — 1)j + 2tk, 0 = ¢ = 1, if the density is 6 = (3/2)r.

24. Center of mass of a curved wire A wire of density
8(x,y,z) = 15Vy + 2 lies along the curve r(¢) = (> — 1)j +
2tk, —1 = t = 1. Find its center of mass. Then sketch the curve
and center of mass together.

25. Mass of wire with variable density Find the mass of a thin
wire lying along the curve r(¢) = V24 + \/2tj + (4 — )k,
0 =t = 1, if the density is (a) 6 = 3rand (b) 6 = 1.
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26. Center of mass of wire with variable density Find the center
of mass of a thin wire lying along the curve r(s) = #i + 2¢j +
(2/3)13%k, 0 = 1 = 2, if the density is & = 3V/5 + ¢.

27. Moment of inertia and radius of gyration of wire hoop A
circular wire hoop of constant density & lies along the circle
x2 + y? = a?in the xy-plane. Find the hoop’s moment of inertia
and radius of gyration about the z-axis.

28. Inertia and radii of gyration of slender rod A slender rod of
constant density lies along the line segment r(¢) = ¢j +
(2 = 2t)k, 0 = ¢ = 1, in the yz-plane. Find the moments of iner-
tia and radii of gyration of the rod about the three coordinate axes.

29. Two springs of constant density A spring of constant density &
lies along the helix

r(z) = (cost)i + (sin)j + Kk, 0=1t=2m

a. Find . and R..

b. Suppose that you have another spring of constant density &
that is twice as long as the spring in part (a) and lies along the
helix for 0 = ¢ = 4ar. Do you expect /. and R; for the longer
spring to be the same as those for the shorter one, or should
they be different? Check your predictions by calculating /,
and R. for the longer spring.

30. Wire of constant density A wire of constant density 6 = 1 lies
along the curve

r(t) = (tcost)i + (¢tsint)j + (2\6/3)[3/21(’

O0=tr=1

Find z, I, and R..
31. The arch in Example 4 Find /, and R, for the arch in Example 4.

32. Center of mass, moments of inertia, and radii of gyration for
wire with variable density Find the center of mass, and the
moments of inertia and radii of gyration about the coordinate axes
of a thin wire lying along the curve

2
r(0) = di + #ﬁ/zj + Lk

5 0=t=2

s

if the density is 6 = 1/(¢ + 1)

COMPUTER EXPLORATIONS

Evaluating Line Integrals Numerically

In Exercises 33—36, use a CAS to perform the following steps to eval-
uate the line integrals.

a. Findds = |v(¢)| dt for the path r(z) = g(¢)i + h(?)j +
k(D)K.

b. Express the integrand f(g(¢), (), k(¢))|v(#)| as a function of
the parameter 7.

c. Evaluate j ¢ f ds using Equation (2) in the text.

33. f(x,y,2z) = V1 +30x2 + 10y; r(s) =4 + 1% + 3t°k,

O0=tr=2

34, f(ry,2) = VI3 + 5% r() =i + %tzj + VK,
0=r=2

35. f(x,y,z) = xVy — 3z%; r(f) = (cos20)i + (sin21)j + 5tk
0=t=27

1/4
36. f(x,y,z) = (1 + %zl/3> ;o r(7) = (cos2t)i + (sin28)j +

%k, 0=<t=<2mw
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