1192  Chapter 16: Integration in Vector Fields

Parametrized Surfaces

We have defined curves in the plane in three different ways:

Explicit form: y = f(x)
Implicit form: F(x,y) =0
Parametric vector form:  r(¢) = f()i + g(#)j, a =1t =0b.
We have analogous definitions of surfaces in space:
Explicit form:  z = f(x,y)
Implicit form:  F(x, y,z) = 0.
There is also a parametric form that gives the position of a point on the surface as a vector

function of two variables. The present section extends the investigation of surface area and
surface integrals to surfaces described parametrically.

Parametrizations of Surfaces

Let
r(u,v) = f(u, v)i + g(u,v)j + h(u, v)k (1)

be a continuous vector function that is defined on a region R in the uv-plane and one-to-
one on the interior of R (Figure 16.50). We call the range of r the surface S defined or
traced by r. Equation (1) together with the domain R constitute a parametrization of
the surface. The variables u# and v are the parameters, and R is the parameter domain.
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FIGURE 16.50 A parametrized surface S
expressed as a vector function of two
variables defined on a region R.

r(r, 0) = (rcos )i
+ (rsinf)j + rk

FIGURE 16.51 The cone in Example 1
can be parametrized using cylindrical
coordinates.
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16.6 Parametrized Surfaces

To simplify our discussion, we take R to be a rectangle defined by inequalities of the form
a =u = b,c = v = d. The requirement that r be one-to-one on the interior of R ensures
that S does not cross itself. Notice that Equation (1) is the vector equivalent of three
parametric equations:

x = f(u,v), z = h(u,v).

y = glu,v),

EXAMPLE 1  Parametrizing a Cone

Find a parametrization of the cone

z = \/x2+y2,

0=z=1.

Solution Here, cylindrical coordinates provide everything we need. A typical point
(x, y, z) on the cone (Figure 16.51) has x = rcos 6,y = rsinf, and z = Vx% + y? = r,
with 0 =7 =1and 0 = 6 = 27 . Taking u = r and v = 6 in Equation (1) gives the
parametrization

r(r,0) = (rcos0)i + (rsin0)j + rk,
EXAMPLE 2 Parametrizing a Sphere

Find a parametrization of the sphere x> + y? + z2 = 42

Solution Spherical coordinates provide what we need. A typical point (x, y, z) on the
sphere (Figure 16.52) has x = asin¢cosf,y = asin¢gsinf, and z = acosd,
0=¢=m, 0=0 =27 Taking u =¢ and v =6 in Equation (1) gives the
parametrization

r(¢,0) = (asin g cos )i + (asinpsinh)j + (acos Pk,

0O=¢=m, 0=6=2m ]

EXAMPLE 3

Find a parametrization of the cylinder

Parametrizing a Cylinder

0=z=S5.

x>+ (y—3)P =0,

Solution In cylindrical coordinates, a point (x, y, z) has x = rcos 6,y = rsin6, and
z = z. For points on the cylinder x> + (y — 3)? = 9 (Figure 16.53), the equation is the
same as the polar equation for the cylinder’s base in the xy-plane:

¥+ (OP—6y+9) =9
r? — 6rsing = 0
or
r = 6sin6, 0=60= .
A typical point on the cylinder therefore has
X =rcosf = 6sinfcosf = 3sin20
y = rsinf = 6sin’ 6

zZ = Z.
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(x,v,z) = (asin ¢ cos 6, a sin ¢ sin 6, a cos ¢)
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FIGURE 16.52 The sphere in Example 2
can be parametrized using spherical
coordinates.
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FIGURE 16.53 The cylinder in Example
3 can be parametrized using cylindrical
coordinates.

Taking # = 0 and v = z in Equation (1) gives the parametrization

r(6,z) = (3sin20)i + (6sin’0)j +zk, 0 =0 =7, 0=z=35. m

Surface Area

Our goal is to find a double integral for calculating the area of a curved surface S based on
the parametrization

r(u,v) = f(u, v)i + g(u, v)j + h(u, v)K, a=u=b>b c=v=d

We need S to be smooth for the construction we are about to carry out. The definition of
smoothness involves the partial derivatives of r with respect to # and v:

or _0f . g, o

YT T 0wt T oud ou

_o9r _of .,  0g. . oh
I‘U—%—%lﬁ-%]-f—@k.

DEFINITION Smooth Parametrized Surface

A parametrized surface r(u, v) = f(u, v)i + g(u, v)j + h(u, v)k is smooth if
r, and r, are continuous and r,, X 1, is never zero on the parameter domain.

The condition that r, X r, is never the zero vector in the definition of smoothness
means that the two vectors r, and r, are nonzero and never lie along the same line, so they
always determine a plane tangent to the surface.

Now consider a small rectangle AA,, in R with sides on the lines u = wug, u = uy + Au,
v =uvypand v = vy + Av (Figure 16.54). Each side of AA4,, maps to a curve on the sur-
face S, and together these four curves bound a “curved area element” Ag,. In the notation
of the figure, the side v = vy maps to curve C), the side u = uy maps to C,, and their
common vertex (ug, vg) maps to Py.

Parametrization \ ' /
v ﬁ

vy + Avfp -————

v -———— g

y

FIGURE 16.54 A rectangular area element A4, in the uv-plane maps onto a curved
area element Ao, on S.
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FIGURE 16.55 A magnified view of a
surface area element Ao,
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FIGURE 16.56 The parallelogram
determined by the vectors Aur, and Avr,
approximates the surface area element
Aoyy.
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Figure 16.55 shows an enlarged view of Ao ,,,. The vector r,(u, vo) is tangent to C; at
Py. Likewise, r,(ug, vo) is tangent to C, at Py. The cross product r, X r, is normal to the
surface at Py. (Here is where we begin to use the assumption that S is smooth. We want to
be sure thatr, X r, # 0.)

We next approximate the surface element Ao, by the parallelogram on the tangent
plane whose sides are determined by the vectors Aur, and Avr, (Figure 16.56). The area
of this parallelogram is

| Aur, X Avr,| = |r, X r,| Au Av. (2)

A partition of the region R in the uv-plane by rectangular regions A4, generates a partition
of the surface S into surface area elements Ao ,,. We approximate the area of each surface
element Ao, by the parallelogram area in Equation (2) and sum these areas together to
obtain an approximation of the area of S:

22|ru X r,| Au Av. (3)

As Au and Av approach zero independently, the continuity of r,, and r, guarantees that the
sum in Equation (3) approaches the double integral fc ¢ fab |r, X ry| du dv. This double
integral defines the area of the surface S and agrees with previous definitions of area,
though it is more general.

DEFINITION Area of a Smooth Surface
The area of the smooth surface

r(u,v) = f(u, v)i + gu, v)j + h(u, v)K,

d [b
AZ// |r, X 1| du dv. (4)

As in Section 16.5, we can abbreviate the integral in Equation (4) by writing do for
|r, X r,| dudv.

a=u=b c=v=d

is

Surface Area Differential and Differential Formula for Surface Area

//dO' (5)
s

Differential formula
for surface area

do = |r, X ry| dudv

Surface area
differential

EXAMPLE 4  Finding Surface Area (Cone)

Find the surface area of the cone in Example 1 (Figure 16.51).

Solution In Example 1, we found the parametrization

r(r,0) = (rcosf)i + (rsinf)j + rk, 0=r=1,

0=6=2m.
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To apply Equation (4), we first find r, X ry:
i j k
r, X rg = | cosf sin 6 1

—rsinf rcosf O

—(rcos0)i — (rsinf)j + (rcos’0 + rsin® H)k.
)

7

Thus, |r, X rg| = Vr2cos?0 + r2sin20 + r2 = V27> = \/2r. The area of the cone
is

2w 1
A= / / |l‘r X l‘gl dr db Equation (4) withu = r,v = 6
0 0

27 1 2

= / / 2 rdrdo = %d@ = %(277) = 7\/2 units squared. m
o Jo 0

EXAMPLE 5  Finding Surface Area (Sphere)

Find the surface area of a sphere of radius a.

Solution We use the parametrization from Example 2:

r(¢p, 0) = (asingcos0)i + (asin@sinh)j + (acos )k,

O=¢p=mw 0=6=2m.

Forry X ry, we get

i j k
ry X rg = | acos¢cost acos;ﬁsin() — asin¢
—asin¢sinf asin ¢ cos 0
= (a*sin’ p cos )i + (a’sin® P sin)j + (a” sin ¢ cos P)k.
Thus,
Iry X 19| = Va*sin® ¢ cos? 0 + a*sin’ ¢ sin? 6 + a* sin® § cos® ¢

= Va*sin* ¢ + a*sin® ¢ cos’> ¢ = Va* sin? ¢ (sin® d + cos’ P)
= a*Vsin’ ¢ = a’sin ¢,

since sin¢p = 0 for 0 = ¢ = 7. Therefore, the area of the sphere is

27 [
Az/ / a®sin ¢ dep db
0 0

2 T 2
= / [—az cos ¢} do = / 2a* dh = 4mra® units squared.
0 0 0

This agrees with the well-known formula for the surface area of a sphere. [

Surface Integrals

Having found a formula for calculating the area of a parametrized surface, we can now
integrate a function over the surface using the parametrized form.

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html

16.6 Parametrized Surfaces 1197

DEFINITION  Parametric Surface Integral

If S is a smooth surface defined parametrically as r(u, v) = f(u, v)i + g(u, v)j +
hu,v)k,a = u = b,c = v = d, and G(x, y, z) is a continuous function defined
on S, then the integral of G over S is

// G(x,y,z)do = /d/b G(f(u, v), glu, v), h(u, v))|r, X r,| du dv.
S C a

EXAMPLE 6  Integrating Over a Surface Defined Parametrically
Integrate G(x, v, z) = x> overthe conez = Vx? + %0 =z = 1.

Solution Continuing the work in Examples 1 and 4, we have |r, X ry| = \/Zr and

//x2 do = /Zﬂ/l (rz cos? 0)(\/2;") dr db x = rcosf
o Jo
S

27 1
= \/5/ / 3 cos? 0 dr do
o Jo
2 2
\/2/ c0520d0=\/§{0+isin20} 77\/5.
0

4 4

EXAMPLE 7  Finding Flux
Find the flux of F = yzi + xj — z’k outward through the parabolic cylinder y = x2,

4 .
0=x=1,0 =z = 4 (Figure 16.57).
(1,0.4) ST, = 2
} Solution On the surface we have x = x,y = x% and z = z, so we automatically have
} the parametrization r(x, z) = xi + x%j + zk,0 = x = 1,0 = z = 4. The cross product
L ‘ of tangent vectors is
|
} i j Kk
| A . .
_z\ﬁ_,/l y r, Xr.= |1 2x 0| =2i-—j.
/ ’ 0 0 1
x The unit normal pointing outward from the surface is
FIGURE 16.57 Finding the flux through n = =x Xr: _ 2xi—
the surface of a parabolic cylinder |y X r.| Viax? + 1
(Example 7). On the surface, y = x?, so the vector field there is

F = yzi + xj — z°k = x%i + xj — z°k.
Thus,
1
Viax? + 1

2x3z — x

Va2 +1

F-n= ((x*2)(2x) + ()(=1) + (=2%)(0))
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1198  Chapter 16: Integration in Vector Fields

The flux of F outward through the surface is

4 rl1 3
2x°z — x
F-ndJZ//rxsz dx dz
// 0 Jo \/4x2+1| |

S
¢ 12x3z—x\/7
= S22 2 \4Ax? + ldxdz
Al Viax? + 1
4

1 ar LB
= // (2x%z — x) dx dz = / {zxd' - ZxZ} dz
0Jo 0 =0

4

4
=% %(Z —1)dz = %(z — I)ZL

1 1
=Z(9)—Z(l)=2. u

EXAMPLE 8  Finding a Center of Mass

Find the center of mass of a thin shell of constant density 6 cut from the cone
z = Vx* + y? by the planes z = 1 and z = 2 (Figure 16.58).
2
\ 7= Solution The symmetry of the surface about the z-axis tells us that x =y = 0. We
1 find z = M,, /M . Working as in Examples 1 and 4, we have
|
r(r,0) = rcosfi + rsinfj + rk, l=r=2 0=0=2m,
and
x y [r, X rg| = \Var.
Therefore,

FIGURE 16.58 The cone frustum formed

when the cone z = Vx? + y?is cut by 2m (2
M=//8da’=/ /5\/§rdrd9
0o Ji
S

the planes z = 1 and z = 2 (Example 8).
2 I’2 2 2 1
=5\/2/ {} deza\/z/ (2—>d0
0 2 ] 0 2

2

=52 [326} = 3m6\2

0

2T 2
Mxy=//62dcr=/ / &\ 2r dr do
0 1
S

2@ 2 2m 3 2
=5\/2/ /ﬂdrde:s\ﬁ/ [3} d6
0 1 0 1
2
:5\/2/ %d9=13—4778\6
0

__ My 1476\V2 14

M 3(3mev2) 9

The shell’s center of mass is the point (0, 0, 14/9). [
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