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1220  Chapter 16: Integration in Vector Fields

EXERCISES 16.8

Calculating Divergence
In Exercises 1—4, find the divergence of the field.

1. The spin field in Figure 16.14.

2. The radial field in Figure 16.13.

3. The gravitational field in Figure 16.9.
4. The velocity field in Figure 16.12.

Using the Divergence Theorem to Calculate
Outward Flux

In Exercises 5—16, use the Divergence Theorem to find the outward
flux of F across the boundary of the region D.

5. Cube F=(y—x)i+(z—-yp)j+(y—xk
D: The cube bounded by the planes x = +£1,y = £1, and
z = =1
6. F=x%+ % + 2%k
a. Cube D: The cube cut from the first octant by the planes
x=1l,y=1,andz =1
D: The cube bounded by the planes x = +1,
y==+l,andz = +£1
c. Cylindrical can D: The region cut from the solid cylinder
x2 4+ y% = 4 by the planes z = 0 and
z=1

b. Cube

7. Cylinder and paraboloid F = yi + xyj — zk

D: The region inside the solid cylinder x> + y? = 4 between the
plane z = 0 and the paraboloid z = x> + >

10.

11.

12.

13.

14.

15.

16.

. Sphere F = x% + xzj + 3zk

D: The solid sphere x> + y2 + 22 < 4

. Portion of sphere F = x% — 2xyj + 3xzk

D: The region cut from the first octant by the sphere x> + y? +
22 =4

Cylindrical can F = (6x> + 2xy)i + 2y + x%2)j + 4%’k

D: The region cut from the first octant by the cylinder x> + y? =
4 and the plane z = 3

Wedge F = 2xzi — xyj — z°k

D: The wedge cut from the first octant by the plane y + z = 4
and the elliptical cylinder 4x? + y% = 16

Sphere F = x% + y’j + 2’k

D: The solid sphere x* + y? + z% = 42

Thick sphere F = Vx> + y? + 22 (xi + yj + zk)

D: Theregionl < x>+ y> + 22 =2

Thick sphere F = (xi + yj + zk)/Vx? + y? + 22

D: Theregion ] = x? + y?> + 22 < 4

Thick sphere F = (5x% + 12xy%)i + (y® + ¢”sinz)j +

(52 + e’ cosz)k

D: The solid region between the spheres x> + y? + z2 = 1 and
24y +2=2
. . _ 2 2\ 2z 71y .

Thick cylinder F = In(x* + y)i — | Stan™ T )j +

zVx? + y?k

D: The thick-walled cylinder | = x2 + y?2 =2, —-1=z=2
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Properties of Curl and Divergence

17.

18.

19.

20.

div (curl G) is zero

a. Show that if the necessary partial derivatives of the compo-
nents of the field G = Mi + Nj + Pk are continuous, then
V-VXG=0.

b. What, if anything, can you conclude about the flux of the
field V X G across a closed surface? Give reasons for your
answer.

Let F, and F, be differentiable vector fields and let @ and b be
arbitrary real constants. Verify the following identities.

a. V- (aF, + bF,) = aV'F, + bV'F,

b. V X (aF; + bF,;) = aV X F; + bV X F,

c. V-(F{ XF))=F,*VXF —F " VXF,

Let F be a differentiable vector field and let g(x, v, z) be a differ-
entiable scalar function. Verify the following identities.

a. V-(gF) =¢gV-F + Vg-F

b. VX (gF) =gV XF+ Vg XF

IfF = Mi + Nj + Pk is a differentiable vector field, we define
the notation F - V to mean

M.i-I—Ni

d
x ay+P$'

For differentiable vector fields F; and F,, verify the following
identities.

a. VX (F] X Fz) = (Fz'V)F] - (F] 'V)Fz + (V'Fz)F] -
(V-F)F,

b. V(F] ‘F2) = (F1 ° V)Fz + (Fz‘ V)F] + F1 X (V X Fz) +
F, X (VX Fy)

Theory and Examples

21.

22.

Let F be a field whose components have continuous first partial
derivatives throughout a portion of space containing a region D
bounded by a smooth closed surface S. If |F| < 1, can any
bound be placed on the size of

é//v.w?

Give reasons for your answer.

The base of the closed cubelike surface shown here is the unit
square in the xy-plane. The four sides lie in the planes
x=0,x=1,y=0,and y = 1. The top is an arbitrary smooth
surface whose identity is unknown. Let F = xi — 2yj + (z + 3)k
and suppose the outward flux of F through side 4 is 1 and through
side B is —3 . Can you conclude anything about the outward flux
through the top? Give reasons for your answer.

23.

24.

25.

26.

27.

16.8 The Divergence Theorem and a Unified Theory 1221

/ Side/A

x 1,1,0

a. Show that the flux of the position vector field F =
xi + yj + zKk outward through a smooth closed surface S is
three times the volume of the region enclosed by the surface.

b. Let n be the outward unit normal vector field on S. Show that
it is not possible for F to be orthogonal to n at every point of
S.

Maximum flux Among all rectangular solids defined by the
inequalities 0 = x = ¢, 0=y =b,0 =z =1, find the one
for which the total flux of F = (—x? — 4xy)i — 6yzj + 12zk
outward through the six sides is greatest. What is the greatest
flux?

Volume of a solid region Let F = xi + yj + zk and suppose

that the surface S and region D satisfy the hypotheses of the
Divergence Theorem. Show that the volume of D is given by the

formula
Volume of D = %//F-nda.
s

Flux of a constant field Show that the outward flux of a
constant vector field F = C across any closed surface to which
the Divergence Theorem applies is zero.

Harmonic functions A function f(x, y, z) is said to be har-
monic in a region D in space if it satisfies the Laplace equation
’>f P o
V2f=V~Vf:—f+—f+—f:0

axr gyt 9z’

throughout D.

a. Suppose that f is harmonic throughout a bounded region D
enclosed by a smooth surface S and that n is the chosen unit
normal vector on S. Show that the integral over S of Vf - n,
the derivative of f in the direction of n, is zero.

b. Show that if f is harmonic on D, then

/S/fo-nda=l/|Vf|2dV.
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28.

29.

30.

31.

Chapter 16: Integration in Vector Fields

Flux of a gradient field Let S be the surface of the portion of
the solid sphere x> + y? + z> = 4 that lies in the first octant

and let f(x, y,z) = In\Vx? + y? + z2 Calculate

//Vf‘ﬂdo:
N

(Vf - n is the derivative of f in the direction of n.)

Green’s first formula Suppose that f and g are scalar functions
with continuous first- and second-order partial derivatives
throughout a region D that is bounded by a closed piecewise-
smooth surface S. Show that

//ng~nda'=// (f V’g + Vf-Vg)dv. (9)
D

s
Equation (9) is Green’s first formula. (Hint: Apply the Diver-
gence Theorem to the field F = f Vg.)

Green’s second formula (Continuation of Exercise 29.) Inter-
change f and g in Equation (9) to obtain a similar formula. Then
subtract this formula from Equation (9) to show that

// (f Vg — gVf) ndo = // (f Vg — V) dV. (10)
S D

This equation is Green’s second formula.

Conservation of mass Let v(7, x, y, z) be a continuously differ-
entiable vector field over the region D in space and let p(¢, x, y, z)
be a continuously differentiable scalar function. The variable ¢
represents the time domain. The Law of Conservation of Mass
asserts that

%///p(t,x,y,Z)dV: —//pV'ndU,
D S

where S is the surface enclosing D.

32.

a. Give a physical interpretation of the conservation of mass law
if v is a velocity flow field and p represents the density of the
fluid at point (x, y, z) at time 7.

b. Use the Divergence Theorem and Leibniz’s Rule,

d _ ([
[ puxraar = [[[Far
D D

to show that the Law of Conservation of Mass is equivalent to the
continuity equation,
ap
V-pv + i 0.
(In the first term V - pv, the variable ¢ is held fixed, and in the
second term dp/dt , it is assumed that the point (x, y, z) in D is
held fixed.)

The heat diffusion equation Let 7(, x, y, z) be a function with
continuous second derivatives giving the temperature at time # at
the point (x, y, z) of a solid occupying a region D in space. If the
solid’s heat capacity and mass density are denoted by the con-
stants ¢ and p , respectively, the quantity cpT is called the solid’s
heat energy per unit volume.

a. Explain why — VT points in the direction of heat flow.

b. Let —kVT denote the energy flux vector. (Here the constant
k is called the conductivity.) Assuming the Law of
Conservation of Mass with —kVT = v and cpT = p in
Exercise 31, derive the diffusion (heat) equation

i A—

i KV°T,

where K = k/(cp) > 0 is the diffusivity constant. (Notice

that if 7(#, x) represents the temperature at time # at position x

in a uniform conducting rod with perfectly insulated sides,

then V2T = 92T/ax? and the diffusion equation reduces to the
one-dimensional heat equation in Chapter 14’s Additional

Exercises.)
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