EXERCISES 2.4

2.4 One-Sided Limits and Limits at Infinity

111

Finding Limits Graphically

1. Which of the following statements about the function y = f(x)
graphed here are true, and which are false?

y
y=fx)

®

lim f(x) =1 b. lim f(x) =0
x——1" x—0

. lim f(x) = 1 d. lim f(x) = lim_ f(x)
x—0 x—0 x—0
. lim f(x) exists f. lim f(x) =0
x—0 x—0
lim f(x) =1 h. lim f(x) = 1
x—0 x—1
lim f(x) = 0 jo lim f(x) =2
x> x—>
lim1 _ f(x) does not exist. L lirrzl+ fx) =0
x—— x—
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112 Chapter 2: Limits and Continuity

. Let f(x) =

2. Which of the following statements about the function y = f(x)

graphed here are true, and which are false?

y
y =)
2+ °
1+ *—-oO0—o
| | | | X
-1 0 1 2 3

o

. li}}lﬁf(x) =1

c. lim f(x) =2

Xli)nlg flx) =1

Jim f(x) = lim_f(x)

lim f(x) exists at every c in the open interval (—1, 1).
xX—c

b. lim2 f(x) does not exist.
x>

d. lim f(x) =2
x—1

®

f. lim1 f(x) does not exist.
xX—>

50

=

lim f(x) exists at every ¢ in the open interval (1, 3).
xX—c
jo lim f(x) =0
x——1
3—x, x<2

X
2+1, x> 2.

k. lin31+ f(x) does not exist.
x>

0 2 4 *
a. Find lim,—,+ f(x) and lim,—,- f(x).
b. Does lim,—; f(x) exist? If so, what is it? If not, why not?
¢. Find lim,—4- f(x) and lim,—4+ f(x).
d. Does lim,—4 f(x) exist? If so, what is it? If not, why not?
3—x x<2
4. Let f(x) = 2, x=2
%’ x> 2
y
y=3 X‘
3
— [ )
X
- y = 2
| | | | 1 | X
-2 0 2

a. Find lim,—,+ f(x), lim,—,- f(x), and f(2).
b. Does lim,—; f(x) exist? If so, what is it? If not, why not?
c. Find lim,——- f(x) and lim,—_+ f(x).
d. Does lim,——; f(x) exist? If so, what is it? If not, why not?
0, x=0
5. Let f(x) =
sing, x> 0.
y
1 -
X
0
0, x=0
Y=4
sing, x> 0
—1F

a. Does lim,—¢+ f(x) exist? If so, what is it? If not, why not?
b. Does lim,—- f(x) exist? If so, what is it? If not, why not?

¢. Does lim,— f(x) exist? If so, what is it? If not, why not?

6. Let g(x) = \/);sin(l/x).

y
I+ y:\/);
= Visi 1
y="Vuxsing
1
2m | | X
0 T 2 1
T T
-1F y=-Vx

a. Does lim,— g+ g(x) exist? If so, what is it? If not, why not?
b. Does lim,—(- g(x) exist? If so, what is it? If not, why not?

¢. Does lim,—( g(x) exist? If so, what is it? If not, why not?
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3 # 1
. Graph f(x) = {x ’ o
0, x=1.
b. Find lim,—- f(x) and lim,—+ f(x).

¢. Does lim,—,; f(x) exist? If so, what is it? If not, why not?

1 —x? # 1
Graph f(x) = { MR

2, x = 1.
b. Find lim,—+ f(x) and lim,—- f(x).

¢. Does lim,—; f(x) exist? If so, what is it? If not, why not?

8. a.

Graph the functions in Exercises 9 and 10. Then answer these ques-
tions.

a. What are the domain and range of f?

b. At what points c, if any, does lim,—. f(x) exist?

c. At what points does only the left-hand limit exist?
d. At what points does only the right-hand limit exist?

V1-x% 0=x<1
9. f(x) =141, 1l=x<2

2, x =2

x, —1=x<0, or 0<x=1
10. f(x) =41, x=0

0, x<-—-1, or x>1

Finding One-Sided Limits Algebraically

Find the limits in Exercises 11-18.

x+2 . x—1
1. x——05Vx + 1 12. xll>n11+ x+2
13. 1lim < X ><2x+5)
x—>—24r +1 X+ x
x+6\(3—x
i () () (5
2 _
5. 1 +4h+ Vs
h—0"
_ 2
16, Tim V6 — \V5h2 + 11h + 6
h—0" h
i |x + 2| | |x + 2]
17.a.)6_1)1112+()c—i-3)x+2 b.x_1)111(x+3) T
 Vax(x - 1) C Vax(x - 1)
18. a. lim ——— b. lm ————
x—1" |x - 1| x—1" |x - 1|

Use the graph of the greatest integer function y = | x| (sometimes
written y = intx), Figure 1.31 in Section 1.3, to help you find the lim-
its in Exercises 19 and 20.

6]

1 e b
20. a tl_l)%(t = |t]) b. tl_l)Ialﬁ(t = |t])

2.4 One-Sided Limits and Limits at Infinity

Using lim sin 0

=1
0—o 0

Find the limits in Exercises 21-36.

113

21. lim sin'V/26 22. lim sin kt (k constant)
6—0 \/29 t—0
23, fim 22 24. i
"o 4y 0 sin 3k
. tan2x 2t
25. ,}ER)T 26. tlgr(l) E
27. lim xcse 2x 28. lim 6x%(cotx)(csc 2x)
x—0 C€OS Sx =0
2 _ .
29. lim w 30. lim X" — x + sinx
x—0 SINXCcosx x—0 2x
~ sin(1 — cos ) sin (sin /)
31. lim————~ 32. lim ————
—0 1 — cost h—0 sinh
sin 6 sin 5x
33. 611—13) sin 26 34. )}E}}) sin 4x
sin 3y cot 5
35. lim ta}n 3x 36. llm#
x—0 sin 8x y—0 ycotdy

Calculating Limits as x — + oo

In Exercises 37-42, find the limit of each function (a) as x — 00 and
(b) as x — —o0. (You may wish to visualize your answer with a
graphing calculator or computer.)

3. f) = 2 -3 8. ) =75
X
39. g(x) = 5+ 40, gy = — L
2+ (1/x) 8 — (5/x?)
=5+ (7/x 3 —-(2/x
Ay = I 2 =
3 — (1/x?) 4+ (V2/x?)
Find the limits in Exercises 43—46.
43. lim S0 4. lim <8¢
x—>00 f——00 30
.2 —1t+sint r + sinr
45. t_lir,noo t + cost 46. rll)rrgo 2r + 7 — Ssinr

Limits of Rational Functions

In Exercises 47-56, find the limit of each rational function (a) as
X — 00 and (b) as x — — 00,

_2x + 3 _ 23 + 7
47.f(x)—5x+7 48. f(x) = R
x + 1 3x + 7
49. = 50.
f(x) 243 flx) = -
7x? 1
51. hix) = ——F5—— 52. =
() x> = 3x2 + 6x g X —4x + 1

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley

Exercise

Exercise



http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html
tcu0204a.html
tcu0204a.html
tcu0204b.html
tcu0204b.html
tcu0204c.html
tcu0204c.html
tcu0204d.html
tcu0204d.html
tcu0204e.html
tcu0204e.html
tcu0204f.html
tcu0204f.html
tcu0204g.html
tcu0204g.html

Exercise

Exercise

114 Chapter 2: Limits and Continuity

10x° + x* + 31

53. gx) = p
X
54, h(x) = ot + x
) 2t + 52 —x+ 6
-2 = 2x +3
55. hix) = ——>F——
G) 3x% + 3x2 — 5x
_ .4
56. h(x) = X

X =3+ T+ 9

Limits with Noninteger or Negative Powers

The process by which we determine limits of rational functions ap-
plies equally well to ratios containing noninteger or negative powers
of x: divide numerator and denominator by the highest power of x in
the denominator and proceed from there. Find the limits in Exercises

57-62.
-1
57. lim 2V + ! 58. lim 2+ Vi
x—00 3x — 7 xX—>00 19 \/;C
3o A -1 —4
s0. lm Y= Vx 60. lim * X
x—>=00 Yy 4y x—00x 2 — 73

53 1f3 3o
61. lim 2 —x P+ T 62. lim M

x—>00 x8/5 + 3y + \/); x—>—00 Qy + x2/3 — 4

Theory and Examples

63. Once you know lim,—,,+ f(x) and lim,—,- f(x) at an interior point
of the domain of £, do you then know lim,—, f(x)? Give reasons
for your answer.

64. 1f you know that lim,—.. f(x) exists, can you find its value by cal-
culating lim,—.+ f(x)? Give reasons for your answer.

65. Suppose that f is an odd function of x. Does knowing that
lim,—o+ f(x) = 3 tell you anything about lim,—.¢- f(x)? Give rea-
sons for your answer.

66. Suppose that f is an even function of x. Does knowing that
lim,—,- f(x) = 7 tell you anything about either lim,—_»- f(x) or
lim,—_+ f(x)? Give reasons for your answer.

67. Suppose that f(x) and g(x) are polynomials in x and that
lim, o0 (f(x)/g(x)) = 2. Can you conclude anything about
lim,——c0 (f(x)/g(x))? Give reasons for your answer.

68. Suppose that f(x) and g(x) are polynomials in x. Can the graph of
f(x)/g(x) have an asymptote if g(x) is never zero? Give reasons
for your answer.

69. How many horizontal asymptotes can the graph of a given ra-
tional function have? Give reasons for your answer.

70. Find lim (Vx? +x — Va? — x).
x—00

Use the formal definitions of limits as x — 00 to establish the limits
in Exercises 71 and 72.

71. If f has the constant value f(x) = k, then lim f(x) = k.
x—>00

72. 1f f has the constant value f(x) = k, then lim f(x) = k.
x—>—00

Formal Definitions of One-Sided Limits

73. Given € > 0, find an interval 7 = (5,5 + §), 5 > 0, such that
if x lies in 7, then Vx — 5 < e. What limit is being verified and
what is its value?

74. Given € > 0, find an interval / = (4 — §,4),8 > 0, such that
if x lies in 7, then V4 — x < e. What limit is being verified and
what is its value?

Use the definitions of right-hand and left-hand limits to prove the
limit statements in Exercises 75 and 76.

| 76. lim -~ 2 — |

. i =
75. lim -y

x—0" |x |

77. Greatest integer function Find (a) lim,—4o+ x| and (b)
limy—400- | x | ; then use limit definitions to verify your findings.
(c¢) Based on your conclusions in parts (a) and (b), can anything
be said about limy 40| x | ? Give reasons for your answers.

xZsin(1/x), x <0

78. One-sided limits Let f(x) = {
X, x> 0.

Find (a) lim,—o+ f(x) and (b) lim,—o- f(x); then use limit definitions
to verify your findings. (¢) Based on your conclusions in parts (a)
and (b), can anything be said about lim,—( f(x)? Give reasons for
your answer.

Grapher Explorations—*“Seeing” Limits
at Infinity

Sometimes a change of variable can change an unfamiliar expression
into one whose limit we know how to find. For example,

. .1 . .
lim siny = lim sin 6
x—>00 6—0"

Substitute § = 1/x
=0.

This suggests a creative way to “see” limits at infinity. Describe the
procedure and use it to picture and determine limits in Exercises
79-84.

. .1
79. xll)liloo xsin

cos (1/x)
oI T+ (1/x)

81, lim X T4

x—>+00 2x -5

) 1 1/x
82. leHgO X
. 2 1
83. xll)riloo (3 + }) (cos ;)
84. lingo(i2 - cos%) (1 + sin%)
x— X

80.
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