
3.8 Linearization and Differentials 231

EXERCISES 3.8

Finding Linearizations
In Exercises 1–4, find the linearization L(x) of ƒ(x) at 

1.

2.

3.

4.

Linearization for Approximation
You want linearizations that will replace the functions in Exercises
5–10 over intervals that include the given points To make yourx0 .

ƒsxd = 23 x, a = -8

ƒsxd = x +

1
x  , a = 1

ƒsxd = 2x2
+ 9, a = -4

ƒsxd = x3
- 2x + 3, a = 2

x = a .

subsequent work as simple as possible, you want to center each lin-
earization not at but at a nearby integer at which the given
function and its derivative are easy to evaluate. What linearization do
you use in each case?

5.

6.

7.

8.

9.

10. ƒsxd =

x
x + 1

, x0 = 1.3

ƒsxd = 23 x, x0 = 8.5

ƒsxd = 1 + x, x0 = 8.1

ƒsxd = 2x2
+ 4x - 3, x0 = -0.9

ƒsxd = x-1, x0 = 0.9

ƒsxd = x2
+ 2x, x0 = 0.1

x = ax0
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Linearizing Trigonometric Functions
In Exercises 11–14, find the linearization of Then graph
the linearization and ƒ together.

11.

12.

13.

14.

The Approximation 
15. Show that the linearization of at is

16. Use the linear approximation to find an ap-
proximation for the function ƒ(x) for values of x near zero.

a. b.

c. d.

e. f.

17. Faster than a calculator Use the approximation 
to estimate the following.

a. b.

18. Find the linearization of How
is it related to the individual linearizations of and sin x
at 

Derivatives in Differential Form
In Exercises 19–30, find dy.

19. 20.

21. 22.

23. 24.

25. 26.

27. 28.

29. 30.

Approximation Error
In Exercises 31–36, each function ƒ(x) changes value when x changes
from Find

a. the change 

b. the value of the estimate and

c. the approximation error ƒ ¢ƒ - dƒ ƒ .

df = ƒ¿sx0d dx ;

¢ƒ = ƒsx0 + dxd - ƒsx0d ;

x0 to x0 + dx .

y = 2 cot a 11x
by = 3 csc s1 - 21xd

y = sec sx2
- 1dy = 4 tan sx3>3d

y = cos sx2dy = sin s51xd

xy2
- 4x3>2

- y = 02y3>2
+ xy - x = 0

y =

21x

3s1 + 1xd
y =

2x

1 + x2

y = x21 - x2y = x3
- 31x

x = 0?
2x + 1

ƒsxd = 2x + 1 + sin x at x = 0.

23 1.009s1.0002d50

1 + kx
s1 + xdk L

ƒsxd =
3B a1 -

1
2 + x

b2

ƒsxd = s4 + 3xd1>3

ƒsxd = 22 + x2ƒsxd =

121 + x

ƒsxd =

2
1 - x

ƒsxd = s1 - xd6

s1 + xdk
L 1 + kx

Lsxd = 1 + kx .
x = 0ƒsxd = s1 + xdk

s1 � xdk
« 1 � kx

ƒsxd = tan x at sad x = 0, sbd x = p>4
ƒsxd = sec x at sad x = 0, sbd x = -p>3
ƒsxd = cos x at sad x = 0, sbd x = -p>2
ƒsxd = sin x at sad x = 0, sbd x = p

ƒ at x = a .

31.

32.

33.

34.

35.

36.

Differential Estimates of Change
In Exercises 37–42, write a differential formula that estimates the
given change in volume or surface area.

37. The change in the volume of a sphere when the ra-
dius changes from to 

38. The change in the volume of a cube when the edge
lengths change from to 

39. The change in the surface area of a cube when the edge
lengths change from to 

40. The change in the lateral surface area of a
right circular cone when the radius changes from to 
and the height does not change

41. The change in the volume of a right circular cylinder
when the radius changes from to and the height does
not change

42. The change in the lateral surface area of a right circular
cylinder when the height changes from to and the ra-
dius does not change

Applications
43. The radius of a circle is increased from 2.00 to 2.02 m.

a. Estimate the resulting change in area.

b. Express the estimate as a percentage of the circle’s original
area.

44. The diameter of a tree was 10 in. During the following year, the
circumference increased 2 in. About how much did the tree’s di-
ameter increase? The tree’s cross-section area?

45. Estimating volume Estimate the volume of material in a cyl-
indrical shell with height 30 in., radius 6 in., and shell thickness
0.5 in.

h0 + dhh0

S = 2prh

r0 + drr0

V = pr2h

r0 + drr0

S = pr2r2
+ h2

x0 + dxx0

S = 6x2

x0 + dxx0

V = x3

r0 + drr0

V = s4>3dpr3

ƒsxd = x3
- 2x + 3, x0 = 2, dx = 0.1

ƒsxd = x-1, x0 = 0.5, dx = 0.1

ƒsxd = x4, x0 = 1, dx = 0.1

ƒsxd = x3
- x, x0 = 1, dx = 0.1

ƒsxd = 2x2
+ 4x - 3, x0 = -1, dx = 0.1

ƒsxd = x2
+ 2x, x0 = 1, dx = 0.1

x

y

0

dx

x0 � dx

df � f '(x0) dx

� f � f (x0 � dx) � f (x0)

Tangent

(x0, f (x0))

y � f (x)

x0
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46. Estimating height of a building A surveyor, standing 30 ft
from the base of a building, measures the angle of elevation to the
top of the building to be 75°. How accurately must the angle be
measured for the percentage error in estimating the height of the
building to be less than 4%?

47. Tolerance The height and radius of a right circular cylinder are
equal, so the cylinder’s volume is The volume is to be
calculated with an error of no more than 1% of the true value.
Find approximately the greatest error that can be tolerated in the
measurement of h, expressed as a percentage of h.

48. Tolerance

a. About how accurately must the interior diameter of a 10-m-high
cylindrical storage tank be measured to calculate the tank’s
volume to within 1% of its true value?

b. About how accurately must the tank’s exterior diameter be
measured to calculate the amount of paint it will take to paint
the side of the tank to within 5% of the true amount?

49. Minting coins A manufacturer contracts to mint coins for the
federal government. How much variation dr in the radius of the
coins can be tolerated if the coins are to weigh within of
their ideal weight? Assume that the thickness does not vary.

50. Sketching the change in a cube’s volume The volume 
of a cube with edges of length x increases by an amount when
x increases by an amount Show with a sketch how to repre-
sent geometrically as the sum of the volumes of

a. three slabs of dimensions x by x by 

b. three bars of dimensions x by by 

c. one cube of dimensions by by 

The differential formula estimates the change in V
with the three slabs.

51. The effect of flight maneuvers on the heart The amount of
work done by the heart’s main pumping chamber, the left ventri-
cle, is given by the equation

where W is the work per unit time, P is the average blood pres-
sure, V is the volume of blood pumped out during the unit of time,

W = PV +

Vdy2

2g
,

dV = 3x2 dx

¢x .¢x¢x

¢x¢x

¢x

¢V
¢x .

¢V
V = x3

1>1000

V = ph3 .

6 in.

0.5 in.

30 in.

(“delta”) is the weight density of the blood, y is the average ve-
locity of the exiting blood, and g is the acceleration of gravity.

When and y remain constant, W becomes a function
of g, and the equation takes the simplified form

As a member of NASA’s medical team, you want to know how sen-
sitive W is to apparent changes in g caused by flight maneuvers,
and this depends on the initial value of g. As part of your investi-
gation, you decide to compare the effect on W of a given change
dg on the moon, where with the effect the same
change dg would have on Earth, where Use the
simplified equation above to find the ratio of to 

52. Measuring acceleration of gravity When the length L of a
clock pendulum is held constant by controlling its temperature,
the pendulum’s period T depends on the acceleration of gravity g.
The period will therefore vary slightly as the clock is moved from
place to place on the earth’s surface, depending on the change in
g. By keeping track of we can estimate the variation in g
from the equation that relates T, g, and L.

a. With L held constant and g as the independent variable,
calculate dT and use it to answer parts (b) and (c).

b. If g increases, will T increase or decrease? Will a pendulum
clock speed up or slow down? Explain.

c. A clock with a 100-cm pendulum is moved from a location
where to a new location. This increases the
period by Find dg and estimate the value of
g at the new location.

53. The edge of a cube is measured as 10 cm with an error of 1%. The
cube’s volume is to be calculated from this measurement. Esti-
mate the percentage error in the volume calculation.

54. About how accurately should you measure the side of a square to
be sure of calculating the area within 2% of its true value?

55. The diameter of a sphere is measured as and the vol-
ume is calculated from this measurement. Estimate the percent-
age error in the volume calculation.

56. Estimate the allowable percentage error in measuring the diameter D
of a sphere if the volume is to be calculated correctly to within 3%.

57. (Continuation of Example 7.) Show that a 5% error in measuring t
will cause about a 10% error in calculating s from the equation

58. (Continuation of Example 8.) By what percentage should r be in-
creased to increase V by 50%?

Theory and Examples
59. Show that the approximation of by its linearization at

the origin must improve as by showing that

lim
x:0

 
21 + x

1 + sx>2d
= 1.

x : 0
21 + x

s = 16t2 .

100 ; 1 cm

dT = 0.001 sec .
g = 980 cm>sec2

T = 2psL>gd1>2¢T ,

dWEarth .dWmoon

g = 32 ft>sec2 .
g = 5.2 ft>sec2 ,

W = a +

b
g   sa, b constantd .

P, V, d ,

d
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60. Show that the approximation of tan x by its linearization at the
origin must improve as by showing that

61. The linearization is the best linear approximation (This is
why we use the linearization.) Suppose that is differen-
tiable at and that is a linear function
in which m and c are constants. If the error 
were small enough near we might think of using g as a
linear approximation of ƒ instead of the linearization 

Show that if we impose on g the conditions

1. The approximation error is zero at 

2.

then Thus, the linearization L(x)
gives the only linear approximation whose error is both zero at

and negligible in comparison with 

62. Quadratic approximations

a. Let be a quadratic
approximation to ƒ(x) at with the properties:

i.

ii.

iii.

Determine the coefficients and 

b. Find the quadratic approximation to at

c. Graph and its quadratic approximation at
Then zoom in on the two graphs at the point (0, 1).

Comment on what you see.

d. Find the quadratic approximation to at 
Graph g and its quadratic approximation together. Comment
on what you see.

e. Find the quadratic approximation to at
Graph h and its quadratic approximation together.

Comment on what you see.

f. What are the linearizations of ƒ, g, and h at the respective
points in parts (b), (d), and (e)?

x = 0.
hsxd = 21 + x

x = 1.gsxd = 1>x
x = 0.

ƒsxd = 1>s1 - xd
x = 0.

ƒsxd = 1>s1 - xd
b2 .b0 , b1 ,

Q–sad = ƒ–sad
Q¿sad = ƒ¿sad
Qsad = ƒsad

x = a
Qsxd = b0 + b1sx - ad + b2sx - ad2

x
a

y � f (x)

(a, f (a))

The linearization, L(x):
y � f (a) � f '(a)(x � a)

Some other linear
approximation, g(x):
y � m(x � a) � c

x - a .x = a

g sxd = ƒsad + ƒ¿sadsx - ad .

lim
x:a

  
Esxd

x - a = 0

x = a .Esad = 0

ƒsad + ƒ¿sadsx - ad .
Lsxd =

x = a ,
Esxd = ƒsxd - g sxd

g sxd = msx - ad + cx = a
y = ƒsxd

lim
x:0

 
tan x

x = 1.

x : 0
63. Reading derivatives from graphs The idea that differentiable

curves flatten out when magnified can be used to estimate the val-
ues of the derivatives of functions at particular points. We magnify
the curve until the portion we see looks like a straight line through
the point in question, and then we use the screen’s coordinate grid
to read the slope of the curve as the slope of the line it resembles.

a. To see how the process works, try it first with the function
The slope you read should be 2.

b. Then try it with the curve 
�1. In each case, compare your estimate of the derivative
with the value of at the point. What pattern do you see?
Test it with other values of x. Chapter 7 will explain what is
going on.

64. Suppose that the graph of a differentiable function ƒ(x) has a hor-
izontal tangent at Can anything be said about the lin-
earization of ƒ at Give reasons for your answer.

65. To what relative speed should a body at rest be accelerated to in-
crease its mass by 1%?

66. Repeated root-taking

a. Enter 2 in your calculator and take successive square roots by
pressing the square root key repeatedly (or raising the
displayed number repeatedly to the 0.5 power). What pattern
do you see emerging? Explain what is going on. What
happens if you take successive tenth roots instead?

b. Repeat the procedure with 0.5 in place of 2 as the original
entry. What happens now? Can you use any positive number x
in place of 2? Explain what is going on.

COMPUTER EXPLORATIONS

Comparing Functions with Their Linearizations
In Exercises 67–70, use a CAS to estimate the magnitude of the error
in using the linearization in place of the function over a specified in-
terval I. Perform the following steps:

a. Plot the function ƒ over I.

b. Find the linearization L of the function at the point a.

c. Plot ƒ and L together on a single graph.

d. Plot the absolute error and find its maximum
value.

e. From your graph in part (d), estimate as large a as you can,
satisfying

for Then check graphically to see if your
holds true.

67.

68.

69.

70. ƒsxd = 1x - sin x, [0, 2p], a = 2

ƒsxd = x2>3sx - 2d, [-2, 3], a = 2

ƒsxd =

x - 1
4x2

+ 1
, c- 3

4
, 1 d , a =

1
2

ƒsxd = x3
+ x2

- 2x, [-1, 2], a = 1

d-estimate
P = 0.5, 0.1, and 0.01 .

ƒ x - a ƒ 6 d Q ƒ ƒsxd - Lsxd ƒ 6 P

d 7 0

ƒ ƒsxd - Lsxd ƒ  over I

x = a?
x = a .

ex

y = ex at x = 1, x = 0, and x =

y = x2 at x = 1.
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The error is negligible when compared
with x - a .

T

T

T

T

T
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