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Chapter 4: Applications of Derivatives

Chapter

10.

. What can you say about a function whose maximum and minimum

values on an interval are equal? Give reasons for your answer.

. Is it true that a discontinuous function cannot have both an ab-

solute maximum and an absolute minimum value on a closed in-
terval? Give reasons for your answer.

. Can you conclude anything about the extreme values of a continu-

ous function on an open interval? On a half-open interval? Give
reasons for your answer.

. Local extrema Use the sign pattern for the derivative
d
d—ip =6(x — D(x — 2)%(x — 3)°(x — 4)*

to identify the points where f has local maximum and minimum
values.

. Local extrema

a. Suppose that the first derivative of y = f(x) is
Y o=6(x + 1)x — 2)%

At what points, if any, does the graph of f have a local
maximum, local minimum, or point of inflection?

b. Suppose that the first derivative of y = f(x) is
y' =6x(x + I)(x — 2).

At what points, if any, does the graph of f have a local
maximum, local minimum, or point of inflection?

. If f'(x) = 2 for all x, what is the most the values of f can in-

crease on [0, 6]? Give reasons for your answer.

. Bounding a function Suppose that f is continuous on [a, b]

and that ¢ is an interior point of the interval. Show that if
f'(x) = 0onJa,c)and f'(x) = 0 on (c, b], then f(x) is never
less than f(c) on [a, b].

. An inequality

a. Show that —1/2 =< x/(1 + x?) = 1/2 for every value of x.

b. Suppose that f is a function whose derivative is f'(x) =
x/(1 + x?). Use the result in part (a) to show that

1) = f@| = 316~ d

for any a and b.

. The derivative of f(x) = x? is zero at x = 0, but f is not a con-

stant function. Doesn’t this contradict the corollary of the Mean
Value Theorem that says that functions with zero derivatives are
constant? Give reasons for your answer.

Extrema and inflection points Let # = fg be the product of

two differentiable functions of x.

11.

12.

13.

14.

15.

Additional and Advanced Exercises

a. If f and g are positive, with local maxima at x = a, and if f’
and g’ change sign at a, does 4 have a local maximum at a?

b. If the graphs of f and g have inflection points at x = a, does
the graph of / have an inflection point at a?

In either case, if the answer is yes, give a proof. If the answer is
no, give a counterexample.

Finding a function Use the following information to find the
values of a, b, and ¢ in the formula f(x) = (x + a)/
(bx? + ex + 2).

i) The values of a, b, and c are either O or 1.
ii) The graph of f passes through the point (—1, 0).
iii) The line y = 1 is an asymptote of the graph of f.

Horizontal tangent For what value or values of the constant &
will the curve y = x> + kx? + 3x — 4 have exactly one horizon-
tal tangent?

Largest inscribed triangle Points 4 and B lie at the ends of a
diameter of a unit circle and point C lies on the circumference. Is
it true that the area of triangle ABC is largest when the triangle is
isosceles? How do you know?

Proving the second derivative test The Second Derivative Test
for Local Maxima and Minima (Section 4.4) says:

a. f has alocal maximum value at x = cif f'(¢) = 0 and
f'e) <0
b. f has alocal minimum value at x = c if f'(c) = 0 and
f"(c) > 0.
To prove statement (a), let € = (1/2)|f"(c)|. Then use the fact
that

vy o flet ) = fie) . fileth)
M= T

to conclude that for some 6 > 0,

f'(c +h)

0<|h <8 = .

< f"(c) + € <0.
Thus, f'(c + h) is positive for —6 < & < 0 and negative for
0 < h < §. Prove statement (b) in a similar way.

Hole in a water tank You want to bore a hole in the side of the
tank shown here at a height that will make the stream of water
coming out hit the ground as far from the tank as possible. If you
drill the hole near the top, where the pressure is low, the water
will exit slowly but spend a relatively long time in the air. If you
drill the hole near the bottom, the water will exit at a higher veloc-
ity but have only a short time to fall. Where is the best place, if
any, for the hole? (Hint: How long will it take an exiting particle
of water to fall from height y to the ground?)
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16.

17.

Tank kept full, y
top open

/Exit velocity = V64(h — y)

Ground

‘ﬂ_l
Range

Kicking a field goal An American football player wants to kick
a field goal with the ball being on a right hash mark. Assume that
the goal posts are b feet apart and that the hash mark line is a dis-
tance @ > 0 feet from the right goal post. (See the accompanying
figure.) Find the distance /4 from the goal post line that gives the
kicker his largest angle 3. Assume that the football field is flat.

Goal posts

b a Goal post line

Right hash mark line
h

Football

A max-min problem with a variable answer Sometimes the
solution of a max-min problem depends on the proportions of the
shapes involved. As a case in point, suppose that a right circular
cylinder of radius » and height % is inscribed in a right circular
cone of radius R and height H, as shown here. Find the value of »
(in terms of R and H) that maximizes the total surface area of the
cylinder (including top and bottom). As you will see, the solution
depends on whether H = 2R or H > 2R.

18.

19.

20.

21.

22.

23.

24.
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Minimizing a parameter Find the smallest value of the posi-
tive constant m that will make mx — 1 + (1/x) greater than or
equal to zero for all positive values of x.

Evaluate the following limits.

. 2sin5x . .
a. lim b. lim sin 5x cot 3x
x—0 3x x—0
c. lim xcse? V2x d. lim (secx — tanx)
x—0 x—m/2
. x — sinx sin x?
e. lim ———— f. im ——
xr—0 X — tanx x—0 XsInx
3
. secx — 1 . ox>— 8
g lim———— h. lim =
x—0 X x—2 x° — 4

L’Hopital’s Rule does not help with the following limits. Find
them some other way.

Vx+5

a. lim ~=——> b. lim —=—
=% \/x +5 =% x4 7V x

Suppose that it costs a company y = a + bx dollars to produce x
units per week. It can sell x units per week at a price of
P = ¢ — ex dollars per unit. Each of a, b, ¢, and e represents a
positive constant. (a) What production level maximizes the
profit? (b) What is the corresponding price? (¢) What is the
weekly profit at this level of production? (d) At what price should
each item be sold to maximize profits if the government imposes
a tax of ¢ dollars per item sold? Comment on the difference be-
tween this price and the price before the tax.

Estimating reciprocals without division You can estimate the
value of the reciprocal of a number a without ever dividing by a if
you apply Newton’s method to the function f(x) = (1/x) — a. For
example, if a = 3, the function involved is f(x) = (1/x) — 3.

a. Graph y = (1/x) — 3. Where does the graph cross the x-axis?

b. Show that the recursion formula in this case is
Xn+1 = xn(2 - 3xn)7

so there is no need for division.

To find x = \%;, we apply Newton’s method to f(x) = x? — a.
Here we assume that a is a positive real number and ¢ is a positive
integer. Show that x is a “weighted average” of x( and a/xoqfl,
and find the coefficients m, m; such that

) my > 0,m; > 0,

_ a
xl—moxo-i-ml ? _
X my + m = 1.

0
What conclusion would you reach if xo and a/xo‘r1 were equal?
What would be the value of x; in that case?

The family of straight lines y = ax + b (a, b arbitrary constants)
can be characterized by the relation y” = 0. Find a similar rela-
tion satisfied by the family of all circles

(= hP + (= B =02,

where / and r are arbitrary constants. (Hint: Eliminate /4 and r
from the set of three equations including the given one and two
obtained by successive differentiation.)
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25.

26.

27.

28.

29.

30.

Assume that the brakes of an automobile produce a constant de-
celeration of k ft/sec?. (a) Determine what & must be to bring an
automobile traveling 60 mi/hr (88 ft/sec) to rest in a distance of
100 ft from the point where the brakes are applied. (b) With the
same k, how far would a car traveling 30 mi/hr travel before being
brought to a stop?

Let f(x), g(x) be two continuously differentiable functions satis-
fying the relationships f'(x) = g(x) and f"(x) = —f(x). Let
h(x) = fA(x) + g*(x). Ifh(0) = 5, find A(10).

Can there be a curve satisfying the following conditions? d?y/dx>
is everywhere equal to zero and, when x =0, y = 0 and
dy/dx = 1. Give a reason for your answer.

Find the equation for the curve in the xy-plane that passes through
the point (1, —1) if its slope at x is always 3x> + 2.

A particle moves along the x-axis. Its acceleration is « = —12. At
t = 0, the particle is at the origin. In the course of its motion, it
reaches the point x = b, where b > 0, but no point beyond b.
Determine its velocity at = 0.

A particle moves with acceleration a = Vi- (1 / \/t) . Assum-
ing that the velocity v = 4/3 and the position s = —4/15 when
t =0, find

a. the velocity v in terms of 7.

b. the position s in terms of 7.

31. Given f(x) = ax®> + 2bx + ¢ with @ > 0. By considering the

minimum, prove that f(x) = 0 for all real x if, and only if,
b% — ac = 0.

32. Schwarz’s inequality

a. In Exercise 31, let
fG) = (arx + b1 + (apx + bo)* + -+ (apx + by)’,
and deduce Schwarz’s inequality:
(ayby + azhy + -+ + ayb,)?
=(a’+at+-+a)b?+ b+ +bP).
b. Show that equality holds in Schwarz’s inequality only if there

exists a real number x that makes a;x equal —b; for every
value of i from 1 to n.
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