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Substitution and Area Between Curves

There are two methods for evaluating a definite integral by substitution. The first method
is to find an antiderivative using substitution, and then to evaluate the definite integral by
applying the Fundamental Theorem. We used this method in Examples 8 and 9 of the pre-
ceding section. The second method extends the process of substitution directly to definite
integrals. We apply the new formula introduced here to the problem of computing the area
between two curves.

Substitution Formula

In the following formula, the limits of integration change when the variable of integration
is changed by substitution.

THEOREM 6 Substitution in Definite Integrals
If g’ is continuous on the interval [a, ] and f is continuous on the range of g, then

b g(b)
/f(g(x))'g'(x) dx = : f(u) du

&l

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html

5.6 Substitution and Area Between Curves 377

Proof Let F denote any antiderivative of f. Then,

/f(g(x)) g'(x) dx = F(g(x))}

b 4 Fgn)
dx
—s = F'(g(x))g' (x)
= f(g(x))g’
= Fg) - Flgta)
u=g(b)
=F (u)]
u=g(a)
g(b) Fundamental
= f(u) du. Theorem, Part 2 | |
gla)

To use the formula, make the same u-substitution u = g(x) and du = g'(x) dx you
would use to evaluate the corresponding indefinite integral. Then integrate the trans-
formed integral with respect to u from the value g(a) (the value of u at x = a) to the value

g(b) (the value of u at x = b).

1
Video Evaluate/ 3x2Vx3 + 1dkx.
-1

Solution ~ We have two choices.

EXAMPLE 1 Substitution by Two Methods

Method 1: Transform the integral and evaluate the transformed integral with the trans-

formed limits given in Theorem 6.

1
/ 32Vx3 + 1dx
-1

/\[du

3/2
3 0

210532 _ 032 =
3[2 0}

Letu = x> + 1,du = 3x%dx.
Whenx = —1L,u=(=1>+1=0.
Whenx = Lu= (1> +1=2.

Evaluate the new definite integral.

]

Method 2: Transform the integral as an indefinite integral, integrate, change back to x, and

use the original x-limits.

32V + 1dx

1
/3)c2\/x3 + 1ldx =
-1

W W[ w\t\)

%(x3 + 12+ C

(o )3/2]1

|
|

23/2 03/2:| —

Letu = x> + 1, du = 3x° dx.

Integrate with respect to u.

Replace u by x> + 1.

Use the integral just found,
with limits of integration for x.

(1 + 12 = ((—1)° + 1)3/2}

Hpve] -5
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378 Chapter 5: Integration

Which method is better—evaluating the transformed definite integral with trans-
formed limits using Theorem 6, or transforming the integral, integrating, and transforming
back to use the original limits of integration? In Example 1, the first method seems easier,
but that is not always the case. Generally, it is best to know both methods and to use
whichever one seems better at the time.

EXAMPLE 2 Using the Substitution Formula

/2 5 0 Let u = cot 6, du = —csc’ 0 db,
cot 6 csc” 6 do u- (—du) —du = csc? 0 db.
T 1 =

/4 When 6 = /4, u = cot (7w/4) = 1.
0 When 6 = 7/2,u = cot (m/2) = 0.
= —/ u du
1
&l
= al
_ (@ ar)_a .
2 2 2

Definite Integrals of Symmetric Functions

The Substitution Formula in Theorem 6 simplifies the calculation of definite integrals of
even and odd functions (Section 1.4) over a symmetric interval [—a, a] (Figure 5.26).

A
V

(@) (b)

FIGURE 5.26 (a) feven, [ f(x)dx = 2 ) f(x)dx (b) fodd, [ f(x)dx =0

Theorem 7

Let f be continuous on the symmetric interval [—a, a].

(a) If f is even, then /a f(x)dx = Z/Gf(x) dx.
—a 0

(b) If fis odd, then /a fx)dx = 0.
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FIGURE 5.27 The region between
the curves y = f(x) and y = g(x)
and the linesx = aandx = b.

a= xg
N

I

FIGURE 5.28 We approximate the
region with rectangles perpendicular
to the x-axis.
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FIGURE 5.29 The area AA, of the kth
rectangle is the product of its height,
f(cr) — glcp), and its width, Axy.

n2
|<_)| (¢ 8(cp))
Axy
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Proof of Part (a)

a 0 a o
_ Additivity Rule for
[a f(x) dx = [a f(x) dx + A f(x) dx Definite Integrals
—a a
= —/ f(x) dx + / f(x) dx Order of Integration Rule
0 0

a a Letu = —x,du = —dx.
_/ f(—u)(—du) + / f(x) dx Whenx = 0,u = 0.
0 0

Whenx = —a,u = a.
/af(—u) du + /af(x) dx
0 0

a a -
_ f is even, so
- [+ [ ax I
a
=2 / f(x) dx
0
The proof of part (b) is entirely similar and you are asked to give it in Exercise 86. [

The assertions of Theorem 7 remain true when f is an integrable function (rather than
having the stronger property of being continuous), but the proof is somewhat more diffi-
cult and best left to a more advanced course.

EXAMPLE 3  Integral of an Even Function

2
Evaluate / (x* — 4x? + 6) dx.
-2

Solution  Since f(x) = x* — 4x? + 6 satisfies f(—x) = f(x), it is even on the symmet-
ric interval [—2, 2], so

2 2
/(x4 — 4x% + 6)dx = 2/ (x* — 4x? + 6) dx
-2 0

_ x4, ?

—2{5 3X +6x0

_ 32 32 =232

=2 (5 3 + 12) 15 ]

Areas Between Curves

Suppose we want to find the area of a region that is bounded above by the curve y = f(x),
below by the curve y = g(x), and on the left and right by the lines x = a and x = b
(Figure 5.27). The region might accidentally have a shape whose area we could find with
geometry, but if f and g are arbitrary continuous functions, we usually have to find the
area with an integral.

To see what the integral should be, we first approximate the region with » vertical rec-
tangles based on a partition P = {xo, xy,...,x,} of [a, b] (Figure 5.28). The area of the
kth rectangle (Figure 5.29) is

AA; = height X width = [f(cy) — g(cp)] Axy.
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(x, f(x))
/ y=2- x2

11y Ax

|
—_
(=]
—_
[\S]

[(x, g()
L y=-x 1(2,-2)

FIGURE 5.30 The region in
Example 4 with a typical
approximating rectangle.

We then approximate the area of the region by adding the areas of the # rectangles:

~ EAAk = E[f(ck) - g(ck)] Axk. Riemann Sum
k=1 k=1

As |P| — 0, the sums on the right approach the limit fab [f(x) — g(x)] dx because f and
g are continuous. We take the area of the region to be the value of this integral. That is,

b
A= tim i) - glen) Axi = / () — g(x)] ds

1Pl—0 =

DEFINITION Area Between Curves

If f and g are continuous with f(x) = g(x) throughout [a, b], then the area of
the region between the curves y = f(x) and y = g(x) from a to b is the inte-
gral of (f — g) from a to b:

b
4= / [f(x) — g(x)] dx

When applying this definition it is helpful to graph the curves. The graph reveals which
curve is the upper curve f and which is the lower curve g. It also helps you find the limits
of integration if they are not already known. You may need to find where the curves inter-
sect to determine the limits of integration, and this may involve solving the equation
f(x) = g(x) for values of x. Then you can integrate the function f — g for the area be-
tween the intersections.

EXAMPLE 4  Area Between Intersecting Curves

Find the area of the region enclosed by the parabola y = 2 — x? and the line y = —x.

Solution  First we sketch the two curves (Figure 5.30). The limits of integration are found

by solving y = 2 — x> and y = —x simultaneously for x.
2 — x = —X Equate f(x) and g(x).
¥=-x—-2=0 Rewrite.
x+Dx=-2)=0 Factor.
x = -1, x=2. Solve.
The region runs from x = —1 to x = 2. The limits of integration area = —1,b = 2.

The area between the curves is

b 2
/ [f(x) — g(x)]dx = /1 [(2 = x%) = (=x)]dx

2
2 _ L L
[1(2+x x) dx [Zx 5 3

4 8 1, 1)_9
<4+2—3) <2+ +3>—2 | |

A
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5.6 Substitution and Area Between Curves 381

HISTORICAL BIOGRAPHY If the formula for a bounding curve changes at one or more points, we subdivide the re-
gion into subregions that correspond to the formula changes and apply the formula for the
area between curves to each subregion.

Richard Dedekind
(1831-1916)

EXAMPLE 5  Changing the Integral to Match a Boundary Change

! Find the area of the region in the first quadrant that is bounded above by y = V/x and be-
Area = (\/,;—x+2)dx low by th . he i _
y A ow by the x-axis and the line y = x — 2.
2 y=Vi

21 Area = [ Vaxdx \ (x, f()) N 4,2)
e F) % Solution  The sketch (Figure 5.31) shows that the region’s upper boundary is the graph of
(LN y=x-2 f(x) = Vx. The lower boundary changes from g(x) = 0 for0 = x = 2to g(x) = x — 2
P for2 = x = 4 (there is agreement at x = 2). We subdivide the region at x = 2 into subre-

*x, 8(x)) gions 4 and B, shown in Figure 5.31.

0 /= =02 zlt x The limits of integration for region 4 are « = 0 and b = 2. The left-hand limit for re-
) gion B is ¢ = 2. To find the right-hand limit, we solve the equations y = V7 and

y = x — 2 simultaneously for x:
FIGURE 5.31 When the formula for a

bounding curve changes, the area integral Vx=x-2 Equate f(x) and g(x).
changes to become the sum of integrals to x=(x— 2)2 =x2—4x + 4 Square both sides.
match, one integral for each of the shaded 2 —5c+4=0 Rewrite.
i h here for E le 5.
regions shown here for Example r=1)x—4) =0 Focton
x =1, x=4. Solve.

Only the value x = 4 satisfies the equation Vx = x — 2. The value x = 1 is an extrane-
ous root introduced by squaring. The right-hand limitis b = 4.

For0 = x = 2: fx) —glx) = Vx — 0= Vx
For2 = x = 4: fx) —gx)=Vx—-(x-2)=Vx—-x+2

We add the area of subregions 4 and B to find the total area:

2 4
/\/J;dx—l—/(\/);—x—FZ)dx
0 2

Total area =
— -
area of 4 area of B

2 2 4
_ 12 3p 2 3p _ x°
—Lx L%—Lx 2+2x2
2 -0+ (%(4)3/2 — 8+ 8) = (§(2)3/2 2+ 4)
_ 20y, _10
=3 (8) — 2 3 u

Integration with Respect to y

If a region’s bounding curves are described by functions of y, the approximating rectangles
are horizontal instead of vertical and the basic formula has y in place of x.

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html
bounce05.html?3_9_a
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For regions like these

y y y

,d - _ db
) =/ =80/ = 1)
x = g(y) x
1 ] 0
x =g\ L L \\

]c

0 * 0 *

use the formula

d
A4 = / [f(») — g»)]dy.

In this equation f always denotes the right-hand curve and g the left-hand curve, so
f(») — g(») is nonnegative.

EXAMPLE 6  Find the area of the region in Example 5 by integrating with respect to y. |

Solution ~ We first sketch the region and a typical horizontal rectangle based on a parti-
tion of an interval of y-values (Figure 5.32). The region’s right-hand boundary is the line
x =y + 2,50 f(y) =y + 2. The left-hand boundary is the curve x = 2, so g(y) = y>.
</0) — ()] , The lower limit of integration is y = 0. We find the upper limit by solving x = y + 2 and
o y=0 2 4 x = y? simultaneously for y:

Equate f(y) = y + 2
FIGURE 5.32 It takes two yr2=y2 LA

integrations to find the area of this v 2 y—2=0 Rewrite.

(y + 1)()/ - 2) =0 Factor.

region if we integrate with respect to
x. It takes only one if we integrate
with respect to y (Example 6). y=-1, y=2 Solve.

The upper limit of integration is » = 2. (The value y = —1 gives a point of intersection
below the x-axis.)
The area of the region is

b 2
A=/[f(y)—g(y)]dy=1[y+2—y2]dy

2
£[2+y—y2]dy

2 372
_ yo_r
-5
_ 4_8_10
L T Tl
This is the result of Example 5, found with less work. [
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y
L 4,2)
y="Vax [
| ..
Video Area =2
I<—2—>
o y=0 2 R

FIGURE 5.33 The area of the blue region
is the area under the parabola y = Vx
minus the area of the triangle (Example 7).
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Combining Integrals with Formulas from Geometry

The fastest way to find an area may be to combine calculus and geometry.

EXAMPLE 7  The Area of the Region in Example 5 Found the Fastest Way

Find the area of the region in Example 5.

Solution  The area we want is the area between the curve y = Vx, 0 = x = 4, and the
x-axis, minus the area of a triangle with base 2 and height 2 (Figure 5.33):

Area = /4\/); dx — %(2)(2)
0

4
_23p| _
=3X L 2
2y _0_»r-10
—3(8) 0—2 3 ]

Conclusion from Examples 5-7 It is sometimes easier to find the area between
two curves by integrating with respect to y instead of x. Also, it may help to combine
geometry and calculus. After sketching the region, take a moment to think about the best
way to proceed.
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