388 Chapter 5: Integration

Chapter Practice Exercises

Finite Sums and Estimates

1. The accompanying figure shows the graph of the velocity (ft/sec)
of a model rocket for the first 8 sec after launch. The rocket accel-
erated straight up for the first 2 sec and then coasted to reach its
maximum height at # = 8 sec.
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a. Assuming that the rocket was launched from ground level,
about how high did it go? (This is the rocket in Section 3.3,
Exercise 17, but you do not need to do Exercise 17 to do the
exercise here.)

b. Sketch a graph of the rocket’s height aboveground as a
function of time for 0 = r = 8.
2. a. The accompanying figure shows the velocity (m/sec) of a
body moving along the s-axis during the time interval from
t = 0to ¢ = 10 sec. About how far did the body travel during
those 10 sec?

b. Sketch a graph of s as a function of  for 0 = ¢ = 10
assuming s(0) = 0.
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3. Suppose that Eak = —2and Ebk = 25. Find the value of
= =
10
b. kE(bk - 3ak)
=1

10 5
d > (— - bk)
k=1 2

10
C. E(Qk + bk - 1)
k=1

20 20
4. Suppose that Eak = 0 and Ebk = 7. Find the values of
=1 =

20

20
a. > 3aq b. > (ax + by
=1 k=1

20
1 2b
2 (5 - 7)

Definite Integrals

In Exercises 5-8, express each limit as a definite integral. Then evalu-
ate the integral to find the value of the limit. In each case, P is a parti-
tion of the given interval and the numbers c; are chosen from the
subintervals of P.

20
d. E(Qk - 2)
k=1

. HIl‘i‘mo > (2¢x — 1)72 Axy, where P is a partition of [1, 5]
—0 k=1

n
6. H;ﬁmo Eck(ckz — 1)'3 Ax;, where P is a partition of [1, 3]
—0 /=1

/! c

7. lim E (cos (*k)) Ax;, where P is a partition of [—r, 0]

[PI—0 =1 2

8. H}lﬁmo E (sin ¢x)(cos ¢x) Axy, where P is a partition of [0, 7/2]
—0 /=1

9. If ffz 3f(x) dx = 12, szf(x) dx = 6, and szg(x) dx =2,
find the values of the following.

a. /zf(x) dx b. /Sf(x) dx
- 2
-2 5
c. / g(x) dx d. / (—mg(x)) dx
5 -2

. / | (M) dx

10. If fozf(x) dx =, f02 7g(x)dx = 7, and fol g(x) dx = 2, find
the values of the following.
2
b. / g(x) dx
1

2
a. /g(x)dx
0
2
d. / V2 f(x) dx
0

0
c. / f(x) dx
2

2
e l (g(x) — 3f() dx

Area

In Exercise 11-14, find the total area of the region between the graph
of f and the x-axis.

1. fx) =x*>—4x+3, 0=x=3
12. f(x) =1— (x*4), —2=x=3
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13. f(x) =5 —5x23, —-1=x=38 Initial Value Problems

4. fx)=1—-Vx, 0=x=4 x4
33. Show that y = x? + / Tdt solves the initial value problem

Find the areas of the regions enclosed by the curves and lines in Exer- !

cises 15-26. d*y 1 )

15. y=x, y=1/x% x=2 dxz_z_;’ y(1 =3y =1

16. y=x, y=1/Vx, x=2

34. Show that y = [, (1 + 2V sect)dr solves the initial value
17. Vx+Vy=1, x=0, y=0 r= ol )

problem
2 dy

P secxtanx; y'(0) =3, »(0) =0.
X

Express the solutions of the initial value problems in Exercises 35 and
36 in terms of integrals.

= dy _ sinx
Vr+Vy=1 3. =y y(8) =3

d
x 36. 2 = V2 —sin’x, yp(-1)=2

0 1 dx

18.x3+\/:1,x:0, =0, for 0=x=1 . . .
4 4 Evaluating Indefinite Integrals

y . . .
Evaluate the integrals in Exercises 37-44.
| PH+Vy=1,0=x=1 &
37. /2(cos x) V2 sin x dx 38. /(tanx)_B‘/2 sec? x dx
39. /(20 + 1+ 2cos(20 + 1)) do
1
x 40. /(7 + 2sec? (26 — w)) do
0 ! V260 - 7
t+ 17 -1
19. x=2% x=0, y=3 20.x=4—y> x=0 41./(t—%>(r+%)dt 42./%&
21, yr =4y, y=4x—2
22. Y2 =4x +4, y=4x— 16 43. / Vi sin (26°) dt 44. /sec@tanﬂ V1 + sec db

23. y=sinx, y=x, 0=x=m7/4

24. y = [sinx|, y=1 -m/2=x=m/2 Evaluating Definite Integrals

Evaluate the integrals in Exercises 45-70.

26. y = 8cosx, y=sec’x, —mw/3=x=m/3 1

27. Find the area of the “triangular” region bounded on the left by 45. /
x + y = 2, on the right by y = x2, and above by y = 2.

25. y =2sinx, y=sin2x, 0=x=m

1
(3x2 — 4x + 7) dx 46. / (853 — 1252 + 5) ds
1 0

2 27
4 -
28. Find the area of the “triangular” region bounded on the left by 47. 2 dv 48. / x ¥ dx
y = Vx,ontherightby y = 6 — x,and belowby y = 1. s 4<1 . \/&)1/2
29. Find the extreme values of f(x) = x> — 3x? and find the area of 49. / 7 50. / #du
the region enclosed by the graph of f and the x-axis. ! | i ! . u
30. Find the area of the region cut from the first quadrant by the curve 51. _36dx 52, / __dr
X2 4 12 = g2, o (2x+ 1) 0 V(7 - 5r)?
1 1/2
31. Find the total area of the region enclosed by the curve x = y?/? 53 / VB = X3 gy 54. / /x3(1 + x4 2 gy
and the linesx = yand y = —1. 18 0
. . . T /4
32. Find the total area of the region between the curves y = sin x and 55, / sin 57 dr 56. / cos? ( 4 -7 ) dt
y =cosxfor0 = x = 37/2. 0 0 4
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/3 3m/4
57. / sec’ 6 db 58. / csc? x dx
0 /4
37 T
59. / cot? > dx 60. / tan?
T 0
0 3m/4
6l. / sec x tan x dx 62. / csczceotzdz
—7/3 /4

/2
63. / 5(sinx)¥2 cos x dx 64. / 2xsin (1 — x2) dx
0 -1

/2 27/3 o o
65. / 15 sin* 3x cos 3x dx 66. / cos * (% )sin (3 ) dx
—7/2 0 2 2

™2 3 §inx cos x 68 /”/4 sec? x i
“Jo (14 7tanx)¥3

67. ————x
™3 tang /ﬂ2/4 cosV1

0 V1 + 3sin’x
69. —db 70.
0 V2 secH =36 Vtsin V7t

Average Values

dt

71. Find the average value of f(x) = mx + b
a. over [—1,1]
b. over [—k, k]
72. Find the average value of
a. y = V/3x over [0, 3]
b. y= Vax over [0, a]
73. Let f be a function that is differentiable on [a, b]. In Chapter 2 we

defined the average rate of change of f over [a, b] to be

f(b) — fla)
b—a

and the instantaneous rate of change of f at x to be f'(x). In this
chapter we defined the average value of a function. For the new def-
inition of average to be consistent with the old one, we should have

f(b) — fla)

b g Average value of f’ on [a, b].

Is this the case? Give reasons for your answer.

74. Is it true that the average value of an integrable function over an
interval of length 2 is half the function’s integral over the interval?
Give reasons for your answer.

75. Compute the average value of the temperature function

f(x) = 37sin (365 (x — 101)) + 25

for a 365-day year. This is one way to estimate the annual mean
air temperature in Fairbanks, Alaska. The National Weather Ser-
vice’s official figure, a numerical average of the daily normal
mean air temperatures for the year, is 25.7°F, which is slightly
higher than the average value of f(x). Figure 3.33 shows why.

76. Specific heat of a gas Specific heat C, is the amount of heat re-

quired to raise the temperature of a given mass of gas with con-

stant volume by 1°C, measured in units of cal/deg-mole (calories
per degree gram molecule). The specific heat of oxygen depends
on its temperature 7 and satisfies the formula

C, = 827 + 1073 (26T — 1.87T?).

Find the average value of C, for 20° = 7' = 675°C and the tem-

perature at which it is attained.

Differentiating Integrals

In Exercises 7780, find dy/dx.
X 7?

77.y=/ V2 + cos’tdt 78. y = \/2 + cos’ t dt

2 2

"6 S|
79. y = dt 80. y = ———dt
4 [ 3+ 7 /mx 2+ 1

Theory and Examples

81. Is it true that every function y = f(x) that is differentiable on
[a, b] is itself the derivative of some function on [a, b]? Give rea-

sons for your answer.
= V1 + x* Ex-

1 . .
press fo V1 + x* dx in terms of F and give a reason for your
answer.

83. Find dy/dx if y = fxl \/1 + 12 dt. Explain the main steps in
your calculation.

84. Find dy/dx if y = fgosx (1/(1 = %)) dt. Explain the main steps
in your calculation.

82. Suppose that F(x) is an antiderivative of f(x)

85. A new parking lot To meet the demand for parking, your town
has allocated the area shown here. As the town engineer, you have
been asked by the town council to find out if the lot can be built
for $10,000. The cost to clear the land will be $0.10 a square foot,
and the lot will cost $2.00 a square foot to pave. Can the job be
done for $10,000? Use a lower sum estimate to see. (Answers
may vary slightly, depending on the estimate used.)

0 ft

/ 675 ft. /

42 ft

Ignored
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86. Skydivers A and B are in a helicopter hovering at 6400 ft. Sky-
diver A jumps and descends for 4 sec before opening her para-
chute. The helicopter then climbs to 7000 ft and hovers there.
Forty-five seconds after A leaves the aircraft, B jumps and de-
scends for 13 sec before opening his parachute. Both skydivers
descend at 16 ft/sec with parachutes open. Assume that the sky-
divers fall freely (no effective air resistance) before their para-
chutes open.

a. At what altitude does A’s parachute open?

b. At what altitude does B’s parachute open?
¢. Which skydiver lands first?

Average Daily Inventory

Average value is used in economics to study such things as average
daily inventory. If /(¢) is the number of radios, tires, shoes, or whatever
product a firm has on hand on day ¢ (we call / an inventory function),
the average value of / over a time period [0, 7] is called the firm’s av-
erage daily inventory for the period.

T
Average daily inventory = av(/) = % / 1(t) dt.
0

If 4 is the dollar cost of holding one item per day, the product av(7) - &
is the average daily holding cost for the period.

87.

88.

89.

90.
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As a wholesaler, Tracey Burr Distributors receives a shipment of
1200 cases of chocolate bars every 30 days. TBD sells the choco-
late to retailers at a steady rate, and ¢ days after a shipment ar-
rives, its inventory of cases on hand is () = 1200 — 40¢,
0 = ¢t = 30. What is TBD’s average daily inventory for the 30-
day period? What is its average daily holding cost if the cost of
holding one case is 3¢ a day?

Rich Wholesale Foods, a manufacturer of cookies, stores its cases
of cookies in an air-conditioned warehouse for shipment every 14
days. Rich tries to keep 600 cases on reserve to meet occasional
peaks in demand, so a typical 14-day inventory function is
1(¢) = 600 + 600z,0 = ¢ = 14. The daily holding cost for each
case is 4¢ per day. Find Rich’s average daily inventory and aver-
age daily holding cost.

Solon Container receives 450 drums of plastic pellets every 30
days. The inventory function (drums on hand as a function of
days) is I(t) = 450 — */2. Find the average daily inventory. If
the holding cost for one drum is 2¢ per day, find the average daily
holding cost.

Mitchell Mailorder receives a shipment of 600 cases of athletic
socks every 60 days. The number of cases on hand ¢ days after the
shipment arrives is () = 600 — 20\/15¢. Find the average
daily inventory. If the holding cost for one case is 1/2¢ per day,
find the average daily holding cost.
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