EXERCISES 6.3
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Lengths of Parametrized Curves

Find the lengths of the curves in Exercises 1-6.

23.y=/ tantdt, 0=x=m/6
0

Y
24. x :/ Vsec?t — 1dt, —w/3 =y=m/4
0

Exercise

lLLx=1-1¢ y=2+3, -2/3=t=1
Exercise 2. x=cost, y=t+sint, 0=t=m
3ox=0, y=3%2 0=t=\3
4. x=1%2, y=@Qt+ 1?3, 0=1=4
5. x=2+3)0%%3, y=1+132, 0=t=<3
6. x = 8cost + 8¢sint, y = 8sint — 8tcost, 0=t =/2
Finding Lengths of Curves
Find the lengths of the curves in Exercises 7-16. If you have a grapher,
you may want to graph these curves to see what they look like.
7.y = (1/3)(x* + 2)%? from x=0tox =3
Exercise 8. y=x"? from x=0tox =4

9. x=(3/3) + 1/(4y) from y=1toy=3
(Hint: 1 + (dx/dy)* is a perfect square.)

10. x = (°?/3) —y'? from y=1toy =29
(Hint: 1 + (dx/dy)? is a perfect square.)

11. x = (»*/4) + 1/(8?) from y=ltoy =2
(Hint: 1 + (dx/dy)* is a perfect square.)

12. x = (°/6) + 1/(2y) from y =2toy =3
(Hint: 1 + (dx/dy)* is a perfect square.)

13. y = (3/4x*? — (3/8x** +5, 1=x=38

4. y=(3/3) +x>+x+1/(4x+4), 0=x=2

y
1s.x:/ Vel — Ldi, —mf4 =y = /4
0

16.y:/\/3z4—1dz, —2=x=-1
-2

Finding Integrals for Lengths of Curves
In Exercises 17-24, do the following.
a. Set up an integral for the length of the curve.
b. Graph the curve to see what it looks like.

c¢. Use your grapher’s or computer’s integral evaluator to find
the curve’s length numerically.

17. y=x% —-1=x=2
Exercises] |18 ¥ = tanx, —-7/3=x=0
19. x =siny, 0=y=mw

20 x=VI1-3y% —-12=y=1/)2
21, y2+2y=2x+1 from (—1,—1)to(7,3)

22. y =sinx —xcosx, 0=x=m

Theory and Applications

25. Is there a smooth (continuously differentiable) curve y = f(x)

whose length over the interval 0 = x = a is always V247 Give
reasons for your answer.

26. Using tangent fins to derive the length formula for curves
Assume that f is smooth on [a, b] and partition the interval [a, b]
in the usual way. In each subinterval [x;—j, x;], construct the
tangent fin at the point (x;—1, f(xz—1)), as shown in the accom-
panying figure.

a. Show that the length of the kth tangent fin over the interval
[ve-1, ] equals V/(Ax)? + (' (1) Axe)?.

b. Show that
n b
lim E (length of kth tangent fin) = / V1 + (f'(x))? dx,
n—0 [=1 a

which is the length L of the curve y = f(x) from a to b.

y =/

|
1~ Tangent fin

(g_1s 1) I with slope
: A, : FACTY)
| |
| |
1 1 X
X—1 Xk

27. a. Find a curve through the point (1, 1) whose length integral is

4 1
LZ/ 1+de.

b. How many such curves are there? Give reasons for your
answer.

28. a. Find a curve through the point (0, 1) whose length integral is

2 1
L=/ 1+7dy.
1 y

b. How many such curves are there? Give reasons for your
answer.

29. Length is independent of parametrization To illustrate the
fact that the numbers we get for length do not depend on the way
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30.

Chapter 6: Applications of Definite Integrals

we parametrize our curves (except for the mild restrictions pre-
venting doubling back mentioned earlier), calculate the length of
the semicircle y = V1 — x? with these two different parame-

trizations:
a. x =cos2t, y=sin2t, 0=¢t=<m/2
b. x =sinwt, y=coswt, —1/2=1t=1/2

Find the length of one arch of the cycloid x = a(f — sin6),
y=a(l —cosh),0 =60 =< 27, shown in the accompanying
figure. A cycloid is the curve traced out by a point P on the cir-
cumference of a circle rolling along a straight line, such as the
X-axis.

0 27ma

COMPUTER EXPLORATIONS

In Exercises 31-36, use a CAS to perform the following steps for the
given curve over the closed interval.

31.
32.
33.
34.

3s.

36.

37.

38.

39.
40.

a. Plot the curve together with the polygonal path approxima-
tions for n = 2,4, 8 partition points over the interval. (See
Figure 6.24.)

b. Find the corresponding approximation to the length of the
curve by summing the lengths of the line segments.

c. Evaluate the length of the curve using an integral. Compare
your approximations for n = 2,4, 8 with the actual length
given by the integral. How does the actual length compare
with the approximations as » increases? Explain your answer.

fx)=VI1—-x% —-1=x=1
fx)=x"P+x o0=x=2
f(x) =sin(mx?), 0=x=< V2

f(x) =x*cosx, 0 =x=m

R D
flx) = x3 — x% Il=x=1

x:%ﬁ, :%IZ, 0=r=1

x =20 — 166>+ 25+ 5, y=+1>+1-3,
0=t=6

x=t—cost, y=1+sint, —m=t=m

x=¢e'cost, y=e'sint, 0=t=m
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