
434 Chapter 6: Applications of Definite Integrals

EXERCISES 6.4

Thin Rods
1. An 80-lb child and a 100-lb child are balancing on a seesaw. The

80-lb child is 5 ft from the fulcrum. How far from the fulcrum is
the 100-lb child?

2. The ends of a log are placed on two scales. One scale reads 100 kg
and the other 200 kg. Where is the log’s center of mass?

3. The ends of two thin steel rods of equal length are welded to-
gether to make a right-angled frame. Locate the frame’s center of
mass. (Hint: Where is the center of mass of each rod?)

4. You weld the ends of two steel rods into a right-angled frame. One
rod is twice the length of the other. Where is the frame’s center of
mass? (Hint: Where is the center of mass of each rod?)

Exercises 5–12 give density functions of thin rods lying along various
intervals of the x-axis. Use Equations (3a) through (3c) to find each
rod’s moment about the origin, mass, and center of mass.

5.

6.

7.

8.

9.

10.

11.

12.

Thin Plates with Constant Density
In Exercises 13–24, find the center of mass of a thin plate of constant
density covering the given region.

13. The region bounded by the parabola and the line 

14. The region bounded by the parabola and the x-axis

15. The region bounded by the parabola and the line

16. The region enclosed by the parabolas and y = -2x2y = x2
- 3

y = -x
y = x - x2

y = 25 - x2

y = 4y = x2
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dsxd = 3sx-3>2
+ x-5>2d, 0.25 … x … 1

dsxd = 1 + A1>2x B , 1 … x … 4

dsxd = 2 - sx>4d, 0 … x … 4

dsxd = 1 + sx>3d, 0 … x … 3

dsxd = 4, 1 … x … 3

dsxd = 4, 0 … x … 2

x
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Right-angled weld

L
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17. The region bounded by the y-axis and the curve 

18. The region bounded by the parabola and the line

19. The region bounded by the x-axis and the curve 

20. The region between the x-axis and the curve 

21. The region bounded by the parabolas and

22. a. The region cut from the first quadrant by the circle

b. The region bounded by the x-axis and the semicircle

Compare your answer in part (b) with the answer in part (a).

23. The “triangular” region in the first quadrant between the circle
and the lines and (Hint: Use geome-

try to find the area.)

24. The region bounded above by the curve below by the
curve and on the left and right by the lines and

Also, find 

Thin Plates with Varying Density
25. Find the center of mass of a thin plate covering the region between

the x-axis and the curve if the plate’s den-
sity at the point (x, y) is 

26. Find the center of mass of a thin plate covering the region
bounded below by the parabola and above by the line

if the plate’s density at the point (x, y) is 

27. The region bounded by the curves and the lines
and is revolved about the y-axis to generate a solid.

a. Find the volume of the solid.

b. Find the center of mass of a thin plate covering the region if
the plate’s density at the point (x, y) is 

c. Sketch the plate and show the center of mass in your sketch.

28. The region between the curve and the x-axis from 
to is revolved about the x-axis to generate a solid.

a. Find the volume of the solid.

b. Find the center of mass of a thin plate covering the region if
the plate’s density at the point (x, y) is 

c. Sketch the plate and show the center of mass in your sketch.

Centroids of Triangles
29. The centroid of a triangle lies at the intersection of the trian-

gle’s medians (Figure 6.40a) You may recall that the point
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inside a triangle that lies one-third of the way from each side to-
ward the opposite vertex is the point where the triangle’s three me-
dians intersect. Show that the centroid lies at the intersection of the
medians by showing that it too lies one-third of the way from each
side toward the opposite vertex. To do so, take the following steps.

i. Stand one side of the triangle on the x-axis as in Figure 6.40b.
Express dm in terms of L and dy.

ii. Use similar triangles to show that Substi-
tute this expression for L in your formula for dm.

iii. Show that 

iv. Extend the argument to the other sides.

Use the result in Exercise 29 to find the centroids of the triangles
whose vertices appear in Exercises 30–34. Assume 

30. (1, 0), (0, 3) 31. (0, 0), (1, 0), (0, 1)

32. (0, 0), (a, 0), (0, a) 33. (0, 0), (a, 0), (0, b)

34. (0, 0), (a, 0), (a 2, b)

Thin Wires
35. Constant density Find the moment about the x-axis of a wire

of constant density that lies along the curve from 
to 

36. Constant density Find the moment about the x-axis of a wire
of constant density that lies along the curve from to

37. Variable density Suppose that the density of the wire in Example
6 is (k constant). Find the center of mass.

38. Variable density Suppose that the density of the wire in Example
6 is (k constant). Find the center of mass.

Engineering Formulas
Verify the statements and formulas in Exercises 39–42.

39. The coordinates of the centroid of a differentiable plane curve are

x =

1  x ds

length
,  y =

1  y ds

length
.

d = 1 + k ƒ cos u ƒ

d = k sin u

x = 1.
x = 0y = x3

x = 2.
x = 0y = 2x

>
s -1, 0d ,

a, b 7 0.

FIGURE 6.40 The triangle in Exercise 29. (a) The centroid.
(b) The dimensions and variables to use in locating the center
of mass.
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L = sb>hdsh - yd .

40. Whatever the value of in the equation the 
y-coordinate of the centroid of the parabolic segment shown here
is 

41. For wires and thin rods of constant density shaped like circular
arcs centered at the origin and symmetric about the y-axis, the 
y-coordinate of the center of mass is

42. (Continuation of Exercise 41.)

a. Show that when is small, the distance d from the centroid to
chord AB is about 2h 3 (in the notation of the figure here) by
taking the following steps.

i. Show that

(9)

ii. Graph

and use the trace feature to show that 

b. The error (difference between d and 2h 3) is small even for
angles greater that 45°. See for yourself by evaluating the right-
hand side of Equation (9) for 0.4, 0.6, 0.8, and 1.0 rad.a = 0.2 ,

>
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