
508 Chapter 7: Transcendental Functions

EXERCISES 7.5

The answers to most of the following exercises are in terms of loga-
rithms and exponentials. A calculator can be helpful, enabling you to
express the answers in decimal form.

1. Human evolution continues The analysis of tooth shrinkage
by C. Loring Brace and colleagues at the University of Michi-

gan’s Museum of Anthropology indicates that human tooth size is
continuing to decrease and that the evolutionary process did not
come to a halt some 30,000 years ago as many scientists contend.
In northern Europeans, for example, tooth size reduction now has
a rate of 1% per 1000 years.
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a. If t represents time in years and y represents tooth size, use
the condition that when to find the value
of k in the equation Then use this value of k to
answer the following questions.

b. In about how many years will human teeth be 90% of their
present size?

c. What will be our descendants’ tooth size 20,000 years from
now (as a percentage of our present tooth size)?

(Source: LSA Magazine, Spring 1989, Vol. 12, No. 2, p. 19, Ann
Arbor, MI.)

2. Atmospheric pressure The earth’s atmospheric pressure p is of-
ten modeled by assuming that the rate dp dh at which p changes
with the altitude h above sea level is proportional to p. Suppose
that the pressure at sea level is 1013 millibars (about 14.7 pounds
per square inch) and that the pressure at an altitude of 20 km is 90
millibars.

a. Solve the initial value problem

to express p in terms of h. Determine the values of and k
from the given altitude-pressure data.

b. What is the atmospheric pressure at 

c. At what altitude does the pressure equal 900 millibars?

3. First-order chemical reactions In some chemical reactions,
the rate at which the amount of a substance changes with time is
proportional to the amount present. For the change of 
lactone into gluconic acid, for example,

when t is measured in hours. If there are 100 grams of 
lactone present when how many grams will be left after the
first hour?

4. The inversion of sugar The processing of raw sugar has a step
called “inversion” that changes the sugar’s molecular structure.
Once the process has begun, the rate of change of the amount of
raw sugar is proportional to the amount of raw sugar remaining.
If 1000 kg of raw sugar reduces to 800 kg of raw sugar during
the first 10 hours, how much raw sugar will remain after another
14 hours?

5. Working underwater The intensity L(x) of light x feet beneath
the surface of the ocean satisfies the differential equation

As a diver, you know from experience that diving to 18 ft in the
Caribbean Sea cuts the intensity in half. You cannot work without
artificial light when the intensity falls below one-tenth of the sur-
face value. About how deep can you expect to work without artifi-
cial light?

dL
dx

= -kL .

t = 0,
d-glucono

dy

dt
= -0.6y

d-glucono

h = 50 km?

p0

Differential equation: dp>dh = kp sk a constantd
Initial condition: p = p0 when h = 0

>

y = y0 e kt .
t = 1000y = 0.99y0

6. Voltage in a discharging capacitor Suppose that electricity is
draining from a capacitor at a rate that is proportional to the volt-
age V across its terminals and that, if t is measured in seconds,

Solve this equation for V, using to denote the value of V when
How long will it take the voltage to drop to 10% of its

original value?

7. Cholera bacteria Suppose that the bacteria in a colony can
grow unchecked, by the law of exponential change. The colony
starts with 1 bacterium and doubles every half-hour. How many
bacteria will the colony contain at the end of 24 hours? (Under fa-
vorable laboratory conditions, the number of cholera bacteria can
double every 30 min. In an infected person, many bacteria are de-
stroyed, but this example helps explain why a person who feels
well in the morning may be dangerously ill by evening.)

8. Growth of bacteria A colony of bacteria is grown under ideal
conditions in a laboratory so that the population increases expo-
nentially with time. At the end of 3 hours there are 10,000 bacte-
ria. At the end of 5 hours there are 40,000. How many bacteria
were present initially?

9. The incidence of a disease (Continuation of Example 1.) Sup-
pose that in any given year the number of cases can be reduced by
25% instead of 20%.

a. How long will it take to reduce the number of cases to 1000?

b. How long will it take to eradicate the disease, that is, reduce
the number of cases to less than 1?

10. The U.S. population The Museum of Science in Boston dis-
plays a running total of the U.S. population. On May 11, 1993, the
total was increasing at the rate of 1 person every 14 sec. The dis-
played population figure for 3:45 P.M. that day was 257,313,431.

a. Assuming exponential growth at a constant rate, find the rate
constant for the population’s growth (people per 365-day
year).

b. At this rate, what will the U.S. population be at 3:45 P.M.
Boston time on May 11, 2008?

11. Oil depletion Suppose the amount of oil pumped from one of
the canyon wells in Whittier, California, decreases at the continu-
ous rate of 10% per year. When will the well’s output fall to one-
fifth of its present value?

12. Continuous price discounting To encourage buyers to place
100-unit orders, your firm’s sales department applies a continu-
ous discount that makes the unit price a function p(x) of the num-
ber of units x ordered. The discount decreases the price at the rate
of $0.01 per unit ordered. The price per unit for a 100-unit order
is 

a. Find p(x) by solving the following initial value problem:

Differential equation:
dp

dx
= -

1
100

 p

Initial condition: ps100d = 20.09.

ps100d = $20.09.

t = 0.
V0

dV
dt

= -

1
40

 V .

4100 AWL/Thomas_ch07p466-552  8/20/04  10:02 AM  Page 509

http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html
tcu0705a.html
tcu0705a.html
tcu0705b.html
tcu0705b.html


b. Find the unit price p(10) for a 10-unit order and the unit price
p(90) for a 90-unit order.

c. The sales department has asked you to find out if it is
discounting so much that the firm’s revenue, 
will actually be less for a 100-unit order than, say, for a 90-
unit order. Reassure them by showing that r has its maximum
value at 

d. Graph the revenue function for 

13. Continuously compounded interest You have just placed 
dollars in a bank account that pays 4% interest, compounded con-
tinuously.

a. How much money will you have in the account in 5 years?

b. How long will it take your money to double? To triple?

14. John Napier’s question John Napier (1550–1617), the Scottish
laird who invented logarithms, was the first person to answer the
question, What happens if you invest an amount of money at
100% interest, compounded continuously?

a. What does happen?

b. How long does it take to triple your money?

c. How much can you earn in a year?

Give reasons for your answers.

15. Benjamin Franklin’s will The Franklin Technical Institute of
Boston owes its existence to a provision in a codicil to Benjamin
Franklin’s will. In part the codicil reads:

I wish to be useful even after my Death, if possible, in form-
ing and advancing other young men that may be serviceable
to their Country in both Boston and Philadelphia. To this end
I devote Two thousand Pounds Sterling, which I give, one
thousand thereof to the Inhabitants of the Town of Boston in
Massachusetts, and the other thousand to the inhabitants of
the City of Philadelphia, in Trust and for the Uses, Interests
and Purposes hereinafter mentioned and declared.

Franklin’s plan was to lend money to young apprentices at 5% inter-
est with the provision that each borrower should pay each year along

with the yearly Interest, one tenth part of the Principal,
which sums of Principal and Interest shall be again let to fresh
Borrowers. If this plan is executed and succeeds as pro-
jected without interruption for one hundred Years, the Sum
will then be one hundred and thirty-one thousand Pounds of
which I would have the Managers of the Donation to the In-
habitants of the Town of Boston, then lay out at their discretion
one hundred thousand Pounds in Public Works. The re-
maining thirty-one thousand Pounds, I would have continued
to be let out on Interest in the manner above directed for an-
other hundred Years. At the end of this second term if no
unfortunate accident has prevented the operation the sum will
be Four Millions and Sixty-one Thousand Pounds.

Á

Á

Á

Á

A0

0 … x … 200.rsxd = xpsxd
x = 100.

rsxd = x # psxd ,

It was not always possible to find as many borrowers as
Franklin had planned, but the managers of the trust did the best
they could. At the end of 100 years from the reception of the
Franklin gift, in January 1894, the fund had grown from 1000
pounds to almost exactly 90,000 pounds. In 100 years the original
capital had multiplied about 90 times instead of the 131 times
Franklin had imagined.

What rate of interest, compounded continuously for 100 years,
would have multiplied Benjamin Franklin’s original capital by
90?

16. (Continuation of Exercise 15.) In Benjamin Franklin’s estimate
that the original 1000 pounds would grow to 131,000 in 100 years,
he was using an annual rate of 5% and compounding once each
year. What rate of interest per year when compounded continu-
ously for 100 years would multiply the original amount by 131?

17. Radon-222 The decay equation for radon-222 gas is known to
be with t in days. About how long will it take the
radon in a sealed sample of air to fall to 90% of its original value?

18. Polonium-210 The half-life of polonium is 139 days, but your
sample will not be useful to you after 95% of the radioactive nu-
clei present on the day the sample arrives has disintegrated. For
about how many days after the sample arrives will you be able to
use the polonium?

19. The mean life of a radioactive nucleus Physicists using the ra-
dioactivity equation call the number 1 k the mean life
of a radioactive nucleus. The mean life of a radon nucleus is about

The mean life of a carbon-14 nucleus is more
than 8000 years. Show that 95% of the radioactive nuclei originally
present in a sample will disintegrate within three mean lifetimes,
i.e., by time Thus, the mean life of a nucleus gives a quick
way to estimate how long the radioactivity of a sample will last.

20. Californium-252 What costs $27 million per gram and can be
used to treat brain cancer, analyze coal for its sulfur content, and
detect explosives in luggage? The answer is californium-252, a
radioactive isotope so rare that only 8 g of it have been made in
the western world since its discovery by Glenn Seaborg in 1950.
The half-life of the isotope is 2.645 years—long enough for a
useful service life and short enough to have a high radioactivity
per unit mass. One microgram of the isotope releases 170 million
neutrons per second.

a. What is the value of k in the decay equation for this isotope?

b. What is the isotope’s mean life? (See Exercise 19.)

c. How long will it take 95% of a sample’s radioactive nuclei to
disintegrate?

21. Cooling soup Suppose that a cup of soup cooled from 90°C to
60°C after 10 min in a room whose temperature was 20°C. Use
Newton’s law of cooling to answer the following questions.

a. How much longer would it take the soup to cool to 35°C?

b. Instead of being left to stand in the room, the cup of 90°C
soup is put in a freezer whose temperature is How
long will it take the soup to cool from 90°C to 35°C?

-15°C.

t = 3>k .

1>0.18 = 5.6 days .

>y = y0 e-kt

y = y0 e-0.18t ,
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22. A beam of unknown temperature An aluminum beam was
brought from the outside cold into a machine shop where the tem-
perature was held at 65°F. After 10 min, the beam warmed to 35°F
and after another 10 min it was 50°F. Use Newton’s law of cooling
to estimate the beam’s initial temperature.

23. Surrounding medium of unknown temperature A pan of
warm water (46°C) was put in a refrigerator. Ten minutes later,
the water’s temperature was 39°C; 10 min after that, it was 33°C.
Use Newton’s law of cooling to estimate how cold the refrigerator
was.

24. Silver cooling in air The temperature of an ingot of silver is
60°C above room temperature right now. Twenty minutes ago, it
was 70°C above room temperature. How far above room tempera-
ture will the silver be

a. 15 min from now?

b. 2 hours from now?

c. When will the silver be 10°C above room temperature?

25. The age of Crater Lake The charcoal from a tree killed in the
volcanic eruption that formed Crater Lake in Oregon contained
44.5% of the carbon-14 found in living matter. About how old is
Crater Lake?

26. The sensitivity of carbon-14 dating to measurement To see
the effect of a relatively small error in the estimate of the amount
of carbon-14 in a sample being dated, consider this hypothetical
situation:

a. A fossilized bone found in central Illinois in the year A.D.
2000 contains 17% of its original carbon-14 content. Estimate
the year the animal died.

b. Repeat part (a) assuming 18% instead of 17%.

c. Repeat part (a) assuming 16% instead of 17%.

27. Art forgery A painting attributed to Vermeer (1632–1675),
which should contain no more than 96.2% of its original carbon-
14, contains 99.5% instead. About how old is the forgery?
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