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m Integral Tables and Computer Algebra Systems

As we have studied, the basic techniques of integration are substitution and integration by
parts. We apply these techniques to transform unfamiliar integrals into integrals whose forms
we recognize or can find in a table. But where do the integrals in the tables come from? They
come from applying substitutions and integration by parts, or by differentiating important
functions that arise in practice or applications and tabling the results (as we did in creating
Table 8.1). When an integral matches an integral in the table or can be changed into one of
the tabulated integrals with some appropriate combination of algebra, trigonometry, substitu-
tion, and calculus, the matched result can be used to solve the integration problem at hand.

Computer Algebra Systems (CAS) can also be used to evaluate an integral, if such a
system is available. However, beware that there are many relatively simple functions, like
sin (x?) or 1/In x for which even the most powerful computer algebra systems cannot find
explicit antiderivative formulas because no such formulas exist.

In this section we discuss how to use tables and computer algebra systems to evaluate
integrals.

Integral Tables

A Brief Table of Integrals is provided at the back of the book, after the index. (More extensive
tables appear in compilations such as CRC Mathematical Tables, which contain thousands of
integrals.) The integration formulas are stated in terms of constants a, b, ¢, m, n, and so on.
These constants can usually assume any real value and need not be integers. Occasional
limitations on their values are stated with the formulas. Formula 5 requires n # —1, for
example, and Formula 11 requires n # 2.

The formulas also assume that the constants do not take on values that require dividing
by zero or taking even roots of negative numbers. For example, Formula 8 assumes that
a # 0, and Formulas 13(a) and (b) cannot be used unless b is positive.

The integrals in Examples 1-5 of this section can be evaluated using algebraic
manipulation, substitution, or integration by parts. Here we illustrate how the integrals
are found using the Brief Table of Integrals.

EXAMPLE 1  Find

/x(Zx + 5) ! dx.
Solution We use Formula 8 (not 7, which requires n # —1):
—1 _ X b
x(ax + b) " dx =3 — —Inlax + b| + C.
a
Witha = 2and b = 5, we have

/x(2x+5)_ldx=)2c—iln|2x+5|+C. |

EXAMPLE 2  Find
/ dx
xVox + 4

Copyright © 2005 Pearson Education, Inc., publishing as Pearson Addison-Wesley


http://media.pearsoncmg.com/aw/aw_mml_shared_1/copyright.html
bounce08.html?3_2_l

594

Chapter 8: Techniques of Integration

Solution We use Formula 13(b):

/ dx :lln‘\/ax-kb—\/l;
xVax + b Vb Vax + b + Vb

Witha = 2and b = 4, we have

+ C, ifb > 0.

/dleln‘\/Zx-f- —\/Z‘+C
Vo +4 Va4 IV +4+ V4

Vix+4-2
Vox + 4 +2

Formula 13(a), which would require » < 0 here, is not appropriate in Example 2. It is
appropriate, however, in the next example.

_ 1
—2ln‘ ‘+C. ]

EXAMPLE 3  Find

dx
/ xVox — 4
Solution We use Formula 13(a):
dx 2 -1 Jax — b
———— = ——tan + C.
/x Vax —b Vb b

Witha = 2 and b = 4, we have

dx 2 1 [2x — 4 . x=2
—F—— = ——tan + C = tan + C. [
/x\/Zx—4 V4 Vo4 Vo2

EXAMPLE 4  Find

dx
/ x2V2x — 4 '
Solution We begin with Formula 15:

/ dx _ _Vax+b a dx L C
x>Vax + b bx 2b) sNax + b

Witha = 2and b = —4, we have

/ dx :_\/2x—4+ 2/ dx +C
x2V2ox — 4 A 2:4) W -4 .
We then use Formula 13(a) to evaluate the integral on the right (Example 3) to obtain

V2x —4 1, | [x—2

= + —-tan

dx
/xz‘ /2y — 4 4x 4 2

EXAMPLE 5 Find
/ xsin ' xdx.
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Solution We use Formula 99:

n+1 n+1
. X . a x""dx
x"sin"'ax dx = sin”'ax — , n#—1.
n+1 n+1 1 — a2

Withn = 1anda = 1, we have

/xsinlxdx LZSlnlx—l _xldx
2 V1 — x?
The integral on the right is found in the table as Formula 33:

2
a -1 (X 1 2 2
sin =] —=xVa —x*+ C.

Witha = 1,

xdx 1 -1 1 2
sin_ ' x — x\/l—x + C.
V11— x? 2

The combined result is
-1 x2 -1 1 1 -1 1 2
xsin xdx = 5 sin x =5 |5sin x—Ex\/l —-x+C
=<—‘1‘)1n x+ xV1—x+C. u

Reduction Formulas

The time required for repeated integrations by parts can sometimes be shortened by applying
formulas like

/tan”xdx = l 1tan”_lx - /tan”_zxdx (1)
/(lnx)" dx = x(Inx)" — n/ (Inx)"'dx ()
son—1 m+1 _
/sin”xcosmxdx — S Xcos x 7 1/sin”zxcos"’xa’x (n # —m).
m+n m+n

(3)
Formulas like these are called reduction formulas because they replace an integral con-
taining some power of a function with an integral of the same form with the power
reduced. By applying such a formula repeatedly, we can eventually express the original

integral in terms of a power low enough to be evaluated directly.

EXAMPLE 6  Using a Reduction Formula

Find
/ tan® x dx.
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Solution We apply Equation (1) with n = 5 to get

/tansxdx = %tan“x — /tan3xdx.

We then apply Equation (1) again, with n = 3, to evaluate the remaining integral:

/tan3xdx = %tanzx - /tanxdx = %tanzx + In |cosx| + C.

The combined result is

/tansxdx = %tan“x - %tanzx — In|cosx| + C'.

As their form suggests, reduction formulas are derived by integration by parts.
EXAMPLE 7  Deriving a Reduction Formula
Show that for any positive integer 7,

/(lnx)” dx = x(Inx)" — n/ (Inx)"" " dx.

Solution We use the integration by parts formula
/udl):uv—/vdu

1 dx

X

with
u = (Inx)", du = n(Inx)"~
to obtain
/(1nx)" dx = x(Inx)" — n/ (Inx)""dx.

Sometimes two reduction formulas come into play.

/ sin® x cos® x dx.

Solution 1 We apply Equation (3) withn = 2 and m = 3 to get

. 4
. Sin x cos™ x 1 .
/ sin®xcos® xdx = — + / sin’ x cos® x dx

EXAMPLE 8  Find

2+3 2+3

: 4
= _7smx§0s X 4 é/ cos’ x dx.

We can evaluate the remaining integral with Formula 61 (another reduction formula):

n—1 :
cos" ‘axsinax , n — 1 _
/cos"axdx = na + = /cos" 2ax dx.
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Withn = 3 anda = 1, we have

2 .
Ccos“ x sin x 2
/cos3xdx=3 +3/cosxdx

2 .
COS” X SIn X 2 .
=3 + 3 sinx + C.

The combined result is

. 4 ,
. Sin X cos™ x 1 {cos“xsinx 2 .
/51n2xcos3xdx=— +( +smx+C>

5 5 3 3
: 4 2
__sinxcos’x |, cos xsinx 2 . ,
= 5 + G +Tssmx+C.

Solution 2 Equation (3) corresponds to Formula 68 in the table, but there is another
formula we might use, namely Formula 69. With @ = 1, Formula 69 gives

sontl 1

e
. sin”" " xcos” 'x m— 1 . _
sin” x cos”x dx = + sin” x cos”™ % x dx.
m—+n m+ n

In our case, n = 2 and m = 3, so that

-3 2
. sin”xcos“x | 2 .
/51n2xcos3xdx =——F7—+ / sin x cos x dx

5 5

03 2 03
_ sin"xcos"x | 2 [sin’x
- sitaeods 2 ()

i3 2
— S Xcos x XSCOS L4 %sin3x + C.

As you can see, it is faster to use Formula 69, but we often cannot tell beforehand how

things will work out. Do not spend a lot of time looking for the “best” formula. Just find
one that will work and forge ahead.

Notice also that Formulas 68 (Solution 1) and 69 (Solution 2) lead to different-

looking answers. That is often the case with trigonometric integrals and is no cause for

concern. The results are equivalent, and we may use whichever one we please. [

Nonelementary Integrals

The development of computers and calculators that find antiderivatives by symbolic manip-
ulation has led to a renewed interest in determining which antiderivatives can be expressed
as finite combinations of elementary functions (the functions we have been studying) and
which cannot. Integrals of functions that do not have elementary antiderivatives are called
nonelementary integrals. They require infinite series (Chapter 11) or numerical methods
for their evaluation. Examples of the latter include the error function (which measures the
probability of random errors)

2 [T
erf(x)z/ e dt
Vr Jo

and integrals such as

/Sinxzdx and / V1 + x*dx
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that arise in engineering and physics. These and a number of others, such as

/ € i, / ¢ dx. / dr, / In (Inx) d, / SI0X

/\/1 — k%sin’xdy, 0<k<1,

look so easy they tempt us to try them just to see how they turn out. It can be proved, however,
that there is no way to express these integrals as finite combinations of elementary functions.
The same applies to integrals that can be changed into these by substitution. The integrands all
have antiderivatives, as a consequence of the Fundamental Theorem of the Calculus, Part 1,
because they are continuous. However, none of the antiderivatives is elementary.

None of the integrals you are asked to evaluate in the present chapter falls into this
category, but you may encounter nonelementary integrals in your other work.
Integration with a CAS

A powerful capability of computer algebra systems is their ability to integrate symboli-
cally. This is performed with the integrate command specified by the particular system
(for example, int in Maple, Integrate in Mathematica).
EXAMPLE 9  Using a CAS with a Named Function
Suppose that you want to evaluate the indefinite integral of the function

flx) = 2Va? + 2.
Using Maple, you first define or name the function:

> fi= x"2*sqrt (a2 + x"2);
Then you use the integrate command on f, identifying the variable of integration:
> int(f, x);

Maple returns the answer
%x(a2 + X232 — %azx\/a2 + X2 - %a“ln (x + Vd* + ¥2).
If you want to see if the answer can be simplified, enter
> simplify(%);
Maple returns

lazx a* + x2 + %363\/612 + x% — la4ln(x + Va? +x2).

8 8

If you want the definite integral for 0 < x =< /2, you can use the format
> int(f, x = 0..Pi/2);
Maple (Version 5.1) will return the expression

éﬂr(4a2 + 72)32) — iazﬂ' 4a* + 7 + %a"ln (2)

€

160141n (a?).

—éa“ln(ﬂ'—k 4a2+772> +
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You can also find the definite integral for a particular value of the constant a:
> a=1;
> int(f,x = 0..1);

Maple returns the numerical answer

V2 4+ 4m(V2 - 1). ¥

EXAMPLE 10  Using a CAS Without Naming the Function

Use a CAS to find
/ sin® x cos® x dx.

Solution With Maple, we have the entry
> int ((sin”2)(x) * (cos”3)(x), x);

with the immediate return

_1 . 2 2
5 sin(x) cos(x)* + 5 cos(x)* sin(x) + 5 sin(x). ]

EXAMPLE 11 A CAS May Not Return a Closed Form Solution

Use a CAS to find
/ (cos ™' ax)? dx.

Solution Using Maple, we enter
> int((arccos(a * x))"2, x);

and Maple returns the expression

/ arccos(ax)? dx,
indicating that it does not have a closed form solution known by Maple. In Chapter 11, you
will see how series expansion may help to evaluate such an integral. [

Computer algebra systems vary in how they process integrations. We used Maple 5.1
in Examples 9—11. Mathematica 4 would have returned somewhat different results:

1. In Example 9, given
In [1]:= Integrate [x"2 * Sqrt [a”"2 + x"2], x]

Mathematica returns

2 3
Out [1]= Va* + x* (ax + x> - lcz“Log[x + Va? +x2]

8 4 8

without having to simplify an intermediate result. The answer is close to Formula 22
in the integral tables.
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2. The Mathematica answer to the integral
In [2]:= Integrate [Sin [x]"2 * Cos [x]"3, x]
in Example 10 is

N
Skl 1 Gy - =

Out [2]= 18

Sin[5 x]

differing from both the Maple answer and the answers in Example 8.
3. Mathematica does give a result for the integration
In [3]:= Integrate [ArcCos [a * x]"2, x]
in Example 11, provided a # 0:

2V1 — a®x?* ArcCos [a x]
a

Out [3]= —2x —

+ x ArcCos [a x]?

Although a CAS is very powerful and can aid us in solving difficult problems, each CAS
has its own limitations. There are even situations where a CAS may further complicate a
problem (in the sense of producing an answer that is extremely difficult to use or inter-
pret). Note, too, that neither Maple nor Mathematica return an arbitrary constant +C. On
the other hand, a little mathematical thinking on your part may reduce the problem to one
that is quite easy to handle. We provide an example in Exercise 111.
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