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As we have seen, the ideal way to evaluate a definite integral fab f(x) dx is to find a for-
mula F(x) for one of the antiderivatives of f(x) and calculate the number F(b) — F(a).
But some antiderivatives require considerable work to find, and still others, like the anti-
derivatives of sin (xz), l/Inx,and V1 + x*, have no elementary formulas.

Another situation arises when a function is defined by a table whose entries were ob-
tained experimentally through instrument readings. In this case a formula for the function
may not even exist.

Whatever the reason, when we cannot evaluate a definite integral with an antideriva-
tive, we turn to numerical methods such as the Trapezoidal Rule and Simpson s Rule devel-
oped in this section. These rules usually require far fewer subdivisions of the integration
interval to get accurate results compared to the various rectangle rules presented in
Sections 5.1 and 5.2. We also estimate the error obtained when using these approximation
methods.

Trapezoidal Approximations

When we cannot find a workable antiderivative for a function f that we have to integrate,
we partition the interval of integration, replace f by a closely fitting polynomial on each
subinterval, integrate the polynomials, and add the results to approximate the integral of f.
In our presentation we assume that f is positive, but the only requirement is for f to be
continuous over the interval of integration [a, b].

The Trapezoidal Rule for the value of a definite integral is based on approximating
the region between a curve and the x-axis with trapezoids instead of rectangles, as in
Figure 8.10. It is not necessary for the subdivision points xg, x|, X2, . . . , X, in the figure to
be evenly spaced, but the resulting formula is simpler if they are. We therefore assume that
the length of each subinterval is

The length Ax = (b — a)/n is called the step size or mesh size. The area of the trapezoid
that lies above the ith subinterval is

Yi-1 T Yi A
Ax<2 ) = TX(yi—l + ¥,
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y =/
Trapezoid area
1o+ y)Ax
Y1 Y2 Yn—1 |Yn
X
Xg=a x Xy fe—| x-1 x,=0

Ax

FIGURE 8.10 The Trapezoidal Rule approximates short
stretches of the curve y = f(x) with line segments. To
approximate the integral of f from a to b, we add the areas
of the trapezoids made by joining the ends of the segments
to the x-axis.

where y;—1 = f(x;—1) and y; = f(x;). This area is the length Ax of the trapezoid’s horizontal
“altitude” times the average of its two vertical “bases.” (See Figure 8.10.) The area below the
curve y = f(x) and above the x-axis is then approximated by adding the areas of all the

trapezoids:
1 1
T = E(yo + y1)Ax + E(yl + y)Ax + -+
1 1
+ j(yn—Z + yn—l)Ax + E(yn—l + yn)Ax
_ 1 1
= Ax Yoty tyat e F yar Sy
_ Ax
=5 ot 2+ 2+ 21 F ),
where
yO = f(a)a yl = f(xl)s LR ) J’nfl = f(xnfl), J’n = f(b)

The Trapezoidal Rule says: Use 7 to estimate the integral of f from a to b.

The Trapezoidal Rule
To approximate fa b f(x) dx, use

T=A2x<yo+2y1 T2t 2y +yn).

The y’s are the values of f at the partition points

Xx=ax =a+Ax,xx=a+2Ax, ....,x,-1=a+ (n— 1)Ax,x, = b,
where Ax = (b — a)/n.
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FIGURE 8.11 The trapezoidal
approximation of the area under the graph
of y = x*fromx = 1 tox = 2isaslight
overestimate (Example 1).

TABLE 8.3

X y=x2

1
25

16
36

16
49

16
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EXAMPLE 1 Applying the Trapezoidal Rule

. . . 2 . .
Use the Trapezoidal Rule with n = 4 to estimate fl x? dx. Compare the estimate with the
exact value.

Solution Partition [1, 2] into four subintervals of equal length (Figure 8.11). Then eval-
uate y = x? at each partition point (Table 8.3).

Using these y values, n = 4, and Ax = (2 — 1)/4 = 1/4 in the Trapezoidal Rule, we
have

A
= Tx (yo + 21 + 2y + 213 +y4>

1 25 36, (49
-1 <1 +2(16> +2(16) +2(16) +4)
75

=3 2.34375.

The exact value of the integral is

2 372
2 _ X :§_1:Z
[xa’x—3}1 3733

The T approximation overestimates the integral by about half a percent of its true value of
7/3. The percentage error is(2.34375 — 7/3)/(7/3) = 0.00446, or 0.446%. |

T

We could have predicted that the Trapezoidal Rule would overestimate the integral in
Example 1 by considering the geometry of the graph in Figure 8.11. Since the parabola is
concave up, the approximating segments lie above the curve, giving each trapezoid slightly
more area than the corresponding strip under the curve. In Figure 8.10, we see that the
straight segments lie under the curve on those intervals where the curve is concave down,
causing the Trapezoidal Rule to underestimate the integral on those intervals.

EXAMPLE 2  Averaging Temperatures

An observer measures the outside temperature every hour from noon until midnight,
recording the temperatures in the following table.

Time N 1 2 3 4 5 6 7 8 9 10 11 M
Temp 63 65 66 68 70 69 68 68 65 64 62 58 55

What was the average temperature for the 12-hour period?

Solution We are looking for the average value of a continuous function (temperature)
for which we know values at discrete times that are one unit apart. We need to find

1 b
o) = 5y [ s,

without having a formula for f(x). The integral, however, can be approximated by the
Trapezoidal Rule, using the temperatures in the table as function values at the points of a
12-subinterval partition of the 12-hour interval (making Ax = 1).

A
Tzzx(yo+2y1 +2y2+"'+2y11 +y12>
=;_<63 + 2465 + 2466 + - + 258 + 55)
— 782
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Using 7 to approximate fab f(x) dx, we have

JUREER S U -
av(f) m 5+ T= 15782 ~ 65.17.

Rounding to the accuracy of the given data, we estimate the average temperature as
65 degrees. [

Error Estimates for the Trapezoidal Rule

As n increases and the step size Ax = (b — a)/n approaches zero, T approaches the exact
value of fab f(x) dx. To see why, write

1 1
T= AX(zyo+y1 Tyt e +2yn>

1
(vi +y2 + -+ y)Ax +§(y0 — yn) Ax

S fAx + 7 1(@) ~ f(b)] Ax.
Asn— 00 and Ax—0,

n b
s ds — / fo)dy  and S [f@) = f(b)]Ax—>0.

Therefore,

b b
lim T = / f(x)dx + 0 = / f(x) dx.
n—0 a a
This means that in theory we can make the difference between 7 and the integral as small
as we want by taking n large enough, assuming only that f is integrable. In practice,
though, how do we tell how large n should be for a given tolerance?

We answer this question with a result from advanced calculus, which says that if f” is
continuous on [a, b], then

b
b — "
/ fx)dx =T — B a - f"(e)(Ax)?
for some number ¢ between a and b. Thus, as Ax approaches zero, the error defined by
Er= =250 e any
! 12

approaches zero as the square of Ax.
The inequality

|Er| = amax|f”(x)|(Ax)2,

b —

12
where max refers to the interval [a, b], gives an upper bound for the magnitude of the error.
In practice, we usually cannot find the exact value of max|f”(x)| and have to estimate an

upper bound or “worst case” value for it instead. If M is any upper bound for the values of
| f"(x)| on [a, b], so that | f"(x)| = M on [a, b], then

12

|Er| = 4 M(Ax)?.
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Example 3.

Graph of the integrand in
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If we substitute (b — a)/n for Ax, we get
This is the inequality we normally use in estimating | E7| . We find the best M we can and

go on to estimate |E7| from there. This may sound careless, but it works. To make |E7]|
small for a given M, we just make n large.

The Error Estimate for the Trapezoidal Rule

If f” is continuous and M is any upper bound for the values of |f”| on [a, b],
then the error E7 in the trapezoidal approximation of the integral of f from a to b
for n steps satisfies the inequality

EXAMPLE 3  Bounding the Trapezoidal Rule Error

Find an upper bound for the error incurred in estimating

w
/ X sin x dx
0

with the Trapezoidal Rule with n = 10 steps (Figure 8.12).

Solution Witha = 0,5 = 7, and n = 10, the error estimate gives

M(b — 0)3 _ T
1222 1200

|ET| = M.
The number M can be any upper bound for the magnitude of the second derivative of
f(x) = xsinx on [0, 7]. A routine calculation gives

f"(x) = 2cosx — xsinx,
SO

|f"(x)] = |2cosx — xsinx]
= 2|cosx| + |x]|sinx| ,
|cos x| and |sin x|
=2'1+mwm-1=2+m. never exceed 1, and
0=x=m.

We can safely take M = 2 + @. Therefore,

|ET| = 12001\4 = 1200 < 0.133. Rounded up to be safe

The absolute error is no greater than 0.133.
For greater accuracy, we would not try to improve M but would take more steps. With
n = 100 steps, for example, we get

2 + m)m

RSl - -3
120,000 < 0.00133 = 1.33 X 107" ]

|Er| =
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2+ (1,2)

FIGURE 8.13 The continuous function
y = 2/x3 has its maximum value on [1, 2]
atx = 1.

Ola=xy x; x I<h>l X, x,=b

FIGURE 8.14 Simpson’s Rule
approximates short stretches of the curve
with parabolas.

Y
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X:szJerJrC

Yo Y1 Y2

—h 0 h

FIGURE 8.15 By integrating from —/ to
h, we find the shaded area to be

h
g(yo + 4y + ).

EXAMPLE 4  Finding How Many Steps Are Needed for a Specific Accuracy

How many subdivisions should be used in the Trapezoidal Rule to approximate

2
ln2=[ < dx

with an error whose absolute value is less than 1072

Solution Witha = 1 and b = 2, the error estimate is

M2 — 1) _ M

Ef| = .
|Exl 1202 1212

This is one of the rare cases in which we actually can find max | f” | rather than having
to settle for an upper bound M. With f(x) = 1/x, we find

won _ d* 32
f(x)—ﬁ(xl)—2x3—;-

On [1, 2], y = 2/x° decreases steadily from a maximum of y = 2 to a minimum of
y = 1/4 (Figure 8.13). Therefore, M = 2 and

2 |
Ef| = =,
| Exl 1212 6n?

The error’s absolute value will therefore be less than 107# if

4
L 1074, 107 n?, 100 n, or  40.83 < n.

6n’ 6 Ve
The first integer beyond 40.83 is n = 41. With n = 41 subdivisions we can guarantee
calculating In 2 with an error of magnitude less than10™*. Any larger » will work, too. =

Simpson’s Rule: Approximations Using Parabolas

Riemann sums and the Trapezoidal Rule both give reasonable approximations to the
integral of a continuous function over a closed interval. The Trapezoidal Rule is more
efficient, giving a better approximation for small values of n, which makes it a faster
algorithm for numerical integration.

Another rule for approximating the definite integral of a continuous function results
from using parabolas instead of the straight line segments which produced trapezoids. As
before, we partition the interval [a, b] into n subintervals of equal length 4 = Ax =
(b — a)/n, but this time we require that n be an even number. On each consecutive pair of
intervals we approximate the curve y = f(x) = 0 by a parabola, as shown in Figure 8.14.
A typical parabola passes through three consecutive points (x;—1, y;—1), (xi, ¥;), and
(xi+1, yi+1) on the curve.

Let’s calculate the shaded area beneath a parabola passing through three consecu-
tive points. To simplify our calculations, we first take the case where xo = —h,x; = 0,
and x, = h (Figure 8.15), where 7 = Ax = (b — a)/n. The area under the parabola
will be the same if we shift the y-axis to the left or right. The parabola has an equation
of the form

y = Ax*+ Bx + C,
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so the area under it fromx = —htox = his

h
4, = / (Ax* + Bx + C) dx
—h

_ Ax® | BX? h
=73 + ) + Cx]_h
2411

+ 2Ch = g(ZAhz + 6C).

Since the curve passes through the three points (=%, yo), (0, y1), and (A, y,), we also have
yo=Ah* —Bh + C, y=C, y,=Ah*>+ Bh+ C,
from which we obtain

CZJ’]:
AR = Bh = yo = y1,
Ahz + Bh =Y )i

2417 = yo + v, — 2.
Hence, expressing the area 4, in terms of the ordinates yo, y1, and y,, we have
_h 5 _h _h
Ap =3 Q24h" + 6C) = Z((yo + y2 = 201) + 61) = 3 (o + 4y + y2).
Now shifting the parabola horizontally to its shaded position in Figure 8.14 does not

change the area under it. Thus the area under the parabola through (xo, yo), (x1, y1), and
(x2, y2) in Figure 8.14 is still

h
3 o+ 41 +2).
Similarly, the area under the parabola through the points (x;, 2), (x3, ¥3), and (x4, y4) is
h
32+ 4y £ ).
Computing the areas under all the parabolas and adding the results gives the approximation

b
h h
/ f(x) dx “g(yo + 4y + ) +§(y2 + 4y +y4) 0o

h
+ 32 + Ayt £ 00)
h
= g(yo + 4_)/1 + 2_)/2 + 4_)/3 + 2_)/4 + -+ 2y,,,2 + 4Yn71 +yn)-

The result is known as Simpson’s Rule, and it is again valid for any continuous function
y = f(x) (Exercise 38). The function need not be positive, as in our derivation. The
number 7 of subintervals must be even to apply the rule because each parabolic arc uses
two subintervals.
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TABLE 8.4

x y = 5x*
0 0

1 S

2 16

1 5

3 405

2 16

2 80

Simpson’s Rule
To approximate | ab f(x) dx, use

A
S = Tx(y() + 4y + 2+ 43+ 20 + Ay +yn).

The y’s are the values of f at the partition points

Xo=ax1=a+ Ax,xo=a+2Ax, ..., x,-1 =a+ (n — 1)Ax,x, = b.
The number 7 is even, and Ax = (b — a)/n.

Note the pattern of the coefficients in the above rule: 1,4,2,4,2,4,2,...,4,2,1.

EXAMPLE 5  Applying Simpson’s Rule

Use Simpson’s Rule with » = 4 to approximate foz 5x% dx.

Solution Partition [0, 2] into four subintervals and evaluate y = 5x* at the partition
points (Table 8.4). Then apply Simpson’s Rule with n = 4 and Ax = 1/2:

A
= Tx (yo + 4y + 2y + 4y +y4>

1 5 405

= 32E.

S

This estimate differs from the exact value (32) by only 1/12, a percentage error of less
than three-tenths of one percent, and this was with just four subintervals. [

Error Estimates for Simpson’s Rule

To estimate the error in Simpson’s rule, we start with a result from advanced calculus that
says that if the fourth derivative f* is continuous, then

b
[ s = s = bt s

for some point ¢ between a and b. Thus, as Ax approaches zero, the error,

__b—a 4
ES - 180 f (C)(AX) 5
approaches zero as the fourth power of Ax (This helps to explain why Simpson’s Rule is
likely to give better results than the Trapezoidal Rule.)
The inequality

b—a

1Es| = g0

max | ) | (Ax)*

where max refers to the interval [a, b], gives an upper bound for the magnitude of the
error. As with max|f”| in the error formula for the Trapezoidal Rule, we usually cannot
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find the exact value of max | (x)| and have to replace it with an upper bound. If M is
any upper bound for the values of | f*'| on [a, b], then

b—a

180

|Esl = M(Ax)4

Substituting (b — a)/n for Ax in this last expression gives
M(b — a)’
|ES| = 4
180n

This is the formula we usually use in estimating the error in Simpson’s Rule. We find a
reasonable value for M and go on to estimate |Es| from there.

The Error Estimate for Simpson’s Rule

If f* is continuous and M is any upper bound for the values of | f(4)| on [a, b],
then the error E in the Simpson’s Rule approximation of the integral of f from a
to b for n steps satisfies the inequality

M(b — a)’

Eql =
|Es] 180n*

As with the Trapezoidal Rule, we often cannot find the smallest possible value of M.
We just find the best value we can and go on from there.

EXAMPLE 6  Bounding the Error in Simpson’s Rule

Find an upper bound for the error in estimating /;)2 5x*dx using Simpson’s Rule with
n = 4 (Example 5).

Solution To estimate the error, we first find an upper bound M for the magnitude of the
fourth derivative of f(x) = 5x* on the interval 0 = x = 2. Since the fourth derivative has
the constant value f“(x) = 120, we take M = 120. With b — a = 2 and n = 4, the
error estimate for Simpson’s Rule gives

M(b —a)® 1202

Eg| = = = —. [ ]
| sl 1801 180-4* 12

EXAMPLE 7  Comparing the Trapezoidal Rule and Simpson’s Rule Approximations

As we saw in Chapter 7, the value of In 2 can be calculated from the integral

7
In2 = X }dx.

Table 8.5 shows 7 and S values for approximations of flz (1/x) dx using various values
of n. Notice how Simpson’s Rule dramatically improves over the Trapezoidal Rule. In
particular, notice that when we double the value of n (thereby halving the value of 4 = Ax),
the T error is divided by 2 squared, whereas the S error is divided by 2 to the fourth.
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TABLE 8.5 Trapezoidal Rule approximations (T,) and Simpson’s Rule
approximations (S,) of n2 = /2 (1/x) dx
|Error| |Error|
n T, less than. .. S, less than. ..
10 0.6937714032 0.0006242227 0.6931502307 0.0000030502
20 0.6933033818 0.0001562013 0.6931473747 0.0000001942
30 0.6932166154 0.0000694349 0.6931472190 0.0000000385
40 0.6931862400 0.0000390595 0.6931471927 0.0000000122
50 0.6931721793 0.0000249988 0.6931471856 0.0000000050
100 0.6931534305 0.0000062500 0.6931471809 0.0000000004

This has a dramatic effect as Ax = (2 — 1)/n gets very small. The Simpson approxi-
mation for » = 50 rounds accurately to seven places and for » = 100 agrees to nine deci-
mal places (billionths)! [

If f(x) is a polynomial of degree less than four, then its fourth derivative is zero, and

b—a
180

Ey = = rsd e ant = —2f 0wt = 0.
Thus, there will be no error in the Simpson approximation of any integral of f. In other
words, if f is a constant, a linear function, or a quadratic or cubic polynomial, Simp-
son’s Rule will give the value of any integral of f exactly, whatever the number of
subdivisions. Similarly, if f is a constant or a linear function, then its second derivative is
zero and

b — b —

Er = =25 f1(e)(Ax) = =

; 2 0)(Ax)* = 0.

The Trapezoidal Rule will therefore give the exact value of any integral of f. This is no
surprise, for the trapezoids fit the graph perfectly. Although decreasing the step size Ax
reduces the error in the Simpson and Trapezoidal approximations in theory, it may fail to
do so in practice.

When Ax is very small, say Ax = 107>, computer or calculator round-off errors in
the arithmetic required to evaluate S and 7 may accumulate to such an extent that the error
formulas no longer describe what is going on. Shrinking Ax below a certain size can actu-
ally make things worse. Although this is not an issue in this book, you should consult a text
on numerical analysis for alternative methods if you are having problems with round-off.

2
/ x3dx
0

EXAMPLE 8  Estimate

with Simpson’s Rule.
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122 ft

76 ft

54 ft

Ignored

L b

Horizontal spacing = 20 ft

FIGURE 8.16 The dimensions of the
swamp in Example 9.
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Solution The fourth derivative of f(x) = x> is zero, so we expect Simpson’s Rule to
give the integral’s exact value with any (even) number of steps. Indeed, with » = 2 and
Ax=(02-0)/2=1,

A
S = Tx(yo + 4y + »)

1 12
= S0P + 41 + ) = 2 = 4,
while
2 472
3, x| _16 o _
Axdx—zt}o— 4 0=4 ]

EXAMPLE 9  Draining a Swamp

A town wants to drain and fill a small polluted swamp (Figure 8.16). The swamp averages
5 ft deep. About how many cubic yards of dirt will it take to fill the area after the swamp is
drained?

Solution To calculate the volume of the swamp, we estimate the surface area and multi-

ply by 5. To estimate the area, we use Simpson’s Rule with Ax = 20 ft and the y’s equal to
the distances measured across the swamp, as shown in Figure 8.16.

A
S = Tx(yo + 4y + 29y + dys + 24 + 4ys + )
= 23*0(146 + 488 + 152 + 216 + 80 + 120 + 13) = 8100

The volume is about (8100)(5) = 40,500 ft* or 1500 yd>. m
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