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EXERCISES 9.4

9.4 Graphical Solutions of Autonomous Differential Equations
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Phase Lines and Solution Curves
In Exercises 1-8,

a. Identify the equilibrium values. Which are stable and which
are unstable?

b. Construct a phase line. Identify the signs of " and " .

c¢. Sketch several solution curves.
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Models of Population Growth

The autonomous differential equations in Exercises 9—12 represent
models for population growth. For each exercise, use a phase line
analysis to sketch solution curves for P(¢), selecting different starting
values P(0) (as in Example 5). Which equilibria are stable, and which

are unstable?
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Catastrophic continuation of Example 5 Suppose that a
healthy population of some species is growing in a limited envi-
ronment and that the current population Py is fairly close to the
carrying capacity M. You might imagine a population of fish liv-
ing in a freshwater lake in a wilderness area. Suddenly a catastro-
phe such as the Mount St. Helens volcanic eruption contaminates
the lake and destroys a significant part of the food and oxygen on
which the fish depend. The result is a new environment with a
carrying capacity M) considerably less than M and, in fact, less
than the current population Py. Starting at some time before the
catastrophe, sketch a “before-and-after” curve that shows how the
fish population responds to the change in environment.

Controlling a population The fish and game department in a
certain state is planning to issue hunting permits to control the
deer population (one deer per permit). It is known that if the deer
population falls below a certain level m, the deer will become ex-
tinct. It is also known that if the deer population rises above the
carrying capacity M, the population will decrease back to M
through disease and malnutrition.

a. Discuss the reasonableness of the following model for the
growth rate of the deer population as a function of time:

dP

i rP(M — P)(P — m),

where P is the population of the deer and r is a positive
constant of proportionality. Include a phase line.
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672 Chapter 9: Further Applications of Integration

b. Explain how this model differs from the logistic model
dP/dt = rP(M — P). s it better or worse than the logistic
model?

¢. Show that if P > M for all ¢, then lim 00 P(t) = M.

d. What happens if P < m for all #?

e. Discuss the solutions to the differential equation. What are the
equilibrium points of the model? Explain the dependence of
the steady-state value of P on the initial values of P. About
how many permits should be issued?

Applications and Examples

15. Skydiving If a body of mass m falling from rest under the ac-
tion of gravity encounters an air resistance proportional to the

Exercise square of velocity, then the body’s velocity 7 seconds into the fall
satisfies the equation.

dU 2

i — >

mo; = mg kv~ k>0

where k is a constant that depends on the body’s aerodynamic
properties and the density of the air. (We assume that the fall is
too short to be affected by changes in the air’s density.)

a. Draw a phase line for the equation.
b. Sketch a typical velocity curve.

¢. For a 160-Ib skydiver (mg = 160) and with time in seconds
and distance in feet, a typical value of & is 0.005. What is the
diver’s terminal velocity?

16. Resistance proportional toVv A body of mass m is projected
vertically downward with initial velocity vy. Assume that the re-
sisting force is proportional to the square root of the velocity and
find the terminal velocity from a graphical analysis.

17. Sailing A sailboat is running along a straight course with the
wind providing a constant forward force of 50 1b. The only other
force acting on the boat is resistance as the boat moves through
the water. The resisting force is numerically equal to five times
the boat’s speed, and the initial velocity is 1 ft/sec. What is the
maximum velocity in feet per second of the boat under this wind?

18. The spread of information Sociologists recognize a phenome-
non called social diffusion, which is the spreading of a piece of
information, technological innovation, or cultural fad among a
population. The members of the population can be divided into
two classes: those who have the information and those who do
not. In a fixed population whose size is known, it is reasonable to
assume that the rate of diffusion is proportional to the number
who have the information times the number yet to receive it. If X'
denotes the number of individuals who have the information in a
population of N people, then a mathematical model for social dif-
fusion is given by

dX

= W =X,

where ¢ represents time in days and £ is a positive constant.

19.

20.

Discuss the reasonableness of the model.

g p

Construct a phase line identifying the signs of X’ and X" .

g

Sketch representative solution curves.

&

Predict the value of X for which the information is spreading
most rapidly. How many people eventually receive the
information?

Current in an RL-circuit The accompanying diagram repre-
sents an electrical circuit whose total resistance is a constant R
ohms and whose self-inductance, shown as a coil, is L henries,
also a constant. There is a switch whose terminals at ¢ and b can
be closed to connect a constant electrical source of 7 volts.

Ohm’s Law, V' = Ri, has to be modified for such a circuit.
The modified form is

di
LS +Ri=V
dt ’
where i is the intensity of the current in amperes and ¢ is the time
in seconds. By solving this equation, we can predict how the cur-
rent will flow after the switch is closed.

Use a phase line analysis to sketch the solution curve assum-
ing that the switch in the RL-circuit is closed at time # = 0. What
happens to the current as  — ©0 ? This value is called the steady-
state solution.

A pearl in shampoo Suppose that a pearl is sinking in a thick
fluid, like shampoo, subject to a frictional force opposing its fall
and proportional to its velocity. Suppose that there is also a resis-
tive buoyant force exerted by the shampoo. According to
Archimedes’ principle, the buoyant force equals the weight of the
fluid displaced by the pearl. Using m for the mass of the pearl and
P for the mass of the shampoo displaced by the pearl as it de-
scends, complete the following steps.

a. Draw a schematic diagram showing the forces acting on the
pearl as it sinks, as in Figure 9.16.

b. Using v(¢) for the pearl’s velocity as a function of time ¢, write
a differential equation modeling the velocity of the pearl as a
falling body.

c. Construct a phase line displaying the signs of v’ and v".
d. Sketch typical solution curves.

e. What is the terminal velocity of the pearl?
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