10.

11.

12.

13.

14.

15.

16.

17.

18.

INTEGRALS

ELEMENTARY FORMS
adx = ax
a-flx)dx=a | f(x)dx
o(y)dx = / o0y) where y = dy
Y dx

(u+v)dx = / udx + /de, where u and v are any functions of x

udu:u/dv—/vdu:uv—/vdu

u@ dx = m/—/vd—u dx
dx

dx
., xn+1
xdx:n_’_1 exceptn = —1
f'(x)dx _ log f(x), (df(x) = f'(x)dx)
f(x)
dx
— =logx
flo)ds _
2/ Ve = T
e*dx=¢e*

e _ bax
b dx = 1o b’ (b>0)

logxdx = xlogx — x

L S

/a"loga dx=a*, (a>0)
dx 1 can-1 ¥
a2 +x2 a
—x2
—;coth 1;
—az or

1 - 2 2
3 logizs, (x% >a?)

a
z tanh 1z
a
or
Llog =, (a® > x?)
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19.

20.

21.

22.

23.

24.

25.

e

/‘ dx
Va2 +a?
dx _
xxl—ar

/x«/az:i:x2 ~ 4

/(a+bx)”dx:
/ x(a + bx)" dx =

— S€C
lal a

—cos~! E (a® > x?)

= log(x + vV x* + a?)

1 40X

a

1 (a—f—\/azixZ)
log —

FORMS CONTAINING (a + bx)

For forms containing a + bx, but not listed in the table, the substitution # = “”’" may prove helpful.
(cl + bx)n+1
W’ (n#-1)
%(aﬂ_bx)n-#Z_m(a*_bx)nﬁ—l’ (1’1;&—1,—2)
(a + bx)"*3 (a+bx)"*2  ,(a+bx)"+!
n+2 n+1 }

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

38.

b (
" 1
/ x*(a + bx)" dx_b—{ 13 —2a

/ x"(a + bx)" dx =

xm+ (a+bx)" + an
m+n+1 mn+1

x"(a + bx)" L dx

or

a(ann [—x’"“(a +bx)" - (m+n+2) /x’”(a + bx)"t! dx]

or

m {x’"(a + bx)" — ma /x’"‘l(a + bx)" dx}

/ log(a + bx)
/ 1
(a —|— bx  bla + bx)
1
/ a+bx 2b(a+bx)

v 5 Lla + bx — alog(a + bx)]
e
a+bx

%

/ xdx _bl log(a—|—bx)+
l L
b?

iz log(a + bx)

a
a+ bx

(a + bx)?

/ xdx -1 N a 12
(@ + bx)" =@t = Datbgt? "7
x% dx 1771 5 5

/a+bx_b_ {z(a+bx) —2a(a+bx)+a log(a—l—bx)}

x* dx 1 a*

/a+bx S a+bx—2alog(a+bx)—a+bx]

x% dx _l log (a + bx) 2a a?

/ (a+0bx)3 b _oga—i— x+a+bx 2(a + bx)?

/‘ xrdx 1 { -1 N 2a 3 a*
a—|—bx B (n—3)(a+bx)3 " (n—2)(a+bx)"2 (n—1)(a+bx)-1]’

/ _11 a+ bx
a+bx a 8 x

/ 1 l a+ bx
a+bx ala+bx) a? 8 x

n#1,2,3

Integrals



Integrals A-17

o, [ b1 1<2a+bx)2+1o _x
’ x(a+bx)3 a3 |2\ a+bx & 4t bx
dx 1 b a+ bx
40. /m ——E—Fa—zlog
41 / dx _ 2bx—a 4 b: x
) x3(a+bx) ~ 2a%x? 2 B bx
4 / dx _ a+2bx Zib a+bx
’ x2(a+bx)>? ~  a’x(a+bx) a3 8
FORMS CONTAINING ¢? + z? or 22 — ¢?
dx .
43, / Czj—xz ;tan p
x 1. c+x 5 5
44, /cz—xz 21c Ogc—x’ (c” > x%)
x 1 x—c s o
45. /ngcz_chlogx—l—c’ (x* > ¢%)
xdx 1 s o
46. /Czi)ﬁ_izlog(c + x%)
xdx 1
47. /(czzlzxz)”“ ::FZn(CZ:l:xz)”
dx 1 x dx
48. /(sztxz)" T2 (n—1) {(Czixz)"’l +(2n_3)/(62:|:x2)”*1}
dx 1 x dx
49. /(xz—cz)” :262(,,_1) {_(xz—cz)”*l —(271—3)/()(2_62)”71]
xdx 1 > o
50. ,/xz—ﬁ_ll()g(x c”)
xdx 1
51. /(xz—cz)"“ = _Zn(xz—cz)"
FORMS CONTAINING a + bz AND c + dz
u=a+bx v=c+dx k=ad-bc
If k=0, thenv = <u
dx 1 v
xdx 1 7a c
53. ? =2 [b log(b;) g log(v)]
x 1/1 v
xdx —a c v
33 /1424/:% PlOg_z
x* dx a? 1 a(k — be)
56. /u2~v TR {glog(u)—f- = log(u)}
dx 1 -1 dx
57. /un ym = k(m_l) I:Mn—1 Um—] (m+n_2)b/un,vm—1:|
u b k
58. /;d = +ﬁlog(v)
g {fjﬁf —|—b(n—m—2)/ — ldx]
or
u” dx B o w1
59. / e d(nﬂ:lfl) {vﬁ +mk/—vn dx}
or
1 m "1
ToT) [VH —mb/ T dx}




60.

61.

62.

63.

64.

65.

66.

67.

68.

69.

70.

71.

72.

73.

74.

75.

76.

77.

78.

79.

80.

81.

82.

83.

84.

85.

FORMS CONTAINING (a + bx")

dx 1 can-] x«/% (ab > 0)
/a +bx2 f an a av=

s 7= log “WTZ , (ab<0)
/ a+bxr (;r tanh™' 2228 (45 < 0)

/ dx 1 .
a2+ b2x2 " ab an a

_ bx

dx

xdx
/;n@=zﬁ%w+m’
/ x* dx _x

a+bx2 b b a+bx2
/ dx

(a + bx?)?

1
Za(a + bx?) _a / a + bx?

/ dx 1 o a+ bx
a? —bx2  2ab ga—bx

/‘ dx _
(a + bx2)m+1

1 2m— dx
2ma (a+bx + (a+bx2)m

or

@2m)! | x m ri(r=1)! 1 dx
(m)2 |:2a Zf=l (4a)m=T (2r)\(a+bx2)" + (4a)™ a+bx2]

/ a+bx2 m+l

/ xdx B
(a + bx2)m1 —  2bm(a + bx2)m
/ 2dx _ —x _/
(a —|— bx2 mtl T 2mb(a + bxz) 2mb | (a + bx2)m

/ 1 | x?

a—l—bx2 aOga+bx2
/ __1_? / _dx

2(a + bx2 ax a+ bx2

2am(a +bx w T f x(a +hx

= or

_1 mo__a
2gm+1 [Z'=1 r(a+bx2 +10g a+bx2:|

/ dx _1 / dx _ é/ dx
x2(a+bx2)"1 4 | x2(a —|— bx*)m  a (a + bx2)mtl

/’ dx _i
a+bx3  3a

/ xdx _i 1l
a+bx3_3bk

/ x% dx

a+bx3  3b

/ dx _ﬁ
a+bx* " 2a

/ dx _ﬁ
a+bx* 2a

Blog(k—i_x ++/3tan” k], (k=3z)

+ b kﬁ b
a+ bx? 2x —k a
o) o)
Sty T b
log(a+bx)
1, x?+2kx+ 2k o 2kx o
3 e T e (w0 k=

1 x+k X _</7
{Elogx_k—i—tan E}, (ab<0,k_ E)

xdx 1 &P _Ja
fm—mm“ E (“b>0”“\@

/x_dx_Ll Xk
At b 4bk PR

/ Kdx 1 1 x2—2kx+2k2+tn71 2kx ab= 0. ke
at+ b 4bk |2 Bt 2kx 2k TN R 2| k=

x> —k

(0= )

x% dx 1 b L x </7
/m 4bk{l°g ALY E}’ (ab<0,k_ _E>

/ x3 dx

atbxt 4b

/ dx _
x(a + bx")

log(a + bx*)

7

1
log X

an Ca+ bxt

/ dx _ 1/ dx _é/ x" dx
(a+bx)ym1 g | (a+bx"y" a ) (a+ bxr)m+

a
4b

4
4b

)

Integrals



Integrals

86.

87.

88.

89.
90.
91.
92.
93.
94.
95.
96.
97.
98.
929.
100.

101.

102.

103.
104.

105.

106.

107.

/ X" dx _1
(@ +bx)p+1 — b
d

(a+bx)r b (a+bxm)rt
x _ / dx B l_) dx
x(a 4+ bx) b T a | xm(a+bx)e  a | xmn(a + bxr)ptl

/ X" dx a X" dx
1
a

m [x" 7 a + bx")PT —a(m—n+1) [ x""(a 4 bx")? dx]
or
. np+1m+1 [x™*1(a + bx")? + anp [ x™(a + bx")P~! dx]
/ x"a + bx")" dx = or

a(m]+1) [x™ (@ + bx")P™ — (m+ 1+ np+n)b [ x™"(a + bx")? dx]|

or

m [—x"(a + bx")P* + (m+ 1+ np +n) [ x"(a + bx")"*! dx]

FORMS CONTAINING ¢? + z?

dx . 1 o (c £ x)3 1 can-! 2x Fc
Stx 62 B O 23 V3

dx B x +i/ dx
(B+x3)2 383(c3tx3) 33 ) S3+x3

dx 1 x e 1)/ dx
_— = —— | — n— —_—
(3 £x3)*1 — 3ncd | (3 £x3)n (c3 £ x3)n

xdx 1 S a3 1 L 2xFc

= —log— 4+ ——tan
6c Blctx)p ~ o3 3

—

o
o

H

2
w

xdx x? N 1 / xdx
(B3+x3)2 33(c3+x3) 383 ) 3+£43

xdx 1 x? xdx
L T T L
(B £03)" ~ 3n3 | (B3 £ a3 (3 £ 0)
x2 dx 1 53
g ::i:glog(c + x°)

xdx 1
(e3 & x3)+! - :F3n(c3 + x3)7

dx _ 1 o x3
x(c3 £ x3) ~ 3¢3 S

dx 1 1 X3

+ —log

(c3 £ x3)2 - 3c3(c3 £x3) 3¢ 3

2

dx B 1 +l/ dx
x(c3 £ x3)H1 T 3ucd(S3 a3 3 ) x(c3Ea3)n
dx 1 1 / xdx

B B SN i
x2(c3 & x3) Sx 3 ) SE£x3

dx 1 / dx 1 / xdx
x2(63 :I:x3)"+1 PE) xz(c3:|:x3)”:Fc3 (63 ﬂ:x3)n+1

e S S S S S S

FORMS CONTAINING c* 4 z*

dx 1 1 X2+ cx/2 + 2 L, oexv2
44 a4 5 108 +tan - 5——
cttxt 263V2 |2 T2 —cx/2 + 2 2 —x
dx 1 11 c+x X
e el e
xdx 1 X
c4+x4=ﬁtan 2
/ xdx 11 +x?
=—lo
x4 a2
/ dx 1 |1 o xz—cx«/z+cz+tan71 cxv2
Gax 22 |2 Pt ait e ct—x?
/xzdx 1 l1 ctx ¥
=—|=lo —tan ' =
w202 B« ¢

A-19



A-20 Integrals

x3 dx 1 4 4
108. /c“:l:x“ _:I:Zlog(c + x%)

FORMS CONTAINING (a + bz + cz?)

X=a+bx+cx* and q = 4ac — b?

If g=0,then X=c(x+ %)2, and formulas starting with 23 should be used in place of these.

109. dx 2 a1 2xEb o)
X Jq \/15
-2 =1 2ex+b
dx 7q tanh™ T
110. /Y = or
2cx+b—/—
Jlog Sl (a<0)
11 /dx_Zcx+ +Zc dx
’ X2 gX qg) X
112 /ﬂ_zcx—’_b i+£ +6762/@
’ X3 g 2X2 0 gX ) X
2ecx+b  2(2n—1)c dx
d nq X" qn X
113. / o= o
X (2n)! (¢ " Zcx—i-bi(i)' (r — 1! +/@
(n)2 \ g g S \eX (2r)! X
xdx 1 b dx
xdx x + 2a x
115. . A ed
> / X2 X q) X
116 /xdx_ 2a+bx b(2n—1) [ dx
: Xn+l T ng X" nq X
x? x b b* —2ac [ dx
x? (b* = 2ac)x+ab 2a [ dx
119 /xmdx_ 3 X1 _n-m+1 é/xm*1dx+ m—1 g/xmfzdx
’ Xl T 2n—m+1)cX* 2n—m+1 ¢ X+l 2n—m+1 ¢ Xt
T
’ XX 228X 2a) X
dx b X 1 ¥ ¢ dx
2 [ St (ﬁ‘;) X
x 1 b dx 1 dx
122. - - - [ =4
/xX" 2an—1)X"1  2a X"+a/xX”*1
123 / dx _ 1 n+m—1 b/ dx 2n+m—1 c/ dx
. o X+l T (m—1)axm-1Xn m—1 a =1 Xn+1 m—1 a =2 Xn+1
FORMS CONTAINING Va + bx
2
124. /\/a—f—bxdx: b (a + bx)3
_ 3
125. /x\/a—{—bxdx:—z(za 3171x5)bz(a+bx)
842 — 12abx + 15b*x*)+/(a + bx)3

2
2 —
126. /x va+bxdx = 1055

m [x’”\/(a +bx)3 —ma [ x"a + bxdx}
127. /x’”«/a + bxdx = or
gV bx YLy A (a4 bx)



Integrals

129.
130.

131.
132.

133.

134.

135.

136.

137.

138.

139.
140.
141.

142.

143.

Ja + bx dx
/ . dx:Z«/a—l—bx—}—a/ix\/m
mdx: Ja +bx +é dx
x2 x/a + bx
Vatbx, 1 (a+bx)3+(2m—5)b/m }
X (m—1)a xm=1 2 xm=1
x  2Jatbx
/@ . 2(2[7 bx) —
xax a — bx
azsz_;(s 3[724 b “Jszbxl)
x-ax a — aa x—
N e va+bx
XM 1dx
, ErreT SRCEIR e
_ardx ) o
vatbx | o(ayatbx SN (—1)mi(a + bx)
bl ; (2r + DrVY(m—r)la”
/7:i10 (7wz+bx—\/ﬁ) (a > 0)
xJa T bx f Jatbxta)’
/a+bx
/x«/a—l—bx J—_a —a
dx Ja + bx
x2Jatbx ax Za/xm
Va+ bx (2n—3)b dx
C(n—1)ax"!  (2n-2)a / x1Ja + bx

X
/x"V“’be_ (27— 2)! {

/(a + bx) i dx =

/x(a +bx)fdx == {

or

[( — 1)1]?
(LZ + bx)lin
b2 +n)

2 [(a+bx)3*  ala+ bx)Z*”}

b? 4+n 24+n

/ dx _ 1/ dx 3 é/ dx
x(a+bx)?  a x(a + bx)’fz al) (a+bx)?

n/2 (n—2) /2
/7(”“) dx b/ (a + bx) 22y +a/7(“+bx) dx

/f Va+bx)d

X

b/ (z _ )zdz, (z=+a+ bx)

FORMS CONTAINING +/a + bx and V¢ + dx

u=a-+bx v=c+dx k=ad— bc

If k=0, then, v = (£)u, and formulas starting with 124 should be used in place of these.

144.

dr _
Vuv

\/% tanh ™ Vii’“’, bd>0, k<0

or

Ztanh™' B bd >0, k> 0.

or

\/% log (bu+\/ubduv)2 , (bd > 0)

_«/_a—l—b_x”ilr!(r —1)! (_3)“” N (_i)’”/ dx
a ot x72(r )! 4a 4a J xsa+ bx

A-21
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145.

146.

147.

148.

149.

150.

151.

152.

153.

154.

155.

156.

157.

158.

159.

160.

161.

162.

163.

164.

165.

166.

), (bd < 0)
dx

S

2 —bduw
. 7 tan 1o
dx or
" 1 _gin™! (2bdx+ad+bc
7 bd 1kl
k+2bv k?
v dx = i — =
/ BT 8bd .
L og u=vkd
kd 08 4 jurvkd
" dx
/ ﬁ = or
v
i JEd)?
L log AME - (kd > 0)

/ﬂz 2 tan_IM (kd < 0)

v /—kd

V—kd’

xdx _ Juv ad+bc dx

Juv  bd  2bd Juv
/ dx  =2\/uv
vJuww kv
vdx _ uv _ ﬁ dx
Juv b b ) Juv
/\/7 vdx
|U| «1/_ g
m _ m+1 v x
/v ﬁdx—7(2m+3)d(2v \/——i—k/ )
" dx 1 Ju 3 dx
/ vru (m—1)k (v’”‘l " (m_ 5) b/ v”’”ﬁ)
m -1
v"dx m [U “- Vu ]
N7 Or mer (a1
2m+l Zr 0( *) Ef!))z'v’

FORMS CONTAINING +/x2 =+ a2

/\/xzﬂ:azdxz % [x\/xziaziazlog(x+ xlﬂ:al)]

/ dx
NEZEE
dx 1
xxl—a2  lal

1

= log (x + v/ x2 £ a?)

X
—sec™ ' =
a
(a—f—\/xz—i—az
log [ ——M——
x

/xVx2+a2 T a

2 2 2 2
JECET dxzm_alog(“+vz ta )

2 _ 2

Vxr—a

/7afx=\/xz—az—lalsec’1
x

xdx N

Va2 +a?
/x\/ x2 +a%dx =

%\/(xzj:aZP
/\/(xzia2)3dx=% x\/ (x> +a?)3 £+
d

+x

/ x
V(x2 £42)3

xdx

P ENE

-1

V(xr+a?)d  Jx2Ea?

QR

342 3a*
ﬂ\/aczzlzaz—l—%log(x—i—

Integrals



Integrals

167.
168.

169.
170.
171.
172.
173.
174.
175.
176.
177.
178.
179.
180.
181.
182.
183.
184.

185.
186.

187.
188.
189.
190.

191.

192.

193.

1
/x\/(x2 +a?)3dx = g\/(x2 +a?)3
22
/xzx/xzztazdx: z (x2 £a?)3 F S —xvVx:+a— —log(x—i— x2 +42)
1 2
/x3\/ x2 +atdx = (gx2 - ﬁaz) (a% 4+ x2)3

1 2
/x3 ’xz—azdng (xZ_CZZ)S_,_% (xz_a2)3

X a’

———— =—-Vx2ta?F —log(x+ Vx*+a?)
Jx2ta2 2 2

3d 1

dx __Wxrta?
a2z ta? + a’x

dx _\/x2+a2+ log a+/x*+a?
B2+ a2 2a’x? 243 x

dx x2 — a? 1 X

sec

x3/x2 — a2 T 24222 + 2|a3| ;
24 6
/xzv(xziaz)3dx— z\/(xzial \/ (x2 £ a?)3 :\/xlicﬂ;%log(x—l— x% +a?)

2

/x3\/(x2:taz)3dx:% (xZ:taZ)7:F% (x% 4 a?)s

«/xzia dx Vx? + a?
=— + log (x + V' x2 £ a?)
x

\/xz—{—az Vat+ar o1 | a+NxE+a?
TT T2 2% x
«/xz—cz2 Vx* —a? 1 X
—;dx == T 5 ;%€ —
X 2x 2lal a
/\/xziaz V(x2 £ a?)3
—dx=F
3a2x3
x*dx —x
+log (x + v/ x2 £ a?
/\/xzj:a2 Var+a? 2l )
) 2
dx x2+ar+ _
vV ( xzia Vx* £ a?
1 1 o a+Vx*+a?
x2 +a2 a2 x2 +ﬂ2 a3 & X
[
Ve —ap azm |a3| a
dx 1 Vx? £ a? . x
2\/(2+aq2)p  at x VX2 E£a?
dx 1 3 N 3 | a+ V2 a2
= — —_— —_— O -
SRt | 2Rt @ 2t ral 240 P x
dx _ 1 3 3 sec-1 x
/(3 — a2} 2a2x2/x? —a? Za“\/x2 —a? 2| a
/ A J U /5 e -1 2 X2
—dx = —X x2+a
Vx2+a? m jF Vx? j:az
x2m

(r — 1)
Var+t ZZ rir (Fa?)" " (2x)7 7L +(Fa?)" log (x + V/ x2 £ a?)

dx
Vxr£a? 22’”(

x2m+1
=/x2+ 42 I S S 4 2\m—r ,2r
/.xzﬂ:tlz x a22m+1 )(ZFa) X
/ _ Vx? +a? :F /
/2 kal | (m— 1)a xm 1 a2 ) xm 22 £ a2

s — 1 'm'(2r)'22’” 21
x*+a? Z :Fal)m 7y 2r+1

/ dx
e

A-23
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194.

195.

196.

197.

198.

199.

200.

201.

202.

203.

204.

205.

206.

207.

208.

209.

210.

211.

212.

213.

214.

215.

216.

217.

218.

o dx \/x2+a2 S prorl et N
X2ml [x2 452 - m.) r= 1 2(27)\(4a2ym=7 x2r T 22mg2m+1 g x
/‘ dx (2m)! \/xz—azzm: ri(r —1)! . 1 X
= sec™ —
x2mtl /52 — 42 (m!)? a2 2(2r)V(4a?)m-rx2r | 22m|q|2m+l a
/ dx WX -a?
(x — a)v/x* — a? a(x —a)
/‘ dx _ Wx2—a?
(x + a)v/x* — a? a(x+a)

x
=a/f(atanu,asecu)seczudu, (u:tan’l—,a>0)
a

" X
/f(x,\/xz—az) x:a/ f(asecu,atanu)secu tanu du, (u:sec’l—,a>0)
a

FORMS CONTAINING /a2 — x?

1 L0 x
/\/42_x2dx=_ xVa?—x2+atsin =
. 2 la|

-1 x

sin” X
x lal
—— = or
Vas — X _ -1 x
cos™!

/7__110 a+va—x
xwal—x2 a 8 x

2 a2 2 _ A2
‘/Xﬁzgidx: gfr;;ﬂk%<a+v:x)

xdx
= a2 _ 2
22 _ 2

1
/x\/ a? — x*dx = —5\/(512 — x2)3
1 3a? 3a*
/\/(a2 —x)dx =7 {x\/(a2 —x?)3 + % 22— 4 e sin ! %
x

— 2} a?Ja =2

/ xdx _ 1
V(a2 = x2)3 INZ
/x\/ ar — x?)3dx = f%\/(az — x2)3
2
x*Va? — x2dx = —f (a2 — x2)3 + % (x a? — x> +a*sin”! %)
/ Va? — xtdx = (—fx - iaﬂ) (a2 — x2)3

15

5 a’x a‘x a®
/x \/(az—x2)3dx:—gx (@2 —x2)5 + —/(a? = x2)3 + — 22— 22+ sin”

/fJ@fﬁﬁu:%w —ay _f¢ T 2)
x _x at . x
/«/az—xz_ 2 2 lal

x
/3c2\/czz—x2 T ax
/«/ —x2 Var—x* | | x

X la|
Ja? — x? a? — x? 1 a++a?— x2
—dx=—""—"+ —log—————
x3 2x? 2a x

/m (a2 — x2)3
T N m e

Integrals



Integrals A-25

x x
219. / — Csin ! X
\/az—x2)3 Var — x2 |al
x3dx 2 1
220. / =—Z(a* = x})3? —x*a? — )V = ——Va? — x2(x? + 24°)
/22 — 2 3 3
! x3d3§c ) 212 x> a?
ey _ - _ 2 _ .2
221. e U ) s = et Vel
292 dx _ az—xz_il a—}—\/az—xz
: BV —x2 2aix? 2a3 x
93 dx _ 1 —llo a+a?— x?
' x(@2—x2)}  aJak—xr ad 8 x
dx 1 ar — x2 x
224, -
52 / )3 a4 [ x + 22 _xz]
225 ! P S B b Lt
' x3+/(a? — x2)3 2a2xVaE— 2 2ataE —x2 248 8 x
x" a2 —x2  (m—1)a? x"’*2
226. 751 = - d
/ Va? — x? x m + m ) x
X rl(r — 1) a*m X
227. d /a2 — x2 2m—2r 2r 1 “ -1~
/ [a2 — x2 x= (m x Z 22m=2r+1( Q)| Som—2r1 (2 + 22m sin |a|
x2m+l
228. —\/a = (4 2\m—r 2r
V-2 sz+1 )(“) x
FR) .
220, / x _ at —x 4 m—2 / dx
N T T T e e
SR -1 |m!(21,)y22m 2r—1
230. /me\/az— Z 2(2m)1q2m=2r x2r+1
dx (2m)! —x2 “ r'r—l 1 a—a*—x?
231. 2l g — 2 (m))? [ Z 2(2r)(4a2)mrx2r | Q2mgant log x
d 1 b 72 T _[2)2
232. ad - log T 4 AT . (> b
(b2 — x2) a2 — x> 2bya? —b? b — x?
d 1 Vb2 — a?
233. / X - tan~! ¥ s
b2 —x)Var —xr  bVb2 —a? bva® — x?
dx 1 _ xva? +b?
234, = tan
(b2 + x2) /a2 — x> bJ/ar + b2 bva* — x?
a2 — x2 _ Nar+ bz _ xvar+b? X
235. Y dx= Csin ' X
b* + x 16| la|v/x* + 02 la|
236. / flx — x2 dx = a/ flasinu,acosu) cosudu, (u =sin"! g,a > 0)

FORMS CONTAINING +/a + bx + cx?
X=a+bx+cx?, qg=4ac—b*, andk=
If g =0,then VX = clx+ £

7 10g(2V/cX + 2¢x + b)

dx
237. — = or
VX % sinh™ ZC"\/qu, (¢ >0)
d 1 2 b
238. x 1Eext (c <0)

VXT Tyt
dx _Z(ZCx—i—b)

239, —_—
Xd X 2(% b)
X cx +
240. = 2k
XJX | 3qVX ( x T )



A-26 Integrals

cx+b)vX k(n x
dx (Zzn T)qX”X + 22n 11) f Xniilﬁ
241. — = or
XX (2extb) () (n—1)14"k"1 Zﬂq (2r)!
q[jgﬁ r=0 (4kX) (r1)?
2cx+b X dx
242, Xdx
/“/_ * ok JX
ZCx +b)vVX 3 dx
243. X/ Xdx= =XV (2 ) 4 2 [ 22
3 / VX 8¢ ( * Zk) T ) U
(2ex + b)VX 5X 15 5 dx
244, X2/ Xdx = X422y 2 i
/ VXdx = = ( BT 8k2) tier | Ux
(Zciﬂlﬁ”cﬂ + 2(2:4;1 / X'/ Xdx
245. / X'/ Xdx = or
(2n+2)! 2cx+bﬁ(z r(r+1)1(4kX)" ﬂ
[(n+1)1]2 (4k)nH1 (2r42)! \/7(
yio [xdx_YX_ b [dx
) X o« 2¢ )] VX
247 xdx __2(bx+Za)
) XVX gv'X
948 Coxdx B VX B ﬁ " dx
: XX (2n—1)cX" 2c) XnJ/X
x2dx x 3b 302 —4ac [ dx
249. — (X7 x| Ax
9 VX (25 462) X+ 8¢c2 VX
x2dx  (2b* —4dac)x+2ab 1 [ dx
250. = + - —=
XvX cq«/)_( VX
251 x*dx (2b* — 4ac)x + 2ab N 4ac—|— 2n— /
’ X'/X  (2n—1)eq X 1VX (2n—1)cq X 1J>_<
Kdx x> Sbx 5b*  2a 3ab  5b° dx
252. (T2 T A x g (2227 ) [
VX (3 12¢2 + 8c3 352) VXt (452 16c3) VX
x"dx 1 2n—1)b [ x"'dx (n—1)a [ x"2dx
253. T X - _
53 VX e’ VX 2nc VX nc VX
' XVX  b(2cx+b) b [ dx
254. Xdx = — X—- - [ ==
3 /x«/_dx 3¢ 8¢2 VX 4ck | VX

2
255. /xXx/)_(dx = X \/X — E/X\/y(dx
p n+1
256 [exevRax= XX x VX / X/ Kdx

(2n+3)c
257. /xzﬁ(dxz (x— E) Xf(-‘r 16;‘“ /\/T(dx
258. /x‘jg_( - —%log M, (a > 0)
259. / x‘% = \/%_asin_l (%), (a <0)
260. /x%{:—%{, (a=0)
6. [ e | X
262. /“/_dx =VX+ / /xﬁ
263. J;dx= *f( Z/xﬁ ﬁ

FORMS INVOLVING +/2ax — x?

1 _
264. /\/Zax—x2 dx = 3 {x—a) 2ax — x2 +a’sin”! x|a|a



Integrals

265.

266.

267.

268.

269.

270.

271.

272,

273.

274.

275.

276.

277.

278.

279.

280.

281.

282.

or

x
/vZax—xz_ 1 xa

sin al
_x"_l(lax—x2)3/2 (2n+1)a n—1 2
- + 25 [V 2ax — x> dx
or

/xn V2ax —x?dx = Vax — 2 [ no Qe e xr]

— 2 _ Qur)ir2anrH
ax —x* |35 = >0 257 (24 1) (4 2)

@2n+1)1a"? 1 x—a
+z"n!<n+2) sin \a\

(2ax — x*)1/2 N / «/Zczx—x2
(3 —2n)ax" (2n —
—x"14/ Zax—xz

dx =

/m

a(2n—1) f
xndx " \/Zax xz
V2ax — 2

\/ﬁ 2n)tri(r— 1)'a” "1 Zn 1 x=a

2ax —x2y ", =R + 2sm 7
— 2
V2ax — x et i dx
a(1—2n)x" (2n—1)a o 1\/2ax 2

/ x
¥'v2ax = x* /7 1 27 (n—1)tnt(2r)!
) n- A
zﬂx x 2 21)!(r! tl" 7 7 +1

/ dx _ x—a
(2ax —dxz)3/2 T a2 2ax — x2
xdx x
/(Zax—xz)3/2 " av2ax — 2

MISCELLANEOUS ALGEBRAIC FORMS

= log(x +a + V2ax + x2)

/\/axz—i—cdx— ax2+c+ log (xf+\/ax2+c) (a > 0)
» [ a
/\/axz—l—cdx— ax*+c 2«/_ (x _Z>’ (a <0)

1
/”11_ dx =sin"'x — /1 — x2

dx
/ V2ax + x?

NlX N\

Vax"+c—\/c
/ nﬁ ax"+c
—_— = or
xy/ax" + ¢ 7
vaxt+ 2 log SN (¢ 5 )
2 1 ax”

= ) O
xy/ax" + ¢ n«/ sec c (<0

\/axdilxﬁ \/_logx\/_—i—\/axz—f—c (a > 0)

dx 1 Rl a (a 0)
E— sin x4/ —=), <
Vax*+c¢  A/—a c
x(ax2+g)rn+1/2 + (2m+1)c f(axz + C)m—l/ldx

2(m+1) 2(m+1)

/(ax2 + )2 dx = or

5 Q2mt1)(r )2 M 2 r (2m41)1cm+1 dx
xvax? +cy 0, G ey p— ax~+c) + 220 ) (g 1) /

(
N2t 1)
2 m+3
ax* 4 ¢)"*2
/x(ax2 + c)"“r% dx = lax” + o2

(2m+ 3)a
2 m+1/2 2 m—1/2
(ax*+c¢) +C/(ax +¢) dx
(ax? +C)m+1/2d 2m+1 x
/f x = or

7 " (ax? )’ mA+1
Vaxt+c YL, ST e ——
xvax=+c

N ax2tc

A-27



A-28

283.

284.

285.

286.

287.

288.

289.

290.

291.

292.

293.

294.

295.

296.

297.

298.

299.

300.

301.

302.

303.

304.

305.

306.

307.

T s = o)
ax2 + c)ymti/2

=

4 2m=2 dx
/ dx (2m— 1)c(ax2+c)’"—1/2 (2m—1)c (ax2 + C)m—]/z
( qu 2221 (4 1)t (2)1
/ax2+c 2m)!(r1) 2T (ax?+c)"
/ _ Vax?+c (m—2)a / dx
x"ax? + ¢ (m— )e ) xm2ax? + ¢

)
1+ 2 1 X2 + 1+ 54
— dx = —logiz
(1 —x2)/1+x* 2 1—x
/ 1—x? 1 ) xv2
—— dx=—tan
(1+x2)v/1 4+ x* 2 1+ x4

/ 2 log + Vx" +a?
XV x" + a? na A x"
dx 2 ., a

/xVx" —2 A x"

x 2 . /x\3?
Jatma=3n (3)

FORMS INVOLVING TRIGONOMETRIC FUNCTIONS

/(sinax) dx = —— cosax
a
1
/(cosax) dx = Zsinax
1 1
/(tanax) dx = - logcosax = P log secax
1 1
/(cotax) dx = P logsinax = - logcscax
" 1 1
/ (secax)dx = " log(secax + tanax) = - log tan (% + a;)
1 1
/(cscax) dx = — log(cscax — cotax) = — logtan ax
. a a 2
1 1 1
/(sinzax) dx = 0 cosaxsinax + Ex = Ex— i sin 2ax
/(sin3 ax)dx = —a(cosax)(sin2 ax+2)
3x sin2ax  sin4ax
-4
dx=— — ————
/ (sin”ax) dx = ¢ 42 T34
) sin"ﬁlaxcosax n—1
/(sm"ax)d =— / sin””
na
—1 2
_cosax r!) 24l (2m)!
/(sm ax)dx = Zzzm oy 27_’_1)'( 2 sin ax + Wx
- cosax n 227 (ml)?(2r)!
sin ax)dx = — sin? ax
/( ) a = (2m+1)r 1)2
1 1 1
/(coszax) dx = 2 sinaxcosax + Ex = Ex—i— a sin 2ax
1
/(cos3ax) dx = a(sinax)(coszax—{—Z)
/( S ax) d 3x n sin 2ax n sin 4ax
cos*ax)dx = —
8 4a 32a
1 —1
/(cos“ax) dx = — cos" ' axsinax + ni/(cos"’2 ax) dx
na
m—1 2
- _ sinax (r!) 2r41 (2m)!
/(COS ax = 222;%2727_'_1 ( ) COS+LZX+W.X
—_— _sinax = 2777 (ml)2(2r)!
/(cos lax)dx = p D D12 cos™ ax

r=0

Integrals



Integrals

308.

309.

310.

311.

312.

313.

314.

315.
316.
317.
318.
319.
320.
321.

322.

323.

324.

325.

326.
327.
328.
329.
330.

331.

dx 1 cosax m—2 dx

- m = T — . —
s ax (m—l)a sin” 1ax m—1 sin” Zax

m=1 52m-2r—1 _ [P ]
/ dx :/(CSszﬂx) dx = —lcosax E 2 (m = 1) ml(2r)!
a

(csc”ax)dx = —

d 1
/ - Zx /(csczax)dxz ——cotax
sin” ax / a

sin®” ax = (2m)\(r!)? sin? ! ax
 dx / _— 1 = (2m)\(r!)> 1 (2m)
————— = [ (esc™ ax)dx = —— cosax + - lo
/ Sin2™ 1 ax ( ) a ; 222 ()2 (27 4+ 1)sin® P ax  a  22(m!)? 8
d 1
/ Zx = /(sec2 ax)dx = —tanax
cos ax a
N 1 sinax n—2 dx
(sec” ax) dx = . +
cos"ax (m—1)a cos"lax n-—1) cos"2ax
. 1. 222 )il (2r))
(sec” ax) dx = — sinax
coszm ax a s (2m)!(r")% cos>+1 ax

! (2m)1(r1)? (2m)!

ax
tan —

2

A-29

1 1
2m+1 _ .
/ c052m+1 ax / (sec”™ ax) dx = 7 sinaxy I T ()22 + 1)l cos Tax a2t 0BlseCax + tanax)

r=0

sin(m —n)x  sin(m+n)x
(sinmx) (sin nx) dx = — , (P #£n?)
2(m —n) 2(m+n)
sin(m —n)x  sin(m+ n)x
(cos mx) (cos nx) dx = + , (P #£n?)
2(m—n) 2(m+ n)
(sinax) (cosax) dx = — sin® ax
2a
cos(m—mn)x  cos(m+n)x
(sinmx) (cos nx) dx = — - , (m* £ )
2(m—n) 2(m+n)
1 . x
(sin? ax) (cos® ax) dx = ——— sin4ax + =
32a 8
cos”™ ! ax
(sinax) (cos” ax)dx = —————
(m+1)a
sin™! ax
(sin” ax) (cosax)dx = ———
(m+1)a
cos” 1 gxsin"t1 ax m—1 m—2 sn
cof axsin™ ax 4 m+n/(cos ax) (sin” ax) dx
/ cos” ax) (sin” ax) dx = or
sin” ! axcos” ! ax n—1 m s on=2
et / (cos™ ax) (sin" “ ax) dx
m
cos™ax  _ m—ny2 / cos™ax dx
son—1 — . —
cos™ ax (n—1)asin”~ " ax n—1 sin” Zax
— dx = or
sin” ax m-2
cos” 1 ax 4 m—1 cos ax dx
a(m—n) sin” ! ax m—n sin” ax
sm
sin”*1 gx _ m—n+2 s ax dx
a(n—1) cos" L ax n—1 COS”72 ax
/ sin” ax
= or
cos”ax )
s lax me1 [ sin axdx
a(m—n) cos" 1 ax m—n cos” ax
/ sinax 1 secax
costax =~ acosax  a
sin” ax 1 1 T oax
dx = ——sinax + — logtan ( + —)
cosax a 4 2
cosax 1 cscax
——dx = —— =—
J sin”ax asinax a
dx
———— = —logtanax
(sinax) (cosax)
/’ dx 1 < +lost ax)
———— = — (secax + logtan —
(sinax) (cos?ax) a 2
x 1 4 dx
(sinax) (cos”ax)  a(n—1)cos"!ax (sinax) (cos™2 ax)



A-30 Integrals
1 1 T oax
332. / = ——cscax + — logtan (——I——)
(sin® ax sax) a a 4 2
2
333. / = ——cot2ax
(sin® ax) (cos2 ax) a
1
- a(m—1) (sin”1 ax) (cos"—1 aﬁ
+m+n—2 X
334. / — mel (sin”% ax) (cos” ax)
sin™ axcos”ax or
1 m+n—2 dx
a(n—1) sin” 1 axcos"1 ax n—1 sin” ax cos™2 ax
1
335. /sm a+bx)dx = - cos(a + bx)
1 .
336. /cos a+bx)dx = b sin(a + bx)
1 T ax
337. tan (— —)
/l:i:smax ¢a 4:F2
1 ax
338. —tan —
/ 1+ cos ax a 2
1 ax
339. ——cot —
/ 1—cosax  a 2
2 _q atan5+b
t
dx a2-p? an [a2_p2
340. / _— = or
a+bsinx 1 o atan 3 +b—+/b*—a?
\/bzfa2 atan ’2—‘+b+«/bzfaz
2 tan’l A/ a2—b? tan ’2—(
dx \/az_bz a+b
341. / T = or
a+bcosx 1 lo A/ b*—a? tan 5 +a+b
N & /b2 —a? tan F—a—b
d
342. / icad
a+bsinx + ccosx
1 b=/ +c?—a’+(a—c)tan 5 i g2 2 >
\/b2+c27g2 b+\/b2+c2742+(a—c) tan 5 ’ e = tcha # ¢
or
— 2 1 b+(a—c) tan% . 2 > 2
7\/mtan Wt ifa* > b*+c¢
or
1 —(b+c) cos x—(b—c) sinx : 2 12 2
a |:‘1 (b— c)cc:sx+(b+c)sirn1xi| > ifa*> =b tca 75 ¢
2
sin” x dx 1 /a+b a x
343, = - tan~! —tanx | — — ab>0,orlal > |b
/a-l—bcoszx b a (\/a—I—b ) b’ ( la] 161
' d 1 bt
344, /  — —wan ( anx)
a?cos? x + brsin*x  ab a
2 272 212
cos? cx at+b a’l+b>tancx  «x
345, /%de = v tan~! v - =
a? + b2 sin” cx ab’c a b?
sin ¢x cos cx 1
346. / dx = log(a cos? cx + bsin® ¢x)
a cos? cx + bsin® cx 2¢(b —a) 8
/ Cos cx / dx
x = _—
347 acoscx + bsincx a+btancx
= ————Jacx+blog(acoscx + b sincx
St 3 laex + bloglacoscx -+ b sincx)
sin cx dx 1
348. x = = acx — blog(asincx + bcoscx
/ sincx + bcos cx /a—l—bcotcx (a2+b2)[ 5 2l
1 ctan x+b—+/ b2 —ac bz
2 —ac 08 ctan x+b+4/ bz—ac’ ( - (lC)
dx
349. / 5 = n-?! ctanx+h (bz < ac)
acos? x + 2bcos xsinx + csin” x ./ac hZ ac—p?

1 2
T Ctanx+b? (b —ﬂC)



Integrals

350.
351.
352.
353.
354.
355.
356.
357.
358.

359.

360.

361.

362.
363.
364.
365.
366.
367.
368.
369.
370.
371.
372.
373.
374.

375.

376.

sinax d L +1t (7‘[ ax)
= —_ n —_— —_—
1 +sinax X X a a 4 + 2
X —ltaln(z a_x)+110 tana—x
(sinax) (1% sinax] TpEM\g T )T estny
X 1 T oax 1 3 (T ax
(1+Zinax)2 =T (Z - 7> 7R (Z - 7>
x 1 T oax 1 3 (T ax
1 —sinan? 2w (5T et (5-3)

sinax 1 T ax 1 5 /T ax
dx:——tan(———)—l——tan (———)

/
/
/
/
/m 24
/
/
/
/
/

4 2 6a 4 2
sinax 1 T ax 1 T ax
—  _—dx=—— - - — —cot (= - =
(1 —sinax)? X 2a COt(4 2)_|—6acot (4 2)
sin x dx x _a dx

dx 1 x b dx
- =—logtan——;/ -

(sinx) (a +bsinx) a 2 a+bsinx

x _ bcos x . a / x
(a+bsinx)? ~ (a2 —b?)(a+bsinx) a2 —b* ) a+bsinx

sinxdx acosx . h / dx
(a+bsinx)? ~ (b —a?)(a+bsinx)  b*—a? ) a+bsinx
/ dx 1 can-] a? + b*tancx
= an
a + brsincx  acal+ bz a
1 tan—" «/az—bzrancx’ (dz > bz)
. dx ac\/az—bz 4
/W = or
as —o7sm-cx 1 log /b2 —a? tan cx+a (az < bz)
2ac«/b2 a? \/bz a? tan cx— a’
/ cosax 1 ax
X =x— —tan —
1+ cosax a 2
/ cosax 1 tax
= —x — — cot —
1 —cosax 2
/ loot (71 n ax> 1 ax
= —logtan(— + — | — —tan —
(cosax)( 1 +cosax) a 8 4 2 2
/ loot (rr n ax> 1 tax
= —logtan(— + — | — — cot —
cosax 1 —cosax) a 8 4 2 2
/ ! t + ! tan®
= an — + — —
1+cosax 2a 2 6a 2
/ 1 tax 1 3 a
= —— Ccot — — — cot’ —
1 — cosax)? 2a 2 6 2
/ cosax 1 . ax 1 3 ax
dx = —tan — — — tan’ —
1 + cosax)? 2a 2 6a 2
/ cosax 1 c a 1 of® ax
dx = — —_——— —
1 — cosax)? 2a 2 6 2
/ cos x dx x a dx
a+bcosx b b)) a+bcosx
/ 1 logt (x N n) b/ dx
=—logtan(=+—)——- [ ———
cosx a+bcosx) 2 8 2 4 a) a+bcosx
/ _ bsinx a / dx
a+bcosx - (0> —a?)(a+bcosx) b*—a? ) a+bcosx

/ cos x dx — asinx B b / dx
(a + bcos x)? = (a? — b*)(a + bcos x) —b> ) a+bcosx

/’ dx _ 2 can (a—l—b g)
a2+ b2 —2abcoscx ~ c(a? — b?) -b
d 1

/ x ; atancx
= tan
a?+b2costcx  acar+ b2 Var +b?
1 —1 atancx 2 2
h e tan Nzt (a* > b?)
= or
/az—bzcoszcx e
1 1 atancx—a/ b*—a

2aC\/b2 —a? atan cx+\/b2 —a2’

(b > a?)

A-31



A-32 Integrals

sinax 1
. = log(1 +
377 1T cos ax :Fa og( cosax)
1
378. COSAX g — += log (1 + sinax)
1+ smax a
1 1 ax
379. =+ — logtan —
(sinax)( 1 :I: cosax) 2a(1 £ cosax) + 2a ogtan 2
1 1 T oax
380. = — logt -+ —
(cosax) 1:|:smax) :FZa(lzlzsinax) +2a 8 an(4 + 2 )
1
381. sinax = —log(secax £ 1)
(cosax)(1 % cosax) a
1
382. cosax x = ——log(cscax £ 1)
(sinax)(1 £ sinax) a
sinax 1 1 T oax
383. = + —logt -+ —
cosax)(1 £ sinax) x 2a(1 £ sinax)  2a ogtan (4 + 2 )

[

[ e

/i

/i

/i

/i
384 ? cosax dx=-— ' sl jgan®
: (sinax) (1% cosax) 2a(1 £ cosax) 24 2"

[ e seona

v conar

/

/7

/=

/

/

/

1 ax 7w
385. logt (— + —)
smax:l:cosax aﬁ ogtan 2 8
386. -t (a —)
smax:l:cosax)2 20 M\ T g
1 a
387. =+-log (1:i:tan _x)
1 +cosax:|:smax a A 2
1 t a
388. oglAnext
2cos2 cx — b2 sin? cx T 2abc Chtancx—a
389. x(sinax) dx = — sinax — d cosax
a a
2 atx* -2
390. x%(sinax) dx = —f sinax — x73 cosax
a a
3 6 2x3 -6
391. X3 (sinax) a74 sinax — ”7396 cosax
a a
—ix"cosax+ 2 [ x"! cosaxdx
or
392. x™sinax dx = cosaxZ,[Eo] (—1)r+1 (m,_nér)! ) Z*;;Zlv
. m_l \ m—2r—1
+sinax U3 (—1) )
Note: [s] means greatest integer < s; Thus [3.5] means 3; [5] = 5, [%] =0.
1
393. /x(cos ax)dx = — cosax + d sinax
a a
" 2 a a’x? -2
394. /xz(cosax) dx == C(Zs *L 4z ;— sinax
a a:
3a’x* — 6 a’x® —6x .
395. /x3(cosax) dx = x74 cosax + # sinax
a a
x™ sinax

_m m—1 o3
; % [ x" ! sinax dx

or
396. /xm(cos ax)dx = 2l Ty
sinax > %0 (1) 25 - S i
| m—1)/2| r m! XM
+cosax Z (—1) TR

Note: [s] means greatest integer < s; Thus (3.5] means 3; [5] =5, [1] = 0.

sinax | ., (ax)?+1
w7 [ d’“—;(‘”m

cosax v (ax)"
398. / dx =logx + Z 2n(2n)!

xsin2ax  cos2ax
4a 8a?

3 2 1 )
Psintax) dv = % - (5 - g1 ) sin2ax - T

401 / (sin® xcos3ax sin3ax  3xcosax N 3sinax
. X = —_ —
12a 36a? 4a 442

2
399. /x(sin2 ax)dx = xZ -
X

400.




Integrals

402.
403.
404.
405.
406.
407.
408.
409.
410.
411.

412.

413.

414.

415.

41e6.

417.

418.

419.

420.
421.
422.
423.
424.
425.
426.
427.

428.

/ (cos? ax) d x2+xsin24x cos 2ax
x(cos” ax) dx =—
4 4a 8a?
3 2
5, 2 X x 1 . xcos2ax
/x (cos” ax) dx_z + (@ - @) sin 2ax + s
/ ( ax) d xsin3ax+cos3ax+3xsinax+3cosax
x(cos’ ax) dx =
12a 36 2 4a?
/sinaxd sinax /Cosax
x = —
XM (m — 1)1 —1 xm=1
/cosaxd cosax /smax
x=— —
xm (m —1)xm1 —1 xm=1
x XCosax
dx=F——— l 1+
/1:I:sinax X :Fa(lzlzsinax) a? o8l sinax)
/ x d xt ax+ 2 | ax
———dx = —tan — + — logcos —
1+ cosax a 2 a4’ 8 2
x x . x+ 21 . ax
x = —— cot — + — logsin —
1 — cosax a 2 T2 %%y
x+smxdx—xtan
1+cosx 2
/' x—sinxdx_ xcotx
1—cosx 2
" 2sina 2+/2 a
/vl—cosaxdxz—& =—£cos (_x)
a~/1 — cosax a 2

2sinax 232 ax
V1+cosaxdx = ———-—- = ——s5sin | —
/ a~/1+ cosax a ( )

/vl +sinxdx = £2 (sing — cos g),
[use 4 if (8k — 1)5 < x < (8k + 3)%, otherwise —; k an integer]

/vl —sinxdx = £2 (sing—i—cos %),

[use + if (8k — 3)5 < x < (8k+1)%, otherwise —; k an integer|

dx x
—  —+V2logtan =,
V1 —cosx & 4

[use + if 4kmw < x < (4k + 2)7, otherwise —; k an integer]

dx x4+
———— =42 logtan [ —— ),
1+ cosx °8 an( 4 )
[use + if (4k — 1) < x < (4k + 1)7, otherwise —; k an integer]

dx x 7

— =421 S

T V2 logtan (4 8>’

[use 4 if (8k+1)5 < x < (8k+ 5)F, otherwise —; k an integer]|

dx x 7
— =42l —+ =
1+ sinx \/—ogtan(4—|— 8)’
[use 4 if (8k — 1)5 < x < (8k+ 3)3, otherwise —; k an integer]|
, 1
(tan” ax) dx = P tanax — x

1 1
(tan® ax) dx = 72 tan? ax+ log cosax

tan ax

3a
n—1
(tan” ax) dx = 3&7_1) — /(tam”‘2 ax)dx

(tan* ax) dx =

1
— — tanax + x
a

ax

1
(cot? ax)dx = —— cotax — x
a

1 1
(cot* ax)dx = 3, cot® ax + P cotax + x

n—1
(cot” ax)dx = —% - /(cot”_2 ax) dx

x X cotax 1 .
dx = /x(csc2 ax)dx = — +— log sinax
a a

/
/
/
/
/ (cot® ax) dx = —% cot? ax — %log sin ax
/
/
/
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429.

430.

431.

432.

433.

434.

435.

436.

437.

438.

439.

440.

441.

442.

443,

444.

445.

446.

447.

448.

449.

450.

451.

452.

453.

454.

Integrals

N X cosax 1 (n—2) x
dx = [ x(csc” ax)dx = — — — — + ———dx
sin” ax aln—1)sin" ' ax a?(n—1)(n—-2)sin" *ax (n—1) sin"™* ax
" 1 1
/ 5 /x(sec2 ax)dx = —x tanax+ logcosax
cos ax a
xsmax 1 n—2 x
"ax)dx = - d
/cos" ax /x(sec ax) dx an—1) cos"lax a*(n—1)(n—2) cos"2ax + n—1 / cos" % ax X
_ sinax 1 Gin-! bcosax
\/1—|—b231n ax ab N1+ b?
sinax

1572 b log(bcosax +1/1 — b2 sin” ax)
— b2sin” ax

cosax bcosax
(sinax)y/ 1+ b2 sin” axdx = — \/ 1+ b?sin®ax — n!
V14 b2

/(sinax)\/ 1—Bsintaxdx = — 2% 1 _ b2 sinax — log (bcosax + /1 — b2 sin® ax)

o cosax log(bsm ax+ 1/ 1+ b?sin” ax)
V' 1+ b2sin’ax " ab
1
__COSAX = — sin~!(bsinax)
1— B2 sin* ax ab

/(cosax)\/ 1+ b2 sin*axdx = smaxv 1+ b?sin® ax—|— log (bsinax + \/ 1 + b2 sin” ax)
/(cosax)\/ 1— b sin*axdx = smaxv sin® ax—|— sm Y(bsinax)

a—>b

sincx |, (a>1|b|)

/ Ja + 19tan2 cx cJa —
[use +if (2k—1)5 < x < (Zk +1)3, otherw1se —; k an integer]

FORMS INVOLVING INVERSE TRIGONOMETRIC FUNCTIONS

. L 1—a?x?

(sin'ax)dx = xsinlax+ ———
a

V1 —a?x?

(cos ' ax)dx = xcos Lax — ——
a

1
(tan™!ax) dx = xtan™! ax — 2 log (1 + a*x?)
a

1
(cot™ ' ax) dx = xcot ' ax + 7 log (1 + a*x?)

1

(sec ' ax) dx = xsec” ' ax — P log (ax + Va?x? — 1)
1

(csc™hax) dx = xcse ax + o log (ax + Va?x? — 1)

1 X

(sin ! x) dx = xsin” — + vVa? — x2, (a > 0)
a a

(cos_1 f) dx = xcos ' X — /a2 = x2, (a > 0)
a a

(tan_] f) dx=xtanZ_2 log (a* + x?)
a 2

(cot’1 f) dx=xcot™ ! Z 4 % log(a® + x?)
a

x[sin"Hax)]dx = %[(24%2 —1) sin"(ax) + ax/1 — a?x?]
x[cos™H(ax)] dx = %[(hzzx2 —1) cos Yax) —ax /1 — a?x?]

n+1 n+1
x"[sin” ! (ax)] dx = :+ 1 sin”H(ax) — a ¥ dx (n#—1)

n+1 ) J1T—aZx?’

n+1 n+1
. 1 X . a x"tldx
x"[cos™ " (ax)] dx = | cos™ ' (ax) + ol / T (n#—1)

S ) S L g



Integrals A-35

1 2,2
455. /x(tan_] ax)dx = % tan~! ax — %
n+1 n+1
w4 x . a x
456. /x(tan ax)dx=n+ltan ax—m/m x
1 2,2
457. /x(cot’l ax)dx = Shane cot ' ax + x
. 2a? 2a
n+1 n+1
w1 o ox . a x
458. /x(cot ax)dx—n+1 cot ax+n+1 mdx
459, / sin*z(ax) 45— alog (1 - Vi —a2x2> ~sin”!(ax)
x x x
“Nax)d 1 1 M= 222
460. /w = ——cos '(ax) + alogM
x x x
tan!(ax) dx B a, 1+ a*x?
461. / =z = - tan Yax) — ElogT
cot tax 1, a x2
462. / xz dx = _; cot ax — Zlog m
21— a2
463. /(sinf1 ax)?dx = x(sin"!ax)? — 2x + % sin"!ax
2WI— a2
464. /(cos‘l ax)?dx = x(cos ' ax)? — 2x — % cos ' ax
T — 2252 ,
x(sin"'ax)" + %(sin_lax)”’1
—n(n—1) /(sinflax)”_2 dx
or
. sin” ax)"dx =
465 (sin"lax)"d
[n/2]

Sy ERET —n!zw x(sin~lax)" ¥

T N e
+ ; (=1) (n—2r —1)la
Note: [s] means greatest integer < s. Thus [3.5] means 3; [5] =5, [3] = 0.
ny/1 —a2x?

a

(sin_] ax)n—lr—l

)n—l

x(cos tax)" — (cos tax

—nn—1) /(cos’lax)"’2 dx
or

466. /(cos’lax)” dx =

Z(— 1) (n—ni'Zr)' x(cos ™ ax)" "

Ny T
~ qy =N e
(n—2r —1)la

r=0

(COS—1ax)n—2r—l

1 1
467. m(Siﬂil ax)dx = Z(Sin71 ax)z
n n—1 n n—2
x .1 x .1 x n—1 x . 1
468. m(sm ax)dx = — o V1 —a?x?sin” ax + oy + wal — sin” axdx
1
469. m (COS_1 ax) dx = —Z(COS_I ﬂx)z
n—1 n n—1 xn—Z

“Laxdx

V1 —ax? na n2a + na? /T — 222 cos
471.

472,

1
473. xsec laxdx = % sec lax — o) atx:—1

/
/
/
470. /xin(cos_lax)dxz L V1—axcosax— =
/
/
/
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474.

475.

476.

477.

478.

479.

480.

481.

482.

483.

484.

485.

486.

487.

488.

489.

490.

491.

492.

493.

494.

495.

496.

497.

/ J X1 » 1 x"dx
x"sec ' axdx = sec lax —
n+1 n+1 Jaixr —1

/ ec” sec !ax N Jatxr — 1

x x

x? 1
/xcsc axdx—fcsc ax + ﬁ\/azxz—l
/ d X1 S 1 x"dx
x"csc laxdx = cscax

+1 n+1 /22 — 1
/‘ csc*1 ax arx:—1

x x

FORMS INVOLVING TRIGONOMETRIC SUBSTITUTIONS

dz x
/ sin x dx_2/ <1—|—z2> 2 (z:tan2>
1-z dz x
/ cos x dx:Z/ (1+z2)1+z2’ (Zztani)
f(sinx dx_/f (# = sin x)
/f(cosx)dx— /f(u)%, (u:c;sx)
/f(sinx,cosx)dx:/f(u, \/1—142)\/%, (# = sin x)
z 1-z dz x
/f(smx,cosx dx_Z/ (1+z2’1+z2) i (z:tani)
LOGARITHMIC FORMS

(logx) dx = xlogx — x

x? x?
x(logx) dx = TIng_Z
X3 X’
x*(log x) dx = ?logx— )
(l 4 )d _ n+1 | 2 xn-H
ogax)dx = -~ logax TEEIE

(log x)?dx = x(log x)*> — 2xlog x + 2x

x(logx)”—n/(logx)”‘ldx, (n# —1)
(logx)"dx =

or
IR DR
(log x)" 1
— 1 n+1
- dx . 1( 0g x)
dx (logx)?  (logx)3
fog = log(log x) + log x + 231 3.3
= log(log x)
xlogx
dx B 1
x(logx)” ~  (n—1)(logx)"1
x"dx Pal N m+1 x"dx
(logx)" = (n—1)(logx)"! * n—1 J (logx)"1
7xﬂl+:rfff")n e /xm(logx)”’ldx
x"(log x)"dx = or
(_1 nm;il X Zf 0 7! ml:ﬁx” T
P+

x? cos(blnx) dx = [bsin(bInx) + (p+ 1) cos(blnx)] + ¢

— \ \\\\\ — \\'\\\

(p+1)2+ 82

Integrals



Integrals A-37

p+1

498. /x" sin(blnx) dx = (p—l—xlb)z—FbZ [(p+1)sin(blnx) — beos(bInx)] + ¢
499. /[log(ax—|— b)]dx = log(ax + b) — x
500. /log @x+0) 1 = @ logx — 8 ogtax + b)

b bx

3 1 - b m+1 1 < b>m+1 m+1 1 ax\’
501. / [log(ax + b)] dx = il i ( ;) log(ax + b) prsrie Tl G ;; ( ?)

m—1
502 / ax+b _ 1 log(ax{—b)_i_ 1 (_g) logax-i-b
m—1 xm=1 m—1 x

1 aym-1"21 b\’
o1 (03) Z:(‘E)"”””

503. / {log %} dx = (x+a)log(x +a) — (x — a) log(x — a)

mil
xm+1 _ (_a)m-H xm+l _am+l Zam-H [ 2 ] 1 o\ m=2r+2
504. 1 dx= —«— 1 e | —
/ [Og } 1 BT 1o lesE At T m—2r+2( )
Note: [s] means greatest mteger < s; Thus [3.5] means 3; [S] =5, [1] = 0.
1 x+a x—a 1 x*-a°
505. /; {logx } dx = — log Ta ;log 2
A/ 4ac—b? 1 2cx+b )
(x+ )logX 2x + ¥ tan s (b*> —4ac < 0)
or
506. /(log X)dx = b /P2 —4ac 1 _2cx+b 2
(x+ ) log X — 2x + ¥"— tanh \/ﬁ’ (b*> — dac > 0)
where
X =a+ bx+ cx?
., xn-H 2¢ xn+2 b xn-H
507. x(logX)dx=n+1logX 1) X dx — p—— X dx
where X = a + bx + cx?
508. /[log(x2 +4%)]dx = xlog(x* + a*) — 2x + 2a tan™! g
509. /[log(x2 —a?)]dx = xlog(x* — a?) —2x+alogx+a
x—
1 1
510. /x[log(x2 +a?)]dx = z(x2 +a?) log(x* + a?) — zxz
511. /[log(x+ x? +a?)]dx = xlog(x + V2 +a?) — Va2 £a2
2 2 /x2 £ 42
512. / [log(x + vV x2 £ a?)]dx = (%i%)log(x—{— xziaz)—%
1 > > d xm+1 l 5 > 1 xm+1 d
513. + = + -
/ [log(x 4+ v/ x* £a?)]dx m+log(x+ x? +a?) mx
514 / x—l—\/xz—i—az _ logx—i—\/xz—l—a2 110ga+\/x2—|—a2
' - Z x
log(x + «/xz—az) _ log( x—}-«/xz—a2 X
515. dx = + —sec” —
x2 x | | a
1 (/2] 2 yn—2r+1
516. /x” log(x* — a*) dx = " log(x? — a?) —a™ M log(x —a) —(—a)" ' log(x + a) — 2 _—
n+1 — - 2r+1
Note: [s] means greatest integer < s; Thus [3.5] means 3; [5] = 5, [%] =0.
EXPONENTIAL FORMS
517. /e"dx =e*
518. /e”‘dx =—e "
519. /e“"dx -
a
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520.

521.

522.

523.

524.

525.

526.

527.

528.

529.

530.

531.

532.

533.

534.

535.

536.

537.

538.

539.

540.

541.

542.

543.

544.

m—r

ax Zr 0 ( r mm‘:c)lav-%-l
/e‘”‘dx o x+ax+a +a3+x3+
] x XTI T2 T 33
. eax 1 eax a ' eﬂX
Z dx=— d
x™" X m—lxm—1+m—1/xm—1 x
axl 1 ax
e logxdx = ¢ o8x f/e—dx
J a a x
x e*
=x—log(l+¢e) =1
1 +dex x — log(1 + €%) og Tre
X X 1
=—-—-—1 bet*
a+bet* a ap ogla + be™)
dx 1 1 a
= tan~' [ ™4/~ ], 0,6>0
TR m\/_ an (e b) (a > > 0)
Jae™ /b
dx me fenzx+f
aem — be-mx or
tanh (V/%e™), (a>0,b>0)
a* +a"‘

(@ —a¥)dx =

loga
e 1
dx = — log(b a
b+ cer X ac 0g(b+ ce
xeax _ eax
(1 4+ ax) a%(1+ ax)
2 2
xe ¥dx=—=e

e™[sin(bx)] dx =

e"*[a sin(bx) —

")

bcos(bx)]

e™*[sin(bx)][sin(cx)] dx = i

e*[(b— c)sin(b — ¢)x + acos(b—

2+ b

c)x] B

Integrals

e [(b+ c) sin(b + ¢)x + a cos(b + c)x]

S S S S

/ e™*[sin(bx)][cos(cx)] dx =

2[a? + (b — c)?]
e*[a sin(b—c)x—(b—c) cos(b—c)x]
2[a2+(b—c)?]
+ e[ a sin(b+c)x—(b+c) cos(b+c)x]
2[a2+(b+c¢)?]

or
%[(ﬂ sin bx — bcos bx)[cos(cx — )]
—c(sin bx) sin(cx — a)]
where
o =+/(a®+b* —2)? +4a2c2,
pcosa = a* + b* — 2

2[a? + (b + ¢)?]

psina = 2ac

e™*[cos(bx)][sin(bx + c)] dx =

\\\\\\\\

AX[ ol 7 1

e [sm bx] dx = m
ax n 1

e [COS bx] d.x = m

. 1 . m [ m
/x’”e" sinxdx = zx"’e"(smx—cosx) — — [ ¥ e*sinxdx + 5 x

e"*[cos(bx)][cos(bx + ¢)] dx =

{(a sin bx — nb cos bx)e®™

o5 _ e¥cosc  e™a cos(2bx + ¢) + 2bsin(2bx + ¢)]

[sin(bx)][sin(bx + c)] dx = 2 [ (zzb(az n )4;72)2[7 ” !
oo B _e‘”‘sinc elasin(2bx + ¢) — 2bcos(2bx + ¢

[sin(bx)][cos(bx +§)] dx = 7 a2 1 407
e"*[cos(bx)] dx = P [a cos(bx) + bsin(bx)]

#[cos(bx)|[cos| )]d _e™[(b—c)sin(b—c)x+acos(b—c)x]  e™[(b+c)sin(b+ c)x+acos(b+c)x]
e™*[cos(bx)][cos(cx)]dx = A2 (b o] 2+ (b o

e*cosc e [acos(2bx + c) + 2bsin(2bx + ¢)]

e*sinc  e™[asin(2bx + ¢) —

2a + 2(a? +4b?)
2bcos(2bx + ¢)]

2 2a2 + 4b%)

2

sin” ! bx + n(n — 1)b? / ™ [sin" % bx] dx]

[(a cos bx + nbsin bx)e™ cos" ! bx + n(n — 1)b* / e [cos" % bx] dx}

m—1 x

e* cos x dx



Integrals

54S.

546.

547.

548.

549.

550.
551.
552.

553.

554.
555.
556.

557.

X% asin Z:Zc:rllz;os bx
- X" e (a sin bx — bcos bx) dx
/ x"e™[sin bx] dx = or
e oLy S sinlbx — (r + 1)a]
where
p=+at+b pcosa=a, psina=b

1 ) .
/xmexcosxdx: Exme’c(smx—}—cosx) - g/xm’1ex51nxdx— %/x

" @ax 4.c0s bx+bsin bx

a
- fx”‘le“(a cos bx + bsin bx) dx
or
e o CH L cos[bx — (1 + 1)a]

pr+1 (m—r)!

p=+at+b>, pcosa=a, psina=>b

m—1

/ x"e™ cosbx dx =

e cos x sin” x[a cos x+(m+n) sin x]

(m+n)24a?

— I e (cos” ! x)(sin""! x) dx

(m—1)(m+n) ax m—2 on
R e /e (cos”* x)(sin” x) dx
or

€™ cos™ x sin" ! x[a sin x—(m+n) cos x|
(m+n)2+a?

ma 1

+ (m+n)2+a2
4 L= L) / € (cos” x)(sin" % x) dx

(m+n)2+a?
/ e"*(cos” x)(sin” x)dx = or

Pl

e (cos” ! x)(sin" ™" x) dx

1 2

"1 x)(a sin x cos x+msin® x—n cos

(m+n)2+a2

cos” ™" x)(sin x)

+ m(m—1) 2

(m+n)2+a2

4 n(n—1)

(m+n)2+a2

e"*(cos” * x)(sin” x) dx

e (cos™ x)(sin" % x) dx

—_——

or
e (cos™ ! x)(sin” ! x)(a cos x sin x+m sin? x—n cos® x)
(m+n)2+a?

4m ) e (082 x) (sin" % x) dx

(m+n)2+a?

—

(n—m)(nt+m—1) ax m s on-2
R P /e (cos™ x)(sin" ™~ x) dx
. xeax . eax
sinbx)dx = ———(asinbx — bcosbx) — ————
at+b? (a% + b?)
xeax ax

al+b2 (d2+b2)2

/

/ : 2 2

/ e d e“x[asmx+(n72)cosx]+a +(n—2) / e
/

/

. X = —
sin” x (n—1)(n—2)sin" " x (n—1)(n—-2) ) sin"*x
e _ e™[acosx — (n—2)sinx] a’+ (n—2)? / e™

cosx T T T =) n=2)cos" x| (n=1)n-2)

cos™ 2 x

-1
tan”" " x a . -~
e“tan" xdx = e —— — —— /e‘”‘tan” Txdx — /e“xtan” 2 xdx

n—1 n—1

HYPERBOLIC FORMS

(sinh x) dx = cosh x
(cosh x) dx = sinh x
(tanh x) dx = log cosh x

(coth x) dx = log sinh x

—— e —

m—1 _x

3 [(a? = b?) sin bx — 2ab cos bx]

cos bx) dx = (a cos bx — bsin bx) — 67[(512 — b?) cos bx — 2absin bx]

A-39



A-40

558.

559.

560.

561.

562.

563.

564.

565.

566.

567.

568.

569.

570.

571.

572.

573.

574.

575.

576.

577.

578.

579.

580.

581.

(sech x) dx = tan™!(sinh x)
x
(csch x) dx = logtanh <Z>
x(sinh x) dx = x cosh x — sinh x
x"(sinh x) dx = x" coshx — n / x"(cosh x)dx
x(cosh x) dx = x sinh x — cosh x

x"(cosh x) dx — x" sinhx — n / x"!(sinh x) dx

e S S S

(sech x)(tanh x) dx = —sech x
(csch x)(coth x) dx = —cschx
(sinh2 x)dx = sml; 2x - g
me(sinhm+1 x)(cosh”™ x)
+::,;+ln / (sinh” x)(cosh”* x) dx
/ (sinh” x)(cosh” x) dx = or
1

w1 1
sinh” ™' xcosh”" x

m+n

—m-l /(sinhmizx)(cosh"x)dx, (m+n+#0)

m+n

1
(m—n)(sinh” 1 x)(cosh” ! x)

d
et [ s )

sinh” % x)(cosh” x)

/ dx
(sinh™ x)(cosh” x) o 1
hm—l

(n—1) sin xcosh” T x

dx
+ mtn—2 / , 1
ol (sinh” x)(cosh”* x) (e 1)

(tanh” x) dx = x — tanh x

,, tanh" " x w2
(tanh” x) dx = =1 + / (tanh" " x)dx, (n#1)
(sech2 x)dx = tanh x

sinh2x x

/(cosh2 x)dx = 2 + 3
/(coth2 x)dx = x — cothx
n—1
/(coth" x)dx = _co;hflx —l—/cothn_zxdx, (n#1)
/(cschzx) dx = —ctnhx
. . __sinh(m+n)x  sinh(m —n)x )
/(smhmx)(smhnx) dx = 2t ) — Y (m? + n?)
_ sinh(m+n)x | sinh(m —n)x ) 5
/(coshmx)(coshnx)dx_ Yt + Y (m” # n”)
) _ cosh(m+mn)x  cosh(m—n)x ) )
/(smhmx)(coshnx) dx = o) Ym—n) (m” #n”)
/ (sinh71 g) dx = xsinh™ g —Vxt+a2, (a>0)
2 2
/x (sinh_1 E) dx = (x— + i) sinh1 % f\/x2 +a2, (a>0)
a 2 4 a 4
1

n+1 n+1
/x” (sinh71 x) dx= (2 sinh™ x — / X dx, (n#-1)
n+1 n+1 (14 x2)

o=

Integrals



Integrals

582.

583.
584.
585.
586.
587.
588.
589.

590.

591.
592.
593.
594.
595.

596.

597.

598.
599.

600.

601.
602.
603.

604.

605.
606.

607.

608.

-1 -1
xcosh™ 2 —+/x* —a?, (cosh > 0)

(sech™ x) dx = xsech™ x + sin~"' x

/ (cosh_1 g) dx = or

xcosh™! L4 /x2—a?, (cosh tx f< 0), (a > 0)
/x (coshq g) dx = 296247_612 osh™ g - 2(x2 —az)%
/x”(cosh_1 x)dx = ;:_Hl cosh™'x — n:_ 1 / : x”_“l)i dx, (n#-1)
/ (tzlnh71 g) dx = xtanh™' f + %log(al —x?), (’g‘ < 1)
/(oth la) dx = xcoth™ glog(xz—az), (’g‘ >1)
/x (tanh_l g) dx = xz; 2 tanh™' f + azx ( g‘ < 1)
/x”(tanh_1 x)dx = :ill tanh™ x — ni—l/%dx, (n#—1)
/x (coth7l g) dx = x ;az coth™! E + é%x, (‘f > 1)
/x” <c0th71 x) dx = :i?l coth™ x + % %dx, (n#—1)
/

’ 2
_ _ 1
/xsech lxdx:%sech 1x—ix/l—xz
xn+1

1 M
/x”sechflxdxzn 1sech71x+n+1/(l_xx2)%dx, (n#—1)

-1 -1 X .1
/csch xdx = xcsch™ x + i sinh™ x
x

1 x
/xcsch xdx—icsch x—|—§ﬁ\/1+x2

n+1

_ x x"
1csch x+n+lm/(x2+l)%dx, (n#—1)

/x”cschflxdx =X
n
DEFINITE INTEGRALS

x (1+l)n
f xnl—xdx_fo( x)"ldxzinimzr(n)

7
m=1 14+ —
m
forn#£0,-1,-2,-3, ... (This is the Gamma function)
o0 _ n!
/O tnp tdt:W, (n=0,l,2,3,...andp>0)
el - I'(n)
n—1 ,—(a+1)t — -1
/0 " e dt PRSI (n>0,a>-1)

AR T(n+1)

I'(n) is flmte ifn>0;C(n+1) =nl(n)
[(n)-T(1—n) = 7~
I'(n) = n—l 1fn_1nteger>0
1 1
r (Z) et dt = /m =1.7724538509 .- . = (_Z>!
n+%:13522n1)ﬁ 1’1—123
M(-n+3) = {5355 n_1,2,3,...
: ¢ a L(m)T(n)
m—1 1— n—ld :/ x d — — B
f s [ s = T = B

0
(This is the Beta function)

B(m, n) = B(n,m) = "W where m and 7 are any positive real numbers.

T (m+n)
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A-42 Integrals

r 1)-T 1
609. / (x —a)"(b - x)" dx = (b — a)"™"! (";:’ :L i”; ) = —ln>—1,b>a)
B m+n
610. / d—x = L, [ > 1]
. xm om—1
10 dx
611. A m:n’cscpﬂ, [0<p<1]
612 T_dx 0 1
. ; m_—ncotpﬂ, [0<p<1]
© xP=1dyx T
613 [ — T _B(p1—p) =T(AF1—p), [0<p=<1]
o (1+x) sinprm
o] m—ld
614. / Y T [0<m<n]
o 1+« nsin =%
615 /oo wdx ™ T ()T (e 2
) o (m+xb)y b I'(c)
(a>-1,b>0,m>0,c> %)
o0 dx
616. —_— =
/o (H;ix)ﬁ
*© adx bid T
617. = — if 0;0, ifa =0; — =, if 0
7 /o 2 2 llai PR = 2’11"2 ;
618. / (@ —)dx = 3 [ (a? =) dx = W'(“L) : % @™ (nodd, a > 0)
0 —a 4.6...(n
. 1amintiB (2 M2y (g >0, m> —1, n> -2)
or
619. / x"(a* — x*)"* dx = (=) (=22)
0 LA o 2 (a>0, m>—1, n>=2)
f0”/2 (cos” x) dx
or
o %%, (nan even integer, 1 # 0)
620. / (sin” x) dx = or
0 7]423»5:67-.2.&:(;1(;))]) , (man odd integer, n # 0)
G
‘ T rEay > -1
621. / sinmxdx T 0,0, ifm= 0~ ifm <0
0 X 2 2
622, /‘ cos xdx —
0. xd
623. / tan x dx _T
0 X 2

624. / sinax - sinbxdx = / cosax-cosbxdx =0, (a+#b;a, bintegers)
0 0
/a b4
625. / [sin(ax)][cos(ax)] dx = / [sin(ax)][cos(ax)]dx =0
0 0

ﬁ, ifa —bisodd, or 0 ifa — biseven

626. /n [sin(ax)][cos(bx)] dx =
0

* sin x cos mx dx

627. ——————— =0, ifm<—-lorm>1; E, ifm::l:l;z, ifn? <1
0 X 4 2
628. /“wdx: T a<b)
0 X 2.
629. / sin? mx dx = / cos® mxdx = % (7 is a non-zero integer)
0 0
.2
% sin”(px) v
630. dx = —=
/0. x? X 2
° sin x bid
631. dx=———— 0 1
/0 o T M (pysin(pn2y P T
® cosx T
632. dx = 0 1
f, S (pyeos(pn/2)’  PT

633. / 1-cospx ;. mlol
0

x? 2



Integrals

634.

635.
636.
637.
638.

639.
640.
641.

642.

643.
644.
645.
646.
647.
648.
649.
650.
651.
652.

653.

654.

655.

656.
657.

658.

A-43

/”0 sin px cos gx

X

dx:{O,q>p>0; %,p>q>0;%,p=q>0}

“cos(mx) ,  w .

SOV gy =
x% + a? 2al

g [T _1\/5
cos(x)dx—/0 sm(x)dx—2 )

1
smax”dx: ——I(1/n) sinl, n>1
nallr 2n

1 T
= nal/nl"(l/n)cos PP n>1

Ve W’“ 2
)fooo“g"dx— fms‘zxdx——log3

4=\:|

SlIl x

SIH x

cos™!

a
1
/ 1+acosx Aoz (lal <1)
T
/a+bcosx Jaz—p’ (a>b20)
2 3
1
/ 1+acosx T A= (a”<1)
cosax — cos bx b
/ ———————dx=log|—
a
/ o
a251n x—l—bzcoszx - 2labl .
w(a* + b%)
= , (a,b>0
/ (a2 sin® x—|—192cos2 x)2 4a3b3 ( >0
. 1 n m .
/ sin"~! x cos” xdx—zB (E,z), mand n positive integers
2. 4 6...(2n)
2n+1 _
/ (sin 9d9_1' (Zn—i—l)’ (n=1,2,3,...)
1-3- 5 Zn—l
/ (sin” 0) o = —= = ( ) (n=1,2,3,...)
[ NERE R
smx 12 32 52 72
/ _
1—|—tan’” T4
3
/ Vcosdo = (271)22
(0(3)]
/ (tan” ) d 7 0<h<1)
D —— < <
2cos(h7”)’
/ tan~!(ax) — tan~ (bx)dx:zlogz, (@.b> 0)
0 x 2 b

The area enclosed by a curve defined through the equation xé + ylf =a? wherea >0, ca positive odd integer and b a

ositive even integer is given b [r($)]* (E)
p & g Y - ( i ) 2
= /// x"1y"12""1 dv, where R denotes the region of space bounded by the co-ordinate planes and that portion of

Py (X)q + (f)k = 1, which lies in the first octant and where b, m, n, p, q, k, a, b, ¢, denote positive real

the surface () 2

numbers is given by

m

a h py L ¢ ) 1 by h\r r(z)
[ 2o 1-C)V i [ -G - ()Y e LD
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659.

660.

661.

662.

663.

664.

665.

666.

667.

668.

669.

670.

671.

672.

673.

674.

675.

676.

677.

678.

679.

680.

681.

682.

683.

684.

685.

686.

o 1
/ e ™dx=—, (a>0)
ba

dx = log g, (a,b>0)

I(n+1)
an+1

X

No
3
o
4
2

n>-1,a>0

or
T
x”exp(—axf’)dleak) (n>—1,p>0,a>0,k:n—;l>

N
3
s
N
N
4
2
QU
2
I

(a > 0, npositive integer)

3

2
_

1 1
e dx= — Jr=—T <—), (a > 0)
a a 2

3

3
[3S)
|
=2
QL
*
S

-3.5...2n—1
X1 gy = 3:-5...(2n )1/% (@>0,n>—3)

2n+lan

3

.2 n!
2n+1e ax: dx — s
2ant+1

m _—ax m' & ar
x"e dx_aerl [1— Zr':|
o9 (—x2—£> 87241\/;

e ) dx = 5 (a=>0)
7""\/_dx— —\/g (n>0)
/ _ —dx=4/— (n>0)

n
/ e ™ (cosmx) dx =
/ m

00
axs -

e (sinmx)dx = ———

/0 at+m?’

s B 2ab
/0 xe *[sin(bx)] dx = FwE
/ xe “*[cos(bx)] dx =

0

a? - b?
/ x"e "[sin(bx)] dx =
0

x (@a>0,n>—1)

[

o (a > 0)

(a > 0)

(a > 0)

7(512 FEITE (a >0)
m[(a +ib)"*! — (a —ib)*]
Zi(az +b2)n+1 ’
n[(a —ib)"™! + (a +ib)"]
2(a? + b2yl ’
dx=cot™'a, (a>0)
JT

i b?
e cosbxdx_me p( @)’ (ab #0)

e teos¢t=1sin(¢ sin ¢)] dt — [['(b)] sin(bg), <b >0,

(i?=-1,a>0)

3

x"e"*[cos(bx)] dx =

4% sin x

3
®

X

3

2

3<9<3)

o)

3

e 158~ [cos(t sin )] dt — [T(b)] cos(bg), (b >0,

t"costdt = [T'(b)] cos (%”) 0<b<1)

2

t*"(sint) dt = [['(b)] sin (%) (0<b<1)

fly

(logx)"dx = (=1)"-n! (n> —1)

S— S— th\gkhkkh

Integrals



Integrals

687.
688.
689.

690.

691.
692.
693.
694.
695.
696.
697.
698.
699.
700.
701.

702.

703.
704.
705.
706.
707.

708.

709.

710.

711.

712.

1 n
/ (log 1) dx =n!
0 X
1

logx qg+1

= /7, (same as integral 686)

[SN

/xlog(l—x)dx:—i
O 4

! 1
/xlog(1+x)dx:—
Jo 4

1

” w . (=1)a! _

; x"(log x) dx_i(m—f—l)”“’ m>—-1,n=0,1,2,...
Ifn#0,1,2,... replace n! by ['(n + 1).
/1 logx , — n?

112 T 12

! logx 7?2
/0 1—xdx__z

U og(1 +x) w2
A 735 dx—ﬁ
/1 log(l—x)dx:_JL2

0 X 6

1 2
/(logx)[log(1+x)]dx—2 ZlogZ——
0 12
1 2
| ttogttog(1 — xdw =2~ 7

0 6

"1 logx w?
/0 1—x2dx 8
i) o

0 08 1—x X a 4

! log x dx

= Zlog2
/01 1 — %2 2 %8
" 1N\]", = T(n+1) )

/0 [log ;)} dx_W, ifm+1>0,n+1>0
/1 (xP — x7)dx

0

()

2
(logsmx)dxz/ logcosxdx———logZ
0

/2
(logsecx) dx = / logcscxdx = ) log2
0

Bl

2
x(logsinx) dx = —% log2

N
~
S}

(sinx)(logsinx) dx =log2 — 1

(logtanx) dx = 0

c\
s

= og(p—H) (p+1>0,9+1>0)

Y —)
/log(a:tbcosx)dxzﬂlog(a—'—;b>, (a>b)
0
27 loga a>b>0

/ log(a* — 2abcos x + b*) dx = {
0

® sinax
/0 sinh bxd 2|b| tanh 2b

* cosax an
—d h —
/0 cosh bx = 2|b| se¢ 2b

2rlogb b>a>0
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713.
714.
715.
716.
717.

718.

719.

720.

721.
722.
723.

724.

725.

726.

727.

728.

Certain types of differential equations occur sufficiently often to justify the use of formulas for the corresponding particular
solutions. The following set of tables I to XIV covers all first, second, and nth order ordinary linear differential equations with
constant coefficients for which the right members are of the form P(x)e’* sinsx or P(x)e’™ cossx, where r and s are constants and

/°° dx _ 7

o coshax ~ 2|a|

0 2

/ xdx T 0)
0

sinhax  4a?

/ e "*(cosh bx) dx = % (0<1b| <a)
o _

b’

0 —ax M h b
/ e (sinh bx) dx = =
smhax T am 1

ebx+1 =355 T3, (b>0)

smhax 1 T am
/ Z_TbCOt7 (b>0)

(0=<1bl <a)

1\*, [(1-3\*, [1-3.5\% .
1+(E) k +<ﬁ> k +<2-4‘6> Kl

1—k231n x 2

ifk? <1
1\? 1.3\ & 1-3-5\ K
_ k2 — N 2 _ [ 2 - - ...
1 /zsm xdx = 2{1 (z)k (2.4) 3 (2-4-6)25 ],
ifE <1
/ e *logxdx =—y =—-0.5772157 ...

= logxdx = —?(y +2log2)

e
/ 1 dx =y =0.5772157..
0 X 1+x Y=y

For n even :
n2 1

/ " do = sin(n — 2k)x +l n
cosTx x‘znl O Tm—2k " 27\np2)”

o B n\ sin[(n—2k)(5-x)] 1 ( n
/sm xdx_ (k 2k—n +ﬁ<n/2)x

For # odd:

(n—1)/2 B
/cos"xdx = Z (Z) %

=0

/ intedx =S v (n) sin [(n — 2k) (2—x)]

2k —n

) dx =y =0.5772157.. [Euler’s Constant]

DIFFERENTIAL EQUATIONS

Special Formulas

P(x), is a polynomial of degree n.

When the right member of a reducible linear partial differential equation with constant coefficients is not zero, particular solutions
for certain types of right members are contained in tables XV to XXI. In these tables both F and P are used to denote polynomials,
and it is assumed that no denominator is zero. In any formula the roles of x and y may be reversed throughout, changing a formula
in which x dominates to one in which y dominates. Tables XIX, XX, XXI are applicable whether the equations are reducible or
not. The symbol (”) stands for o

A-46

% and is the (7 + 1) coefficient in the expansion of (a + b)

m_ Also 0! = 1 by definition.



