
x = k
2

− 4k
π2

[
cos

πx
k

+ 1
32

cos
3πx

k
+ 1

52
cos

5πx
k

+ · · ·
]

[0 < x < k]

x2 = 2k2

π3

[(
π2

1
− 4

1

)
sin

πx
k

− π2

2
sin

2πx
k

+
(

π2

3
− 4

33

)
sin

3πx
k

−π2

4
sin

4πx
k

+
(

π2

5
− 4

53

)
sin

5πx
k

+ · · ·
]

[0 < x < k]

x2 = k2

3
− 4k2

π2

[
cos

πx
k

− 1
22

cos
2πx

k
+ 1

32
cos

3πx
k

− 1
42

cos
4πx

k
+ · · ·

]
[−k < x < k]

1 − 1
3

+ 1
5

− 1
7

+ · · · = π

4

1 − 1
22

+ 1
32

+ 1
42

+ · · · = π2

6

1 − 1
22

+ 1
32

− 1
42

+ · · · = π2

12

1 + 1
32

+ 1
52

− 1
72

+ · · · = π2

8
1
22

+ 1
42

+ 1
62

+ 1
82

+ · · · = π2

24

FOURIER EXPANSIONS FOR BASIC PERIODIC FUNCTIONS

f (x) = 4
π

∑
n=1,3,5...

1
n sin nπx

L

f (x) = 2
π

∞∑
n=1

(−1)n

n

(
cos nπc

L − 1
)

sin nπx
L

f (x)= c
L + 2

π

∞∑
n=1

(−1)n
n sin nπc

L cos nπx
L

f (x) = 2
L

∞∑
n=1

sin nπ

2
sin( 1

2 nπc/L)
1
2 nπc/L

sin nπx
L
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Fourier Expansions for Basic Periodic Functions A-61

f (x) = 2
π

∞∑
n=1

(−1)n+1

n sin nπx
L

f (x) = 1
2 − 4

π2

∑
n=1,3,5,...

1
n2 cos nπx

L

f (x) = 8
π2

∑
n=1,3,5,...

(−1)(n−1)/2

n2 sin nπx
L

f (x) = 1
2 − 1

π

∞∑
n=1

1
n sin nπx

L

f (x) = 1
2 (1 + a) + 2

π2(1−a)

∞∑
n=1

1
n2 [(−1)n cos nπa − 1] cos nπx

L ;(
a = c

2L

)

f (x) = 2
π

∞∑
n=1

(−1)n−1

n

[
1 + sin nπa

nπ(1−a)

]
sin nπx

L ; (a = c
2L

)

f (x) = 1
2 − 4

π2(1−2a)

∑
n=1,3,5,...

1
n2 cos nπa cos nπx

L ; (a = c
2L

)

f (x) = 2
π

∞∑
n=1

(−1)n

n

[
1 + 1+(−1)n

nπ(1−2a) sin nπa
]

sin nπx
L ; (a = c

2L

)

f (x) 4
π

∞∑
n=1

1
n sin nπ

4 sin nπa sin nπx
L ; (a = c

2L

)



f (x) = 9
π2

∞∑
n=1

1
n2 sin nπ

3 sin nπx
L ; (a = c

2L

)

f (x) = 32
3π2

∞∑
n=1

1
n2 sin nπ

4 sin nπx
L ; (a = c

2L

)

f (x) = 1
π

+ 1
2 sin ωt − 2

π

∑
n=2,4,6,...

1
n2−1

cos nωt

Extracted from graphs and formulas, pages 372, 373, Differential Equations in Engineering Problems, Salvadori and Schwarz,
published by Prentice-Hall, Inc.,1954.

THE FOURIER TRANSFORMS

For a piecewise continuous function F (x) over a finite interval 0 ≤ x ≤ π ; the finite Fourier cosine transform of F (x) is

fc(n) =
∫ π

0
F (x) cos nx dx (n = 0, 1, 2, . . . )

If x ranges over the interval 0 ≤ x ≤ L, the substitution x′ = πx/L allows the use of this definition, also. The inverse transform is
written.

F (x) = 1
π

fc(0) − 2
π

x∑
n=1

fc(n) cos nx (0 < x < π )

where F (x) = F (x+ε)+F (x−ε)
2 . We observe that F (x+) = F (x−) = F (x) at points of continuity. The formula

f (2)
c (n) =

∫ π

0
F ′′(x) cos nx dx

= −n2 fc(n) − F ′(0) + (−1)n F ′(π )
(1)

makes the finite Fourier cosine transform useful in certain boundary value problems. Analogously, the finite Fourier sine transform
of F (x) is

fs(n) =
∫ π

0
F (x) sin nx dx (n = 1, 2, 3, . . . )

and

F (x) = 2
π

∞∑
n=1

fs(n) sin nx (0 < x < π )

Corresponding to (1) we have

f (2)
s (n) =

∫ π

0
F ′′(x) sin nx dx (2)

= −n2 fs(n) − n F (0) − n(−1)n F (π )

If F (x) is defined for x ≤ 0 and is piecewise continuous over any finite interval, and if
∫ x

0 F (x) dx is absolutely convergent, then

fc(α) =
√

2
π

∫ x

0
F (x) cos(αx) dx
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