THE FOURIER TRANSFORMS

For a piecewise continuous function F(x) over a finite interval 0 < x < ; the finite Fourier cosine transform of F(x) is
o TT
fe(n) = / F(x)cosnxdx (n=0,1,2,...)
0

If x ranges over the interval 0 < x < L, the substitution x’ = wx/L allows the use of this definition, also. The inverse transform is
written.

— 1 2
F(x) = —f.(0) — —Z fo(n)cosnx (0 <x <)
b m
where F(x) = % We observe that F(x+) = F(x—) = F(x) at points of continuity. The formula

(2) — " F// d
£ (n) /0 (x) cosnx dx 1)
= —n*f(n) — F'(0) + (—1)"F'(r)

makes the finite Fourier cosine transform useful in certain boundary value problems. Analogously, the finite Fourier sine transform
of F(x) is

fs(n) = /ﬂ F(x)sinnxdx (n=1,2,3,...)
0
and

F(x) = %Z fo(m)sinnx (0 < x < )

n=1

Corresponding to (1) we have

fPn) = /O.n F’(x) sinnx dx 2)
— 2 fi(n) —nE(0) — n(—1)"F(x)

If F(x) is defined for x < 0 and is piecewise continuous over any finite interval, and if [; F(x) dx is absolutely convergent, then

fela) = \/Z/Ox F(x) cos(ax) dx
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is the Fourier cosine transform of F(x). Furthermore,

F(x) = \/g/ox f.(ar) cos(ax) da

If lim,_, o, d”F/dx" = 0, then an important property of the Fourier cosine transform is

2r
\/7/ (dxh ) cos(ax) dx
\/7 V' az_au_10® 4+ (=1)" a* fla

where lim,_,» d"F/dx" = a, makes it useful in the solution of many problems.

Under the same conditions.
=4/ - / ) sin(ax) dx

defines the Fourier sine transform of F(x), and

2 [ .
:\/;/0 f(a) sin(ax) do

Corresponding to (3) we have

Zr
o) = \/7/ cjixlr sin(ax) dx (4)

/ E nlnl 7127
= o Ay — 2n+ f

Similarly, if F(x) is defined for —oo < x < o0, and if f*_ F(x)dx is absolutely convergent, then

(x)e'* dx

fer= g [ F

is the Fourier transform of F(x), and

Also, if

then
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Finite Sine Transforms

The Fourier Transforms

fs(n) F(x)
1 fin)= [y F(x)sinnxdx(n=1,2,...) | F(x)
2 (1) fi(n) F(mr —x)
34 o
4 (7121n+1 %
5 1—(;1)" 1
x when 0 < x < /2
6 ZLsin™™
w2 S 7—x whenn/2 <x<m
7 (—1”)3"'H x(ﬂz;xz)
8 1—(”—31)” x(n{x)
9 nz(—:)"*' — 2=t Je)
10 7(—1)" (% - ﬁ) e
11 nzicz [1—(=1)""] e
12 2 e
fs(n) F(x)
13 nszz (k7éoa 132’7) %
2 whenn=m
14 (m=1,2,...) sin mx
0 whenn#m
n n
15 m[l — (=1)"cos k] cos kx
(k#1,2,...)
[ = (=1)"]
16 whenn£m=1,2,... cos mx
0 when n=m
n 7 sin kx x cos k(mr—x)
17 e (k#0,1,2,...) ol or T ke kr
18 Z(p<1) Z arctan ;2
19 BEpr (bl <1) 2 arctan 223




The Fourier Transforms

Finite Cosine Transforms

fe(n) F(x)
1 fun)= [y F(x)cosnxdx (n=0,1,2,...) F(x)
2 (=1)"fn) F(r — x)
Owhenn=1,2,---; [f(0)=nx 1
1 h 2
4 Zginm £(0) =0 when 0 < x < 7/
" -1 whenrm/2 <x<m
5SS o) =75 x
_1\n 2 xZ
6 2 fo - 2
7 n%; f(0) =0 \ (”2_;) - %
8 3wl _glLN o)== 0
> ke
10 i S
11 5 [(—=1)"cosmk—1](k#0,1,2,--+) sin kx
n —k2
12 L L) =0 (m=1,2,---) L sinmx
13 ﬁ (le;éO,l,Z,...) — coskir =)

14 0 forn=1,2,---; n#m

cosmx form=1,2,3,...

5 forn=m
Fourier Sine Transforms
F(x) fs(e)
1 (0<x<a) > 1
1 2 [l=cosa
o V7 [
2 x N 0<p<1) 2 L) gin 22
3 sin x (O <Xx< ﬂ) 1 [sm[al a)] sin[a(1+a)]:|
0 (x > a) Vi I
4 e %l
5 xe*/?
6 cos% ﬁ [sm%C(%)—cos%S )]*
. o2 o2 Q2 *
7 sm% \/_|: 7C<7>+SIHTS< )i|
Here C(y) and S(y) are the Fresnel integrals:
C(y) / —costdt S(y) = / sint dt
"= A=
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*More extensive tables of the Fourier sine and cosine transforms can be found in Fritz Oberhettinger, Tabellen zur-Fourier Trans-

formation, Springer, 1957.

Fourier Cosine Transforms

F(x)

felot)

{1 (0<x<a)

0 (x>a)
2 x1 (0<p<1)

3 cosx (0<x<a)
0 (x> a)

sin -

2 sinao

b o

20(p) oo b
\/: ab COS

1 |:5m[a (1—a)] + sinfa(14«a) ]:|

V2 1—a 14o
2 1
7 \ 1+a?
—al/2
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F(x) fla)
: oo V5 lel<a
= 0 Jaf>a
5 et (p<x<gq) i gttt giatota)
0 (x < p, x> 6]) 2 (w+a)
e—cx+iwx (x > 0) i
’ { 0 (x<o (70 Vanluwretio
~pa2 1 —a?/4p
4 e ™ R(p)>0 Jz_pe
5 cospx? — cos [é - l]
N 3
6  sin px? —L_cos % + ﬂ
7

)
e

_ I(1—p)sin 22
lxI7? (0<p<1) i

8 e—alxl A/ (a24a2)+a
N [a2 a2

9 % (-7 <a<m) \/gizzi%

10 8% (-nm<a<mn) 75 et

I { i (< a) /T Jotaa
0 (x| > a) ?

12 sin[ba/ a2 +x2] { 0 (lal > b)
BN VEoaVF =) (lal < b)

Pux (Ixl < 1) i
b { 0 (x> 1) valney ()
cos[ba/a? —x2] (|x| <(Z)
14 N ar—x2 ﬂ]o(d«/ a? + bZ)
0 (|x] > a)
cosh[ba/ a2 —x2]
15 Jo H=a VEolava =)
0 (|x] > a)

*More extensive tables of Fourier transforms can be found in W. Magnus and F. Oberhettinger, Formulas and Theorems of the
Special Functions of Mathematical Physics. Chelsea, 1949, 116-120.



