
Fourier Transforms

F (x) f (α)

1 sin ax
x

{ √
π

2 |α| < a
0 |α| > a

2
{

eiwx ( p < x < q)
0 (x < p, x > q)

i√
2π

eip(w+α)−eiq(w+α)

(w+α)

3
{

e−cx+iwx (x > 0)
0 (x < 0)

(c > 0) i√
2π (w+α+ic)

4 e−px2
R( p) > 0 1√

2p
e−α2/4p

5 cos px2 1√
2p

cos
[

α2

4p − π

4

]
6 sin px2 1√

2p
cos

[
α2

4p + π

4

]
7 |x|−p (0 < p < 1)

√
2
π

	(1−p) sin pπ
2

|α|(1−p)

8 e−a|x|√|x|

√√
(a2+α2)+a√
a2+α2

9 cosh ax
cosh πx (−π < a < π )

√
2
π

cos a
2 cosh α

2
cosh α+cos a

10 sinh ax
sinh πx (−π < a < π ) 1√

2π

sin a
cosh α+cos a

11

{
1√

a2−x2
(|x| < a)

0 (|x| > a)

√
π

2 J0(aα)

12 sin[b
√

a2+x2]√
a2+x2

{
0 (|α| > b)√

π

2 J0(a
√

b2 − α2) (|α| < b)

13
{

pn(x) (|x| < 1)
0 (|x| > 1)

in√
α

Jn+ 1
2
(α)

14

⎧⎨⎩ cos[b
√

a2−x2]√
a2−x2

(|x| < a)

0 (|x| > a)

√
π

2 J0(a
√

a2 + b2)

15

⎧⎨⎩ cosh[b
√

a2−x2]√
a2−x2

(|x| < a)

0 (|x| > a)

√
π

2 J0(a
√

α2 − b2)

*More extensive tables of Fourier transforms can be found in W. Magnus and F . Oberhettinger, Formulas and Theorems of the
Special Functions of Mathematical Physics. Chelsea, 1949, 116–120.

SERIES EXPANSION

The expression in parentheses following certain of the series indicates the region of convergence. If not otherwise indicated it is to
be understood that the series converges for all finite values of x.

Binomial Series

(x + y)n = xn + nxn−1 y + n(n − 1)
2!

xn−2 y2 + n(n − 1)(n − 2)
3!

xn−3 y3 + · · · (y2 < x2)

(1 ± x)n = 1 ± nx + n(n − 1)x2

2!
± n(n − 1)(n − 2)x3

3!
+ · · · (x2 < 1)

(1 ± x)−n = 1 ∓ nx + n(n + 1)x2

2!
∓ n(n + 1)(n + 2)x3

3!
+ · · · (x2 < 1)

(1 ± x)−1 = 1 ∓ x + x2 ∓ x3 + x4 ∓ x5 + · · · (x2 < 1)

(1 ± x)−2 = 1 ∓ 2x + 3x2 ∓ 4x3 + 5x4 ∓ 6x5 + · · · (x2 < 1)

Reversion of Series
Let a series be represented by

y = a1x + a2x2 + a3x3 + a4x4 + a5x5 + a6x6 + · · ·
with a1 �= 0. The coefficients of the series

x = A1 y + A2 y2 + A3 y3 + A4 y4 + · · ·
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are

A1 = 1
a1

A2 = − a2

a3
1

A3 = 1
a5

1

(2a2
2 − a1a3)

A4 = 1
a7

1

(5a1a2a3 − a2
1a4 − 5a3

2)

A5 = 1
a9

1

(6a2
1a2a4 + 3a2

1a2
3 + 14a4

2 − a3
1a5 − 21a1a2

2a3)

A6 = 1
a11

1

(7a3
1a2a5 + 7a3

1a3a4 + 84a1a3
2a3 − a4

1a6 − 28a2
1a2

2a4 − 28a2
1a2a3

3 − 42a5
2)

A7 = 1
a13

1

(8a4
1a2a6 + 8a4

1a3a5 + 4a4
1a2

4 + 120a2
1a3

2a4 + 180a2
1a2

2a2
3 + 132a6

2 − a5
1a7

−36a3
1a2

2a5 − 72a3
1a2a3a4 − 12a3

1a3
3 − 330a1a4

2a3)

Taylor Series

1. f (x) = f (a) + (x − a) f ′(a) + (x − a)2

2!
f ′′(a) + (x − a)3

3!
f ′′′(a)

+ · · · + (x − a)n

n!
f (n)(a) + · · · (Taylor’s Series)

(Increment form)

2. f (x + h) = f (x) + hf ′(x) + h2

2!
f ′′(x) + h3

3!
f ′′′(x) + · · ·

= f (h) + xf ′(h) + x2

2!
f ′′(h) + x3

3!
f ′′′(h) + · · ·

3. If f (x) is a function possessing derivatives of all orders throughout the interval a ≤ x ≤ b, then there is a value X, with
a < X < b, such that

f (b) = f (a) + (b − a) f ′(a) + (b − a)2

2!
f ′′(a) + · · · + (b − a)n−1

(n − 1)!
f (n−1)(a) + (b − a)n

n!
f (n)(X)

f (a + h) = f (a) + hf ′(a) + h2

2!
f ′′(a) + · · · + hn−1

(n − 1)!
f (n−1)(a) + hn

n!
f (n)(a + θh)

where b = a + h and 0 < θ < 1. Or

f (x) = f (a) + (x − a) f ′(a) + (x − a)2

2!
f ′′(a) + · · · + (x − a)n−1 f (n−1)(a)

(n − 1)!
+ Rn,

where

Rn = f (n)[a + θ · (x − a)]
n!

(x − a)n, 0 < θ < 1.

The above forms are known as Taylor’s series with the remainder term.

4. Taylor’s series for a function of two variables

If
(

h
∂

∂x
+ k

∂

∂y

)
f (x, y) = h

∂ f (x, y)
∂x

+ k
∂ f (x, y)

∂y
;(

h
∂

∂x
+ k

∂

∂y

)2

f (x, y) = h2 ∂2 f (x, y)
∂x2

+ 2hk
∂2 f (x, y)

∂x∂y
+ k2 ∂2 f (x, y)

∂y2

etc., and if
(

h ∂

∂x + k ∂

∂y

)n
f (x, y)

∣∣∣y=b

x=a
where the bar and subscripts means that after differentiation we are to replace x by a

and y by b, then

f (a + h, b + k) = f (a, b) +
(

h
∂

∂x
+ k

∂

∂y

)
f (x, y)

∣∣∣∣y=b

x=a

+ · · · + 1
n!

(
h

∂

∂x
+ k

∂

∂y

)n

f (x, y)
∣∣∣∣y=b

x=a

+ · · ·
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Maclaurin Series

f (x) = f (0) + xf ′(0) + x2

2!
f ′′(0) + x3

3!
f ′′′(0) + · · · + xn−1 f (n−1)(0)

(n − 1)!
+ Rn,

where

Rn = xn f (n)(θx)
n!

, 0 < θ < 1.

Exponential Series

e = 1 + 1
1!

+ 1
2!

+ 1
3!

+ 1
4!

+ · · ·

ex = 1 + x + x2

2!
+ x3

3!
+ x4

4!
+ · · ·

ax = 1 + x loge a + (x loge a)2

2!
+ (x loge a)3

3!
+ · · ·

ex = ea

[
1 + (x − a) + (x − a)2

2!
+ (x − a)3

3!
+ · · ·

]

Logarithmic Series

loge x = x−1
x + 1

2

(
x−1

x

)2 + 1
3

(
x−1

x

)3 + · · · (x > 1
2 )

loge x = (x − 1) − 1
2 (x − 1)2 + 1

3 (x − 1)3 − · · · (2 ≥ x > 0)

loge x = 2
[

x−1
x+1 + 1

3

(
x−1
x+1

)3 + 1
5

(
x−1
x+1

)5 + · · ·
]

(x > 0)

loge(1 + x) = x − 1
2 x2 + 1

3 x3 − 1
4 x4 + · · · (−1 < x ≤ 1)

loge(n + 1) − loge(n − 1) = 2
[

1
n + 1

3n3 + 1
5n5 + · · ·]

loge(a + x) = loge a + 2
[

x
2a+x + 1

3

(
x

2a+x

)3

+ 1
5

(
x

2a+x

)5 + · · ·
]

(a > 0, −a < x < +∞)

loge
1+x
1−x = 2

[
x + x3

3 + x5

5 + · · · + x2n−1

2n−1 + · · ·
]

−1 < x < 1

loge x = loge a + (x−a)
a − (x−a)2

2a2 + (x−a)3

3a3 − + · · · 0 < x ≤ 2a

Trigonometric Series

sin x = x − x3

3! + x5

5! − x7

7! + · · · (all real values of x)
cos x = 1 − x2

2! + x4

4! − x6

6! + · · · (all real values of x)

tan x = x + x3

3 + 2x5

15 + 17x7

315 + 62x9

2835 + · · · + (−1)n−122n(22n−1)B2n
(2n)! x2n−1 + · · · ,[

x2 < π2

4 and Bn represents the nth Bernoulli number
]

cot x = 1
x − x

3 − x3

45 − 2x5

945 − x7

4725 − · · · − (−1)n+122n

(2n)! B2nx2n−1 − · · · ,[
x2 < π2 and Bn represents the nth Bernoulli number

]
sec x = 1 + x2

2 + 5
24 x4 + 61

720 x6 + 277
8064 x8 + · · · + (−1)n

(2n)! E2nx2n + · · · ,[
x2 < π2

4 and En represents the nth Euler number
]

csc x = 1
x + x

6 + 7
360 x3 + 31

15,120 x5 + 127
604,800 x7 + · · ·

+ (−1)n+12(22n−1−1)
(2n)! B2nx2n−1 + · · · ,[
x2 < π2 and Bn represents the nth Bernoulli number

]



sin x = x
(

1 − x2

π2

)(
1 − x2

22π2

)(
1 − x2

32π2

)
· · · (x2 < ∞)

cos x =
(

1 − 4x2

π2

)(
1 − 4x2

32π2

)(
1 − 4x2

52π2

)
· · · (x2 < ∞)

sin−1 x = x + x3

2·3 + 1·3
2·4·5 x5 + 1·3·5

2·4·6·7 x7 + · · ·
(

x2 < 1, − π

2 < sin−1 x < π

2

)
cos−1 x = π

2 −
(

x + x3

2·3 + 1·3
2·4·5 x5 + 1·3·5x7

2·4·6·7 + · · ·
)

(x2 < 1, 0 < cos−1 x < π )

tan−1 x = x − x3

3 + x5

5 − x7

7 + · · · (x2 < 1)
tan−1 x = π

2 − 1
x + 1

3x3 − 1
5x5 + 1

7x7 − · · · (x > 1)
tan−1 x = − π

2 − 1
x + 1

3x3 − 1
5x5 + 1

7x7 − · · · (x < −1)
cot−1 x = π

2 − x + x3

3 − x5

5 + x7

7 − · · · (x2 < 1)

loge sin x = loge x − x2

6 − x4

180 − x6

2835 − · · · (x2 < π2)

loge cos x = − x2

2 − x4

12 − x6

45 − 17x8

2520 − · · ·
(

x2 < π2

4

)
loge tan x = loge x + x2

3 + 7x4

90 + 62x6

2835 + · · ·
(

x2 < π2

4

)
esin x = 1 + x + x2

2! − 3x4

4! − 8x5

5! − 3x6

6! + 56x7

7! + · · ·
ecos x = e

(
1 − x2

2! + 4x4

4! − 31x6

6! + · · ·
)

etan x = 1 + x + x2

2! + 3x3

3! + 9x4

4! + 37x5

5! + · · ·
(

x2 < π2

4

)
sin x = sin a + (x − a) cos a − (x−a)2

2! sin a
− (x−a)3

3! cos a + (x−a)4

4! sin a + · · ·

VECTOR ANALYSIS

Definitions

Any quantity which is completely determined by its magnitude is called a scalar. Examples of such are mass, density, temperature,
etc. Any quantity which is completely determined by its magnitude and direction is called a vector. Examples of such are velocity,
acceleration, force, etc. A vector quantity is represented by a directed line segment, the length of which represents the magnitude
of the vector. A vector quantity is usually represented by a boldfaced letter such as V. Two vectors V1 and V2 are equal to one
another if they have equal magnitudes and are acting in the same directions. A negative vector, written as -V, is one which acts in
the opposite direction to V, but is of equal magnitude to it. If we represent the magnitude of V by v, we write |V| = v. A vector
parallel to V, but equal to the reciprocal of its magnitude is written as V−1 or as 1/V.

The unit vector V/v (when v �= 0) is that vector which has the same direction as V, but has a magnitude of unity (sometimes
represented as V0 or v̂ ).

Vector Algebra

The vector sum of V1 and V2 is represented by V1+V2. The vector sum of V1 and -V2, or the difference of the vector V2 from V1 is
represented by V1 − V2.

If r is a scalar, then rV=Vr , and represents a vector r times the magnitude of V, in the same direction as V if r is positive, and in
the opposite direction if r is negative. If r and s are scalars, V1, V2, V3, vectors, then the following rules of scalars and vectors hold:

V1 + V2 = V2 + V1

(r + s)V1 = rV1 + sV1; r (V1 + V2) = rV1 + rV2

V1 + (V2 + V3) = (V1 + V2) + V3 = V1 + V2 + V3

Vectors in Space

A plane is described by two distinct vectors V1 and V2. Should these vectors not intersect each other, then one is displaced parallel
to itself until they do (Figure 1). Any other vector V lying in this plane is given by

V = rV1 + sV2

A position vector specifies the position in space of a point relative to a fixed origin. If therefore V1 and V2 are the position vectors
of the points A and B, relative to the origin O, then any point P on the line AB has a position vector V given by

V = rV1 + (1 − r )V2

The scalar “r” can be taken as the metric representation of P since r = 0 implies P = B and r = 1 implies P = A (Figure 2). If
P divides the line AB in the ratio r :s then

V =
(

r
r + s

)
V1 +

(
s

r + s

)
V2
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