ORTHOGONAL CURVILINEAR COORDINATES

If at a point P there exist three uniform point functions #, v and w so that the surfaces # =const., v = const., and w = const.,
intersect in three distinct curves through P then the surfaces are called the coordinate surfaces through P. The three lines of

intersection are referred to as the coordinate lines and their tangents a, b, and ¢ as the coordinate axes. When the coordinate axes

w

form an orthogonal set the system is said to define orthogonal curvilinear coordinates at P.
Consider an infinitesimal volume enclosed by the surfaces u, v, w, u + du, v + dv, and w + dw (Figure 5).

Figure 5.
The surface P RS = u = constant, and the face of the curvilinear figure immediately opposite this is # + du =constant, etc

In terms of these surface constants
P = P(u,v,w)
O=Qu+du,v,w) and PQ=h;du
R=R(u,v+dv,w) and PR=h,dv
and PS =h3dw

S(u, v, w + dw)
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where b1, h>, and b3 are functions of u, v, and w.
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The general expressions for grad, div and curl together with those for V2 and the directional derivative are, in orthogonal curvilinear

coordinates, given by:
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Formulas of Vector Analysis
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Rectangular coordinates

Cylindrical coordinates

Spherical coordinates

Conversion to

x=rcosgsind y=rsingsinf

rectangular XxX=rcosg y=rsing =2
; Z=17rcosf
coordinates
i — 9% 4 3% 4 039 — 9 193¢ 3¢ 9 10¢ 1 99
Gradient ... Vo =i+ T+ 5k Vo =S+ @+ Tk Vo =51+ 0500+ 055, P
) o
. V.-A= la(’:Av) + lw V.A= l AUt Ar) + 1 ()(A951n9)
Divergence ... V-A= "{,‘j‘c" + aaAyy + ﬂ LA roor r iy i 5A¢ ar rsind 00
9z rsinf ¢
%9 iB ka ;1‘ (I; %dk 5 srme ras?neg;
Curl ... VxA= % 3y PP VxA= ar % P VxA= W % g
A A A A rA, A, A rAgrA,sind
2, 13 ap 1 9%¢ V2¢>— LA(TZM) 1 (s1n9 )
1 24 — %9 dzl "274’ v¢ ;;(7;)4_7?@ — 20 r 72sin6 060
Laplacian ... Vig =5+ 55t 5 2o .
+ﬁ r2sin2 0 ¢



