
Thus, if S is a scalar and V is a vector:

div grad S ≡ ∇ · (∇S) ≡ Laplacian S ≡ ∇2S ≡ ∂2S
∂x2

+ ∂2S
∂y2

+ ∂2S
∂z2

curl grad S ≡ 0

curl curl V ≡ grad div V − ∇2V;
div curl V ≡ 0

Taylor’s expansion in three dimensions can be written

f (V + ε) = eε·∇ f (V) where V = xi + yj + zk

and ε = hi + lj + mk

ORTHOGONAL CURVILINEAR COORDINATES

If at a point P there exist three uniform point functions u, v and w so that the surfaces u =const., v = const., and w = const.,
intersect in three distinct curves through P then the surfaces are called the coordinate surfaces through P. The three lines of
intersection are referred to as the coordinate lines and their tangents a, b, and c as the coordinate axes. When the coordinate axes
form an orthogonal set the system is said to define orthogonal curvilinear coordinates at P.

Consider an infinitesimal volume enclosed by the surfaces u, v, w, u + du, v + dv, and w + dw (Figure 5).

Figure 5.
The surface P RS ≡ u = constant, and the face of the curvilinear figure immediately opposite this is u + du =constant, etc.
In terms of these surface constants

P = P(u, v, w)

Q = Q(u + du, v, w) and P Q = h1 du

R = R(u, v + dv, w) and P R = h2 dv

S = S(u, v, w + dw) and PS = h3 dw

where h1, h2, and h3 are functions of u, v, and w.

• In rectangular Cartesians i, j, k

h1 = 1, h2 = 1, h3 = 1.

â
h1

∂

∂u
= i

∂

∂x
,

b̂
h2

∂

∂v
= �̂

r
∂

∂φ
,

ĉ
h3

∂

∂w
= k̂

∂

∂z
.

• In cylindrical Cartesians r̂, θ̂ , �̂

h1 = 1, h2 = 1, h3 = 1.

â
h1

∂

∂u
= r̂

∂

∂r
,

b̂
h2

∂

∂v
= �̂

r
∂

∂φ
,

ĉ
h3

∂

∂w
= k̂

∂

∂z
.

• In spherical coordinates r̂, θ̂ , �̂

h1 = 1, h2 = r, h3 = r sin θ

â
h1

∂

∂u
= r̂

∂

∂r
,

b
h2

∂

∂v
= �̂

r
∂

∂θ
,

ĉ
h3

∂

∂w
= �̂

r sin θ

∂

∂φ
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The general expressions for grad, div and curl together with those for ∇2 and the directional derivative are, in orthogonal curvilinear
coordinates, given by:

∇S = â
h1

∂S
∂u

+ b̂
h2

∂S
∂v

+ ĉ
h3

∂S
∂w

(V · ∇)S = V1

h1

∂S
∂u

+ V2

h2

∂S
∂v

+ V3

h3

∂S
∂w

∇ · V = 1
h1h2h3

{
∂

∂u
(h2h3V1) + ∂

∂v
(h3h1V2) + ∂

∂w
(h1h2V3)

}
.

∇ × V = â
h2h3

{
∂

∂v
(h3V3) − ∂

∂w
(h2V2)

}
+ b̂

h3h1

{
∂

∂w
(h1V1) − ∂

∂u
(h3V3)

}

+ ĉ
h1h2

{
∂

∂u
(h2V2) − ∂

∂v
(h1V1)

}

∇2S = 1
h1h2h3

{
∂

∂u

(
h2h3

h1

∂S
∂u

)
+ ∂

∂v

(
h3h1

h2

∂S
∂v

)
+ ∂

∂w

(
h1h2

h3

∂S
∂w

)}

Formulas of Vector Analysis

Rectangular coordinates Cylindrical coordinates Spherical coordinates

Conversion to
rectangular
coordinates

x = r cos ϕ y = r sin ϕ z = z
x = r cos ϕ sin θ y = r sin ϕ sin θ

z = r cos θ

Gradient . . . ∇φ = ∂φ

∂x i + ∂φ

∂y j + ∂φ

∂z k ∇φ = ∂φ

∂r r + 1
r

∂φ

∂ϕ
� + ∂φ

∂z k ∇φ = ∂φ

∂r r + 1
r

∂φ

∂θ
θ + 1

r sin θ

∂φ

∂ϕ
�

Divergence . . . ∇ · A = ∂ Ax
∂x + ∂ Ay

∂y + ∂ Az
∂z

∇ · A = 1
r

∂(r Ar )
∂r + 1

r
∂ Aϕ

∂ϕ

+ ∂ Az
∂z

∇ · A = 1
r2

∂(r2 Ar )
∂r + 1

r sin θ

∂(Aθ sin θ )
∂θ

+ 1
r sin θ

∂ Aϕ

∂ϕ

Curl . . . ∇ × A =
∣∣∣∣∣∣

i j k
∂

∂x
∂

∂y
∂

∂z

Ax Ay Az

∣∣∣∣∣∣ ∇ × A =
∣∣∣∣∣∣

1
r r � 1

r k
∂

∂r
∂

∂ϕ

∂

∂z

Ar r Aϕ Az

∣∣∣∣∣∣ ∇ × A =
∣∣∣∣∣∣

r
r2 sin θ

θ

r sin θ

�

r
∂

∂r
∂

∂θ

∂

∂ϕ

Ar r Aθ r Aϕ sin θ

∣∣∣∣∣∣

Laplacian . . . ∇2φ = ∂2φ

∂x2 + ∂2φ

∂y2 + ∂2φ

∂z2

∇2φ = 1
r

∂

∂r

(
r ∂φ

∂r

)+ 1
r2

∂2φ

∂ϕ2

+ ∂2φ

∂z2

∇2φ = 1
r2

∂

∂r

(
r2 ∂φ

∂r

)+ 1
r2 sin θ

∂

∂θ

(
sin θ ∂φ

∂θ

)
+ 1

r2 sin2 θ

∂2φ

∂ϕ2

TRANSFORMATION OF INTEGRALS
If

1. s is the distance along a curve “C” in space and is measured from some fixed point.

2. S is a surface area

3. V is a volume contained by a specified surface

4. t̂ = the unit tangent to C at the point

5. P n̂ = the unit outward pointing normal

6. F is some vector function

7. ds is the vector element of curve (= t̂ ds )

8. dS is the vector element of surface (= n̂ dS )
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