ORTHOGONAL POLYNOMIALS

I: Legendre

Name: Legendre Symbol: P,(x) Interval: [—1, 1]
Differential Equation: (1 —x*)y" —2xy +n(n+1)y=0
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Orthogonal Polynomials

[n/2]
1 2n—2
Explicit Expression: P,(x) = — E (—1)m<n> ( . m) X"
m

27 n
m=0
Recurrence Relation: (n+ 1) P, 1(x) = (2n+ 1)xP,(x) — nP,_1(x)
Weight: 1
Standardization: P,(1) =1
+1 Zd 2
N =
orm: / x=5 1
Rodrigues’ Formula: P,(x) = (D" {(1=x2)")
%:n' dx”

Generating Function: R!'= Z P(x)2" -1 <x<1, |z <1,

n=0
=1 -2xz+22
Inequality: |P,(x)] < 1, -1 < x < 1.

II: Tschebysheff, First Kind

Name: Tschebysheff, First Kind Symbol: T, (x) Interval:[—1, 1]
Differential Equation: (1 —x*)y —xy +n*y=0

e o oad n—m— 1)
Explicit Expression: 2 Z (=1)

m(Zx)mzm = cos(narccos x) = Tp(x)

m=0
Recurrence Relation: T, 1(x) = 2xT,(x) — T,_1(x)
Weight: (1 — x?)~1/2
Standardization: T,(1) = 1
/2, n# 0

Norm: f_+11 (1 —x2)"V2[Ty(x)])?dx = [

(—1)"(1 =) 2 d”
210 (n4+ 1) dxr

Rodrigues’ Formula: {(1 = x?)"" 172y = T,,(x)

Generating Function: 1 z;zxi 2 Z T.(x)7", -1 <x<1, Jz] <1
Inequality: |T,(x)] <1, -1 < x < 1.

III: Tschebysheff, Second Kind

Name: Tschebysheff, Second Kind Symbol U,(x) Interval: [-1, 1]
Differential Equation: (1 —x?)y’ —3xy +n(n+2)y=0
[n/2]
.. . (m — n)! 72
E E 0 Uylx) = )" —(2x)" "
xplicit Expression: U,(x) §< ) oy p— Zm)!( x)
U, (cosg) = Snln+ 101
sin 6
Recurrence Relation: U, 1(x) = 2xU,(x) — U,_1(x)
Weight: (1 — x?)1/? Standardization: U,(1) = n+ 1
+1
Norm: / (1 =) 2 {U(x) P =
-1
1)"(n+1 dr ,
( ) ( )\/_ {(1 _xZ) +(1/2)}
(1 - x2)1/22”+1F(n + 2 ) dx"

Rodrigues’ Formula: U,(x) =

Generating Function: Z U,( —-1<x<1, |zl <1

1- 2xz 1—2xz+22
Inequality: |\U,(x)] < n +1, -1 < x 5 1
IV: Jacobi

Name: Jacobi Symbol: P\*P)(x) Interval: [—1, 1]

Differential Equation: (1 —x*)y" +[f—a—(a+B+2)x]y +nn+a+p+1)y=

0
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A-86 Orthogonal Polynomials

oo : m n—m
m=

Explicit Expression: P\“P)(x) ! Z (n + a) (n + ﬂ) (x—=1)"""(x+1)"

Recurrence Relation:
2n4+1)(n+a+B+1)2n+a+ BP0 (x)
=(2n+a+p+1)[(a* =B+ 2n+a+p+2)2n+a+ B)x] PP (x)
—2(n+a)(n+B)2n+a+B+2)P " (x)
Weight: (1 — x)*(1 +x)?;a, 8 > 1
Standardization: P\*P)(x) = ("1¢)
[

+1 Qo+p+1p nr 1
NOTWI.‘/ (1_x)a(1+x)ﬁ (n+a+1) (ﬂ—|—/3+ )
-1

PP (x)]?dx =

" (2n-|—a+dﬂ+1)n!r(n+a+ﬂ+1)
Rodrigues’ Formula: P\*P)(x) = 2oL i_xl)l(l A)F da {(1 = x)"™%(1 + x)"+Fy

Generating Function: R™Y(1—z+4+ R)™(1+z2+ R)# = Z 274 B pl®h) ()2,

n=0
R=+vV1-2xz+2%, |zl <1

1
A nlif ¢ = max(a, B) > ~3

Inequality: max_ [P\“P)(x)| = { [P\ ()| ~nV2if g < —1
“l<x<

: .2 .
x’ is one Of thC two maximum pOlI’ltS nearest
B—a
a+p+1

V: Generalized Laguerre
Name: Generalized Laguerre Symbol: L% (x) Interval: [0, oo]
Differential Equation: xy’'+ (¢ +1—x)y +ny=0
n
1
Explicit Expression: L% (x) = Z (—=1)™ (n + a) —x"

" n—m) m!
m=0

Recurrence Relation: (n + l)L(n"‘) +1(x)=[2n+a+1) — x]L(n“)(x) — (n+ a)L(n"‘) —1(x)
Weight: x“e™*,a > —1 Standardization: L\*)(x) = %x” +---
o0 r 1
Norm:/ x%e X[L\¥)(x)]*dx = M
0

" n!

1 d"

nlx®e=* dx"

Rodrigues’ Formula: L\ (x) = {x"Te™%)
Generating Function: (1 — z)™% ! exp (z’i—zl) =Y L¥(x)z"
n=0

r 1
Inequality: |L!*(x) < Mex/z. x>0

" T nl(a+1) © a>0
(a) _ Tletn+) | x/2. x>0
L7 ()] =< [2 M (e+1) } e -1<a<0
VI: Hermite
Name: Hermite Symbol: H,(x) Interval: [—o0, <]

Differential Equation: y' — 2xy + 2ny =0

/2] —1)" 2 n—2m
E‘xpliCit xpTESSiOn: I—In(x) = E %

m=0
Recurrence Relation: H,,1(x) = 2xH,(x) — 2nH,_1(x)
Weight: e~ Standardization: H,(1) =2"x" +---
o0 2
Norm: / e [Hy(x)] dx = 2"nl/w

Rodrigues’ Formula: H,(x) = (—1)"6"2 %(e*xz)

m!(n — 2m)!

x n
. . 2 b4
Generating Function: e™ T3 = E H,,(x)—'
n
n=0

Inequality: |H,(x)|e*" k2" /ul k ~ 1.086435



