
CLEBSCH–GORDAN COEFFICIENTS

(
j1 j2

m1 m2

j
m

)
= δm,m1+m2

√
( j1 + j2 − j)!( j + j1 − j2)!( j + j2 − j1)!(2 j + 1)

( j + j1 + j2 + 1)!

×
∑

k

(−1)k√( j1 + m1)!( j1 − m1)!( j2 + m2)!( j2 − m2)!( j + m)!( j − m)!
k!( j1 + j2 − j − k)!( j1 − m1 − k)!( j2 + m2 − k)!( j − j2 + m1 + k)!( j − j1 − m2 + k)!

.

1. Conditions:

(a) Each of { j1, j2, j, m1, m2, m} may be an integer, or half an integer. Additionally: j > 0, j1 > 0, j2 > 0 and j + j1 + j2
is an integer.

(b) j1 + j2 − j ≥ 0.

(c) j1 − j2 + j ≥ 0.

(d) − j1 + j2 + j ≥ 0.

(e) |m1| ≤ j1, |m2| ≤ j2, |m| ≤ j.

2. Special values:

(a)
(

j1 j2
m1 m2

j
m

)
= 0 if m1 + m2 �= m.

(b)
(

j1 0
m1 0

j
m

)
= δ j1, jδm1,m.

(c)
(

j1 j2
0 0

j
0

)
= 0 when j1 + j2 + j is an odd integer.

(d)
(

j1 j1
m1 m1

j
m

)
= 0 when 2 j1 + j is an odd integer.

3. Symmetry relations: all of the following are equal to
(

j1 j2
m1 m2

j
m

)
:

(a)
(

j2 j1
−m2 −m1

j
−m

)
,

(b) (−1) j1+ j2− j

(
j2 j1

m1 m2

j
m

)
,

(c) (−1) j1+ j2− j

(
j1 j2

−m1 −m2

j
−m

)
,

(d)
√

2 j+1
2 j1+1 (−1) j2+m2

(
j j2

−m m2

j1
−m1

)
,

(e)
√

2 j+1
2 j1+1 (−1) j1−m1+ j−m

(
j j2

m −m2

j1
m1

)
,

(f)
√

2 j+1
2 j1+1 (−1) j−m+ j1−m1

(
j2 j

m2 −m
j1

−m1

)
,

(g)
√

2 j+1
2 j2+1 (−1) j1−m1

(
j1 j

m1 −m
j2

−m2

)
,

(h)
√

2 j+1
2 j2+1 (−1) j1−m1

(
j j1

m −m1

j2
m2

)
.

By use of the symmetry relations, Clebsch–Gordan coefficients may be put in the standard form j1 ≤ j2 ≤ j and m ≥ 0.
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m2 m j1 j
(
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j
m

)
− 1
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√
2

2 ≈ 0.707107
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√
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√

2
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1
2

1
2
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√
3

2 ≈ 0.866025

1
2 1 1

2 1 1 ≈ 1.000000
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(
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√
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√
5

4 ≈ 0.559017
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√
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√
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√
2
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√
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√
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√
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1
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√
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12 ≈ 0.853913

1 2 1 2 1 ≈ 1.000000

NORMAL PROBABILITY FUNCTION

Table of the normal distribution

For a standard normal random variable (�(z) is the area under the Standard Normal Curve from −∞ to z).

Limits
Proportion of
the total area

Remaining
area

µ − λσ µ + λσ (%) (%)
µ − σ µ + σ 68.27 31.73
µ − 1.65σ µ + 1.65σ 90 10
µ − 1.96σ µ + 1.96σ 95 5
µ − 2σ µ + 2σ 95.45 4.55
µ − 2.58σ µ + 2.58σ 99.0 0.99
µ − 3σ µ + 3σ 99.73 0.27
µ − 3.09σ µ + 3.09σ 99.8 0.2
µ − 3.29σ µ + 3.29σ 99.9 0.1

x 1.282 1.645 1.960 2.326 2.576 3.090
�(x) 0.90 0.95 0.975 0.99 0.995 0.999

2[1 − �(x)] 0.20 0.10 0.05 0.02 0.01 0.002

x 3.09 3.72 4.26 4.75 5.20 5.61 6.00 6.36
1 − �(x) 10−3 10−4 10−5 10−6 10−7 10−8 10−9 10−10
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