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Static Optimization

J5(x)
.

Observation for: J (x)

: ; J
Point 1: Local maximum / i)
Point 2: Point of inflexion &) 2
Point 3: Local minimum .

X
Point 4: Local maximum  °
Point 3: Global minimum
Point 4: Global maximum

Xa X Xy,
S : dJ(x

At all minima/maxima: d( ): 0

X
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Necessary and Sufficient
Conditions for Optimality

Scalar Case:
Performance Index J(x) : An analytic function X of

Taylor series:

[/ (x +ax)=s ()]

Necessary Condition:

If J(x') is a minimum irrespective of the sign of Ax,
dJ

dx

2
Ax + 1d{
2hde

*
s e

(Ax) s

then =0

*
X=X
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/Necessary and Sufficient
Conditions for Optimality

Sufficient Condition:

[J(x*+m)_J(x*)}:2i!jli{

(Ax)2 L oIElen

X=X

[J (x* + Ax) > J (x* )] , irrespective of the sign of Ax

i - & -
if 1 > () (sufficiency condition for local minimum)
x x:x>l<
oy . .
learly, if - < (), itleads to a local maximum /
X
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Necessary and Sufficient
Conditions for Optimality

2
. wa 7
auific s axal
Answer:
1d’J silagl): 4
JIX +FAx) =S x )=— Ax Ax) +-
(+a)-de)= 350 (@40 (&
Necessary condition d'J =0
dx’ |«
: = d'J
Sufficient condition - >0 (for minimization) /
dx" | _»
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Necessary and Sufficient
Conditions for Optimality

i

S dJ d.J
Gz WWhabilz =Bk e
dx X=X* dxz x:x* dx X:X*
Then x = x* 1s a point of inflexion
Example —1: j— 44
dJ/dc=4x =0
x =0,0,0
2 3 4
d_;] =12x" =0, d_{ =Dt d4J =24>0
\ dx x =0 x =0
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Necessary and Sufficient
Conditions for Optimality

Example — 2: e
dJ/dx=3x"=0
= 00
2 3
d.2] =6 =0 d{ =6+#0
axi dx” |._,

Hence, x* is a point of inflexion.

\
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Necessary and Sufficient
Conditions for Optimality

i

Vector case

Minimize J(X)eR where XxeR"

By definition,
G Fn
ol 8?c1 0°J 4 &CIZ
ox o -
\ _8_xn_ o
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/Necessary and Sufficient
Conditions for Optimality

J(X)=J(X +AX)
=J(X*)+(@J jAXJrl(AX)T(aJ
. 2! oX’

For minimization,
J(X*+AX)—J(X*)>O (irrespective of sign of AX)

Necessary Condition: [aj}

jAX+...

X

= ()

X*

oX

2
Sufficient Condition: {SXJZ} > () (positive definite)

=
Remark: Further Conditions are difficult to use In practice!/
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Necessary and Sufficient
Conditions for Optimality

Example — 1: J(X):;(xlerxzz)

=0

X*

Necessary Condition E}J}

L 0X
.
5_361 1 0
oJ 13 0

\_ e
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Necessary and Sufficient
Conditions for Optimality

i

0
0X

Sufficient Condition:

o o]
o0°J o oron 1
{GXz L H0] o {0
oady 0 -

Eigenvalues: 1,1 at X = X"

0
> (0 (positive definite). So X =

:

X 0

IS a minimum

point /
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Necessary and Sufficient
Conditions for Optimality

Example — 2: J(x):l(xz —xz)

R ]
Solution: : .
a_J S O s X* = XI e
oX 0 0
e [ 0
5—£ = { } Eigenvalues: 1,—-1
s 0 -1
ey - . . |
i.e. 5 18 neither positive definite, nor negetive definite
oX
\ Hence X =0 is a 'saddle point'.

_
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/Constrained Optimization:
Equality Constraint

i

Problem: Minimize  J(X)
Subjectto  f(X)

where, f (X)=[ fi(X) - f,(X)] eR"

cR (XGR”)
0

Solution Procedure:

Formulate an augmented cost function

\ J(X,A)=J(X)+ AT f(X)

.
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/Constrained Optimization:
Equality Constraint

i

Necessary Conditions:

Hence, it lead to (n+m) equations

with (n+ m)variables. Solve it!

Sy T
oJ - = + 9 = < n equations
o oX ok
Z_/lef(X)ZO < m equations

_
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/Constrained Optimization with
Equality Constraint: An Example

i

Minimize J(X):%(x12+x§)

Subjected to:  f/(X)=x+x,-2=0

ion- gl =
Solution: J(Xj—j(xl +xzj+ﬂ(x1+x2 2}
ellen g w0} o
= S X —A
oF lox, |=| x+4° |=|0], | ]|=] 7. |=
O _x2_ __l_

\ aT/oA| |x+x-2| |0
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Constrained Optimization with
Equality Constraint: Another Example

i

Minimize J(x) =%K%T +(%T}

Subjectto x, tmx,—c=0
where a,b, m,c are Constants

Solution:
= l_xl2 xf_
J=2 a2+b2 + A(x +mx, —c)

.
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Constrained Optimization with
Equality Constraint: Another Example

%k
X

o) L+ A 0
Ox, <
srl ) =l )
Oox,
oJ X, +mx, — ¢ s
Solve: oz da2t) L e

2 2
: ac : b mc L EE
x: x: Sy
1 2 gl dei) ) Elgrhiaed 2 A 2
a - +m-b a - +m-b a - +m-b

Qemark: A" has no physical meaning. It only helps to solve the problem. /
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Constrained Optimization with
Equality Constraint: Sufficiency Condition

Fatas T_
If the equation {@y s [G} {i}

0X* oX
{z} .
oX

has only positive roots O, = Minimum

has only negative roots o, = Maximum
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Example - 1

Problem: J=%(x21 +x22), Iy )=x —x
Solution: = %(le +x22) +A(x, —x,-5)
2 x, +A a0
Necessary condition: .
e
BERS RS s
ﬂ’__ia X =32, X =73

e
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Example - 1

Sufficient condition:
azj_ 1 O 1_ 1
o 0k o ]

detf e 0l oe 0 = ()

e Ll
: S5 e =
K The Solution X, = 5, X, = —75 1s a minimum. /
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Example — 1: Some Remarks

=

In this example, x;, X, and A do not appear In

‘only solution’. Hence, the result is ‘global’.

In general, however o will be a function of

be derived on case-to-case basis.

\

the equation for 6. Moreover, the solution is the

X and A . Hence, various conclusions have to

.
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Example - 2

i

\

Sufficient condition:

Problems = F 5 5 X))

Solution: J=x-x + ﬂ(xf +x, — 1)
2 el
Necessary condition: ...
o 0

vy i 0
e

oX iy _/
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Example - 2

24-0 0 2
det 0 ot g |0
L 2x1 2x2 O _)
X, X, A o Conclusion
1 0 -1/2 -3 Maximum
-1 0 1/2 -1 Maximum
-1/2 | 1.73 1 3/2 Minimum
-1/2 | -1.73 1 3/2 Minimum
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Constrained Optimization with
Inequality Constraints: A naive approach

Remark: One way of dealing with inequality
constraints for the variables is as follows:

Let i o= = (Important for control problems)

n l lmax

min

; et )

Consider o, asa free variable.

\ _
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Optimization with
Inequality Constraints
Problem: Maximize / Minimize: J(X)eR, X eR’

81 (X) 0
Subject to: o= :

VAN

gm(X) O

Solution: First, introduce "slack variables" Hy,..., 1 1o convert

ineqaulity constraints to equality constraints as follows:

_gl(X)+ﬂ12_ 0

fg(‘X’lu)é : i
_gm(X)+,u;_ 0

Then follow the routine procedure for the equality constraints.
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Optimization with
Inequality Constraints

Augmented PI: J(Xi U= +i[ ]g]( )

Jj=l1

Necessary Conditions:

2J oJ Z i=1,....n (n equations)
Xi Xi =l X
oJ 5 : .
67:gj(X)+ﬂj 0, j=L...m  (m equations)

j
8_J:2,1jﬂj =0, Ly (m equations)
OU;
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Optimization with
Inequality Constraints

oJ . .
— =g (X)+u =0 This leads to the conclusion that
a /1 il J
Z either 4, =0 or g, =0
2
g (X)=-4 ie.
A8 =—H, (l M ) If a constraint is strictly an inequality
constraint, then the problem can be
o solved without considering it.
6_,u. =244, =0 Otherwise, the problem can be solved
: by considering it as an equality
constraint.
Hence, 4.2, =0
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Necessary Conditions
(Kuhn-Tucker Conditions)

AN A o B TR S
ox, Ox. 3 X,
ﬂjgj(X):O, j=1,...,m

N (n equations)

(m equations)

For J (X ) to be MINIMUM
ifgj(X)SO then 4,20
ifgj(X)ZO then A, <0

(opposite sign)

For J(X) to be MAXIMUM
ifgj(X)SO then A, <0
z'fgj(X)ZO then A, 20

(same sign)
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Optimization with
Inequality Constraints: Comments

One should explore all possibilities in the
Kuhn-Tucker conditions to arrive at an
appropriate conclusion

Kuhn-Tucker conditions are only
“necessary conditions”

Sufficiency check demands the concept
of “convexity”
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Convex/Concave Function f(x)

A function is called convex, if f(x)t
a straight line drawn between
any two points on the surface
generated by the function lies
completely above or on the
surface.

PeX
Strictly convex
If the line lies strictly above the

surface, then the function is :
called strictly convex. f(x)

If the line lies below the
surface, then the function is
called a concave.

X
Strictly concave
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Result for Local
Convexity/Concavity of f(X) at X~

e o’ .
Definition L}Xq : Eigenvalues
Strictly convex Positive definite A N
Convex D oelive A20, Vi

Semi-definite

Strictly concave Negative definite A <0, Vi

Concave Negative 20
Semi-definite
No classification Indefinite Some A > 0. Rest are < 0
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Conditions for which Kuhn-Tucker
Conditions are also Sufficient

Condition J(X) All g (X)
Maximum Strictly concave Convex
Minimum Strictly convex Convex
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Example

.

Problem: Minimize: J(X) = ()cl2 +x22)

Solution: g (X)=(x—x,-5)
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Example: Kuhn-Tucker Conditions

a_Jzle"l'ﬂ'l_/%z:O ﬂl(xl_x2_5)zo
Ox,

oJ

a—xz=2x2—ﬂ,,+/12=() /12(—XI+X2+1)=O
(% =%, =5) < Notes o= %

0
0

(—x1 + X, +1) <

A >0
A >0

All possible solutions should be investigated

ADVANCED CONTROL SYSTEM DESIGN 38
Dr. Radhakant Padhi, AE Dept., IISc-Bangalore



Feasible Solution of
Kuhn-Tucker Conditions

. I
Case—1: 4,=0, 4, #0, xlzé,xzz_g

Case—2: 4, =0, 4, =0, NotFeasible: x, =x, =0

Case — 3: 4 #0, 4, =0, Not Feasible: x, =§,x2 :_g

Case —4: 4 #0, 4, #0, Not Feasible: No Solution!
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Sufficiency condition

S (xl2 + xzz) is strictly convex. g, (X ), g,(X) are also convex.

Hence, the Kuhn-Tucker conditions are both Necessary and Sufficient.

Moreover,

o .
= > (0 and 1t doesnot depend on the value of X.

Ohani0n D

T

Hence, X" =[1/2 -1/2] is the GLOBAL minimum!
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