Lecture — 2

First and Second Order
Linear Differential Equations

Dr. Radhakant Padhi
Asst. Professor
Dept. of Aerospace Engineering
Indian Institute of Science - Bangalore




Linear Differential Equations

Principle of superposition:
If X,(t) and X,(t) are solutions then o X,(t)+a, X, (t)

IS also a solution for any scalars &; and &,

Example:
X+x=1 (Non homogeneous)

X, =1+cost and X, =1+sint both are solutions.

But
2(1+cost) or [(1+cost) + (1+sint)] are not solutions.
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Linear Differential Equations

However, If

X+Xx=0 (Homogeneous)
then both of the above are solutions.

Lesson: Principle of superposition holds good only for

homogeneous linear differential equations.
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Homogeneous First-order Equations
System dynamics: X+kx =0, X(t,)=Xx,, k=1/r

Solution: (dX/ X) = —k dt
Inx=-kt+Inc
In(x/c)=—kt
x=e"'c

i) K
Initial condition: X, =€ 9Ge - toXo

Hence, | X(t)= e_k(t_tO)Xo
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Homogeneous First-order Equations

\

Note:

242 343
1) e"’“:1+at+at +at + -
2! 3!

A

2) If t,=0, thenthesolutionis %

Sk ()
X(t)=¢ Ao = %o 0.63%,F--\

(@0 o
(no overshoot)
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Non-homogeneous First-order
Equations: Response to Step Inputs

i

: e
Consider: X+—=x=A (A constant)
T
Homogeneous solution:
]
el
/%
s
Noi=eee

Particular solution: X, = B

Substitute: 1 B=A
Z

.'.Xp=B=TA
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Non-homogeneous First-order
Equations: Response to Step Inputs

X(t) = X, + X
t

x(t)=e *c+7A
X, =C+7A =>C=X,—TA

t

x(t)=e - (X0 - rA) +7A
= Itim X(t) =7A (Note: x_ # A)

t

Complete solution: x(t)=e * (X, —7A)+7A

Steady state error (wrt. input A):
e, =A-[x(t)]  =A-rA=(1-7)A
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First-order Equations in Special Form:

Unit Step Response

=

Consider: x4 (Ej X = (Ej A (Special case in text books: A=1)

L 7
Homogeneous:
et
X=X =10
T
o
X, =€ °C

Particular solution; X, = B

Substitute: (1 B =iAj =(B= A)
T 17
LX) = B=A
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First-order Equations in Special Form:
Unit Step Response

X(t) = X, + X
o

X(t)=e ‘c+A

X;=C+A = C=X—A
t

X(t)=e (X, —A)+A
X, =limx(t)=A

t—ow

t

Complete solution: x(t)=e (%, —A)+ A

Steady state error (wrt. input A): e, =A-X_=A-A=0
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Unit Step Response of a
First-Order System

=

.

]
4 ( i r cfty=1— 07 T =7
A=1 't'/
!
(.632 ‘ -
B BE o =
4 ) 4 5
e =] o =
= S = =
t S S
0 T 2T 3T 47T 3T I

Settling time: T, =4T =4¢
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Second Order System

Homogeneous:

X+ax+bx=0, (a=2fw ,b=w?)
Guess:  x(t)=e"

(1 +al+Db)e” =0

Sl

= A°+al+b=0 :characteristic equation

—at+/a’—4b
ﬂ‘l,Z = 5

_
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Second Order System

Note: a,beR
— Arises three cases

Case 1: Distinct and real roots
Case 2. Complex conjugate roots

Case 3: Real and repeated roots
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Case-1: Distinct and real roots

i

T

. — e ¥ - @

X(t) = ¢, X, (t) + ¢,X, (1)

i

X(t)—ce rce
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Case-2: Complex conjugate roots

A, =0+ Jo, A, =0 — |o

x, = el =g (coswt + jsin wt)
o eea ol e e st L sin o)
()i e il s el

However notice that:

X, + X
| : 2 e’ cosmt
Linearly 2
independent
terms x 2
e e
Z
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Case-2: Complex conjugate roots

So, we can also write the solution as:
X(t) = A(Xl +X2j+ e
2 2 |

x(t) =e” (Acoswt + Bsin mt)

ADVANCED CONTROL SYSTEM DESIGN 16
Dr. Radhakant Padhi, AE Dept., 11Sc-Bangalore



-

Complex conjugate roots:
Typical response plot

X(t),

Exponential decay generated by
real part of complex pole pair

Sinusoidal oscillation generated by
imaginary part of complex pole pair

ol 4
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Case-3: Real and repeated roots

i

b
X () = e* How to find X, (t)
()

Method of variation of parameters

Assume: X, (t) =u(t) x(t)
Then

X, =UX +UX

\5('2=U5(°1+L])°(1+L])°(1+UX1
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Case-3: Real and repeated roots

Substituting back and rearranging the terms, it leads to
u (X +ax+b)+u(2% +ax)+ux =0

However, (X +aX +b)=0 (sincex, isasolution)
Moreover, X =Ae*'=AX = —(gj X (since A= —%)

(2% +ax)=0

This leads to G x, =0. Moreover x, =e* #0. Hence (=0
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Case-3: Real and repeated roots

One solution  U(t) =t

X (D) =tx (1) =te”

X(t) = c,x, (t) +C, X, (t)

x®) = +ct) €

Corollary: When A =0 (double poles at origin)
X(t)=Cc,+Ct—>o as t—ow

Double pole (in general, multiple poles) at origin is de-stabilizing..!
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Summary

Case Roots of cha_racterlsnc Basics General Solution
equation
S t Aot t Aot
1 |Distinct & Real ‘14 e™ o Cleﬂi CoBe
; ot
5 Compllex ConJL!gate " cosat e”" (Acosat + Bsin wt)
=0 10 e sin wt
At
3 | Real double Roots e tet (c, +C,t)e
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Example
X—A4Xx+4x=0 X =8 X(0) =1
A°—41+4=0 A1=22 (Real, repeated)
X(t) = (c, +c,t)e”
X(t) = 2(c, +c,t)e” +c, e”
Solving for the initial conditions ~ C; = 3 C. =5

x(t) = (3—5t) e”
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Particular Solution: Method of
Undetermined Coefficients

X+ax+bx = f(t)

Terms in f(t) Choice of x,(t)
ke™ el
kt" k t"+k  t" 4+ +kt+k,
k cos wt Acosat + Bsin at
K sin et Acos ot + Bsin at

Substitute these expressions back in the differential
equation and determine the unknown coefficients
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Example
Find X (t) for X—3%+2x=4t+e”
Choose X, (t) = (kit +k,) +ce™

Substitute and equate the coefficients

lG=2 e — c:=i
2
xp(t):(2t+3)+%e?’t
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Second order system iIn
Standard form

C+2cm.C+w’C = w’U

@ : Natural frequency

¢ . Damping ratio

Transfer function (will be studied later):
C(s) 0°

N

U (s) %gwns + @’

Roots: poles
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o

Unit Step Response of a
Second-order System

\

c(?)
A
Undamped  §=(
2.0 -
1.8 -
1.6 -
L4 Under- 0 §<1
1ok damped
Critically
LO [ damped 1
0.8 -
0.6 -
0.4 Overdamped &>1
0.2
l l 1 1 1 1 | g A
0 0.5 1 L.5 2 2.5 3 3.5 4
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Under-damped system response
specifications

o Ref: N. S. Nise:
. Control Systems Engineering,
e " 4th Ed., Wiley, 2004
l.Ozcﬁnal
Cfinal \_: / \\ — o o
e T. : Rise time
0’9cﬁnal Tp : PiCk time

T, : Settling time

0~1Cfmal —

. _
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Transient Response
Specifications

Rise time: T, = = “ £ peak time: T
W, o,

Damped natural frequency: o, = a)n\/l— s

e
Maximum over shoot: M = e[ /Jl‘?}
4

Settling time: T, = —— (2% criterion)
S,
3 R
=—— (5% criterion)
cO,
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Percentage over-shoot as a
function of damping ratio

=

.

Percent overshoot, 2608
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Ref: N. S. Nise:

Control Systems Engineering,

4t Ed., Wiley, 2004

Good to increase damping ratio.
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Rise time as a function of
damping ratio

i

—
N o0

Damping |Normalized Ref: N. S. Nise:

i ti ise ti 5 :
ul r; ;" “jel(;:'e Control Systems Engineering,
2‘8 | N Iy 4t Ed., Wiley, 2004

> 0.3 1321
526f 0.4 1.463
g a4l 0.5 1.638
g 4

= 0.6 1.854
g 22r 0.7 2.126
‘z" 20k 0.8 2467
X 0.9 2.883
Q

£

P

2

Increasing damping ratio too much is Bad..!

1.4
1.2
1.0 | | | | | | | |
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Damping ratio

.
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Second-order System Response
as a Function of Damping Ratio

o

g Poles Step response
Jjo c(r)
i s-plane
%Jﬂ-‘n
0 - (T
+ _jw ’
Undamped
Ja s-plane o)
A
X Jaoy, "\-"Irl - ;2
0<g <1 -
_‘:wn
O t
X —jo, 1= &2 Underdamped
S ()
s-plan
£=1 —X o
_gmu
t
Critically damped
= - jo ()
~¢w,+w, \J2—1 #§
\ s-plane
£=1 e—3¢ - c
fC‘o — @y, I'n"lgz -1 .
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