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Method - 1: Power-series

A%t? AR
_|_
21 3!

e™ =1+ At+

4+ ...

This method is useful and accurate only if the
series truncates naturally. Otherwise, series
truncation introduces approximation error.

Direct computation of eAt as power series is
computationally inefficient as well.
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Method - 2:
Using Laplace Transform

e =L (sl =A)"

This method results in closed form expressions for
e/, can be quite useful for small matrices.

Numerical algorithms exist to evaluate
(sl —A)". However, its inverse still need to be found.

Can be quite cumbersome for large matrices.
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Method - 3:

Using Similarity Transform
(Provided the matrix can be diagonalizable)

0

Similarity
Transformation:

_
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Method - 4: Sylvester’'s Formula
Case - 1: Distinct Eigenvalues

e/t satisfies the following determinant equation:

1 ﬂq ﬂqz ﬂqn_l eﬂlt
1 B e
1 e
Farneie L gﬁ
Ultimate aim

l.e.

e™ = () + o (t) A+, (1) A+ 4+, (1) A"
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Method - 4: Sylvester’'s Formula
Case - 1: Distinct Eigenvalues

The coefficients o, (t), e, (t),---, &, , (1)
can be determined from the following set
of equations:

a, () +oy () A +a, (A ++a,, (A =e
o () +en ()4 +a, (1) 4+ +a, (1) 4 =™

oy (t)+ oy (D)4, +a, (DA + -+, (D) A = g
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l.e.

Method - 4: Sylvester’'s Formula
Case - 2: Repeated Eigenvalues

e/t satisfies the following determinant equation:

0 0 o (n—l)(n—z) ﬂ’ln—S Eeﬂlt Eigenvalues:
2 2 A A A Ay A
2 % n—2 At ) y y 74 1 /U
. Zﬂl Bﬂi (n 1) ﬂl L 3 times
1 21 212 213 ﬂln_l egit O
1 14 /142 ﬂj 1:_1 el“t ==
s /’inz ﬂ,s’ lr:‘—l ot
[ e AN-L oAt
eM = () + (t) A+, () A+ +a,, (1) A"

ADVANCED CONTROL SYSTEM DESIGN
Dr. Radhakant Padhi, AE Dept., 11Sc-Bangalore




Method - 4: Sylvester’'s Formula
Case - 2: Repeated Eigenvalues

The coefficients «, (t),, (), -, a,, (1)
can be determined from:

&, (t)+30‘3 (t)ﬂ1+“-+ (n—l)z(n—Z) O‘n—l(t)ﬂl”‘f* :geﬂﬂ
&y (t)+20£2 (t)ﬂl+3a3 (t)ﬂf +...+(n_1)an_l (t)ﬂln_z _ el
&y (t)+a1 ('[)/11 +Q, (t)ﬂl2 +ta (t)ﬂln—l _ pht

(t)+a1 (t)ﬂ,4 +, (t)ﬂf +ota,, (t)ﬂ,f_l _ pht

oy (t)+ea (D) A, +a, (D) A+ +a,, (1) A =™
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Method - 4: Sylvester’s Formula

Example

i

\

.
e =0

0 -2

To compute e™* using Sylvester's formula, we have

iissyrea oo ety fenaan |
feal et e
[ine AR Rk A

Expanding the determinant
2" + A+21-Ae' =0

o =%(A+2I —Ae‘Zt)z

1
0

L)

e—2t
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Controllability
A system Is said to be controllable at time t, if
It Is possible by means of an unconstrained
control vector to transfer the system from any
Initial state x, to any other state in a finite

Interval of time

Controllability depends upon the system matrix

A and the control influence matrix B
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Graphical Meaning

Must happen in finite time.
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Condition for Controllability:
(single Input case)

System: X = AX + Bu
t

Solution: X (t) =e*X (0)+ [e*Bu(r) dz
0

Assuming X (t) =0, :

0=eX(0)+ j e IB () dr

0

X(O)z—je-AfBu (0) dz
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Condition for Controllability:
(single Input case)

a,(r) A*  (Sylvester's formula)

n-1

X (0) = j AfBu(r)dr_—zAkBjak(r)u(f)df
- S aBp, where ﬂkéjak(r)u(r)dr
=0 0

s T
__|:B AB .- A lB][ﬂo B ﬂn—l]
This system should have a non-trivial solution for [,6’0 P IBn—l]T
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Controllability

Result: [If the rank of C, = [B AB - A”‘lB] IS N,
then the system is controllable.
Example:
o _—1 Ol 2
' = s
=2
2 2 -2
CB
1 0 1 -2
rank (C; ) = . The system is controllable.
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Output Controllability

Result: X = AX + BU
Y =CX + DU

N[ o Ry e R
IftherankofCBé[CB CAB ... CA™B D} is p,

then the system Is output controllable.
Note: The presence of DU term in the output equation

always helps to establish output controllability.
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Observability

A system is said to be observable at time
t, If, with the system In state X(t;) ,it IS
possible to determine this state from the
observation of the output over a finite

Interval of time

Observability depends upon the system

matrix A and the output matrix C
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Observability

Result: IftherankofOBé[CT A'CT ... (AT)HCT}isn,
then the system is observable.
Example:
X o0 LD i
L Tt oynol
ey —2_ Do %

el
o]l o
rank (O, )=1=2 .. The system is NOT observable.
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Controllability and Observability
IN Transfer Function Domain

The system is both controllable and
observable if there I1s no Pole-Zero
cancellation.

Note: The cancelled pole-zero pair
suppresses part of the information about
the system
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Principle of Duality

System S;: X =AX+BU  C,=[B AB A'B - A"'B]
=0 g.c Ac Ae . Ac

System S,: Z=A"Z+C'V CBz[CT ACT AT CT AT CTJ
Y,=B'Z 0,=[B AB A’B - A'B]

The principle of duality states that the system S, is controllable if
and only if system S, is observable; and vice-versa!

Hence, the problem of observer design for a system is actually a
problem of control design for its dual system.
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Stabilizability and Detectability

Stabilizable system: Uncontrollable
system in which uncontrollable part is
stable

Detectable system: Unobservable
system in which the unobservable
subsystem is stable

ADVANCED CONTROL SYSTEM DESIGN 93
Dr. Radhakant Padhi, AE Dept., 11Sc-Bangalore



Example
Ref: B. Friedland, Control System Design, McGraw Hill, 1986

System Dynamics

X, 232 ]G 1

X, -2 -3 0 0| x —2

S - u

X, -2 -2 -4 0 || X 2
Gl 2 2 2 5G]

e i = §
Output Equation
y=[7 6 4 2|X

g . 5
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Example
Ref: B. Friedland, Control System Design, McGraw Hill, 1986

Transfer Function:

M:C(SI—A)_le S sasisea

u(s)

(s +1)(s+2)(s+3)(s+4)J (s+1)

.

o
pole-zero cancellation

Implication: What appears to be a fourth-order system, is
actually a first-order system! Hence, there is

either loss of controllability or observability
(or both).

Question: Is this system stabilizable?
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Example

Ref: B. Friedland, Control System Design, McGraw Hill, 1986

Define X =TX. Then

TX =T (AX +Bu)

X =(TAT) X +(TB)u
Let
e 0§
33 7 S
T= = TAT =
0 2 G 0
e @ 0 0
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Example
Ref: B. Friedland, Control System Design, McGraw Hill, 1986

X | | -X +u]
X —2X &
;2 e e : ) y:CXZCT_1X=_1+72
X, —3X, +U
%l Yy
Implications:

Affected by the input; visible in the output
. Unaffected by the input; visible in the output
. Affected by the input; Invisible in the output
: Unaffected by the input; Invisible in the output
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Block Diagram:
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Where do uncontrollable or
unobservable systems arise?

Redundant state variables
Physically uncontrollable system

Too much symmetry
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