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Compare with Integration
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Example: Plug Flow Reactor

* Design Equation for volume of PFR
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1
—r(X)

> Volume of PFR is given by area under the curve

e Conversion from a PFR
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Numerical Method

» To solve: d
O Solve d_)t/: f(y,t)
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Yisr =Yi + ALS(yi.t)

Numerical methods focus on
using appropriate value of “slope”
S(y,t) to improve accuracy




Geometric Interpretation

y(1+1) = y(i) + hxSlope(i)

Euler’s Explicit Method:
Slope computed at the
location |

»
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Euler’s Implicit Method:
Slope computed at the
final location (i+1)
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Explicit vs. Implicit Methods

» Explicit method
- Yisr =Yi + ALS(yi.4)

o Slope S(y,t) depends on already known quantities

° y..1 is computed directly from the above expression

 Implicit method
o Yisr =VYi + ALS(Yiig,tig)

o Slope S(y,t) depends implicitly on unknown quantities

> Y., computed by solving the above nonlinear equation



Runge Kutta Class of Methods

e Multi-point methods to improve accuracy
» Explicit Methods



Overview

e Runge-Kutta Family of Methods
° Euler’s methods
> Explicit vs. Implicit Methods
> Higher order Runge-Kutta methods
° Error analysis and Stability

e Predictor-Corrector Methods

e Adam-Moulton’s Family of Methods
» Adaptive Step Sizing

o Stiff ODE Solvers



Runge-Kutta Methods (RK-2)
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Runge-Kutta Methods (RK-2)

Visr =Vi + h{wky +woks |
ke = T(yi.ti)
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Runge-Kutta Methods (RK-2)
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Runge-Kutta Methods (RK-2)

Visr =Vi + h{wky +woks |
ke = T(yi.ti)
Ko = f((Yi + 01 [hkq ), (t + p2h) )
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Runge-Kutta Methods (RK-n)

N
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Runge-Kutta Methods (RK-4)
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Classical RK-4 Method
(PFR Problem with h = 2.5)

0.45

c

.2

®

&
ki =T g

c

S
ko =T 14

2
ko = f.
3 I+l<22 0 T T T T T
2 2.5 3 3.5 4 45 5 5.5
Volume




0.45

0.4

Heun’s Method ;°:
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Heun’s Method

e Predictor:
ki = (i )
yi0+1 =yj +ht (Yi 1ti)

e Corrector:

Concentration
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g 0.25

e Predictor: g o.°.'§

kg = f(yi.t) oo
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e Predictor:
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Embedded R-K Method

Cash-Karp Parameters for Embedded Runga-Kutta Method

bgj Cq C:;
37 2825
378 27648
9 1 1 0 0
0 5
9 3 3 9 250 18575
: 10 10 10 621 18384
4 3 3 9 6 125 13525
5 10 10 5 504 55206
11 5 70 35 277
1 — %51 5 — 57 57 0 1336
7 1631 175 575 44275 253 512 1
g 55206 510 13824 110592 1006 1771 1
1 2 3 4 5

From: Numerical Recipes for C




Summary of ODE-IVP Methods

Method # Pts. | Starting | GTE Comment
Runge-Kutta Family of Methods

Euler’s I y(0) @(ht) Easy
Euler-Implicit I y(0) @(h?) Globally Stable
Heun’s 2 y(0) @(h?) Like Trapezoidal
Midpoint 2 y(0) @(h?)

RK-Gill (RK4) |4 y(0) o(h*) | First choice!
Second Order Heun’s Methods

RK-2 See above

Predic.— Corr. 2 y(0) @O(h?°r3) | Higher accuracy
Crank—Nicholson |2 y(0) @(h?) Implicit: Stable!




Summary of ODE-IVP Methods

Method # Pts. | Starting |GTE |Comment
Multi-Point Methods (non-self starting)

Heun’s (P-C) 2 y(0), y(-1) | @(h?3) Higher accuracy
Adam-Moulton | 4 y(0)... y(-3) | () Implicit: Stable!
Adam-Bashfort |4 y(0)... y(-3) | ()

Advanced Techniques

Stiff Systems Use implicit methods

Richardson’s y(new) =y(h/2) + A/15

Adaptive Step Size | h scales as A%2




