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Compare with IntegrationCompare with IntegrationCompare with IntegrationCompare with Integration
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Example: Plug Flow ReactorExample: Plug Flow ReactorExample: Plug Flow ReactorExample: Plug Flow Reactor

 Design Equation for volume of PFR
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 Conversion from a PFR
dC dX A

A Cr
dV

dCF   Xr
dV
dXFA 0



Numerical MethodNumerical MethodNumerical MethodNumerical Method
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Numerical methods focus on 
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S(y,t) to improve accuracy



Geometric InterpretationGeometric InterpretationGeometric InterpretationGeometric Interpretation
y(i+1) = y(i) + h×Slope(i)
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Explicit vs. Implicit MethodsExplicit vs. Implicit MethodsExplicit vs. Implicit MethodsExplicit vs. Implicit Methods

 Explicit method
◦

◦ Slope S(y,t) depends on already known quantities

 iiii tyStyy ,.1 

p (y ) p y q
◦ yi+1 is computed directly from the above expression

 Implicit method
◦  111 ,.   iiii tyStyy

◦ Slope S(y,t) depends implicitly on unknown quantities
◦ Yi+1 computed by solving the above nonlinear equation



RungeRunge KuttaKutta Class of MethodsClass of MethodsRungeRunge KuttaKutta Class of MethodsClass of Methods

 Multi-point methods to improve accuracy
 Explicit Methods



OverviewOverviewOverviewOverview

 Runge-Kutta Family of Methods
◦ Euler’s methods
◦ Explicit vs. Implicit Methods
◦ Higher order Runge Kutta methods◦ Higher order Runge-Kutta methods
◦ Error analysis and Stability

 Predictor Corrector Methods Predictor-Corrector Methods

 Adam-Moulton’s Family of Methods

 Adaptive Step Sizing

 Stiff ODE Solvers



RungeRunge--KuttaKutta Methods (RKMethods (RK--2)2)RungeRunge KuttaKutta Methods (RKMethods (RK 2)2)
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 22111 kwkwhyy ii 

 ii tyfk ,1 

     hthkfk      hpthkqyfk ii 21212 , 

121  ww

2
122 pw 0.5 0.5 –

0 1222 p

2
1212 qw

0 1

Mid-Point Method
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RungeRunge--KuttaKutta Methods (RKMethods (RK--n)n)RungeRunge KuttaKutta Methods (RKMethods (RK n)n)
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RungeRunge--KuttaKutta Methods (RKMethods (RK--4)4)RungeRunge KuttaKutta Methods (RKMethods (RK 4)4)
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Classical RKClassical RK--4 Method4 Method
(PFR Problem with h = 2.5)
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From: Numerical Recipes for C



Summary of ODESummary of ODE--IVP MethodsIVP MethodsSummary of ODESummary of ODE IVP MethodsIVP Methods
Method # Pts. Starting GTE Comment
Runge-Kutta Family of Methods
Euler’s 1 y(0) O (h1) Easy

Euler Implicit 1 y(0) O (h1) Globally StableEuler-Implicit 1 y(0) O (h1) Globally Stable

Heun’s 2 y(0) O (h2) Like Trapezoidal

Midpoint 2 y(0) O (h2)
RK-Gill (RK4) 4 y(0) O (h4) First choice!First choice!

Second Order Heun’s Methods
RK-2 See above

Predic. – Corr. 2 y(0) O (h2 or 3) Higher accuracy

Crank–Nicholson 2 y(0) O (h2) Implicit: Implicit: Stable!Stable!2 y(0) ( ) Implicit: Implicit: Stable!Stable!



Summary of ODESummary of ODE--IVP MethodsIVP MethodsSummary of ODESummary of ODE IVP MethodsIVP Methods
Method # Pts. Starting GTE Comment
Multi-Point Methods (non-self starting)
Heun’s (P-C) 2 y(0), y(-1) O (h 3) Higher accuracy

Adam Moulton 4 y(0) y( 3) O (h5) Implicit: Implicit: Stable!Stable!Adam-Moulton 4 y(0)… y(-3) O (h5) Implicit: Implicit: Stable!Stable!

Adam-Bashfort 4 y(0)… y(-3) O (h5)

Advanced Techniquesq
Stiff Systems Use implicit methods

Richardson’s y(new) = y(h/2) + /15
Adaptive Step Size h scales as 0.2


