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•Discrete
•Continuous
•Mixed

Descriptions
•Probability distribution function
•Probability density function
•Probability mass function

PDF of a
Mixed RV







3

Recall (continued)

Bernoulli’s random 
variable

Binomial random 
variable

Geometric random
variable

  11 ; 1,2, ,kp p k  
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(a) We are looking for occurrence of  an isolated phenomenon
in a time/space continuum. 
(b) We cannot put an upper bound on the number of  occurrences.
(c) A

Models for rare events : Poisson random variable

ctual number of  occurrences is relatively small.

: goals in football match (time continuum), defect in a yarn
(1- d space continuum), typos in a manuscript (2 - d continuum), 
defect in a solid (3 - d

Examples
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Stress at a point exceeding elastic 
limit during the life time of a structure.

Check
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 xpX

Poisson random variable with a=5

•Discrete RV
•Countably infinite

sample space
•Useful in wide 
variety of contexts
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The PMF of B(n,p) is given by

(1 ) ; 0,1,2, ,
Let , 0, , such that , ("rare event")
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Poisson PDF as a limit of Binomial PDF
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Gaussian (Normal) random variable: model for sums

 and  are the paramters 
of a Gaussian random variable.
- ; 0.
Gaussian random variable is 
denoted by ( , )

m
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N m
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=0 and =1m 
Standard normal random variable

 1,0N
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Under the conditions

,  1,  -
it can be shown that

1 1(1 ) exp
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Gaussian random variable as a limit of Binomial random variable
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   5001000 1000 500
500

2

Let 1000;  0.5;  500.
1000 250; 15.81;

4
500 15.81 485

500 15.81 515.
It is verified that 485 500 515.

500 0.5 (1 0.5)

1 1 (500 500)exp
2 15.812 15.81

n p k

npq npq

np npq

np npq
k
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*Define T  time for the first arrival.

no points in 0,t exp

1 exp

exp ;  0.

(a)  can be used to model life time of a 
structure.
(b)  is t
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Exponetial random variable

Remarks
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he generalization of the 

geometric random variable to the 
continuous case.

(c) Consider |
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In words, failure to observe an event up to time t  does not
alter one's prediction of the length of time (from t ) before
an event will occur. The future is not influenced by

T t T t t t t t       

the past.
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Transformation of random variables

If P,L,b,d,E are RVs, what is the

pdf  of

3

?
3
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Let X be a RV; define Y=g(X);
Given pdf of X, what is the pdf of Y?

ies.probabilit add to wish We
modulus? Why
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Basic problem of transformation of random variables
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Lognormal
Random variable
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; ~ ,

1 exp ;1 22

~ (0,1)
Remarks
(a) 0 1
(b)  is non-dimensional (why?)
(c) This is an illustration of a general result that
Gaussian quantities are closed un

X
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X - mU X N m
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U ~ N( , )
U
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der linear
operations.

Exercise
Let ~ ( , ). Define .
Show that ~ ( , ).

X N m Y aX b
Y N am b a
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possible? nsdescriptiosimpler  Are (c)
available? always pdf Is (b)
required? always pdf Is (a)

Questions
pdf.or  PDF its through is  ofn descriptio complete The

 variable.random a be Let 
X

X

Moments of a random variable: expectation operator
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     n

2
0 1 2

Remarks (continued)

(5) Define ;  -th order raw moments.

(6) Define ;  n-th order central moment.

(7) COV coefficient of variation  ;  0.

(8) 1; 0;

(9) ske

n n
n X

n n
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m X x p x dx n
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2 2 2 2 2 2

wness ;  kurtosis ;  (non-dimensional entities)

(10) mean square value;  root mean square value.

(11) Root mean square value  standard deviation if mean 0.

(12) X- 2 2

m X m

X X X X X
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2 2 2 2 2 2 2
2 1(13) . Clearly, 0 . That is, .

Moments are not arbitrary. They need to satisfy certain inequalities.
(14) Two random variables may have the same mean and variance. This
does not 

X X m m



   



     

imply that they will have the same pdf.
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Complete specification of a RV

•Specification of the probability space.
•PDF 
•pdf
•Moment generating function
•Characteristic function
•Moments of all orders
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Area under the curve (=1?)

1 1exp
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Gaussian random variable
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Exercise

  2 2

ewness=0
Kurtosis=3

1exp
2X im       
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A Gaussian random variable
is completely specified in
terms of its mean and standard
deviation.

Remark
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More on Gaussian random variable
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Define  time for the -th arrival of a Poisson event.
We know that the times between arrivals,  1,2, ,  are 
independent and have exponential distributi

k

i

k
X k

T i k


 

Time to the - th event : Gamma distribution.
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( :  The upper limit here is not 0 for - <0.
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(Why the name "gamma"?)

2
2

Show that
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General form of gamma
distribution
Replace factorial by gamma function

exp
; 0

Here 0 & 0
 is not necessarily an integer
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* *

Consider the occurrence of earthquakes of  at a given location.
Consider time meaured in number of years (in integers).
Let the PDF of  be .

1 .

Co

M

M

M m

M P m

P M m P m



   

Reccurrence interval and Return period

 

   

*

*

*

1

nsider the occurrence of earthquakes of  as a Bernoulli sequence.

It follows, 1- .

Let =number of years for the first occurrence of earthquake with .
 recurrence time.

1 ; 1,2,3
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k

M m

p P m

N M m
N

P N k p p k
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10

,  (Geometric distribution).
1It can be proved that N .

Thus if 0.01,  100 years;  is called the 100 years earthquake.

10 1 10 P(no earthquake of  occurs in 10 years)

1- 1- 1- 0.92

Simil
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p N m

P N P N M m

p
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The yearly maximum wind speed follows Type I extreme value distribution with parameters
=97.6 kmph and =0.066. Determine the return period of the wind speed of 158.1 kmph.

Also determine the 20
u 

Example

    
 

 

  

 year return period wind speed.

exp exp ;

1 158.1 1 0.9817
1N 54.7 years.

1 0.9817

1= 0.05 1 0.05 0.95
20

exp exp 0.95

142.6 kmph

V

V

V

P v v u v

p P

p P v

v u

v





         
   

 


    

      
 

Solution
Part -1

Part - 2


